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ABSTRACT. A quasiconformal tree is a doubling metric tree in which the diameter of each arc is
bounded above by a fixed multiple of the distance between its endpoints. In this paper we show that
every quasiconformal tree bi-Lipschitz embeds in some Euclidean space, with the ambient dimension
and the bi-Lipschitz constant depending only on the doubling and bounded turning constants of the tree.
This answers Question 1.6 in [DV22].

1. INTRODUCTION

In this paper, a (metric) tree is a compact, connected metric space with the property that each pair
of distinct points forms the endpoints of a unique arc. We show that all metric trees that satisfy two
simple geometric properties can be embedded in a Euclidean space with bounded distortion.

The two properties that we impose are doubling and bounded turning. Recall that a metric space
is called doubling if each ball in the space can be covered by N balls of half the radius, for some
fixed constant N . A metric space is called bounded turning if each pair of points x, y in the space
are contained in a compact, connected set whose diameter is bounded by Cd(x, y), for some fixed
constant C. In the case of metric trees, this is equivalent to saying that the unique arc joining a pair of
points has diameter comparable to the distance between those points.

The class of trees satisfying these two properties were studied in detail in [Kin17, BM20a, BM20b,
DV22], and given the following name:

Definition 1.1. A quasiconformal tree is a metric tree that is doubling and bounded turning.

We refer the reader to [BM20a, DV22] for more discussion on the history of quasiconformal trees,
and the ways in which they arise naturally in metric geometry and complex analysis.

Our main theorem says that all quasiconformal trees bi-Lipschitz embed in some Euclidean space
in a quantitative fashion:

Theorem 1.2. If T is a quasiconformal tree, then T admits a bi-Lipschitz embedding into some Rk.
The dimension k and the bi-Lipschitz constant of the embedding depend only on the doubling and
bounded turning constants of T .

This answers a question posed explicitly in [DV22, Question 1.6]. As a reminder, a bi-Lipschitz
embedding (recalled precisely in Section 2) is an embedding that preserves all distances up to a fixed
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constant factor. The “bi-Lipschitz embedding problem” (the classification of metric spaces that admit
a bi-Lipschitz embedding into some Rn), is one of the most well-known problems in the field of
analysis on metric spaces. (See, e.g., [Hei01, Open Problem 12.3].)

The problem for quasiconformal trees is especially interesting as quasiconformal trees stand be-
tween two types of metric spaces with different behaviors. On the one hand, quasiarcs (i.e. doubling
and bounded turning arcs) are a special case of quasiconformal trees and are known to always bi-
Lipschitz embed into Euclidean spaces [DV22, Proposition 8.1]. On the other hand, if we generalize
further to what we might call “metric graphs” – compact, path-connected metric spaces of topological
dimension 1 – then there exist examples that are doubling and bounded turning, generalizing quasi-
conformal trees, but that do not admit such embeddings. For examples, see [Laa00, Theorem 4.1] and
[LP01, Theorem 2.3].

Bi-Lipschitz embeddability of quasiconformal trees was previously known in only two special
cases. First, Gupta, Krauthgamer, and Lee [GKL03] (see also [GT11]) proved that if a doubling
tree is geodesic (that is, the distance between any two points of the tree is equal to the length of the
unique arc that joins them), then the tree bi-Lipschitz embeds into some Euclidean space RN with N
depending only on the doubling constant of the tree; see also [LNP09] for a different proof. Note that
the geodesic property is much stronger than the bounded turning property: in geodesic trees, every
branch is necessarily isometric to a line segment, while in quasiconformal trees the branches may be
fractal curves (e.g., the von Koch snowflake). Second, in [DV22] the first and third named authors
proved that a quasiconformal tree bi-Lipschitz embeds in some Euclidean space if and only if the set
of leaves of the tree bi-Lipschitz embeds in some Euclidean space; see Section 2 for definitions. While
the latter result is useful in cases where the embedabbility of the set of leaves is clear (e.g. the set of
leaves is uniformly disconnected), there are examples of quasiconformal trees whose leaves are dense
in the tree, and the result is inconclusive.

Our new construction in Theorem 1.2 owes some ideas to the well-known theorem of Assouad
[Ass79] that every doubling metric space admits a “snowflake” embedding into some Euclidean space,
but new ideas are needed to improve snowflake to bi-Lipschitz in the case of quasiconformal trees.

The crucial new idea is a novel partition of the tree into infinitely many simpler parts. Our par-
tition bears a resemblance to the “path partition” used by Matoušek in [Mat99, p. 231] to produce
bi-Lipschitz embeddings of (discrete) geodesic trees into ℓp-spaces, but there are also significant dif-
ferences. Other decompositions of quasiconformal trees have been produced in [BM20a, DV22], but
they are less similar to our construction.

Before ending the introduction, we note that, while the doubling property is necessary for the bi-
Lipschitz embedabbility of any metric space into a Euclidean space, the bounded turning property is
not. It is, however, a natural condition to consider and it cannot be removed from the statement of
Theorem 1.2 (even for arcs), as the following example shows.

Example 1.3. Let C ⊆ R be the standard Cantor set and F ⊆ R be a Cantor set of positive 1-
dimensional Lebesgue measure. Let E = F × F × F ⊆ R3, a Cantor set of positive 3-dimensional
Lebesgue measure. By [McM64, Corollary 2], E is a tame Cantor set, and so there is a homeomor-
phism from R3 to itself that sends C × {0} × {0} onto E. In particular, there is a topological arc
Γ ⊆ R3 containing E.
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Now equip R3 with the Heisenberg group metric dH. (See, e.g., [Hei01, p. 76] for an introduction
to the Heisenberg group.) It is a consequence of the celebrated differentiation theorem of Pansu
[Pan89] that the Heisenberg group (and any positive-measure subset), although doubling, admits no
bi-Lipschitz embedding into any Euclidean space [Hei01, p. 99]. Thus, Γ ⊆ (R3, dH) is a doubling
arc with no bi-Lipschitz embedding into any Euclidean space.

1.1. Outline of the paper. Section 2 contains the basic definitions and notation used in the paper.
In Section 3, we describe our novel way of decomposing a quasiconformal tree into useful pieces.
Finally, Section 4 defines the embedding and proves that it is bi-Lipschitz.

2. PRELIMINARIES

2.1. Metric spaces and mappings. We generally denote metrics on metric spaces by d. The diameter
of a subset E in a metric space X is

diam(E) = sup{d(x, y) : x, y ∈ E}.
Given ϵ > 0, an ϵ-net in a metric space X is a subset N ⊆ X such that d(x, y) ≥ ϵ for all x, y ∈ N

and dist(p,N) < ϵ for all p ∈ X . Each metric space has ϵ-nets for every ϵ > 0. Moreover, each
ϵ-separated set in X (that is, a set satisfying only the first condition to be a net) can be extended to an
ϵ-net of X .

A mapping f : X → Y between two metric spaces is Lipschitz (or L-Lipschitz to emphasize the
constant) if there is a constant L such that

d(f(x), f(y)) ≤ L · d(x, y) for all x, y ∈ X.

The mapping f is bi-Lipschitz (or (a, b)-bi-Lipschitz to emphasize the constants) if there are constants
a, b > 0 such that

ad(x, y) ≤ d(f(x), f(y)) ≤ bd(x, y) for all x, y ∈ X.

2.2. Trees. If T is a metric tree, we write L(T ) for the set of leaves of T . A point x is called a leaf of
T if T \ {x} is connected.

If x and y are points in a metric tree T , we write [x, y] for the unique topological arc joining x
and y in T , with the understanding that [x, y] = {x} = {y} if x = y. Often it is convenient to
orient an arc [x, y] (x ̸= y), so we assume that [x, y] is equipped with a a continuous parametrization
γ : [0, 1] → [x, y] such that γ(0) = x and γ(1) = y. This allows us to order subsets of [x, y]; we call
this the “natural order” along the arc. If K is a non-empty compact subset of [x, y], we often speak of
the “first” or “last” point of K with respect to this ordering.

3. DECOMPOSING THE TREE

In this section, we give a new way to decompose a quasiconformal tree into useful pieces. This
differs from other decompositions given in, e.g., [BM20a, DV22].

For the remainder of this section, we fix a tree T that is doubling with constant D and bounded
turning with constant 1. (One can always reduce to this case; see Section 4.) Because T is as-
sumed to be 1-bounded turning, we have diam(T ) = diam(L(T )), and we rescale so that diam(T ) =
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diam(L(T )) = 1. Finally, we will assume that L(T ) – the set of leaves of T – is finite. This assump-
tion is not strictly necessary, and none of the constants below will depend on the cardinality of L(T ),
but it avoids certain technical difficulties. In the course of proving Theorem 1.2, we will reduce to this
case regardless. (See Section 4.) Remark 3.2 explains some of the annoyances that finiteness prevents.

We fix a collection {Nn}n≥1 of 2−n-nets in L(T ) with the property that Nn ⊆ Nm if n ≤ m. The
doubling property of T implies that each Nn is finite. The assumption that L(T ) is finite also implies
that Nn = L(T ) for all n sufficiently large.

We then define Tn ⊆ T to be the “convex hull” of Nn, i.e.,

Tn =
⋃︂

a,b∈Nn

[a, b].

Of course, Tn ⊆ Tn+1 for each n.
For each n ≥ 2, the compact set Tn \ Tn−1 is the disjoint union of finitely many compact connected

components, which we denote {Kj
n}j∈Jn . For convenience, we also set K1

1 = T1 and J1 = {1}. Under
our finiteness assumption, it is the case that Jn = ∅ for all n sufficiently large, but none of our bounds
will depend on this threshold.

In the next two lemmas we collect some basic properties of the sets Kj
n.

Lemma 3.1. The following properties of the sets Kj
n hold:

(i) For each n ∈ N and j ∈ Jn, the set Kj
n is a quasiconformal tree.

(ii) If n ≥ 2, then Kj
n intersects Tn−1 in exactly one point. Moreover, for each n ∈ N, Tn∩Tn+1 \ Tn

contains a finite number of points.
(iii) If n ∈ N and j, j′ ∈ Jn with j ̸= j′, then Kj

n ∩Kj′
n = ∅. If n,m ∈ N with n ̸= m, j ∈ Jn, and

j′ ∈ Jm, then Ki
n and Kj

m intersect in at most one point.
(iv) For each n ∈ N and j ∈ Jn, the set L(Kj

n) is contained in Tn−1 ∪ (Nn \ Nn−1) and contains
at least one element of Nn \ Nn−1. Moreover, the set Kj

n ∩ L(T ) is disjoint from Ki
m for every

m ∈ N, i ∈ Jm.
(v) We have

T ⊆
⋃︂
n≥1

⋃︂
j∈Jn

Kj
n,

i.e., every point of T is contained in some Kj
n.

Proof. For (i), we note that each Kj
n is a compact connected subset of a metric tree, hence it is a metric

tree itself. Moreover, each Kj
n is 1-bounded turning as a subset of T , and D-doubling as a subset of a

D-doubling space. Therefore, each Kj
n is a quasiconformal tree.

For (ii), we start by noting that each component of Tn\Tn−1 contains at least one point in Nn\Nn−1.
To see this, note that each x ∈ Tn \ Tn−1 is contained on an arc [a, b] between two leaves, with
b ∈ Nn \Nn−1. If a ∈ Nn−1, then since Tn is a tree, we must have [x, b] ⊂ Tn \Tn−1. If a ∈ Nn \Nn−1

then both arcs [a, x] and [x, b] can not intersect Tn−1. Either way the component containing x will
contain either a or b and that point lies in Nn \Nn−1.

Conversely, for any point x ∈ Nn \Nn−1 there exists unique component of Tn \ Tn−1 containing x.
Therefore, we can enumerate the components of Tn \ Tn−1 as X1, . . . , Xm for some m ≤ card(Nn \
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Nn−1). Moreover, for every i ∈ {1, . . . ,m} we have that Xi is a metric tree and Xi ∩ Tn−1 contains
exactly one point. Now, for each i ∈ Jn we have that Kj

n = Xi1 ∪ · · · ∪ Xij for some i1, . . . , ij ∈
{1, . . . ,m} with Xi1 , . . . , Xij all intersecting Tn−1 (and each other) at one single point.

Therefore, we showed that card(Jn) ≤ card(Nn \ Nn−1) and that for any j ∈ Jn, Kj
n intersects

Tn−1 in exactly one point. It follows that Tn−1 ∩ Tn \ Tn−1 contains at most card(Nn \ Nn−1) many
points.

For (iii), if j, j′ ∈ Jn with j ̸= j′, then Kj
n ∩ Kj′

n = ∅ since each Ki
n is a distinct component of

Tn+1 \ Tn. Fix now positive integers n < m and j ∈ Jn and j′ ∈ Jm. Then

Kj
n ∩Kj′

m ⊂ Kj′

m ∩ Tn ⊂ Kj′

m ∩ Tm−1

where the latter intersection contains exactly one point by (ii).
For (iv), observe that

L(Kj
n) ⊂ (Kj

n ∩ Tn−1) ∪ (L(Tn) \ Tn−1) = (Kj
n ∩ Tn−1) ∪ (Nn \Nn−1).

By the proof of (ii), we know that Kj
n contains a point of Nn \Nn−1. Thus, L(Kj

n) also contains a
point of Nn \Nn−1.

For the “moreover” statement in (iv), fix a point x ∈ Kj
n∩L(T ) ⊆ Nn \Nn−1. By (iii) we have that

x ̸∈ Kj′
n for any j′ ∈ Jn \ {j}. If m ̸= n and j′ ∈ Jm, then Kj′

m ∩ L(T ) ⊆ Nm \Nm−1 and therefore
cannot contain x. This completes the proof of (iv).

For the last claim, we know that Nn = L(T ) for all n sufficiently large, and therefore Tn = T for
all n sufficiently large. Given x ∈ T , choose n ∈ N to be the first index such that x ∈ Tn \ Tn−1

(viewing T0 = ∅). Then x must be in some component of Tn \ Tn−1, i.e., some Kj
n. □

Remark 3.2. The simplification gained by assuming that L(T ) is finite is most prominent in the proof
of (v) in the previous lemma, which then makes Lemma 3.6 somewhat easier to state and prove.

If L(T ) were infinite, then part (v) above would have to be modified to T \L(T ) ⊂
⋃︁

n≥1

⋃︁
j∈Jn K

j
n.

To see this, consider x ∈ T \ L(T ). Since x ̸∈ L(T ), then T \ {x} contains at least two components.
Let A be a component of T \ {x} containing a point a ∈ N1, and B another component of T \ {x}.
The set B contains at least one leaf of T and is open in T ; therefore, it contains a point b ∈ Nn for
some n large. The arc [a, b] contains x and is contained in Tn. Therefore x ∈ Tn for some n, and so
x ∈ Kj

m for some m, j.

Lemma 3.3. Each tree Kj
n has diameter at most 22−n. Moreover, for each n ∈ N and j ∈ Jn, Kj

n is a
union of at most C arcs, where C depends only on D.

Proof. For n = 1, the first claim of the lemma is clear. For the second claim we have card(L(K1
1)) =

card(N1), so K1
1 is a union of at most card(N1) arcs. Note also that card(N1) ≤ C for some C

depending only on D.
Assume for the rest that n ≥ 2. Fix j ∈ Jn and let x be the unique point in Tn−1 ∩Kj

n.
For the first claim, let [a, b] ⊆ Kj

n with a ̸= b. The arc [a, b] extends to an arc [a′, b′] with a′, b′ ∈
L(Kj

n). We consider two cases.
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Case 1. Suppose that one of the points a′, b′, say b′, is the point x; then a′ ∈ Nn \Nn−1 by Lemma
3.1. Choose z ∈ Nn−1 ⊆ Tn−1 such that d(z, a′) < 21−n. Then,

diam[a, b] ≤ diam[a′, x] ≤ diam[a′, z] = d(a′, z) < 21−n.

Case 2. Suppose that a′, b′ ∈ Nn. By Case 1 and the triangle inequality,

diam[a, b] ≤ diam[a′, b′] = d(a′, b′) ≤ d(a′, x) + d(b′, x) < 22−n.

It follows that the diameter of any arc in Kj
n is at most 22−n.

We now show the second claim. By the first claim, we have that (Nn \Nn−1) ∩Kj
n ⊆ B(x, 22−n).

Since Nn \Nn−1 is a 2−n-separated set, there exists C > 1 depending only on D such that

cardL(Kj
n) ≤ 1 + card ((Nn \Nn−1) ∩Kj

n) ≤ C + 1.

Therefore, Kj
n is the union of at most C arcs. □

Set r11 ∈ N1 ⊆ K1
1 to be an arbitrary root for K1

1 = T1, and let

rjn = the unique element of Kj
n ∩ Tn−1,

(as provided by Lemma 3.1) for each n ≥ 1 and j ∈ Jn.
We now form a graph that encodes how close the sets Kn

j are to each other. Given a constant S ≥ 1,
consider the graph GS = (V,ES) with vertex set

V = {(n, i) : n ≥ 1, i ∈ Jn}
and edge set

ES = {{(n, i), (m, j)} : n ≥ m and dist(Ki
n, K

j
m) ≤ S2−max{n,m}},

If v, w ∈ V , we use the notation v ∼ w to indicate that there is an edge between v to w in ES , with S
understood from context.

We remark that the valence of the graph GS (the maximum of the valences of its vertices) may be
arbitrarily large. However, we show in the next lemma that it is possible to color the vertices of GS

with a fixed number of colors so that adjacent vertices have different colors.

Lemma 3.4. For each S ≥ 1, there is a positive integer A = A(S,D) and a “coloring” χ : V →
{1, . . . , A} such that if v, w ∈ V and v ∼ w, then χ(v) ̸= χ(w).

Proof. Given S, let A = 2A′+1, where A′ = A′(S,D) is the maximum number of r-separated points
in any ball of radius 200Sr in T . This is finite and depends only on S and the doubling constant D.
We now construct χ inductively. Order V so that (n, i) < (m, j) if and only if n < m or n = m and
i < j. Set χ((1, 1)) = 1.

Suppose we have defined χ for all v < v0 = (n0, i0). We will show that the collection of all
v = (m, j) ∈ V such that v < v0 and v0 ∼ v has strictly fewer than A elements. In that case, we may
color v0 by a color which does not match any of these, and the proof is complete.

Consider first the collection of all v = (m, j) ∈ V such that v < v0, v0 ∼ v and diam(Kj
m) ≤

10S2−n. By Lemma 3.1, each such Kj
m contains a distinct point nj

m ∈ Nm ⊆ Nn. Each such nj
m

satisfies
d(nj

m, r
i0
n0
) ≤ diam(Ki0

n0
) + S2−n + diam(Kj

m) ≤ (1 + 11S)2−n.
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Since these points are 2−n-separated, there can be at most A′ < A
2

such points, and hence less than
A/2 such Kj

m.
Next we bound the total number of v = (m, j) ∈ V such that v < v0, v0 ∼ v and diam(Kj

m) >
10S2−n. Consider such a Kj

m. Each such Kj
m contains a point qjm such that dist(qjm, K

i0
n0
) < 10S2−n

and qjm is at least distance 1
10
2−n from rjm.

If (m, j) ̸= (m′, j′) for two such vertices in our graph, then d(qjm, q
j′

m′) ≥ 1
10
2−n: any path from

qjm to qj
′

m′ must pass through either rjm or rj
′

m′ , and so the bounded turning condition and the second
defining property of qjm yield this bound.

Thus, the collection of all such points qjm forms a 1
10
2−n-separated set inside B(ri0n0

, (1+ 10S)2−n).
It follows that the collection of such Kj

m has again at most A′ < A/2 elements.
Thus, the total number of v = (m, j) ∈ V such that v < v0 and v0 ∼ v is strictly less than A. This

completes the proof. □

A simple consequence of the previous lemma is the following bound on how many sets Kj
m, with

m small, can intersect an arc.

Lemma 3.5. There is a constant M = M(D) such that if d(x, y) ≤ 2−n, then [x, y] can intersect at
most M distinct sets Km

j with m ≤ n.

Proof. Let S = 1 and apply Lemma 3.4.
Notice that if Kj

ℓ and Ki
m intersect [x, y] and have ℓ,m ≤ n, then

dist(Kj
ℓ , K

i
m) ≤ diam([x, y]) ≤ 2−n ≤ S2−max{ℓ,m},

and so there is an edge (ℓ, j) ∼ (m, i) in the graph GS .
Thus, if Kj

ℓ and Ki
m intersect [x, y] and have ℓ,m ≤ n, then they are adjacent in GS . Lemma 3.4

therefore says that the number of such sets is bounded by a constant depending only on D, which
completes the proof. □

Next, we examine more closely the way in which an arc γ in T can be covered by the sets Kj
m. Let

us say that γ traverses Kj
m if γ ∩Kj

m contains more than one point (in which case γ ∩Kj
m is a sub-arc

of γ).
Each point x ∈ γ must be contained in a set Kj

m that γ traverses. Indeed, let {xi} be a sequence
of points in γ, all distinct from x, that converges to x. By our finiteness assumption, there are only
finitely many sets Kj

m, and by Lemma 3.1(v), each xi is in one of them. Therefore, a subsequence of
{xi} is contained in a fixed Kj

m, which must also contain x by compactness and be traversed by γ.
In addition, note that if γ traverses both Kj

m and Ki
n, then γ must intersect one of them “first” in the

order of parametrization of the arc.

Lemma 3.6. Let γ be an arc in T . Let {Kj(i)
m(i)}i∈I be the collection of sets Kj

m that are traversed by γ,
where the index set I is a finite set {1, . . . , n}. Order the sets in the order along which they intersect
γ.

Then there is an index i0 ∈ I such that m(i) > m(i+ 1) for all i < i0 and m(i) < m(i+ 1) for all
i ≥ i0.
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Proof. Choose i0 ∈ I such that m(i0) ≤ m(i) for all i ∈ I .
We show by induction that for any i < i0 we have m(i + 1) < m(i); the case i > i0 is similar.

First, we have that m(i0 − 1) ≥ m(i0). By (iii) of Lemma 3.1, we have that m(i0 − 1) ̸= m(i0), so
m(i0 − 1) > m(i0). Suppose now that

m(i0 − l) < m(i0 − l + 1) < · · · < m(i0).

Let p be the unique point in γ∩K
j(i0−l)
m(i0−l)∩K

j(i0−l+1)
m(i0−l+1) and let q be the unique point in γ∩K

j(i0−l−1)
m(i0−l−1)∩

K
j(i0−l)
m(i0−l). Since γ traverses K

j(i0−l)
m(i0−l), we have that p ̸= q. Moreover, by (ii) of Lemma 3.1 we have

that Kj(i0−l)
m(i0−l) ∩ Tm(i0−l+1) = {p}. Therefore, m(i0 − l − 1) ≥ m(i0 − l) and by (iii) of Lemma 3.1,

we have that m(i0 − l − 1) > m(i0 − l), and so the inductive step is complete. □

4. CONSTRUCTION OF THE EMBEDDING AND PROOF OF THEOREM 1.2

Let T be a quasiconformal tree. In this section, we prove Theorem 1.2 by showing that T admits a
bi-Lipschitz embedding into some Euclidean space, with distortion and dimension depending only on
the doubling and bounded turning constants of T .

As a first simplification, we may modify T by a bi-Lipschitz deformation (whose distortion depends
only on the bounded turning constant) so that it is bounded turning with constant 1 (See [BM20a,
Lemma 2.5].) Because T is 1-bounded turning, we have diam(T ) = diam(L(T )). We may also
rescale so that diam(T ) = diam(L(T )) = 1. Let D be the doubling constant of T , after these
modifications. Throughout this section, in all statements and proofs we make these assumptions.

Finally, we assume without loss of generality that the set L(T ) of leaves of T is finite. This assump-
tion is justified by the following basic fact in metric embeddings: A compact metric space X admits
an (a, b)-bi-Lipschitz embedding into Rk if and only if every finite subset of X admits an (a, b)-bi-
Lipschitz embedding into Rk. (See, e.g., [NN12, equation (1)] or [Ass79, Lemma 4.9].) Thus, if we
prove Theorem 1.2 only for trees with finitely many leaves and we wish to embed an arbitrary qua-
siconformal tree T , we may apply the theorem to the convex hull of every finite subset of T (which
are all uniformly doubling, bounded turning trees), and conclude that Theorem 1.2 holds for T by the
“basic fact” mentioned above.

To prove Theorem 1.2, it thus suffices to embed a D-doubling, 1-bounded-turning tree T with finite
leaf set into some Rk, with k and the distortion depending only on D. These assumptions on T are
now in force. We first apply the construction of the previous section to obtain sets Kj

n satisfying the
properties of Section 3.

Our first step is to construct “local” bi-Lipschitz embeddings on each piece Kj
n.

Lemma 4.1. There are constants L = L(D) ≥ 1 and d = d(D) ∈ N such that, for each n ≥ 1 and
j ∈ Jn, there is a (1, L)-bi-Lipschitz embedding

f j
n : K

j
n → Rd

such that f j
n(r

j
n) = 0.

Moreover, this embedding extends to an L-Lipschitz map f j
n : T → Rd that is constant on each

component of T \Kj
n. In particular, f j

n is constant on Ki
m if (m, i) ̸= (n, j).
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Proof. Fix any Kj
n. The set Kj

n is a union of at most C = C(D) arcs, by Lemma 3.3. Each such
arc is D-doubling and 1-bounded turning, and therefore admits a bi-Lipschitz embedding into Rd0 ,
d0 = d0(D) and bi-Lipschitz constants depending only on D. (This is [DV22, Proposition 8.1].) By
[LP01, Theorem 8.2], we see that Kj

n then admits an bi-Lipschitz embedding f j
n into some Rd, for

d = d(D) and constants dpending on D and C = C(D). By rescaling and translating this embedding,
we can ensure that it is (1, L) bi-Lipschitz for L = L(D) and maps rjn to the origin.

To construct the Lipschitz extension, let K be a component of T \ Kj
n. Then K ∩ Kj

n consists of
exactly one point, p. Indeed, this intersection contains at least one point as T is connected. Suppose
it contained distinct points p ̸= q, in which case it would also contain the arc [p, q]. Let p′, q′ be a
points of K with distance at most d(p, q)/10 from p, q, respectively. Then [p′, q′]∪ [q′, q]∪ [q, p] would
contain an arc joining p and p′ of diameter at least d(p, q)/2 > d(p, p′), contradicting the bounded
turning property.

We thus set f j
n(x) = f j

n(p) for all x ∈ K. This extends f j
n to all of T in a way that it constant on

each component of T \Kj
n.

To prove that the extension is L-Lipschitz, consider x, y ∈ T . If [x, y] is disjoint from Kj
n, then x

and y lie in the same component of T \Kj
n and thus |f(x)− f(y)| = 0. Otherwise, let p and q be the

first and last points, respectively, on [x, y] ∩ Kj
n. Then either p = x or p is the unique point in both

Kj
n and in the component of T \Kj

n containing x; in either case, we have f j
n(x) = f j

n(p). Similarly,
f j
n(y) = f j

n(q). Therefore,

|f j
n(x)− f j

n(y)| = |f j
n(p)− f j

n(q)| ≤ Ld(p, q) ≤ Ldiam([p, q]) ≤ Ldiam([x, y]) ≤ Ld(x, y),

using the known fact that f j
n is L-Lipschitz on Kj

n itself.
For the final, “in particular” statement, suppose (n, j) ̸= (m, i). By Lemma 3.1, Kj

n ∩Ki
m contains

at most one point, p. If x, y ∈ Ki
m and [x, y] does not contain this point (or there is no such point),

then [x, y] lies in a component of T \Kj
n and so f j

n(x) = f j
n(y). Otherwise, x and p lie in the closure

of a component of T \Kj
n, and the same holds for p and y, and so f j

n(x) = f j
n(p) = f j

n(y). Thus, f j
n

is constant on Ki
m. □

Lemma 4.2. If x ∈ T , n ∈ N, j ∈ Jn, then f j
n(x) = 0 unless the arc [r11, x] traverses Kj

n.

Proof. First, observe that f j
n(r

1
1) = 0 for every n ∈ N and j ∈ Jn. If n = 1 this is by definition of f 1

1 .
Otherwise, this is because f j

n(r
j
n) = 0 by definition of f j

n and rjn and r11 are joined by an arc in Tn−1

whose only intersection with Kj
n is rjn. Therefore, rjn and r11 lie in the closure of a common component

of T \Kj
n.

Now suppose that [r11, x] does not traverse Kj
n.

If [r11, x] is disjoint from Kj
n, then r11 and x are in the same component of T \ Kj

n and f j
n(x) =

f j
n(r

1
1) = 0.

If [r11, x] is not disjoint from Kj
n, then it intersects Kj

n in exactly one point, y. It follows that
f j
n(r

1
1) = f j

n(y) and f j
n(y) = f j

n(x), hence f j
n(x) = 0. □

We fix constants before proceeding. Let M = M(D) be as in Lemma 3.5, and let L = L(D), d =
d(D) be as in Lemma 4.1. Let N ∈ N be chosen sufficiently large depending only on L and M (hence
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only on D); specifically, we will require that
1

2
√
2N +M + 1

− L24−N > 0.

Let S = 2N . Finally, let A = A(D) be the number of colors produced by Lemma 3.4 using this choice
of S.

We now define our bi-Lipschitz embedding f : T → RAd. We use the L-Lipschitz mappings
f j
n : T → Rd defined in Lemma 4.1. View RAd as

⨁︁A
ℓ=1Rd

ℓ , with each Rd
ℓ a copy of Rd. Making

a simple adjustment to f j
n, we post-compose with an isometric embedding so that

f j
n : T → Rd

χ((n,j)) ⊆ RAd,

where χ is the coloring from Lemma 3.4, and f j
n(r

j
n) = 0.

We now define f : T → RAd by

(4.1) f(x) =
∑︂
n∈N

∑︂
j∈Jn

f j
n(x).

Because of our assumption that the leaf set of T is finite, only finitely many of the sets Jn are non-
empty, and hence this sum is always finite.

Proof of Theorem 1.2. Recall that, by the discussion at the beginning of this section, we have reduced
the embedding problem to the case of a 1-bounded turning tree T with L(T ) finite and diam(T ) =
diam(L(T )) = 1. We will show that, under these assumptions, f as defined in (4.1) is (a, b)-bi-
Lipschitz with constants a and b, depending only on D, to be described below.

Fix x, y ∈ T with x ̸= y.
Let {Kj(i)

m(i)}i∈I be the (finite) collection of sets Kj
m that are traversed by [x, y]. Here we set I to be

a finite index set {1, 2, . . . ,max(I)}, and the sets are ordered in the natural order along the arc [x, y].
By Lemma 3.6, there is an index i0 ∈ I such that m(i) > m(i+1) for all i < i0 and m(i) < m(i+1)
for all i ≥ i0.

For each i ∈ I , let pi be the first point on [x, y]∩K
j(i)
m(i). We also add one additional point at the end

of I and set pmax(I) = y. Because x is contained in a set traversed by γ (see the remark above Lemma
3.6), we also have p1 = x.

We can now write a telescoping sum:

(4.2) f(x)− f(y) =
∑︂
i∈I

(f(pi)− f(pi+1)) .

Let n ∈ N be such that
2−n−1 ≤ d(x, y) ≤ 2−n.

Define indices i∗ and i∗ in I as follows:

i∗ = min{i ∈ I : m(i) ≤ n} and i∗ = max{i ∈ I : m(i) ≤ n}.
(We set i∗ = i∗ = i0 if the associated set is empty.) By Lemmas 3.5 and 3.6, we have i∗ − i∗ ≤ M =
M(D).
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The restriction of f to a single Kj
m is (1, L)-bi-Lipschitz, because f j

m is (1, L)-bi-Lipschitz on Kj
m

and each f i
n for (n, i) ̸= (m, j) is constant on Kj

m. (See Lemma 4.1.) Note also that pi and pi+1 are
both always in K

j(i)
m(i). Therefore, we always have

(4.3) d(pi, pi+1) ≤ |f(pi)− f(pi+1)| ≤ Ldiam(K
j(i)
m(i)) ≤ L22−m(i).

In addition, the bounded turning condition and the fact that pi ∈ [x, y] ensures that we also always
have

(4.4) |f(pi)− f(pi+1)| ≤ Ld(pi, pi+1) ≤ Ld(x, y).

Using equations (4.3) and (4.4), we obtain:

|f(x)− f(y)| ≤
∑︂
i∈I

|f(pi)− f(pi+1)|

≤
∑︂

i∈I,i<i∗

|f(pi)− f(pi+1)|+
∑︂

i∈I,i∗≤i≤i∗

|f(pi)− f(pi+1)|+
∑︂

i∈I,i>i∗

|f(pi)− f(pi+1)|

≤ L

(︄ ∑︂
i∈I,i<i∗

22−m(i) +
∑︂

i∈I,i∗≤i≤i∗

d(x, y) +
∑︂

i∈I,i>i∗

22−m(i)

)︄
≲ L2−m(i∗−1) +Md(x, y) + L2−m(i∗+1)

≲ L2−n +Md(x, y) + L2−n

≲ d(x, y)

This proves that f is Lipschitz (with constant depending only on D).
For the lower bound, we similarly break up the sum in (4.2) into three pieces, but at different points.

Define indices i and i in I as follows:

i = min{i ∈ I : m(i) ≤ n+N} and i = max{i ∈ I : m(i) ≤ n+N}.

(We interpret i = i = i0if the associated set is empty, although in fact the proof shows that this cannot
happen with our choice of N .) Note that i− i ≤ 2N +M by Lemmas 3.5 and 3.6.

Note that

(4.5)
∑︂
i>i

d(pi, pi+1) ≤
∑︂
i>i

diam(K
j(i)
m(i)) ≤

∑︂
i>i

22−m(i) ≤ 22−(n+N).

The same bound holds for the sum over i < i.
Now we note that if i ≤ i < i′ ≤ i, then f(pi) − f(pi+1) and f(pi′) − f(pi′+1) lie in orthogonal

subspaces Rd
ℓ and Rd

ℓ′ . To see this, note that pi and pi+1 are both in K
j(i)
m(i), and similarly for pi′ and

pi′+1. Therefore, recalling the last statement of Lemma 4.1,

f(pi)− f(pi+1) ∈ Rd
ℓ ,
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where ℓ = χ(m(i), j(i)). Similarly, f(pi) − f(pi+1) ∈ Rd
ℓ′ , where ℓ′ = χ(m(i′), j(i′)). To see that

ℓ ̸= ℓ′, observe that

dist(K
j(i)
m(i), K

j(i′)
m(i′)) ≤ d(x, y) ≤ 2−n ≤ 2N2−max{m(i),m(i′)} = S2−max{m(i),m(i′)},

so χ((m(i), j(i)) ̸= χ((m(i′), j(i′)) by the defining property of the coloring χ from Lemma 3.4, and
our choice of S = 2N .

Therefore, by using (4.3), the Cauchy–Schwarz inequality, the fact that
∑︁

I d(pi, pi+1) ≥ d(x, y),
and (4.5), we obtain

⃓⃓⃓⃓
⃓⃓∑︂
i≤i≤i

f(pi)− f(pi+1)

⃓⃓⃓⃓
⃓⃓ =

⎛⎝∑︂
i≤i≤i

|f(pi)− f(pi+1)|2
⎞⎠1/2

≥

⎛⎝∑︂
i≤i≤i

d(pi, pi+1)
2

⎞⎠1/2

≥ 1√︁
i− i+ 1

∑︂
i≤i≤i

d(pi, pi+1)

≥ 1√︁
i− i+ 1

⎛⎝d(x, y)−
∑︂

i<i or i>i

d(pi, pi+1)

⎞⎠
≥ 1√

2N +M + 1
(d(x, y)− 23−(n+N))

≥
(︃

1√
2N +M + 1

− 23−N

)︃
d(x, y)

≥ 1

2
√
2N +M + 1

d(x, y).
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Again using (4.5) and the fact that the restriction of f to each Kj
m is L-Lipschitz, we therefore have

|f(x)− f(y)| ≥

⃓⃓⃓⃓
⃓⃓∑︂
i≤i≤i

f(pi)− f(pi+1)

⃓⃓⃓⃓
⃓⃓− ∑︂

i<i or i>i

|f(pi)− f(pi+1)|

≥

⃓⃓⃓⃓
⃓⃓∑︂
i≤i≤i

f(pi)− f(pi+1)

⃓⃓⃓⃓
⃓⃓− L

∑︂
i<i or i>i

d(pi, pi+1)

≥ 1

2
√
2N +M + 1

d(x, y)− L24−(n+N)

≥
(︃

1

2
√
2N +M + 1

− L24−N

)︃
d(x, y)

≳ d(x, y)

by our choice of N . □
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