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Abstract.  The recent proof of the sharp weighted bound for Calderdn-
Zypmund operators has led to much investigation in sharp mixed bounds for op-
erators and commutators, that is, a sharp weighted bound that is a product of at
least two different Ap weight constants. The reason why these are sought after
is that the product will be strictly smaller than the original one-constant. bound.
We prove a variety of these bounds in spaces of homogeneous type, using the new
techniques of Lerner, for both operators and commutators.

1. Introduction

The theory of sparse domination, that is, pointwise (or bilinearly) bound-
ing an operator by a finite sum of simple, so-called sparse operators, has been
an active area of investigation. Since the original preprint of this article ap-
peared, there has been a plethora of theory and applications of sparse bounds

to a wide variety of operators and settings. References are too numerous to
list, but one could start by looking at [31], [5], [35] and the references therein.
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This article, circulated in preprint form since 2014, uses the older technol-
oy developed by Lerner; it is likely that many of our results could be even
more updated with the recent technological surge, Our results have proven
relevant in several other projects; a preprint form of this article has been
cited in [29], [14], [9], [28], [17], for example. With this firmly in mind, we
proceed with the introduction.

In the last decades, harmonic analysts have paid much attention to the
area of weighted inequalities for singular integrals. Since Muckenhoupt in-
troduced in [38] the A, classes in the 1970°s to answer the necessary and suf-
ficient conditions for the boundedness of the maximal function on weighted
L? spaces, many have sought a deeper understanding of the constants present
in such weighted bounds.

The first result in this area was due to Buckley, who asserted the precise
dependence of the A, constant in [6] was

(1.1) 1M |y < eplu]y "

Since then, much work was put into solving the so-called 45 conjecture,
which stated that the constant in the corresponding weighted norm inequal-
ity for Calderdm—Zygmund singular integrals depended linearly on the As
constant. This was solved by Hytonen in [20]. See also [21] for a survey
about the history of the conjecture and [30] for a simpler proof.

After the solution of the A; conjecture, an improvement of this result
was obtained in [24]. This new result can be better understood if we first
consider the case of Buckley's estimate (1.1) for the maximal function. For
the case p = 2, the maximal estimate is given hy

M| 2y < en [w]a,-

The idea is to replace a portion of the As constant by another smaller con-
stant defined in terms of the A, constant given by the functional

1
(1.2) wla., = SUp D) /{}M(wm]-

To be more precise, the improvement of Buckley’s theorem is the following
“Aa—AL" estimate:

M| oy < en []§? [ 2,

which can be found in [24] along with its LP counterpart. The A., constant
as given by (1.2) was originally introduced by Fujil in [15] and rediscov-
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ered later by Wilson in [42]. This definition is more suitable than the more
classical condition due to Hruscév [19], which is defined by the expression

wli. = Sup(qu ) ) exp (IQIf og )" ).

[w]a.. < cn[wlf,.,
as it was observed in [24]. In fact it is shown in the same paper with explicit
examples that [w]4_ is much smaller (actually exponentially smaller) than
wii,
{sfcmsideri.ug the case of singular integrals, the mixed sharp As—As result
below obtained in [24] improves the A4s theorem:

since

1Tl £z < en [w ”2( 1 ”2 ot w ]”2}

This is the right estimate when compared with M since this reflects the prop-
erty that T is (essentially) self-adjoint. There is also a further improvement
involving [w]a, in [23].

In this paper we follow this idea of replacing a portion of the A, constant
by the A constant for the problems considered in [32] and improved in [33],
within the context of spaces of homogeneous type. To do this we will prove
first the following theorem which follows essentially from [33], but in this
stated form can be found in [39].

THeEOREM 1.1. Let T be a Calderdn—Zygmund operator and let 1 <p<oc.
Then for any weight w and r > 1,
(1.3) IT f ey = Cop’ (7)1 | Lo vt m)

where the weight on the right-hand side is now the “L" Hardy—Littlewood
mazimal function™ Myw = supg., ( fQ w*')lfr, and the symbol ' indicates
the dual exponent,

This mixed theorem leads to sharp mixed A Aq weighted bounds for
Calderén—Zygmund operators using simple properties of Ay weights:

(1.4) 1T F Nl gy < C o8 ()™ 1N 1oty
and if w £ Ay,
(1.5) 1T f ooy < Cor fl P (w7 171 oy

where C' is a dimensional constant that also depends on T.
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Recent results relating to the simple proof of the A; conjecture allow us
to simplify and streamline the proof of this theorem, and also extend it to
spaces of homogeneous type (SHT). To do this we use the theory of sparse
domination in spaces of homogeneous type, which has rapidly developed.
However, for our purposes the older technology of [4] suffices (see the next
section for details).

A similar approach can also be done with sharp weak bounds, We have
the following sharp bound of Lerner, Ombrosi and Pérez in [33],

T\ Lriwy < Cpp'[w]a,,

which led to several endpoint estimates in [24].

Again, we can update this proof by applying recent estimates in sharp
weighted theory as well as extend to spaces of homogeneous type. We will
employ a new sharp reverse Holder inequality for spaces of homogeneous
type (see Lemma 4.6).

Finally, we show sharp weighted bounds for commutators of Calderén—
Zypmund operators with functions in BMO and their iterates. These ques-
tions have been considered before in (8] and lately improved in [24] but our
bounds are new in the context of spaces of homogeneous type (see also [34],
which appeared after this preprint).

The organization of this paper will be as follows. In Section 2 we give
some background and definitions which will help us to prove our main re-
sults, listed in Section 3. Finally, Section 4 contains all the proofs as well as
some remarks.

2. Preliminaries

2.1. Spaces of homogeneous type. We will be working on spaces
of homogeneous type, which generalize the Euclidean situation of BE" with
Lebesgue measure. Other examples of spaces of homogeneous type include
'™ compact Riemannian manifolds, graphs of Lipschitz functions and Can-
tor sets with Hausdorfl measure. These and more examples are described
in [7]; some applications of these spaces can be found in [37,43].

DEFINITION 2.1. A space of homogeneous type 15 an ordered triple
(X, p.pt) where X is a set, p is a quasimetrie, that is:

(1) plz,y) = 0 if and only if & = y.

(2) plz,y) = ply, x) for all 2,y € X.

(3) plz,2) < slp(z.y) + ply,z)), for all z,y,z € X.
for some constant &£ > 1 (quasimetric constant ), and the positive measure p is
doubling, that is

0 < p(B(xo, 2r)) < Dy p(B(xg, 7)) < oo,

for some constant Dy, (doubling constant).
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We will say that a constant is absolute if it only depends on the space
(X,p,p). Particularly, £ and D, appearing in the above definition are ab-
solute constants.

Thankfully, many basic constructions and tools for classical harmonic
analysis still exist in some form in spaces of homogeneous type, such as cer-
tain covering lemmas, however, the Lebespue Differentiation Theorem does
not (see [1] for a thorough description). Therefore, we will always assume
that our measure 15 in addition Borel regular, to avoid technicalities.

We also rely on a dyadic grid decomposition, and can use the construc-
tion of Christ [7); see also the newer construction of [22]..

THEOREM 2.2, There erists a fomily of sets DD = Ukez Dy, called a
dyadic decomposition of X, constants 0 < C,¢ < o0, and a corresponding
family of points {x.(Q)}oep such that:

(1) X = UQED,, Q, forall k e Z.

(2) If Q1N Qa#0, then Q1 C Q2 or Q2 T (1.

(3) For every Q € Iy, there exists at least one child cube Q. € Dy_, such
that Q. C Q.

(4) For every Q € Dy there exists exactly one parent cube Q € Dy such
that Q) C ().

(5) If Qa is a child of Q1 then p(Q2) > ep(Qu).

(6) B(wo(Q), %) € Q C B(xc(Q), Cs").

We will refer to the last property as the sandwich property.

Later, we will use a multiple L of a dyadic cube @@, defined as L} =
B(z:(Q),CL&*), a concept that has appeared in other papers including [4]
and [22].

A weight w is a nonnegative locally integrable function on (X, u) that
takes values in (U, 0c) almost everywhere. For any 1 < p < oo we define the
Ay constant of the weight w on the space of homogeneous type X as follows:

@D [wla, = (ﬁ fq w(m]dp) (ﬁ fq w(z)' ¥ ‘fﬂ)p_l-

Here we can take @ to be a ball, since the concept of a non-dyadic cube 1s
not defined in spaces of homogeneous type. However, often we will work with
an analogue of this constant where ¢} is a dyadic cube (as defined above).
It w € Ay with respect to balls, then it is dyadic A, (with respect to cubes)
for any dyadic grid 1}, with a constant independent of 1}, Conversely, if w 1s
in dyadic Ap with respect to all dyadic grids in an adjacent dyadic system
(as shown in [22]), then w € A, with respect to balls. It will be clear from
context if we are working with respect to balls or dyadic cubes.
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We define the Fujii-Wilson A, constant in a space of homogeneous type
as follows:

1
[w]a.. =s%pquﬂff{wm}dﬂ,

where w(Q) = fQ wdp. While this A, constant is comparable using dyadic
cubes or balls, the constant of comparison depends on the measure w (which
is doubling since w € A,;). Hence to achieve sharp bounds in spaces of ho-
mogeneous type we cannot simply switch between these constants defined
with respect to cubes or balls since we introduce a w-dependent factor. This
15 reflected in the difference between the sharp reverse Holder inequalities
involving this A, constant: if defined with respect to cubes we get a sharp
reverse Holder (see Lemma 4.6), but if defined with respect to balls we only
get a sharp weak version (see [25]).

We also note that we define the Hardyv—Littlewood maximal function
with respect to balls, but this 15 well known to be bounded above and be-
low by a finite sum of dyadic maximal functions (from an adjacent dyadic
system) (see [22] or [27], for example).

2.2, Calderén—Zygmund operators and commutators. Next we
recall some definitions related to Calderdn—Zygmund operators and their
commutators in the homogeneous setting.

DerFmNITION 2.3, We say that K: X x X\ {x = y} = R is a Calderdén-
Zyvegmund kernel if there exist 7 > 0 and € < oc such that for all 7 #y e X
and x £ X it satisfies the decay condition

- C
N P'-{B(J:U! P(mm y”}l

and the smoothness conditions for p(xg,x) < np(zg, y):

(2.2) \K (xo, y)|

C
B(zn, plzo,u))) ’

1
(2.3)  |K(z,y) — K(zo,9)| < Gﬁ:ﬁ) l

and

p{:ﬂ,i‘g])n C
o(zo,y) ) w(B(xo,plzo,u)))

DEFINITION 2.4, Let T be a singular integral operator associated to
Calderén—Zygmund kernel K. If in addition T is bounded on L?, we say
that T' is a Calderdn—Zygmund operator.

@4)  |K(.x)— Ky )| < (

THEOREM 2.5 [10]. Let T' be a Calderdn—Zygmund operator on a space
of homogeneous type. Then T is bounded from L' to LV,
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We will be invoking sparse operators to bound our Calderdn—Zygmund
operators using the formula originally due to Lerner [30|. Before we discuss
this, we need to define a sparse family on a dyadic grid D = |, D as in
Theorem 2.2.

DEFINITION 2.6, A sparse family § = Uk Sk, Se € I on 1) 13 a collec-
tion of dyadic cubes such that for . () € S,

/ (@)
,u-( U Q) < B
Qcq 2

DerFiNITION 2.7. Given a sparse family S, we define a sparse operator

as follows
TS(H) =Y (qu) Xa-

el

We also introduce the decomposition of Lerner, proved in the homoge-
neous setting in [3].

THEOREM 2.8, For any Calderdn—Zygmund operator T on a space of
homogeneous type X, we have

ITflly < Csup|Tf|ly,
D5

where the supremum is taken over all dyadic grids D in an adjacent dyadic
system, and over all sparse families with respect to those grids, O only de-
pends on the operator and the space X, and Y is any Banach function space.

Finally, we introduce the definitions of a BMO function and the iter-
ated commutators of Calderdn—Zygmund operators with functions in BMO

in spaces of homogeneous type.
DErFINITION 2.9, For a locally integrable function b: X — E we define

1
o) fq Ib(y) — bg| dp(y) < oo,

where the supremum is taken over all dyadic cubes in X, and

1
bo = 5 fQ b(y) du(y).

DeErFmNITION 2.10. Given a Calderon—Zygmund operator T with ker-
nel K and a function & in BMO, we define the k-th order commutator with b,
for an integer & = 0, as follows

TH(f) () = [x (b(@) — b)) K (2, 9) F () du().

||bl|Brmo = sup
o
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In the particular case when k& =1, T; is the classic commutator and we
will denote it by Th.

Throughout this paper, X will denote a space of homogeneous type
equipped with a quasimetric p with guasimetric constant & and a positive

doubling measure g with doubling constant 1J,. We will denote by €' a pos-
itive constant independent of the weight constant which may change from a
line to other. We remind the reader that we call constants absolute if they
only depend on parameters of the space, such as g, but are independent of
the weight.

3. Main results

Our goal is to prove the following results.

THEOREM 3.1. Let T be a Calderdn—Zygmund operator and let 1 < p < oc.
Then for any weight w and r = 1,

(3.1) IT Nl iy < Cpp' ()7 || £Il M)

where ' is an absolute constant that also depends on T,

From the previous theorem we obtain the following estimates as imme-
diate corollaries.

CoroLLARY 3.2, Let T be a Calderdin—Zygmund operator and let 1 <
p < oo, Then if w € A we oblain

(3.2) TNl ey < Cop' [l {111 Lo catu)
and if w e Aq,
(3.3) IT SN ey < C v [w] 5 [l 21 F 1 ey

where ' is an absolute constant that also depends on T,

Note the passage of right-hand side above from LF(Myw) to LP{Mw)
to L¥{w). The first passage is due to an application of a reverse Holder

inequality and the second passage pains [-1.111]:{I 7
As an application of (3.1) we obtain the following endpoint estimate.

THEOREM 3.3. Let T' be a Calderdn—Zygmund operator. Then for any
weight w and r > 1,

(3.4) T fll 2o puy < Clog (€ + )| Fll 1t )

where €' is an absolute constant that also depends on T'.
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Additionally we get the following estimates as corollaries of the above
result choosing r as the sharp exponent in the reverse Holder inequality for
weights in the A, class in the setting of spaces of homogeneous type (see
Lemma 4.6) and taking into account that v & [w]a_,.

CoroLLARY 3.4, Let T be a Calderdn—Zygmund operator. Then
(1) if we Ay,
1Tl =) < Clog (e + [wla ) f o as,w);
(2) if we Ay,
Tl (uy < Clw]a, log (e + [w]a M Flle -

In both cases C' is an absolute constant that also depends on T'.

We also prove the following bound for a Calderon—Zvgmund operator
that is useful to get sharp A.—A., bounds for the commutators in spaces of

homogeneous type. Throughout define the dual weight o = WD,

THEOREM 3.5. Let T be a Calderdon—Zygmund operator and w & As.
Then the following sharp weighted bound in an space of homogeneous type
holds:

1/2
IT | 2wy < Clw]f? (], + [o]a )"

We remark that one should be able to use the extension of (23] directly to
obtain the following extension.

CoroLLary 3.6. Let T be a Calderon-Zygmund operator and w € Ap.

Then the following sharp weighted bound in an space of homogeneous type
holds:

Tl oy < Clol 47 ()7 + [0147).

Finally, as a corollary of the previous result and using a precise version
of the John—Nirenberg inequality proved in Section 4.3, we prove the follow-
ing generalized sharp weighted bound for the k-th iterate commutator of a
Calderdn—Zygmund operator.

CoroLLary 3.7. Let T be a Calderén—Zygmund operator defined on a
space of homogeneous fype and b € BMO. Then

(35) T Law < Clwly ([wlan. +lola) 2 [bllrroll £1] Lo

where O is an absolute constant, I'n particular, for the classical commutafor
we get the estimate

(36)  ITo(Nlzw < Clol{  ([wlas + o)) |1Blmol| 1l L2w)-
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REMaRK 3.8, We remark that we can also extend this result to an anal-
ogous statement involving [w] A, by using Corollary 3.6. Finally, the opti-
mality of the exponents in these results follow from the corresponding results
in ™ which were obtained by building specific examples of weights for each
operator. However, a new approach to derive the optimality of the exponents
without building explicit examples can be found in [36].

4. Proofs

4.1. Proofs of Theorem 3.1 and Corollary 3.2. First, we will
prove the next inequality of Coifman—Fefferman type.

ProrosiTION 4.1, Lei T be a Calderon—Zygmund operafor and let 1 <
p< oo Ifwe Ay then

@) [ Irr@e) dute) < Clul, [ Mf()oa) duta),

where (7 is an absolute constant that depends also on T'.

Before proving Proposition 4.1 we need to recall the following lemma
that will allow us to obtain the precise constant in (4.1) and that can be
found in |18, Example 9.2.5] as well as in [16, p. 388] in the context of two
weights. It is likely that the following result is also true with [w],  replaced
by [w]a,, as this has been remarked to the authors to hold in ™. This
would improve Proposition 4.1 analogously. However, since we only need
the version stated and could not find a reference, we leave this as a remark.

LEMma 4.2, Let p be a positive doubling measure and 1 < p < oo, If
w € Ay then

H(A)\? w(4)
4.2) (m) < lwla, )

where A C Q is a p-measurable set and @ is a cube,

Proor oF ProrosITION 4.1, It is possible that this argument appeared
in exactly the same fashion in " prior to the appearance of our preprint.
However, we are unaware of this and therefore choose to include the short

proof. We have that
> (£ r0)xa

Qe85

[ 1@ ate) duto) < Cxrsu [ w(z) dp(z)
X 5.0
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by the formula of Lerner proved in the homogeneous setting in [3]. Using
(4.2), we obtain that

[ 15 @l dnte) < Cxrsup S (f 1) )ui(@

QES

{CXTE;:IE -4 s(][ If(sr]l)w{E{Q))

< Oxrlwla, SUDE f M f(x)w(x) dp(x),

!n QES

where we have applied Lemma 4.2, noting that the family is 1/2-sparse, to
arrive at the second line above. Finally, since the family E(Q) is disjoint,
we can bound the above by

[T @ (@) dute) < Clula, sup [ M f(eyute) duto)
X DS JX

wla, [ Mf@yu(o) duto)

where C' is an absolute constant that depends also on T, proving (4.1) as
desired. [

Now we prove the following lemma.

LEMma 4.3, Let w be any weight and let 1 < p,r < oo, Then there is a
constant (' = C'x 7 such that

T fll Lo(asowyr-ry = CpIM fllLogat,wy-r)-

The proof of this lemma is based in a variation of the Rubio de Fran-
cia algorithm that could be found in [39]. The only main new ingredient is
the Coifman-Rochberg theorem in spaces of homogeneous type [13, Propo-
sition 5 32]

By using Lemma 4.3 applied to T we can prove Theorem 3.1, whose
proof is omitted since again it 1s analogous for SHT, by replacing the dimen-
sional constants with geometric ones.

Proor oF CoOROLLARY 3.2. The proofs of (3.2) and (3.3) are immedi-
ate. In the first case, the estimate is derived by applving the sharp reverse
Holder inequality for weights in the A, class proved in Lemma 4.6 to (3.1)
and using the fact that v’ = [w]4_. The latter is a direct consequence of
(3.2) since w € 4;. O

Analysis Mathemation {8, 2022



as0 T. €. ANDERSON and W. DAMIAN

4.2. Proof of Theorem 3.3. First we establish a lemma which fol-

lows similar ideas of [16, Ch. 4, Lemma 3.3], that we will need for the proof
of Theorem 3.3,

LEMMA 4.4. Let T be a CZO. Let w be a weight and a € LY(w) be sup-
ported in a cube Q with fq aly) du(y) = 0 and 1 be the smoothness constant

from the definition of a CAO kernel in SHT. Then, if we set (:3‘ = L@ for a
large L = 1/n = 0, the inequality

@) [ T@@hE ) <C [ la@)IMu) datz),
X\0 X

holds with an absolute constant O depending on the kernel K.

Note that all we need is that L > 1 abowe. This is automatically satisfied
if 0 < < 1, otherwise, choose any L > 1.

PrROOF. Fix yp € X and assume for simplicity that @ = B(yg, B), with
R = 0. Now making use of the cancellation property of a, we obtain

w(x) dp(r)

IK\Q |T{ﬂ-){$}|w{$)dﬁ{mjl :[K‘\Q‘LHEm1yja{yjdﬁ{y]

- Lfm | K (2, 9) = K (, yo) fuw() dia(z) a(w)] dpaly) = fq_.f (v)la(y)| dpy).

We only need to prove that I is bounded by CMw(y) where € = Cx i
is an absolute constant also depending on the kernel K. For every y = @,
using the smoothness property of K in the second variable (since p(y, yo)
= 'T?P{-Tu yﬂ'”: we obtain

I(y) = fx K@D~ K w4

i Py, y0)\" 1 wla) dutl
< Cxx fm (P':i‘-.yu]) 1B o, pla ga)) ) )

_ = oy, m)\" 1 (@) dule
_CX'KELQWHQ (p(;r,yu]) w(B(yo, plx, o)) (z) du(=)

o~ [ 2" p(B(ywo,2R) 1
< Cx i E /;:Q i 4(Blyo, 7 R)) 1(20) w(x) dp(x)

1 1
< Cx K ; ot mj;ﬂ@ w(x) dp(z) < Cx k Mw(y).
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Above we have used the fact that p(y. yo) < R and since p(z, yo) > LR, there
exists an [ > 1 so that 27'R < p(z,19) < 2'R. Thus we have shown that
(4.3) holds. [

Proor or THEOREM 3.3. The proof of Theorem 3.3 follows the proof
of [40), Theorem 1.6], with the following two changes. Let ); be a cube,
(.j_.,- =20Q;, @ =1J; @y, 0 — Uj {j_?- and = € ); Firstly we use the fact that
for r > 1 and a non-negative function w with Myw(x) < oo a.e., we have

(4.4) M (wxg.)(z) < Cx yiég M (wxg.)(v)

where the constant depends only on the doubling constant I),. This was
proved in [3]. This replaces the use of the classical case with the Hardy—
Littlewood maximal operator M, see for instance [16, p. 159]. Finally, we
use Lemma 4.3 to replace the analogous lemma used in [40]. O

4.3. Proofs of Theorem 3.5 and Corollary 3.7. To prove the main
result in this section we first need the following lemmas. The first is a sharp
reverse Holder inequality for A., weights in spaces of homogeneous type
adapted from an argument due to Hytinen, Pérez, and Rela whose proof
can be found in [25]. Before we state and prove this, we note that in this
same paper there is a weak version of this inequality stated below. They

call this result a weak nequality since on the right-hand side we have the
dilation 2xB of the ball B.

LEMMA 4.5 [25]. Let w € A, and define
1 1

T S L T 6(32n2 @ + ) D [w]a

where 7 depends on &, the guasimetric constant of X. Then

()" o f o)

for any ball B € X.

However, this lemma is not sufficient for our purposes. The difficulty lies
in the fact that the Fujii-Wilson A.. constant is comparable when it is de-
fined with respect to cubes or balls, but the constant of comparison depends
on the doubling constant of the measure induced by w {which affects the
sharp constants that we are trying to achieve). Please refer to [2] for more
discussion on the reverse Holder inequality with respect to balls. Since using
balls provides a difficulty in converting between the constants, we needed a
sharp reverse Holder inequality with cubes. Here is the lemma that we use
with respect to cubes.
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LEMMA 4.6, Let w € Ay and let

11
Tlwla. —1 2D[w|y_ -1’

0<r=

with D = 1/¢, where ¢ is the absolute constant appearing in the dyadic de-
compaosition of X. Then

1+r
][wl_"rdpﬂ_fE(][wdy) .
Q Q

for any cube Q@ C X,
The proof will use the following sublemma.

LEmma 4.7, Let w e Ao, and Qg a cube. Then for all subcubes Q Z Qg
areed

1
&
0TS D, -1

we have

14r
£ 0 x0 )™ di < 2l f, )
Q td
where M 15 the Hardy-Littlewood morimal operafor with respect to a fived
dyadic grid D.

Proor oF LEMMmA 4.7. Assume without loss of generality that w =
wyxg,. Let 0y = Q, N {Mw > A}. Then using the layer cake formula

r . = r—1
fq @ (@) du = [ el [m |F(z)] dpdr
with f = Mw we get

(Mw)'"™ " du = f AT Mw () dA
Qo 0

Wy o
=f rA" L dA Mwu!,u-i—f AT Muw(8) dA.
0 o Wepg

Note that if A < wg, then Q) = (Jo. In the regime where wg, < A, select
a dyadic cube @ if it is maximal with respect to the condition A < wg, .
(Since x = {1y, then there must exist some ¢ C ¢y such that this condi-
tion holds.) Then £, = Uj. Q; where A < fQ:‘ w = %)ﬂ and £ 18 the absolute

constant from Theorem 2.2, Hence we have

Ln{Mw)lﬂdﬁ < (:éuu)r[w]mw{gn)+fm ,_Ar_1z Muw dp dA.

Woy i 25
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Now we can localize

Mu(z) = M(wxq,)(x)

by the maximality of the (s for any x € Q@;. Then,
[ Mwdp [ Mg dn < fulaw(@)) < [ulau(@)
Q_f QJ
 luloo( f, )@ < fwloor ;@)

where lﬂj;; is the parent of the cube }; and we have used the definition of A
and the maximality and containment properties of the cubes, Call El =D,
Hence

> f@ Muwdi < 3 [l AD(@;) < [w]ocA (),

][I,EMW)H# dp < (]f.?u “)r[w]mwfﬂ?u) + rlw]ee D [m AT (€2) dA.

ey

Dividing by w{@y), we obtain

1+r
£, owraus (f w) e+ P L (apuyiea,
o o V]

1+r

so by subtracting the last term on the left hand side from both sides of the
equation, so to get the desired constant of 2 we must have that

l_rD[w]m}E’
1+7r — 2

which after some calenlation results in choosing () < r < THIEI]TI as stated.

Note that we implicitly assumed that an (Mw)'" dp < oc (see, for example
). O

Proor or LEmma 4.6, Without loss of generality let w = wyg,. Then

o
[w'“dﬁﬂf [Mw}"wdy=f rN " lw(0)dA,
o [ 0
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where (1) = Qo {Muw > A}. Note that as in the previous lemma we can de-
compose {1y = Uj ¢}; where the @; are the Calderén—Zygumnd cubes. Then
splitting up the integral we get

Way oo
f rr-lw(ﬂﬂd,wf AT M(Qy) dA
1]

'I'.H'Qn

<ufu(@)+ [ rr Y w@)dn
wa, P

Now by the decomposition, we have that wg, < DAp(Q5), where D = _ since

the decomposition is with respect to dyadic cubes, so we get

LU{MWN dpe < wi,w(Qo) +rD h A" p(Qy)dA

ey i

o0
D
P T N " = " r
< whyw(Qo) + D [ A A < iy w(Qo) + s

g

f (Mw)'" du.
o
Hence, dividing by w(;) and using Lemma 4.7, we arrive at

14 1+r
1+r 1, TD2[ws f rD2woo + 147 }{ )
fuw dﬁi:wqﬂ * 1+f' uw E 1+f' uuI 1

Therefore, choosing r in the mentioned range, we can make the constant on
the right-hand side less than or equal to 2. O

The next lemma is a precise version of John-Nirenberg inequality
spaces of homogeneous type that will be very useful in the following results.

Lemma 4.8 (John-Nirenberg inequality). There are absolute constants
0< oy <1< 3y such that

1 oy
@) oo [ o (g 0~ bol) du) < Bx.

In fact, we can take ay = In /2%, where 0 < a < 1 is an absolute constant.

Note that we are defining BMO with respect to dyadic cubes; however,
by taking a finite family of dyadic grids (an adjacent dyadic system, for ex-
ample), it is kmown that BMO with respect to balls is equivalent to BMO
defined over each dyadic grid [22]. The proof of Lemma 4.8 follows the
scheme of proof showed in [26]; due to the analogous nature; we omit the
details,

Now we will prove two lemmas related to the As and A, constants of
a particular weight that we will need in the following, extended from those
in [25].
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LEMMA 4.9. Let w € As. Then we’R®*? € Ay: moreoever, there are ab-
solute comstants v and ¢ such that

[we? Rezb) 4 < clw]a,

for all
N
S ool an + o)

where v = ay ma.x{&l.., t,'lq} with Cy,Cy = 0 are absolute constants.

ProoF oF LEMMA 4.9, We will use the sharp reverse Holder inequality
twice, first for r =1 4 FIEL_ and then for r =1+ 1—_1311)1— With the sharp
reverse Holder inequality for the first choice of r, Hélder's inequality and the
sharp John-Nirenberg inequality (4.5), we have

1/r 1/¢
]f we?Reb g, < (]f o' dﬁ) (f Er’iﬂez{b—bq)dﬁ) (2Rezbg
Q Q Q
< (2f ) -
0

for |z| < ZC‘:Ilbllgma T Note that the constant oy comes from (4.5) and

' 18 an absolute constant from the sharp reverse Holder inequality since
by our choice of r, ' = C)[w]4_ (we can even calculate that 7|w|s_ <1’

< (74 1)[w]s_). We can also get a similar bound as above for the second

choice of r =1+ F[E]l,._= EIVINg us

f w_lﬂ_ﬂﬂezbd,l.!- < (ﬂf w—ld“) 'ISX IE—ER.ezbq
Q Q

for |z] < mﬁﬁ[ﬂ}t—' Multiplying these two estimates and taking supre-
mum, we finish the proof by showing that for all z as in the assumption

(f we2R”bd,u) (][ w_le_zﬂﬂxhdp) < 48%[w]a,. O
Q Q

We also have a similar lemma for the A, weight constant.
LEmMMA 4.10., There are absolute constants v and ¢ such that

,.I.f

bllemo((wla)’

EERezb]

[w A Scfwla, forall |z| <

where we can take ' = 375 with D being the absolute constant from Lemma 4.6.
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Proor oF LEMMA 4.10. The proof follows in a similar way as in [8],
substituting the appropriate constants from the sharp John—Nirenberg in-
equality in Lemma 4.5 and the sharp reverse Hilder inequality in Lemma 4.6.
O]

Next we will prove Theorem 3.5 where a mixed Ao—A., bound for
Calderdn—Zygmund operators in spaces of homogeneous type is obtained.
Due to Lerner’s decomposition in spaces of homogeneous type from (3], we
can fairly easily prove the mixed result. The proof essentially follows from
[21]. Only a brief sketch is given below.

Proor or THEOREM 3.5. As stated in [21, Section 2D|, Theorem 3.5
tollows from verifyving the following testing conditions:

(1) ISq(e - x@)llL2w) < Crllxall Lz(o)-

(2) ISq(w - xq)llL2a) < C2llxqll L2(w)

where
Sof= 3 (fbf)x:.,

Les, L@

and S is a sparse family (this is a sparse operator). It suffices to still just
check these in SHT, see [12], [41].

To verity the testing conditions, one simply follows the argument out-
lined in |21, Section 5A]. O

Finally, we can prove the results concerning to the commutator and its
iterates,

Proor or CoroLLARY 3.7. The proof follows as in [8], so we only men-

tion the new ingredients: the A; theorem for spaces of homogeneous type
[4], and the bound

[wezﬁezbh

< efwla,,

where the § is the mini-

. ; i
from L:?mma 4.10 for all |z| < Tolsseo ([wlam FloTas) ™
mum of the absolute constants from the corresponding lemmas. [

REMARK 4.11. Corollary 3.7 can be proved under the weaker assump-
tion that T' is a linear operator that satisfies the sharp weak mixed 4,4,

in spaces of homogeneous type,
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