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A B S T R A C T   

The inclination of a lightning return-stroke channel significantly affects the waveform of the associated elec
tromagnetic field. In this paper, we have derived mathematical expressions to estimate the peak and waveshape 
of lightning return-stroke current at the channel base from the waveform of electromagnetic field observed more 
than some tens of kilometers away from an inclined lightning channel. Three models of the lightning return 
stroke are considered, which are the transmission-line (TL) model, the modified TL model with linear current 
decay with height (MTLL), the modified TL model with exponential current decay with height (MTLE). The peak 
of the lightning return-stroke current at the channel base is estimated from the peak of observed lightning electric 
or magnetic field using an analytical relation between the peak of channel-base current and that of the radiation 
field component for an inclined channel. The waveform of the channel-base current is reconstructed from the 
electric or magnetic field waveform using a relation between the channel-base current and the sum of induction 
and radiation field components for an inclined channel. It has been shown that the peak and waveshape of 
current at the base of an inclined channel are sufficiently accurately estimated with the proposed expressions. 
This work is the first attempt to solve the inverse problem (infer source parameters from electromagnetic fields) 
for the case of inclined lightning channel. Solving this problem is important for developing methodology of 
remote measurements of lightning currents.   

1. Introduction 

All processes comprising a lightning discharge are associated with 
the motion of electric charges and, hence, produce electric and magnetic 
fields. By measuring these fields one can estimate various lightning 
parameters, such as electric current, charge transfer, etc. (see, for 
example, Kodali et al. (2005) [1] and Qie et al. (2009) [2]), needed in 
different areas of lightning research and protection. There have been 
many attempts to infer lightning return stroke currents from remotely 
measured (essentially radiation) electric and magnetic fields (e.g., 
Norinder and Dahle (1945) [3]; Uman and McLain (1970) [4]; Uman 
et al. 1973 [5,6]; Dulzon and Rakov (1980) [7]; Krider et al. (1996) [8]; 
Cummins et al. (1998) [9]; Rachidi et al. (2004) [10]; Mallick et al. 
(2014) [11]). Such “remote” measurements are model dependent and, 
therefore, inferior to direct measurements. However, they remain 
attractive because they allow one to acquire a large (statistically sig
nificant) sample over a relatively short period of time for lightning 

events that are not influenced by tall strike objects that are usually 
required for direct measurements. 

Rachidi and Thottappillil (1993) [12] have reviewed expressions 
relating vertical electric fields at far distances on perfectly conducting 
ground to channel-base currents for several engineering models of 
lightning return stroke. The waveform of channel-base current is given 
by the time integration of the far field for the model proposed by Bruce 
and Golde (1941) [13]. The channel-base-current waveform is simply 
proportional to that of the far field for the transmission-line (TL) model 
(Uman and McLain 1969) [14]. It is the solution of a first-order differ
ential equation for the modified TL model with exponential current 
decay with height (MTLE) (Nucci et al. 1988) [15] or the model pro
posed by Master et al. (1981) [16]. The channel-base current is given as 
the series of the time-shifted far field for the traveling-current-source 
model (Heidler 1985) [17], and as the series of the sum of the 
time-shifted far field and its time derivative for the model proposed by 
Diendorfer and Uman (DU) [18]. In each of these conversion equations 
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from the far-field waveform to its causative channel-base-current 
waveform, all the values of the return-stroke-model parameters, such 
as the return-stroke speed used in far-field computations, are needed. 

For the MTLE model and the modified TL model with linear current 
decay with height (MTLL) (Rakov and Dulzon 1987) [19], Andreotti 
et al. (2000) [20] have developed two different procedures to estimate 
the height-dependent attenuation factor in the frequency domain, when 
the return-stroke propagation speed, the channel-base current, and the 
vertical electric field on perfectly conducting ground are given. In one 
procedure, the vertical electric field at different frequencies (ranging 
from 50 Hz to 1 MHz) at one distance (0.5 km) from the lightning 
channel is used. In the other procedure, vertical electric fields calculated 
at one frequency (1 MHz) at different distances (ranging from 50 m to 2 
km) from the channel are employed. They have demonstrated that the 
height-dependent attenuation factors are estimated reasonably accu
rately with either of these two procedures. 

Popov et al. (2000) [21] have proposed two procedures to obtain the 
waveform of channel-base current along with the parameters of the DU 
model, which are the discharge time constant, the upward return-stroke 
front speed, and the downward current-wave propagation speed from 
two-station field measurements: (a) azimuthal magnetic fields at inter
mediate and near distances or (b) vertical electric or azimuthal magnetic 
field at far and near distances. An explicit inversion expression using the 
induction and radiation components of the azimuthal magnetic field was 
derived. 

Recently, Fukuyama et al. (2021) [22] have derived expressions for 
reconstructing the waveform of channel-base current in a 
recurrence-relation form from the waveform of vertical electric field on 
perfectly conducting ground at a far distance for the MTLL and MTLE 
models. Also, they have shown that the waveforms of channel-base 
current are reconstructed well using the proposed expressions from 
the waveforms of vertical electric field. 

El Dein et al. (2014) [23] and Abouzeid et al. (2015) [24] have 
derived expressions of electric and magnetic fields produced by a cur
rent propagating upward along an inclined lightning return-stroke 
channel. However, there are no expressions in the existing literature 
for reconstructing the waveform of channel-base current from the 
waveform of electric or magnetic field produced by an inclined lightning 
channel. 

Lightning electromagnetic fields for the case of inclined channels 
were considered, mostly in the context of evaluation of voltages induced 
on horizontal conductors by Sakakibara (1989) [25], Michishita et al. 

(1996) [26], Moini et al. (2006) [27], Matsubara and Sekioka (2009) 
[28], and Andreotti et al. (2012) [29], among others. Recently, currents 
in the shield conductor of buried coaxial cable induced by inclined 
lightning return-stroke channels were studied by Foroughi Nematollahi 
and Vahidi (2022) [30]. 

In this paper, mathematical expressions to estimate the peak and 
waveshape of lightning return-stroke current at the channel base from 
the waveform of electric or magnetic field observed more than some tens 
of kilometers away from an inclined lightning channel are derived. 
Three engineering models of the lightning return stroke, which are the 
TL model, the MTLL model, and the MTLE model, are employed. This 
paper is organized as follows, In Section 2, an expression for the vertical 
electric field on a perfectly conducting ground associated with a current 
propagating upward along an inclined lightning channel is given. Also, 
expressions for the current along the channel specified by the three 
return-stroke models are presented. In Section 3, waveforms of vertical 
electric field at a distance of 100 km from the base of inclined channel 
computed for these return-stroke models are shown. In Section 4, an 
expression to estimate the peak of current at the base of inclined channel 
from the peak of vertical electric field is derived. In Section 5, an 
expression to reconstruct the entire waveform of current at the base of 
inclined channel in a recurrence-relation form from the waveform of 
vertical electric field on perfectly conducting ground is derived. Also, 
the validity of the proposed current-reconstruction expression is 
demonstrated. In the Appendix, expressions to estimate the peak and the 
overall shape of lightning return-stroke current waveform at the channel 
base from the waveform of azimuthal magnetic field observed more than 
some tens of kilometers away from an inclined lightning channel are 
presented, and their validity is tested. The results will be useful in 
developing practical tools for solving the non-trivial inverse problem of 
finding source parameters from measured lightning electromagnetic 
fields. 

2. Mathematical expressions of vertical electric field produced 
by an inclined lightning channel represented by engineering 
return-stroke models 

2.1. General expression of vertical electric field produced by an inclined 
lightning channel 

The vertical electric field Ez at the observation point (x, y) on a 
perfectly conducting ground associated with a current wave I 

Fig. 1. Geometry of inclined lightning channel and postion of observation point on perfectly conducting ground.  
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propagating along an inclined lightning channel, as shown in Fig. 1, 
derived by El Dein et al. (2014) [23] and Abouzeid et al. (2015) [24], is 
given as follows: 

Ez(x, y, t) = Ezs + Ezi + Ezr

=

∫ LR(t)

0
Cezs(l)

∫ t

0
I(l, τ − R/c)dτdl

+

∫ LR(t)

0
Cezi(l) I(l, t − R/c)dl

−

∫ LR(t)

0
Cezr(l)

∂I(l, t − R/c)
∂t

dl

(1)  

where 
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Cezs(l) =
(
3z′2 − R2)cosα − 3z′ sinα[(x − x

′

)cosβ + (y − y
′

)sinβ]
2πε0R5

Cezi(l) =
(
3z

′ 2
− R2)cosα − 3z

′ sinα[(x − x
′

)cosβ + (y − y
′

)sinβ]
2πε0cR4

Cezr(l) =
z
′ sinα[((x − x

′

)cosβ + (y − y
′

)sinβ)] + r2cosα
2πε0c2R3

l =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

x
′ 2 + y

′2 + z
′ 2

√

R =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(x − x′

)
2
+ (y − y′

)
2
+ z2

√

=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(x − lsinαcosβ)2
+ (y − lsinαsinβ)2

+ (lcosα)2
√

=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

x2 + y2 − 2xlsinαcosβ − 2ylsinαsinβ + l2
√

=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

x2 + y2 − 2lsinα(xcosβ + ysinβ) + l2
√

=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

D2 − 2lsinα(xcosβ + ysinβ) + l2
√

D =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅

x2 + y2
√

r =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(x − x
′

)
2
+ (y − y′

)
2

√

(2)  

where ε0 is the permittivity of vacuum, c is the speed of light, and v is the 
current propagation speed along the inclined channel. The lightning 
channel is tilted from the z axis with angle α and from the x axis with 
angle β. Point (x’, y’, z’) is the location of infinitesimal current element 
dI. LR(t) is the radiating channel length (see, for example, Fig. 19 in 
[34]); that is, the length of the lightning channel within which the 
current elements contribute to the field at the observation point at time 
t. It is given by the solution of the following equation: t = LR(t)/v + R 
(LR(t))/c. The first, second, and third terms of Eq. (1) are referred to as 
electrostatic Ezs, induction Ezi and radiation Ezr components, 
respectively. 

2.2. Engineering models of lightning return stroke 

Three engineering models, the TL, MTLL, and MTLE models are 
considered in this paper. In each of these models, the relation between 
the current at the distance l along the channel from it’s base at time t and 
the current at the channel base, l = 0, is given as follows: 

I(l, t) = I(0, t − l / v) (3)  

I(l, t) = (1 − l /L)I(0, t − l / v) (4)  

I(l, t) = exp(− l / λ)I(0, t − l / v) (5)  

where L is the total length of the lightning channel, and λ is the current 
decay constant of the MTLE model. 

Fig. 2 shows waveforms of lightning current at three different points, 

l = 0 (on the ground), 3, and 6 km along the channel from the channel 
base computed with the TL, MTLL, and MTLE models. The total length of 
the lightning channel is set to L = 7 km current propagation speed is set 
to v = c/3 (Rakov 2007 [31]) in the models. The current decay constant 
in the all MTLE model is set to λ = 2 km. The waveform of channel-base 
current is represented by the Heidler function, which is given as follows 
(Heidler 1985 [32]): 

I(t) = I0
(t/τ1)

6

1 + (t/τ1)
6 exp(− t / τ2) (6)  

where I0 = 1.1 kA, τ1 = 1.5 μs and τ2 = 38 μs. The peak of the current 
waveform is 1 kA. The risetime and half-peak width are 1 μs and 30 μs, 
respectively. 

2.3. Modeling configuration 

Fig. 3 shows the configuration of the inclined lightning channel and 
the field observation point in the y–z plane (β = 90◦ in Fig. 1). The 

Fig. 2. Waveforms of lightning current at three different points, l = 0 (on the 
ground), 3, and 6 km along the channel from the channel base computed with 
(a) the TL model (Eq. (3), (b) the MTLL model Eq. (4), and (c) the MTLE model 
Eq. (5). Note that L = 7 km, λ = 2 km, and v = c/3. 
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channel inclination angle α from the z axis is set to a value ranging from 
-60 to +60◦ (the practical range is probably from -45 to +45◦), where 
the positive angle indicates the channel tilted to the observation point. 
The distance between the channel base and the observation point is D =
100 km. The reason why D = 100 km is employed here is that this dis
tance has been frequently selected in comparison of far electromagnetic 
field waveforms computed with “engineering” return-stroke models 
(field e.g., Nucci et al. 1990 [33]; Rakov and Uman 1998 [34]). 

3. Computed vertical electric field waveforms 

Fig. 4 shows waveforms of the vertical electric field at a distance of 
100 km from the base of an inclined lightning channel computed with 
the TL, MTLL, and MTLE models, for different inclination angles, α = - 
60, -30, 0 (vertical channel), +30 and +60◦. Table 1 gives the peaks of 
the vertical electric field. 

It appears from Fig. 4 and Table 1 that vertical electric fields at D =
100 km are influenced significantly by the channel inclination. There
fore, it is desirable to consider the channel inclination when the peak 
and overall waveform of channel-base current are estimated or recon
structed from the waveform of vertical electric field. Note that the 
waveshapes of vertical electric field computed with the MTLL and MTLE 
models shown in Figs. 4(b) and (c) are different from that of the channel- 
base current, while the waveshape of the vertical electric field computed 
with the TL model shown in Fig. 4(a) is the same as that of the channel- 
base current. The channel-base current is the same for all three models 
and is shown by solid line in Fig. 2. Also note that almost the same 
electric-field peaks are yielded by the TL, MTLL, and MTLE models. 

4. Expression for estimating the peak of the lightning channel- 
base current 

In this section, we derive an expression to estimate the current peak 
at the lightning channel base from the electric-field peak considering the 
inclination of lightning channel. The initial peak of lightning electric or 
magnetic field waveform beyond some tens of kilometers is essentially 
due to its radiation component. The radiation component of the vertical 
electric field, which is the third term of the right-hand side of Eq. (1), is 
rewritten as follows: 

Ez(x, y, t) ≈ Ezr(x, y, t) = −

∫ LR(t)

0
Cezr(l)P(l)

∂I(t − R/c − l/v)
∂t

dl (7)  

where P(l) is the current attenuation function, which is different for the 
three models considered here (see Eqs. (3) to (5)) 

The partial time derivative in Eq. (7) is replaced by the partial spatial 
derivative in terms of l as follows: 

Fig. 3. Configuration of the inclined lightning channel and the field observa
tion point on the y–z plane (β = 90◦ in Fig. 1). The channel inclination angle α 
from the z axis is set to a value ranging from -60 to +60◦, where the positive 
angle indicates the channel tiltle to the observation point. The distance between 
the channel base and the observation point is D = 100 km. 

Fig. 4. Vertical electric field waveforms for unit-peak channel-base current 
waveform at a distance of 100 km from the base of an inclined lightning 
channel computed with (a) the TL model, (b) the MTLL model, and (c) the 
MTLE model (see Fig. 2) for different inclination angles: α = - 60, -30, 0, +30 
and +60 deg. (RT = 1 μs, v = c/3). 

Table 1 
Peaks of vertical electric field waveforms for 1-kA-peak current waveforms 
shown in Fig. 2 at a distance of 100 km from the base of the inclined lightning 
channel. Units [mV/m].  

Model Inclination angle of lightning channel α 
-60 deg -30 deg 0 deg +30 deg +60 deg 

TL 77.8 149 201 209 142 
MTLL 76.4 146 196 204 137 
MTLE 73.5 140 187 193 129  
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Table 2 
Channel-base-current peaks estimated from far vertical electric-field peaks 
without considering channel inclination. The actual current peak is 1 kA.  

Model Inclination angle of lightning channel α 
-60 deg -30 deg 0 deg +30 deg +60 deg 

TL 0.39 0.75 1.0 1.0 0.71 
MTLL 0.38 0.73 0.98 1.0 0.69 
MTLE 0.37 0.70 0.94 0.96 0.65  

Table 3 
Channel-base-current peaks estimated from far vertical electric-field peaks 
considering channel inclination. The actual current peak is 1 kA.  

Model Inclination angle of lightning channel α 
-60 deg -30 deg 0 deg +30 deg +60 deg 

TL 1.0 1.0 1.0 1.0 1.0 
MTLL 0.99 0.98 0.98 0.98 0.98 
MTLE 0.95 0.94 0.94 0.93 0.92  

Fig. 5. Ratio of the electric-field peak at a distance of 100 km from the channel 
base, in the case of a channel with an angle α (when β = 90◦) ranging from -90 
to 90◦ (the limiting angle values are included just for completeness), to the 
electric-field peak in the case of vertical channel (θ = 0), calculated using Eq. 
(12). The propagation speed of lightning return-stroke current is set to a vary 
from c/3 to c/2. 

Fig. 6. Waveforms of channel-base current estimated from vertical electric- 
field waveforms (both induction and radiation field components are taken 
into account) at a distance of 100 km from the inclined lightning channel with 
(a) the TL model, (b) the MTLL model, and (c) the MTLE model for different 
inclination angles: α = -60, -30, 0, +30 and +60 deg (RT = 1 μs, v = c/3). 
Additionally shown by solid black line is the original channel-base current 
waveform, which is indistinguishable from the current waveforms estimated 
from field waveforms. Relatively small differences in the tail (at 100 μs) are 
quantified in Table 4. 
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

T = t − R/c − l/v

∂I(t − R/c − l/v)
∂t

=
∂I(T)

∂t
=

∂I(T)
∂T

∂T
∂t

=
∂I(T)

∂T
=

∂I(t − R/c − l/v)
∂T

∂I(t − R/c − l/v)
∂l

=
∂I(T)

∂l
=

∂I(T)
∂T

∂T
∂l

=

⎡

⎢
⎣

sinα(xcosβ + ysinβ) − l
c
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
D2 − 2lsinα(xcosβ + ysinβ) + l2

√ −
1
v

⎤

⎥
⎦

∂I(T)
∂T

=

⎡

⎢
⎣

sinα(xcosβ + ysinβ) − l
c
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
D2 − 2lsinα(xcosβ + ysinβ) + l2

√ −
1
v

⎤

⎥
⎦

∂I(t − R/c − l/v)
∂t

or, in compact form,

∂I(t − R/c − l/v)
∂t

= S(l)
∂I(t − R/c − l/v)

∂l

where S(l) =
1

sinα(xcosβ + ysinβ) − l

c
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

D2 − 2lsinα(xcosβ + ysinβ) + l2
√ −

1
v

(8)  

Note that in evaluating ∂T/∂l in (8)we used

∂R
∂l

=
− 2sinα(xcosβ + ysinβ) + 2l

2
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
D2 − 2lsinα(xcosβ + ysinβ) + l2

√

=
− sinα(xcosβ + ysinβ) + l

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
D2 − 2lsinα(xcosβ + ysinβ) + l2

√

Substitution of Eq. (8) into Eq. (7) yields 

Ez(x, y , t) ≈ −

∫ LR(t)

0
Cezr(l)P(l)S(l)

∂I(t − R/c − l/v)
∂l

dl

= − Cezr(l)P(l)S(l)I(t − R/c − l/v)|l=LR(t)
l=0

+

∫ LR(t)

0

∂
∂l
[Cezr(l)P(l)S(l)]I(t − R/c − l/v)dl

= − Cezr(LR(t))P(LR(t))S(LR(t))I(t − R/c − LR(t)/v)

+Cezr(0)P(0)S(0)I(t − D/c)

+

∫ LR(t)

0

∂
∂l
[Cezr(l)P(l)S(l)]I(t − R/c − l/v)dl

where Cezr(0) =
D2cosα

2πε0c2D3 =
cosα

2πε0c2D
P(0) = 1

S(0) =
vcD

vsinα(xcosβ + ysinβ) − cD

(9)  

Fig. 7. Same as Fig. 6, but neglecting the induction field component. Note 
appreciable differences between the original and estimated current waveforms 
at later times, quantified at 100 μs in Table 5. 

Table 4 
Ratio of the channel-base current at 100 μs estimated with Eq. (17) to the cor
responding original value.  

Model Inclination angle of lightning channel α 
-60 deg -30 deg 0 deg +30 deg +60 deg 

TL 1.2 1.3 1.3 1.3 1.3 
MTLL 1.2 1.2 1.2 1.2 1.2 
MTLE 1.2 1.2 1.2 1.2 1.2  

Table 5 
Ratio of the channel-base current at 100 μs estimated with an equation 
neglecting the induction component to the corresponding original value.  

Model Inclination angle of lightning channel α 
-60 deg -30 deg 0 deg +30 deg +60 deg 

TL 1.5 1.6 1.7 1.9 2.2 
MTLL 1.6 1.6 1.7 1.7 1.8 
MTLE 1.5 1.6 1.6 1.6 1.6  
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Therefore

Ez(x, y , t) = − Cezr(LR(t))P(LR(t))S(LR(t))I(t − R/c − LR(t)/v)

+
cosα

2πε0c2D
vcD

vsinα(xcosβ + ysinβ) − cD
I(t − D/c)

+

∫ LR(t)

0

∂
∂l
[Cezr(l)P(l)S(l)]I(t − R/c − l/v)dl

= − Cezr(LR(t))P(LR(t))S(LR(t))I(t − R/c − LR(t)/v)

−
μ0cvcosα

2π[cD − vsinα(xcosβ + ysinβ)]
I(t − D/c)

+

∫ LR(t)

0

∂
∂l
[Cezr(l)P(l)S(l)]I(t − R/c − l/v)dl

(10) 

Since the first term is zero and the contribution of the second term is 
expected to be negligibly small in comparison with that of the first term 
around the time of the initial peak, the vertical electric field around the 
time of the initial peak is approximated as follows: 

Ez(x, y , t) ≈ −
μ0cvcosα

2π[cD − vsinα(xcosβ + ysinβ)]
I(t − D / c) (11) 

Therefore, the channel-base current peak Ipeak is estimated from the 
peak of the vertical electric field Ezpeak at a far distance as follows: 

Ipeak ≈ kezEzpeak

kez =
2π[cD − vsinα(xcosβ + ysinβ)]

μ0cvcosα
(12)  

where kez is an electric-field-to-current conversion factor. Note that 
angles α and β in Eq. (12) needed to estimate the current peak can be 
obtained on the basis of optical observations of lightning channel from 
two different directions (e.g., Hubert and Mouget 1981 [35]; Idone et al. 
1984 [36]; Willett et al. 2008 [37]; Lu et al. 2015 [38]). For a vertical 
lightning channel (α= 0), kez is given simply as follows: 

kez =
2πD
μ0v

(13) 

Table 2 gives channel-base current peaks estimated from far vertical 
electric-field peaks shown in Fig. 4 using Eq. (13), which does not 
consider the channel inclination. Table 3 gives those estimated using 
Eq. (12), which considers the channel inclination. It appears from Ta
bles 2 and 3 that Eq. (13) does not allow one to estimate the current 
peaks for an inclined lightning channel accurately, but Eq. (12) can, 
provided that the inclination angle α is given. In the latter case, the error 
is within 8%. This result is for current risetime of 1 μs and it remains 
essentially the same if the current risetime is changed to 3 μs. In 
Appendix A1, we present similar derivations and analysis for estimation 
of the peak of channel-base current from the peak of azimuthal magnetic 
field observed more than some tens of kilometers from an inclined 
lightning channel. 

Fig. 5 shows the ratio of the electric-field peak at a distance of 100 
km from the channel base, in the case of a channel with an angle α (when 
β = 90◦) ranging from -90 to 90◦, to the electric-field peak in the case of 
vertical channel (α = 0), calculated using Eq. (12). The propagation 
speed of lightning return-stroke current vary from c/3 to c/2. It follows 
from Fig. 5 that the influence of channel inclination is slightly larger as 
the current propagation speed increases. 

The angle αemax, which gives the maximum value of the far electric 
field, can be obtained by differentiating Eq. (11) with respect to α on y-z 
plane (x = 0 and β = 90 degrees) and equating it to 0 (∂Ez/∂α = 0) as 
follows: 

αemax = tan− 1
(

v
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
c2 − v2

√

)

(14) 

For v = c/3 and v = c/2, αemax is 22 and 33◦, respectively. These 
results agree well with Fig. 5. 

5. Expression for estimating channel-base current waveshape 
from far electric-field waveform 

In this section, we derive an expression to estimate the waveform of 
channel-base current from the waveform of far vertical electric field 
considering the inclination of lightning channel and the attenuation of 
current along the channel. The after-the-peak waveform of lightning 
electric field beyond some tens of kilometers is due to both the induction 
and radiation components (electrostatic component is negligible). 
Hence, the expression of the electric field is given as the sum of the 
radiation and induction components, which is derived from Eq. (1) and 
Eq. (10) as follows: 

Ez(x, y, t) ≈ Ezi + Ezr

=

∫ LR(t)

0
Cezi(l)I(l, t − R/c)dl −

∫ LR(t)

0
Cezr(l)

∂I(l, t − R/c)
∂t

dl

=

∫ LR(t)

0
Cezi(l)I(l, t − R/c)dl

−

∫ LR(t)

0
Cezr(l)P(l)S(l)

∂I(t − R/c − l/v)
∂l

dl

=

∫ LR(t)

0
CeziP(l)I( t − R/c − l/v)dl

− Cezr(l)P(l)S(l)I(t − R/c − l/v)|l=LR(t)

+Cezr(0)P(0)S(0)I(t − D/c)

+

∫ LR(t)

0

∂
∂l
[Cezr(l)P(l)S(l)]I(t − R/c − l/v)dl

=

∫ LR(t)

0

{

Cezi(l)P(l) +
∂
∂l
[Cezr(l)P(l)S(l)]

}

I( t − R/c − l/v)dl

− Cezr(l)P(l)S(l)I(t − R/c − l/v)|l=LR(t)

−
1

kez
I(t − D/c)

(15) 

From Eq. (15), the channel-base current is expressed as follows: 

I(t − D/c)

≈ kez

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

− Ez(x, y, t)

+

∫ LR(t)

0

{

Cezi(l)P(l) +
∂
∂l
[Cezr(l)P(l)S(l)]

}

×I(t − R/c − l/v)dl

− Cezr(l)P(l)S(l)I(t − R/c − l/v)|l=LR(t)

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(16) 

Approximating the integral in Eq. (16) by summation yields the 
following expression: 

I(nΔt) ≈

kez

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

Ez(nΔt + D/c)

+
∑m

k=1

{

Cezi(l)P(l) +
∂
∂l
[Cezr(l)P(l)S(l)]

}

× I( kΔt − R/c − l/v + D/c)vΔt

− Cezr(l)P(l)S(l)I(nΔt − R/c − l/v + D/c)l=LR(nΔt+D/c)

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(17)  

where m = n for n ≤ L/(vΔt) and m = ⌈L/(vΔt)⌉ for n > L/(vΔt), and Δt is 
the time step. Note that the time origin of the current is shifted by D/c for 
adjusting to the channel-base current. Also note that ∂[Cezr(l)P(l)S(l)]/∂l 
is obtained using Maplesoft (Bernardin et al. 2020 [39]) (see 
Appendix A2). 

The current waveforms at the channel base calculated using Eq. (17) 
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from electric field waveforms (including both induction and radiation 
components) at 100 km are shown in Fig. 6. For comparison, current 
waveforms calculated considering the radiation component only (all 
other conditions being the same) are shown in Fig. 7. Table 4 gives the 
ratio of the channel-base current at 100 μs (wavetail), estimated with 
Eq. (17), to the corresponding actual (original) value. The estimated 
currents are only about 20 to 30% higher than the actual value. Note 
that the accuracy for the lightning current with a risetime of 3 μs is 
almost the same, although the results are not shown here. 

Table 5 gives the ratio of the channel-base current at 100 μs, esti
mated with an equation considering the radiation component only, to 
the corresponding actual value. The estimated currents are higher than 
the actual value by a factor of 1.5 to 2.2. Clearly, the induction field 
component is not negligible at later times. 

6. Conclusions 

Vertical electric field and azimuthal magnetic field waveforms on flat 
perfectly conducting ground at a distance of 100 km radiated from an 
inclined lightning channel were computed using theoretical expressions 
with three engineering models of the lightning return stroke: the TL, 
MTLL, and MTLE models. It was shown that the inclination of the 
lightning channel significantly influences far lightning electric and 
magnetic field waveforms, and the influence slightly increases with 
increasing the current propagation speed. Two expressions to estimate 
the peak of lightning channel-base current or its waveform from the 
peak of a far vertical electric or azimuthal magnetic field waveform 
radiated from an inclined lightning channel or its waveform, respec
tively, were derived. The first expression, derived from the relation 
between the channel-base current and the radiation field component, 
allows one to estimate the peak of the channel-base current from a far- 

field peak within an 8% error if the channel inclination angle is known 
(usually from optical observations). The second expression, derived 
from the relation between the channel-base current and both induction 
and radiation field components, can reconstruct sufficiently accurately 
the waveform of channel-base current from the field waveform, again if 
the channel inclination angle is known. 
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Appendix 

A1. Expression for Estimating Channel-Base-Current Waveform from Far Magnetic-Field Waveform 

In this appendix, an expression to estimate the channel-base-current waveform from the far azimuthal magnetic-field waveform for an inclined 
lightning channel is derived, and its validity is examined. The azimuthal magnetic field Hφ at the observation point (x, y) on a perfectly conducting 
ground associated with a current wave I propagating along an inclined lightning channel, as shown in Fig. 1, is given as follows [23,24]: 

Hφ(x, y, t) = Hφi + Hφr

=

∫ LR(t)

0
Chφi(l) I(l, t − R/c)dt

+

∫ LR(t)

0
Chφr(l)

∂I(l, t − R/c)
∂t

dl

(18)  

where 
⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

Chφi(l) =
Dcosα
2πR3

Chφr(l) =
Dcosα
2πcR2

l =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

x′2 + y′2 + z′2
√

(19) 

The initial peak of lightning electromagnetic field beyond some tens of kilometers is essentially due to the contribution of the radiation component. 
The radiation component of the azimuthal magnetic field, given as the second term of the right-hand side of Eq. (18), is rewritten as follows: 

Hφ(x, y, t) ≈ Hφr(x, y, t)

=

∫ LR(t)

0
Chφr(l)P(l)

∂I(l, t − R/c)
∂t

dl

≈
vcosα

2π[cD − vsinα(xcosβ + ysinβ)]
I(t − D/c)

(20)  
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where P(l) is the current attenuation function, which is 1, (1-l/L), and exp (-l/λ) for the TL, MTLE, and MTLE models, respectively. 
Therefore, the channel-base current peak Ipeak is estimated from the peak of the azimuthal magnetic field Hϕpeak at a far distance as follows: 

Ipeak ≈ khφHϕpeak

khφ =
2π[cD − vsinα(xcosβ + ysinβ)]

vcosα
(21)  

where khφ is a magnetic-field-to-current conversion factor. For a vertical lightning channel (α= 0), khφ is given simply as follows: 

khφ =
2πcD

v
(22) 

The angle αhmax, which gives the maximum value of the far magnetic field, is obtained by differentiating Eq. (20) with respect to α on y-z plane (x =
0 and β = 90 degrees) and equating it to 0 (∂Hφ/∂α = 0). It is the same as Eq. (14). 

Fig. 8 shows waveforms of the azimuthal magnetic field at a distance of D = 100 km from the base of an inclined lightning channel computed with 
the TL, MTLL, and MTLE models for different inclination angles, α = - 60, -30, 0 (vertical channel), +30 and +60◦. The waveforms of lightning channel 

Fig. 8. Azimuthal magnetic field waveforms for unit-peak channel-base current waveform at a distance of 100 km from the base of an inclined lightning channel 
computed with (a) the TL model, (b) the MTLL model, and (c) the MTLE model (see Fig. 2) for different inclination angles: α = -60, -30, 0, +30 and +60 deg (RT = 1 
μs, v = c/3). 

K. Kutsuna et al.                                                                                                                                                                                                                                



Electric Power Systems Research 214 (2023) 108854

10

current are shown in Fig. 2. The risetime of current is 1 μs, and the current propagation speed is set to v = c/3. Table 6 gives the peaks of the azimuthal 
magnetic field. It appears from Fig. 8 and Table 6 that azimuthal magnetic fields at D = 100 km are significantly influenced by channel inclination. 

Table 7 gives channel-base current peaks estimated from far azimuthal magnetic-field peaks shown in Fig. 8 using Eq. (22), which does not consider 
the channel inclination. Table 8 gives those estimated using Eq. (21), which considers the channel inclination. 

It appears from Tables 7 and 8 that Eq. (22) cannot estimate the current peaks for inclined lightning channel accurately but Eq. (21) can do 
reasonably accurately if the inclination angle α is given. 

The expression for estimating the channel-base-current waveform from a far azimuthal-magnetic-field waveform is derived from both induction 
and radiation components of Eq. (18) in the same manner as done for vertical electric field, Eq. (17). It is given as follows: 

I(nΔt) =

khϕ

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

Hϕ(nΔt + D/c)

−
∑m

k=1

{

ChϕiP(l) +
∂
∂l
(
ChϕrP(l)S(l)

)
}

×I( kΔt − R/c − l/v + D/c)vΔt

− ChϕrP(l)S(l)I(nΔt − R/c − l/v + D/c)|l=LR(nΔt+D/c)

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(23)  

where m = n for n ≤ L/(vΔt) and m = ⌈L/(vΔt)⌉ for n > L/(vΔt), Δt is the time step. The current waveforms at the channel base calculated using Eq. (23) 
from far electric-field waveforms are shown in Fig. 9. It follows from Fig. 9 that Eq. (23) reasonably accurately reproduces the waveform of channel- 
base current from the corresponding waveform of azimuthal magnetic field at a distance of 100 km, regardless of channel inclination. 

A2. Derivative Expressions Given by Maplesoft 

In this appendix, we give expressions for ∂[Cezr(l)P(l)S(l)]/∂l in Eq. (17), obtained using Maplesoft [39] for the TL, MTLL, and MTLE models (see 
Eqs. (24), (25), and (26), respectively). The partial derivative for each of the models is expressed as a ratio of two functions whose numerator and 
denominator are listed below, with expressions for Cezr(l), P(l), and S(l) being found in Eqs. (2), (7), and (8), respectively. 

Table 6 
Peaks of azimuthal magnetic field waveforms for unit-peak current waveforms at a distance of 100 km from the base of the inclined lightning channel. Units [mA/m].  

Model Inclination angle of lightning channel α 
-60 deg -30 deg 0 deg +30 deg +60 deg 

TL 0.21 0.40 0.53 0.55 0.38 
MTLL 0.20 0.39 0.52 0.54 0.36 
MTLE 0.19 0.37 0.50 0.51 0.34  

Table 7 
Channel-base-current peaks (in kA) estimated from far azimuthal magnetic field peaks without considering channel inclination. The actual current peak is 1 kA.  

Model Inclination angle of lightning channel α 
-60 deg -30 deg 0 deg +30 deg +60 deg 

TL 0.39 0.74 1.0 1.0 0.71 
MTLL 0.38 0.73 0.98 1.0 0.69 
MTLE 0.37 0.70 0.93 0.96 0.64  

Table 8 
Channel-base-current peaks (in kA) estimated from far azimuthal magnetic field peaks considering channel inclination. The actual current peak is 1 kA.  

Model Inclination angle of lightning channel α 
-60 deg -30 deg 0 deg +30 deg +60 deg 

TL 1.0 1.0 1.0 1.0 1.0 
MTLL 0.98 0.98 0.98 0.98 0.98 
MTLE 0.95 0.94 0.93 0.93 0.92  
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Numerator of
∂
∂l
[Cezr(l)P(l)S(l)] for the TL model :

− ycosα

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

v
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

l2 − 2lysinα + y2
√

⎡

⎢
⎢
⎣

(
l2 + y2( 3 − cos2α

))
lsinα

+
3
2

y
(
(
l2 + y2)cos2α − 2l2 −

2y2

3

)

⎤

⎥
⎥
⎦

+ c

⎡

⎢
⎢
⎣

(
l4 + l2y2( 6 − cos2α

)
+ y4)sinα

+
5
2

ly
(
l2 + y2)

(

cos2α −
8
5

)

⎤

⎥
⎥
⎦

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

Denominator of
∂
∂l
[Cezr(l)P(l)S(l)] for the TL model :

πε0vc3
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

l2 − 2lysinα + y2
√ {[

− 6ly
(
l4 + y4)+ l3y3( 8cos2α − 20

)]
sinα

+
(
l2 + y2)[l4 +

(
14 − 12cos2α

)
l2y2 + y4]

}

(24)  

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Numeratorof
∂
∂l
[Cezr(l)P(l)S(l)] for theMTLLmodel :

− ycosα
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(25)  

Fig. 9. Waveforms of channel-base current estimated from azimuthal 
magnetic-field waveforms (both induction and radiation field components are 
taken into account) at a distance of 100 km from the inclined lightning channel 
with (a) the TL model, (b) the MTLL model, and (c) the MTLE model for 
different inclination angles: α = -60, -30, 0, +30 and +60 deg (RT = 1 μs, v = c/ 
3). Additionally shown by solid black line is the original channel-base current 
waveform, which is indistinguishable from the current waveforms estimated 
from field waveforms. 
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