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1. Introduction

Resource allocation problems arise in a variety of settings, such as wireless networks, wired networks, data cen-
ters, cloud computing, ride-hailing systems, call centers, etc. One way to analyze them is to study the delay,
using tools from queueing theory. In such cases, they are modeled as stochastic processing networks (SPNs).
A major challenge is that the analysis of such queueing models is usually not tractable in general settings, and so
asymptotic analysis is a popular methodology. Heavy-traffic analysis is an asymptotic approach by which the
system is loaded very close to its capacity, and the corresponding queueing (delay) behavior of various resource
allocation algorithms is studied.

Heavy-traffic limits are obtained in a wide variety of systems using a program based on fluid limits, diffusion
limits, and reflected Brownian motion (RBM) processes as shown by Harrison [13]. In this approach, the queueing
process is scaled appropriately, and the limiting fluid or diffusion process is studied. The limit of a diffusion-
scaled process is shown to converge to an RBM process. Typically, this RBM lives in a lower dimensional sub-
space. This phenomenon is known as state space collapse (SSC), and it makes the heavy-traffic analysis tractable
because one can study a lower dimensional RBM. Several systems in which the state space collapses to a line (i.e.,
to a one-dimensional subspace) are extensively studied in the literature using this approach (see the survey by
Williams [30] for a rigorous list). Typically, this happens when there is a unique outer normal vector to the point
of the boundary of the capacity region that is being approached in heavy traffic. Such systems are said to satisfy
the complete resource pooling (CRP) condition. For a formal definition of the CRP condition, the reader is referred
to Stolyar’s [26] work. As shown by Harrison and Lopez [14] and Dai and Lin [5], the intuitive meaning of the
CRP is that, in the heavy-traffic limit, there is a single bottleneck resource, and hence, the queueing system
behaves as a single server queue. Under the CRP condition, in the diffusion limit, one obtains an RBM on a line,
which is well-understood. However, a major challenge is in using this program for SPNs in which the CRP
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condition is not satisfied (i.e., when there are multiple resources that are simultaneously in heavy traffic). In such
cases, one needs to solve for the steady-state distribution of an RBM in a multidimensional subset of R", and this
is not known in general as shown by Kang and Williams [16]. The focus of this paper is to study systems that do
not satisfy the CRP condition.

According to Kang and Williams [16] and Shah et al. [24], one of the simplest queueing systems in which the
CRP condition is not satisfied is an input-queued switch, and Williams [30] identifies it as a focus of study in the
SPN literature because it serves as a guiding example to study more general systems that do not satisfy CRP.
Recently, the drift method was developed by Eryilmaz and Srikant [7], as an alternate way to study heavy-traffic
limits of queueing systems based on a generalization of Kingman’s [18] bound in a G/G/1 queue. The drift
method was used to characterize the heavy-traffic scaled sum of queue lengths in input-queued switches by
Maguluri and Srikant [20], and Maguluri et al. [21].

In order to study SPNs when the CRP condition is not met, in this paper, we consider a very general queueing
model, called generalized switch, that subsumes several (single-hop) SPNs with control in the service process and
was first proposed by Stolyar [26]. A detailed description of the model is provided in Section 2. Particular cases
of the generalized switch are ad hoc wireless networks, wireless networks in the presence of fading, input-
queued switches, and parallel-server systems.

In this paper, we study the generalized switch operating under a MaxWeight scheduling algorithm, which we
describe in detail in Section 2. The MaxWeight algorithm was first proposed by Tassiulas and Ephremides [27] in
the context of a down-link in wireless base stations and is used in a variety of queueing systems, for example, in
the work by Stolyar [26], Gupta and Shroff [10], and Meyn [23]. Some of its advantages are that it is a throughput
optimal algorithm (i.e., it keeps the system stable for all arrival rates in the capacity region), and it only requires
information about the state of the system (and not parameters such as the arrival rates).

The generalized switch is studied under the CRP condition and independent arrivals assumption using both
the diffusion limits approach by Stolyar [26] and the drift method by Eryilmaz and Srikant [7]. In this paper, we
focus on the case when the CRP condition is not necessarily met, and so SSC may occur to a multidimensional
subspace. Also, we assume that the arrival process to each queue is a sequence of independent and identically
distributed (i.i.d.) random variables, but we do not require that these sequences are independent of each other.
The main contributions of this paper are

i. In Theorem 1, we characterize the heavy-traffic scaled mean of certain linear combinations of the queue lengths
in steady state under the MaxWeight algorithm. Moreover, we obtain lower and upper bounds that are valid in all
regimes (not necessarily heavy traffic) but are tight in the heavy-traffic regime. This result is immediately applicable
in several systems as we showcase in Section 4, and it includes both the CRP and the non-CRP cases. Little is known
about SPNs that do not satisfy CRP because the most common approach in the literature is the use of diffusion limits,
and solving a multidimensional RBM is an open question. In this paper, we contribute to understanding the heavy-
traffic behavior of non-CRP systems by providing the mean of some linear combinations of the queue lengths.

ii. In Corollary 1, we compute the heavy-traffic limit of the total queue length in an input-queued switch with
correlated arrivals. As mentioned, the input-queued switch has had considerable attention in the literature. How-
ever, it has only been studied under independent arrival processes by Maguluri and Srikant [20] and Maguluri et al.
[21]. The input-queued switch is a model for an ideal data center network, and independent arrivals is an unrealis-
tic assumption in this setting. In fact, as shown by Benson et al. [2] and Kandula et al. [15], for example, data centers
experience hot spots, and hence, the arrivals to different queues are highly correlated.

iii. We illustrate how Theorem 1 can be immediately applied to a variety of systems. Specifically, we show how
to apply it to parallel-server systems (Corollaries 4 and 5), the so-called N -system (Corollary 6), and ad hoc wireless
networks (Corollary 7).

iv. In Section 4.2, we show that, if SSC is full-dimensional, then the heavy-traffic limit of the mean queue lengths
does not depend on the correlation among arrival processes. In other words, if the systems experience full-
dimensional SSC, the expected linear combination of queue lengths behaves as if the queues were independent.
This result is rather surprising, and it was not known.

v. In Theorem 2, we show that, using the drift method with polynomial test functions, it is impossible to obtain
the moments of all linear combinations of the queue lengths. We prove this result by presenting an alternate way of
thinking of the drift method. Traditionally, the key step in using this approach is to design the correct test function
to obtain all the moments. However, it is not clear a priori if there are test functions that give all these moments.
Instead of trying to guess the right test function, this point of view shows that one can think about solving a set of
linear equations. This system of linear equations turns out to be underdetermined, and the major challenge is to
obtain more equations using the constraints in the system in order to solve for all the unknowns and obtain the
complete joint distribution of the queue lengths when the CRP condition is not satisfied.
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vi. In Theorem 3, we obtain lower and upper bounds on the steady-state mean of an arbitrary linear combination
of queue lengths. We do this by formulating a linear program (LP) using the underdetermined system of equations
from Theorem 2. We present numerical results in the case of Bernoulli arrivals for different values of the traffic
intensity. For simplicity of exposition, we do this only in the special case of an input-queued switch, and the same
approach can be used for the generalized switch.

The second, third, and fourth contributions described are proved as corollaries of the main theorem (Theorem 1).
However, they answer questions that, to the best of our knowledge, were open, and thus, they are contributions by
themselves. This shows the versatility and power of Theorem 1.

The system of equations we propose in the fifth contribution presents an alternate view of the drift method,
and it explains its success. Whereas it is known that it is notoriously hard to solve the stationary distribution of a
multidimensional RBM, it is a little surprising that simple drift-based arguments give the mean of the sum of the
queue lengths in several systems, such as the ones studied by Maguluri and Srikant [20], Maguluri et al. [21], and
Wang et al. [28]. The system of equations shows that, because of the difficulty of the underlying problem, it is
not possible to get all the mean queue lengths individually. However, because of the structure of the system of
equations, it is possible to obtain certain linear combinations. In the case of input-queued switch and the band-
width sharing system, the sum of the queue lengths is one of the linear combinations that is easy to obtain.

In the proof of Theorem 1, we use the drift method, and we work directly with the original queueing system
without any fluid or diffusion scaling. The drift method consists of two main steps: (1) prove SSC and (2) compute
asymptotically tight bounds. We additionally compute a universal lower bound (ULB) for a linear combination of
the queue lengths, that is, a lower bound on the queue lengths that does not depend on the scheduling policy. We
establish SSC in terms of certain moment bounds using a Lyapunov drift argument. By definition of steady state,
the drift of any function with finite expectation is zero. We pick a quadratic test function and set its drift to zero in
steady state to obtain the result. The choice of this test function is important in the drift method. We use the norm
of the projection of the queue length vector into the space of the SSC as our test function, which was also used by
Eryilmaz and Srikant [7], Maguluri and Srikant [20], and Maguluri et al. [21]. In this paper, we use this method in
a discrete time system, but it can be also used in continuous time systems. For example, Wang et al. [28] use the
drift method in the context of a bandwidth sharing network, which operates in continuous time.

The organization of the rest of this paper is as follows. We start in Section 1.1 establishing the main notation
that is used in this paper. In Section 2, we describe the generalized switch model. In Section 3, we present the
main result of this paper along with SSC and the ULB. Specifically, in Section 3.1, we present the ULB; in Section
3.2, we show SSC; and in Section 3.3, we present the main result of this paper (Theorem 1) together with remarks
that help its interpretation. Then, in Section 4, we present relevant applications of our result, including the study
of the input-queued switch under correlated arrivals (Corollary 1), full-dimensional SSC (Corollary 3), and the
N-system (Corollary 6). In Section 5, we present the alternate view of the drift method in the context of an input-
queued switch (Theorem 2) and the linear programs to obtain bounds (Theorem 3). In Section 6, we present the
proof of Theorems 1 and 2, and in Section 7, we present our conclusions and future work.

1.1. Notation
In this section, we introduce the notation that we use along the paper. We use [1] to denote the set of integer
numbers between one and 1, both included. We use R to denote the set of real numbers and Z to denote the set
of integer numbers. We add a subscript + to denote nonnegativity, and a superscript with a number to denote
the dimension. We use bold letters to denote vectors and nonbold letters with a subscript to denote their elements.
We write x = (x1, %y, . ..,%,) for convenience, but we treat vectors as column vectors unless otherwise stated. Given
two vectors x and y, we write (x,y) to denote the dot product between x and y and [|x|| to denote the Euclidean
norm. For a matrix A, we write A’ to denote its transpose. Given two matrices A and B, we write AcB to denote
the Hadamard’s product between A and B, that is, the matrix that results from multiplying term by term the ele-
ments of A and B. Let I, be the identity matrix of n x n. We use e to denote the i™ canonical vector in R”, that is,
a vector with a one in the i element and zeros in all other entries. If the dimension is clear from the context, we
omit the 7.

For an irreducible and aperiodic Markov chain {X(k) : k € Z,} over a countable state space X, suppose Z : X — R,
is a Lyapunov function. Define the drift of Z at x as

AZ(x) & [Z(X(k + 1)) = Z(X(R)] L ixro=x) @)

Thus, AZ(x) is a random variable that measures the amount of change in the value of Z in one time slot, starting
from the state x.
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2. Generalized Switch Model

In this section, we describe the model in detail, and we state known stability results. Consider n queues operating
in discrete time, and let g(k) be the vector of queue lengths at the beginning of time slot k for each k € Z,. For
each i € [n], let {a;(k) : k € Z.} be a sequence of i.i.d. random variables such that a;(k) is the number of arrivals to
the i queue in time slot k. For each i € [n] let A;£E[a;(1)], and Amax be a finite constant such that a;(1) < Apmax
with probability one for all i € [n]. Let £, be the covariance matrix of the vector a(1).

The servers interfere with each other, so in each time slot, a set of interference constraints must be satisfied.
Additionally, there are conditions of the environment that affect these constraints, which we group in a single
random variable called the channel state. In other words, given the channel state, the set of interference con-
straints is known, and it may change if the channel state changes. Let {M(k) : k € Z. } be a sequence of i.i.d. ran-
dom variables such that M(k) is the channel state in time slot k. Let M be the state space of the channel state and
y be the probability mass function of M(1); that is, for each m € M, we define i, £ P[M(1) = m]. For each m € M,
define S" as the set of feasible service rate vectors in channel state m, that is, the set of vectors that satisfy the
interference constraints in channel state n12. For each m € M, the set S™ contains the projection on the coordinate
axes of all its vectors. Formally, we assume that, if x € S for some m € M, then x — x;e) € S™ for all i [1]. We
assume that M is a finite set and that, for each m € M, the set S is finite. Therefore, the potential service
offered to each queue in each time slot is bounded. Let Spax be a finite upper bound.

Let s(gq(k), M(k)) be the vector of potential service in time slot k. In other words, for each i € [n], s;(q(k), M(k)) is
the number of jobs from queue i that would be processed if there were enough jobs in line. Let u(g(k), M(k), a(k))
be the vector of unused service in time slot k; that is, for each i € [n], u;(q(k), M(k), a(k)) is the difference between
the potential service and the number of packets that are actually processed from queue i in time slot k. For ease
of exposition and with a slight abuse of notation, from now on, we use s(k) and u(k) to denote s(q(k), M(k)) and
u(q(k), M(k), a(k)), respectively.

In each time slot, a scheduling problem must be solved to decide which queues are served and at which rate. If
queue i is not scheduled to receive service in time slot k, then s;(k) = 0. In our model, the order of events in one
time slot is as follows. First, the channel state is observed; second, a schedule is selected; third, arrivals occur;
and at the end of each time slot, the jobs are processed according to the selected schedule. Hence, the dynamics
of the queues are as follows. For each k € Z, and i € [1n], we have

qi(k +1) = qi(k) + ai(k) — s;(k) + ui(k). ()

In each queue, the unused service is nonzero only when the respective potential service is greater than the num-
ber of packets available (packets in line and arrivals). In such a case, the queue is empty in the next time slot.
Therefore, the following equation is satisfied with probability one:

gk + Dus(k)=0  VkeZ,, Vieln]. 3)

However, if i # j, then g;(k + 1)u;(k) is not necessarily zero.

In this paper, we consider the generalized switch operating under the MaxWeight algorithm, which means
that, in each time slot, the schedule with the longest total weighted queue length is selected for which the possi-
ble weight vectors are the feasible service rate vectors. Formally, if M(k) = m, then

s(k) € arg max (q(k), x), )
xes™
and ties are broken at random.
It is proved by Eryilmaz and Srikant [7] that the capacity region of the generalized switch is

C= > ¢,, ConvexHull (S™) @)
meM
= ConvexHull ({ S, xlm e §M vm e M}), (6)
meM

and the MaxWeight algorithm is throughput optimal. Then, the generalized switch operating under MaxWeight
is positive recurrent for all A in the interior of C.

Because the sets M and S are finite for all 1 € M, the capacity region C is a polytope (bounded polyhedron)
in R". Then, we can describe it as the intersection of finitely many half-spaces. Let L be the minimum number of

half-spaces that is needed to describe C and, for each ¢ € [L], let ¢ and b\¥) be the parameters that define the £
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half-space. Then,
C={xeR" (D, x)<b9, £=1,...,L}. (7)

Because the sets S™ contain the projection of their elements on the coordinate axes, the capacity region C is coor-
dinate convex. Then, without loss of generality, we assume D >0and b >0 forall £ € [L]. For ease of exposi-
tion, we also assume ||| =1 for all £ €[L]. For each £ €[L], let F© be the ¢™ facet of C; that is, we define
FOL{xeC:(cD,x)=b0}.

Observe that the schedules selected by the MaxWeight algorithm do not necessarily belong to the capacity
region C. This can be seen from (4) and (5) because 1,, <1 for all m € M. However, the expected service rate vec-
tor does belong to the capacity region. We prove this result formally in Lemma 1.

Lemma 1. Consider a generalized switch operating under MaxWeight as described, and let E4[ ] 2E[-|gq(k) = q]. Then,
E,[{q(k), s(k))] = maxyec(q, x).

Proof of Lemma 1. Because s(k) is selected using the MaxWeight algorithm (see (4)), we have

B L(a00s(0)] = | max (46,2

(@) 0)
= max (g, x) = max{g,x),

where (2) holds because the channel state process is independent from the queue lengths process, and (b) holds
by definition of the capacity region C presented in (5). O

For technical reasons that are apparent in Section 3.3, we introduce the following definition. For each ¢ € [L]
and m € M define the maximum c-weighted service rate available when channel state is m as
b0 = max (¢, x). (8)
xeS™
Observe that ¢© and b define a half-space that passes through the boundary of ConvexHull(S™), but this
half-space does not necessarily define a facet of ConvexHull(8"™). For each ¢ € [L] and k € Z,, let By(k) 2 p™M®.0),
Notice that B/(k) is an i.i.d. sequence of random variables that satisfies P[B.(1) = b"9] = Y, for each m € M. Let
Y5 be the covariance matrix of the vector B(1) £ (B1(1),...,Br(1)); that is, for each ¢1, £, € [L], we have

(Zp)e, i, 2E [Be, (k)Be, (k)] — E[By, (k) |E[ Be, (k)]

We model heavy traffic as follows. We fix a vector » in the boundary of C, and we consider a set of generalized
switches operating under MaxWeight as described, parameterized by € € (0,1). The heavy-traffic limit is the limit
as € | 0, and as € gets small, the vector of mean arrival rates approaches v. Formally, we parameterize the queue-
ing system in the following way. We let 4 (k), a®(k), s (k), and u'?(k) be the vectors of queue lengths, arrivals,
potential service, and unused service, respectively, in time slot k in the system parameterized by €. The parame-
terization is such that the vector of mean arrival rate is A 2E[a©)(1)] = (1 — €)». Therefore, A belongs to the
interior of C for each € € (0,1), and as € | 0, the arrival rate vector A approaches the boundary of the capacity
region at the point ».

Heavy-traffic analysis of the generalized switch has been performed in the past, using the diffusion limits
approach by Stolyar [26], and the drift method by Eryilmaz and Srikant [7]. However, in both cases, the analysis
is under the assumption that SSC occurs into a one-dimensional subspace (CRP condition), that is, when the vec-
tor » is in the interior of a facet of the capacity region C. In this paper, we focus on cases in which the vector v
may live at the intersection of facets. Define P2£{¢€[L]: ve F (3 that is, P is the set of indices of all the facets
that intersect at ». Observe that, if P has only one element, we are under the CRP condition, and our results in
this case agree with the results proved by Eryilmaz and Srikant [7]. In this paper, we focus on the case in which
P is allowed to have more than one element.

For each € € (0,1), let 5 be a steady-state random vector such that the Markov chain {g)(k) : k € Z,} con-
verges in distribution to g as k T co. Because MaxWeight is throughput optimal, the Markov chain {g©(k) : k €
7.} is positive recurrent for each € € (0,1), so §© is well-defined. Let @) be a steady-state vector that is equal in
distribution to a®©@(1). Then, E[@®)] = A, and for each i € [1], we have a§€> < Amax with probability one. Let Z‘(f)

be the covariance matrix of the vector @©. Let M and B, be steady-state random variables that are equal in
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Figure 1. (Color online) Example of capacity region C and cone K.

distribution to M(1) and B,(1) for each ¢ € [L], respectively. Let € £ 5(g'©), M) be the vector of potential service in
steady-state, and ue L u(ﬁ(e),]\_/l,ﬁ(e)) be the vector of unused service. Define (ﬁ(e))Jr éﬁ(e) +a© -39 4+ 7 a5 the
vector of queue lengths one time slot after §© is observed given that the vectors of arrivals and potential service
are @ and ', respectively.

In Section 3.2, we prove that the state space collapses into the cone K described as follows. In other words, we
show that the vector of queue lengths can be approximated by a vector in K in heavy traffic. Let IC be the cone
generated by {c¥ : £ € P} and H be the subspace generated by the same set of vectors. Formally,

ICz{xER'fr:x:Zégc(f),égZO wep}. )
teP

A pictorial example of the capacity region C and the cone K when 7 = 3 is presented in Figure 1. Let P C P be a

set of indices such that the set {c() : £ € P} is linearly independent, and let C = [c(”],.; be a matrix in which the

columns are a linearly independent subset of the vectors that generate the cone K. Observe that the column space

of the matrix C is exactly the subspace H.

3. Heavy-Traffic Analysis of the Generalized Switch

In this section, we perform heavy-traffic analysis of the generalized switch. In Section 3.1, we present a ULB that
is independent of the scheduling policy; in Section 3.2, we present the SSC result formally; and in Section 3.3, we
present the main result of this paper (Theorem 1), in which we compute asymptotically tight bounds on linear
combinations of the queue lengths.

3.1. Universal Lower Bound
In this section, we compute a ULB for certain linear combinations of the vector of queue lengths. The bound is
universal in the sense that it remains valid for all scheduling policies.
Proposition 1. Consider a generalized switch parameterized by € € (0,1) as described in Section 2. Let z € K with z # 0
and for each £ € P let 1> 0 be such that z = 3 seprec'®). Then, for each € € (0,1), we have
1
FEN] > Ty (e) T —
E[(z,9'9)] > ez, v) (z z4+r ZBr) fe),

(m0)

where f(€) = w - €<ZZ’ Y i 0(%) (ie., limgpef (€) = 0) and bmax = MaXye,cepb

The proposition is proved by coupling the queue length vector of the generalized switch with a single-server
queue {DE(k) : k € Z,} constructed as follows. We let a9 (k) 2 (z,a')(k)) be the number of arrivals in time slot k
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and B(k) be the potential service, in which P[B(k) = 3,cpreb™)] =4, for each m € M. Then, it is easy to see that
D (k) is stochastically smaller than (z,q€(k)) (by definition of b™® in (8)). Therefore, a lower bound to the
expected value of ®© (k) in the steady state is also a lower bound to E[(z,7©)]. The last step in the proof is to

compute such a lower bound, which we do by setting to zero the drift of Vi;5(®) = ®*. Note that it is essential
that the weights r, are nonnegative to obtain a lower bound in the proof. This is the reason why z € H is not
enough, and we require z € K. The rest of the proof is presented in Online Appendix A.

3.2. State Space Collapse
We prove SSC into the cone K defined in (9) in heavy traffic. We start introducing the notation. For each € € (0, 1),

let ql(ﬁg (k) be the projection of 4 (k) on K and q(f,)c(k) 2409k - ‘7|(|7c) (k). Similarly, define q(e) (k) as the projection of

I+
4\ (k) on ‘H and q(fL(k) £49(k) - q\(f%)t(k)' We know the Markov chain {q(k): k € Z,} is positive recurrent for
each € € (0,1), so by definition of projection, we also have that {ql(ﬁc)(k) ckel.}, {q(f;C(k) ckeZ.}, {ql(lz(k) ckeZy},

and {q(f;{(k) 1k € Z,} are positive recurrent for each € € (0,1). Then, we define ﬁl(lfc), ﬁ(f,)c, ﬁﬁz and ﬁ(f;i as steady-

state vectors that are limited in the distribution of each of them, respectively. In the next proposition, we state
SSC formally.

Proposition 2. Given a vector v in the boundary of C and € € (0,1), consider a generalized switch operating under Max-
Weight, parameterized by € as described in Section 2, and let P be defined as in Section 2 as well. Let 6 > 0 be such that 6 <
b —(c9,v) forall € [L]\Pif [L]\P# 0,and 6 = 1if [L] \ P=0. Ife <5/ (2||v|)), then for each t = 1,2, ..., there exists
a constant T, such that ]E[||ﬁ(f%{||t] < ]E[llﬁ(f,)cﬂt] <T.

We provide the proof of Proposition 2 in Online Appendix B. We adopt the technique introduced by Eryilmaz
and Srikant [7], which is based on the bounds proved by Hajek [11]. Our proofs are similar, so we omit it for
brevity. The challenges in obtaining our result arise in the second step of the drift method, which corresponds to
Theorem 1.

SSC is a consequence of Proposition 2 for the following reason. Ase | 0, ||ﬁ(€)|| goes to infinity (this can be easily

concluded from Theorem 1). Therefore, Proposition 2 implies that, as € gets small, we can approximate §'© ~ ﬁﬁfg

because all the moments of W(BC” are bounded.

Observe that the cone K is determined by the facets that intersect at ». Moreover, the dimension of the cone is
n —d,, where d, is the dimension of the face of C where v is. For example, if v is in the relative interior of a facet,
then d,, = n—1, and this implies that K is one-dimensional. This is the CRP case, which was studied by Eryilmaz
and Srikant [7] and Stolyar [26]. Similarly, if v is a vertex of C, then d,, = 0, and hence, K is n-dimensional. In the
last case, we say that SSC is full-dimensional. We study the full-dimensional case in Section 4.2.

3.3. Asymptotically Tight Bounds

In Section 3.2, we show SSC into the cone /C, which implies SSC into the subspace H. In this section, we present
the main result of this paper (Theorem 1), in which we provide asymptotically tight bounds to the expected value
of certain linear combinations of the queue lengths in steady state. After the statement of the theorem, we present
some remarks and applications, and we delay the proof to Section 6.1.

Theorem 1. Given a vector v in the boundary of C, let P be defined as in Section 2. Consider a set of generalized switches
operating under MaxWeight, indexed by the heavy-traffic parameter € € (0,1) as described in Section 2. Then, for any vector

w e mgepf(f), we have
1 1 _
(g, w)] - 517G - AT Oy o man < Kee) (10)

where eK(€) converges to zero as € | 0 and H2 C(CTC)™'CT is the projection matrix into H. Further, suppose lim, WZE =
X, component-wise. Then,

limeE (79, w)| = %(IT(HO S )1+ 17(CTC) o xp)), (11)

First, observe that (10) gives bounds that are valid for all regimes, not necessarily heavy traffic. Additionally, it
shows that the queue lengths grow to infinity as the traffic intensity grows (i.e., as € | 0).
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In (11), observe that the right-hand side has two terms: one corresponding to randomness in the arrival process
and the other one to randomness in the service process. The first term is a linear combination of the covariance
matrix of the arrival process, and the weights of the linear combination are determined by the projection matrix
on the subspace H, which is where SSC occurs. The second term is a linear combination of the elements of a
covariance matrix that is related to the channel state. Because the potential service rate vector is selected using
the MaxWeight algorithm (see (4)), it is not actually random once queue lengths and the channel state are
observed. However, the channel state is a random variable that defines the feasible set in which MaxWeight is
solved. Hence, the second term in (11), which includes a covariance matrix related to the channel state, represents
the randomness on the service process.

A third observation is that, in order to project on the subspace H generated by the cone K, we had to drop the
vectors c¥) with € € P that are linearly dependent (recall that the columns of the matrix C are a linearly indepen-
dent subset of the vectors that generate K). Clearly, the cone generated by the columns of C is not equal to K.
However, projecting on the subspace H is sufficient, and we do not need to worry about these linearly dependent
vectors that we dropped.

In the next remark, we write (11) in different ways to facilitate interpretation of the result.

Remark 1. Equation (11) can be also written as

lim ¢E[ (79, w)] = 1 S (e, e )(x cro)l (= 12
elgle [q ,w]—i P e ,EHH( g)i,j+ZZ( ),71,52( B)cl,cz (12)
i=1 j=1 (1€P t,eP
1 T Ty-1yT
:E(Tmce (HZa)+Tmce((C 0) ZB)), (13)

where the subscript || denotes projection on the subspace H, (£,);; is the element (i, j) of the covariance matrix

X, for eachi,j € [n], and (Zp),, ,, is the element ({1, £2) of Lp for each {1,{; € D.

In some cases, the projection of a vector on H is known in closed form, and it is simpler to work with than the
projection matrix. For example, in the case of a completely saturated input-queued switch, Maguluri and Srikant
[20] directly compute the projections, but writing down the projection matrix is more involved.

We present the proof of Remark 1 as follows.

Proof of Remark 1. If we expand the products on the right-hand side of (11), we obtain

%(1T(Ho 1+ 1T((CTC)‘1 o 23)1)

O L S S + Z(CTcmcz(zB)ﬁ,&)

=1 j=1 t€P £,eP

N

—
<
-

N —

ii(e“hTHe(f)(za)u + ) Z(CTCES,&(ZB)&@)

=1 j=1 0,€P 6P

—
o
-

N —

SIed, el + 3 Z(ﬂoa%ez(zsm,@)l

=1 j=1 0,€P 6P

where () holds by definition of Hadamard’s product, (b) holds by definition of the canonical vectors e and by
definition of the matrix product, and (c) holds by definition of the inner product and because He'” is the projec-

tion of e") on the subspace H.
The proof of (13) holds by properties of Hadamard’s product and trace, and we omit it. O

Observe that the bounds presented in Proposition 1 and Theorem 1 may be for different linear combinations of
the vector of queue lengths. In Proposition 1, the vector of weights is z € K, and in Theorem 1, it is w € Ngep F ©,
In the next remark, we give sufficient conditions under which these bounds correspond to the same linear combi-
nation of the queue lengths.

Remark 2. Let A be a matrix with columns ¢\ for £ € P and bp be a vector with elements b\ for £ € P. Observe that
the column space of A is equal to the column space of C, but the columns of A may not be linearly independent. In
fact, if the columns of A are linearly independent, then A = C. Then, Proposition 1 and Theorem 1 give bounds to

the same linear combination of the queue lengths if the set A2 {x € Rl : xTATA > 0, x"bp < 0} is empty.
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Proof of Remark 2. We can obtain bounds to the same linear combination of the queue lengths if there exists a
vector y € K N (NgepF)—in other words, if the set Y2 {y e R : AATy = bp} is nonempty. By Farkas’ lemma
(Bertsimas and Tsitsiklis [3, theorem 4.6]), proving that ) # 0 is equivalent to proving that A =0. O

In the proof of Theorem 1, we use the drift method, which is a two-step procedure to compute bounds on lin-
ear combinations of the queue lengths that are tight in heavy traffic. The first step is to prove SSC, which we do

in Proposition 2, and the second step is to set to zero the drift of V(gq) = ||q”H||2. Whereas these steps are standard

for the drift method as developed by Eryilmaz and Srikant [7], Maguluri and Srikant [20], Maguluri et al. [21],
and Wang et al. [28], different challenges arise in each case depending on the system one is studying. In this case,
we are working with the generalized switch, which is a very general model. Hence, we overcome difficulties that
are not part of the work listed. We summarize these:

a. Because the effective capacity region is the average of several individual capacity regions (see the definition of
the capacity region in (5)), the vector of potential service does not necessarily belong to the effective capacity region.
Then, it is not obvious how to deal with the terms that involve the service vector.

b. In the case of an input-queued switch as studied by Maguluri and Srikant [20], the projected service vector s
is constant because of the structure of the system. In the case of the generalized switch, this is not the case, and this
leads to significant challenges. In particular, the computation of the term E[(q;,,5|3,)] is not trivial. We use the

properties of the system and the MaxWeight algorithm to bound this term.

c. The final closed-form expression that we obtain for the steady-state expectation of the queue lengths is novel
and is a contribution in itself. To compute this expression (the term 7 in the proof), we use the least squares prob-
lem to obtain an expression that is valid for any generalized switch. Eryilmaz and Srikant [7], Maguluri and Srikant
[20], and Maguluri et al. [21] explicitly use the underlying symmetry of the specific systems that are studied, and
therefore, it is not clear how to generalize.

Challenge (a) is addressed in Lemmas 2 and 3. These lemmas form an important part of the entire proof and
are used repeatedly. Challenge (b) is addressed in Claim 1. Finally, overcoming challenge (c) using the least
squares problem gives us the closed-form expression for the right-hand side in Theorem 1.

4. Applications of Theorem 1

The generalized switch is a model that subsumes several SPNs, such as ad hoc wireless networks, the input-queued
switch, down-link base stations, and the parallel-server system. In this section, we elaborate on a few applications to
give examples of the use of Theorem 1, and it is by no means an exhaustive list. We start with an input-queued
switch in Section 4.1, and then, in Section 4.2, we present examples in which full-dimensional SSC is observed.

4.1. Input-Queued Switch

The drift method is used to perform heavy-traffic analysis of the input-queued switch operating under Max-
Weight in both completely and incompletely saturated cases by Maguluri and Srikant [20] and Maguluri et al.
[21], respectively. In both scenarios, the analysis is performed under the assumption that the arrivals to different
queues are independent. However, this is an unrealistic assumption in data center networks. Indeed, it is shown
that the traffic exhibits hot spots; that is, there are subsets of queues that simultaneously perceive a surge on traf-
fic as shown by Benson et al. [2] and Kandula et al. [15]. This implies that the arrival processes are highly corre-
lated. In this section, we focus on the completely saturated input-queued switch, and we obtain the heavy-traffic
limit of the scaled total queue length when the arrivals are correlated as a corollary of Theorem 1. Corollary 1
generalizes the main result proved by Maguluri and Srikant [20], and it is of special interest by itself given the
nature of the arrival processes to data center networks observed in reality. We start specifying the model.

Consider a system with N* queues operating in discrete time. There are N input ports, N output ports, and a
different queue for each input/output pair. Each of these pairs has its own arrival process, and all the arriving
packets have the same size, which is equal to one time slot. The service process must satisfy the following feasi-
bility constraints. In each time slot, at most one packet can be transmitted from each input port, and each output
port can process at most one packet. We can think of this system as a matrix of input/output pairs, in which
rows represent inputs and columns represent outputs. Then, the constraint described can be also stated as fol-
lows. In each time slot, at most one queue can be active (i.e., processing jobs) in each row and each column.

This model corresponds to a generalized switch with n=N? queues, in which the channel state is constant
over time. As mentioned, the input-queued switch has a natural matrix-shape interpretation. Maguluri and
Srikant [20] and Maguluri et al. [21] represent the vectors of queue lengths, arrivals, and services by N x N matri-
ces, but they are treated as vectors. Specifically, dot products and norms are computed as if these matrices were
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column vectors. In this paper, however, we write them as column vectors to be consistent with the notation we
introduced in Section 2. We enumerate the elements of the vectors row by row. For each i € [n], we have that
gi(k) is the number of packets in line in input port [i/N7], waiting for service from output (imodN) if i is not a
multiple of N and output N otherwise and similarly, for the vectors of arrivals, potential service, and unused ser-
vice. In Figure 2, we show how to build the vectors in the case of n = 2 (Figure 2(a)) and n = 3 (Figure 2(b)).

For ease of exposition, we introduce the following notation. For each i € [N?], let

row(i)é{qﬁw - 1)N +j:j€ [N]} \ {i}
col(i)2{j € [N*] :i mod N =j mod N} \ {i}
other(i) £ [N?] \ (row(i) U col(i) U {i}).

In words, the set row(i) contains the index of all elements in the same row as i except by i, col(i) contains the index
of the elements in the same column as i except by i, and other(i) contains all indexes that do not correspond to the
same row or column as 7 or i itself.

We explicitly know the feasibility constraints in the input-queued switch. Then, we can compute the set of fea-
sible service rate vectors S and the capacity region C. We obtain

N N N
S= {x € {0,1}N : ZXN(f—l)+i <1 V] [S [N] and ZXN(j—1)+i <1 Vie [N]},
i=1 =1

and
C = ConvexHull(S)

N N
= {x [S Ri\_jz : ZxN(]'—l)H <1 V] S [N] and ZXN(]'_DH' <1 Vie [N]} (14)
i1 =1

Then, the number of hyperplanes that define the capacity region is L = 2N, the right-hand side parameters are

b© =1 for all £ € [2N], and the left-hand side vectors c') are defined as follows:

N¢ .
e, if £ € [N]

0 = li=n(cc)n (15)

e, if £€[2N]\ [N].

ie{i’:i’ mod N=¢mod N}
A completely saturated switch means that the vector v that we approach in the heavy-traffic limit satisfies all the
inequalities in (14) at equality. Formally, v satisfies (c”), ») = b'¥) for all £ € [2N]. Then, P = [2N]. If » does not sat-
isfy all the inequalities at equality, it is said that the switch is incompletely saturated. We do not study the incom-
pletely saturated case in this paper.

Recall that the cone /C in which SSC occurs is the cone generated by the vectors ) with £ € P. In this case,

because P = [2N] and because we explicitly know the vectors c'*), it can be easily proved that the cone K can be
described as

1 1 1
IC:{xesz:xiz— E Xjt+— E xf—ﬁg x]}. (16)
jerow(i)u{i} jecol(i)U{i} j=1

Figure 2. Diagram of the queue length vector for the input-queued switch. (a) 2 x 2 switch. (b) 3 x 3 switch.
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The proof of this claim is just algebra, and we omit it for brevity. In this case, it can be also proved that the sub-
. e N2
space H generated by the cone IC satisfies = H N R} .

Now we present the heavy-traffic limit of the scaled sum of the queue lengths in a completely saturated switch
with correlated arrival processes as a corollary of Theorem 1. This corollary by itself is a contribution of this
paper because, to the best of our knowledge, the input-queued switch has been studied only under an indepen-
dent arrivals assumption. However, it is known that, in data centers, this is not satisfied, and in fact, hot spots
are frequently observed.

Corollary 1. Let v be an N*-dimensional vector that satisfies (¢, v) = b for all € € [2N], for ¢'© as defined in (15) and
b =1 for all ¢ € [2N]. Consider a set of N x N input-queued switches as described, parameterized by € € (0,1) as described
in Theorem 1. For each i € [N?], let o2 = (X,);;. Then,

N2 (e 1 N2
; 1( )l - ﬁz ((ZN— 1)oi +(N-1) Z (Za)i,j _ Z (Za)i,j .

limeE
elo i=1 jerow(i)Ucol(i) jeother(i)

Proof of Corollary 1. We use Remark 1. We first compute el(l?i for each i € [N?]. For any vector y € sz, we have
that y;, has elements

1 1 1N ,
Yimi =N D Yt 2 Y _WZW vj e [N?].
jrerow(j)ugj} J €col(j)u{j} /=1
Then, for each i € [N?], the vector el(l?i has elements
N1y j=i
v 1=
o _)N- o N . g2
TN if j € row(i) or j € col(i) ~ Vj€[N7].

—%, if j € other(i)

Using this expression in Remark 1 we immediately obtain the result. O

Corollary 2. Consider a set of N X N input-queued switches operating under MaxWeight, parameterized by € € (0,1) as
described in Corollary 1. Further, assume that the arrival processes to different queues are independent. Then,

N2 1 N2
7© =(1——) o2.
; j N ; .

The proof of Corollary 2 is easy after considering Corollary 1 because (X,);; = 0 for all i # j under the independent
arrivals assumption. Corollary 2 recovers the main result presented by Maguluri and Srikant [20], in which they

limeE
€l0

explicitly set to zero the drift of V|3,(q) = ||qHH||2 (similarly to our approach in the proof of Theorem 1).

4.2. Full-Dimensional SSC

As mentioned in Section 3.2, if the point v is a vertex of the capacity region C, the cone K is n-dimensional. In
other words, K is full-dimensional. In this section, we explore this situation, and we present examples of SPNs in
which this phenomenon is observed. In particular, we present the case of a parallel-server system operating in
discrete time in Section 4.2.1, an N -system in Section 4.2.2, and an ad hoc wireless network in Section 4.2.3. We
first present the result in a general case.

Corollary 3. Consider a set of generalized switches operating under MaxWeight, parameterized by € € (0,1) as described in
Theorem 1. Let P, P, and v be as in Theorem 1 and suppose the cone K is n-dimensional. Let 05 £(%,),, for each i € [n] and
o, be a vector with elements o,,. Then,

lim e [<q<€>,w)] - %(naan2 + 1T((<:Tc)‘1 023)1).

Observe that Corollary 3 gives a rather surprising result. The right-hand side of the limit does not depend on the
correlation among arrivals to different queues. In other words, in the heavy-traffic limit, these linear combina-
tions of the queue lengths behave as if the arrival processes were independent if SSC is full-dimensional.
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The proof of Corollary 3 follows immediately from Theorem 1 because, if the cone K is full-dimensional, then
the subspace H = R", and therefore, the projection matrix on H satisfies H = I
In the rest of this section, we present examples of SPNs that experience full-dimensional SSC.

4.2.1. Parallel-Server System. Consider a parallel-server system as follows. There are 1 types of jobs that arrive
according to arrival processes as described in Section 2. Each job type can be processed by a subset of servers,
and these subsets are modeled by a compatibility graph. In Figure 3, we present three examples of parallel-
server systems, in which the dotted lines represent the compatibility of the job types with the servers. In
Figure 3(a), all jobs can be served by all servers (fully flexible system); in Figure 3(b), each job can be processed
by only one server (dedicated system); and in Figure 3(c), the jobs from the first queue can be processed by any
server, and the jobs from the second queue can only be processed by the second server (N -system studied in
Section 4.2.2). The parallel-server systems (also called process flexibility) receive plenty of attention in the litera-
ture. For example, see the work by Bell and Williams [1], Garnett and Mandelbaum [8], Harrison [12], Shi et al.
[25], and Williams [29] and the survey paper by Williams [30]. However, most of the prior work is under the
CRP condition. In this section, we show that the parallel-server system can be studied as an immediate applica-
tion of Theorem 1 regardless of the CRP condition being satisfied.

To model a parallel-server system as a generalized switch, we assume that the service rate offered by each
server in each time slot is a random variable that may depend on the service rate of other servers, but it is inde-
pendent of the arrival and queueing processes. The joint distribution of the offered service rates is known, and
we assume its state space is finite. Hence, the joint distribution of the offered service can be modeled as the chan-
nel state, and the compatibility graph determines the feasible service rate vectors in each time slot. Because we
need the set of feasible service rate vectors in each channel state to be finite, we only consider the maximal
vectors and their projection on the coordinate axes. Once the offered service rates are observed, the scheduler fol-
lows the MaxWeight algorithm to decide which job types are served and at which rate. We obtain the following
result.

Corollary 4. Consider a set of parallel-server systems as described, parameterized by € as described in Theorem 1. Suppose
the capacity region C has vertices that do not lie on the coordinate axes and that w is one of them. Let g be as in Theorem 1
and o, be as in Corollary 3. Then,

limeE [(q@),w)] - %(Ha’aHZ + 1T((CTC)‘1 ozB)1).

The proof of Corollary 4 only requires modeling the parallel-server system as a generalized switch as we show,
SO we omit it.

Remark 3. In Corollary 4, we consider a vector w in a vertex of the capacity region. However, Theorem 1 is
immediately applicable for any w in the boundary of the capacity region. Here, we focus on a special case to
illustrate the full-dimensional SSC result.

Before finishing this section, we present one of the simplest parallel-server systems to illustrate the result in
Corollary 4. Specifically, we work with a dedicated system, in which every job type can be processed by exactly
one server. A diagram with three job types and three servers is presented in Figure 3(b).

Consider an SPN with 7 servers, each with its own queue. Let {$(k) : k € Z. } be a sequence of i.i.d. random vec-
tors such that §;(k) is the potential service in queue i in time slot k. Let u = E[$(1)] and X, be the covariance matrix
of 5(1). Suppose the vector §(1) has finite state space and that 5;(1) < Syax with probability one for all i € [1]. Sup-
pose min;e,u; > 0.

Figure 3. (Color online) Diagrams of examples of parallel-server systems. The dotted lines represent the compatibility between
job types and servers. (a) Fully flexible servers. (b) Dedicated servers. (c) N-system.
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The arrival process is defined as in Section 2, and we model heavy traffic as described there as well. Specifi-
cally, let € € (0,1) be the heavy-traffic parameter. Then, for each € € (0,1) and each i € [n], let the arrival process to

the system be {a©) (k) : k € Z,}, which is a sequence of i.i.d. random vectors with mean A = E[a©(1)] = (1 —€)p
and covariance matrix .

Corollary 5. Consider a set of dedicated parallel-server systems as described, parameterized by € € (0,1) as described in
Theorem 1. Suppose lim, waf) = X, component-wise. Let ai_ = (XZy);; and aﬁ_ = (Xs);, for each i € [n]. Then,

Z 47| =2 Z (02 +02).

1—1
From the discussion after Corollary 4, we expect that the correlation among the arrival processes would not be
part of the right-hand side of the limit. However, observe that the correlation among the service processes does
not appear in the answer either. Then, even though the arrival and potential service processes are correlated
among queues, the mean linear combination of queue lengths behaves as if the queues were independent. More-
over, Corollary 5 recovers Kingman’s bound. We present the proof of Corollary 5 as follows.

11m cE

Proof of Corollary 5. The capacity region of this queueing system is
C={xeR}:x;<p,ie[n]}

To write it in the form of (7), we set L = 1, and for each i € [n], we set ) = ') and b = u;. Therefore, the matrix
C is the identity matrix, which implies that the projection matrix H is also the identity matrix.
Let P = [n]. Then, Ngep F¥ = {pu}, and the left-hand side of (11) yields

Z Hy q“)l-

Because the projection matrix satisfies H = I, the first term on the right-hand side of (11) yields

hm ek

1 1 1
EIT(HoZu)l = E1T(Hozg)1 = El;agi.

To compute the second term of the right-hand side of (11), we consider the following interpretation of the chan-

nel state. Let M be an enumeration of the elements of the state space of §(1) and s be its m'" element for each
m € M. For each m € M, let the set of feasible service rate vectors in channel state m be

S — {sW)} U {Sm) —sMe: e [n]},

that is, the set S™ contains s and its projection on the coordinate axes. We assume that MaxWeight breaks ties
by choosing maximal schedules. Then, if the channel state is 1, then the service rates vector is always s With
this assumption, we lose some generality because arrivals occur after deciding the optimal schedule. However,
we are interested in heavy-traffic analysis, so this slight loss of generality does not affect our result. Then, the
probability mass function of the channel state s satisfies ¢, £ P[3(1) = s'"] for each m € M.

By the definition of b in (8) and definition of the sets S™ and the vectors ¢©, we obtain that, for each
{ € [n], we have

b0 = (0, 5m) = (¢, 50) = 5

Then, for each ¢ € [n], the random variable B(1) is such that P[B,(1) = sfm)] =1, and E[B¢(1)] = u,. Therefore,
the vectors (B1(1),...,B,(1)) and $(1) have the same distribution. Hence, (Z3),; = Cov[$;, 8], and the second term

in the right-hand side of (11) becomes

1 o7(~T -1 @l_r UASPE:
51 ((C ) ozB) “1T(Moxp)1 Y ;‘ 2,
where (4) holds because C =1, and (b) holds by definition of Hadamard’s product and because the diagonal of X
contains the variance of §;(1) for eachi € [n]. O
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4.2.2. N-System. The N -system model is a parallel-server system with two servers and two job types. One of
the servers exclusively serves job type 1, and the other server can process both. A diagram of the N -system is
presented in Figure 3(c). According to Ghamami and Ward [9, p. 1], “The N -system is one of the simplest parallel
server system models that retains much of the complexity inherent in more general models.” Consequently, it
has received plenty of attention over the years, and there is vast literature that only focuses on its performance
under the CRP condition. Examples can be found in the work by Bell and Williams [1], Garnett and Mandelbaum
[8], Harrison [12], and Shi et al. [25]. Theorem 1 is immediately applicable to this system and gives information
about the mean queue lengths in both the CRP and non-CRP cases. In this section, we focus on the non-
CRP case.

Let the arrival processes be as described in Section 2 and suppose that each server processes jobs at rate 1.
Then, the capacity region of this system is C = {x € R3 : x; < 1, x, < 1}. We consider the heavy-traffic parameteri-

zation A® = (1 —¢)1 for € € (0,1). Then, as € | 0, the arrival rate vector approaches a vertex of the capacity region,
and hence, the \V-system experiences full-dimensional SSC. We now present the result.

Corollary 6. Consider a set of N'-systems parameterized by € € (0,1) as described. Let o, be as in Corollary 4. Then,

2 + g2
li E[—<€>+—<€>]=M_
imeE |7, +7; 5

The proof is an immediate application of Corollary 3, so we omit it.

4.2.3. Ad Hoc Wireless Network. An ad hoc wireless network is composed of a set of nodes with no infrastruc-
ture for central coordination, and packets are transmitted between nodes (a transmitter and a receiver) if there is
a link. The links interfere with each other, and therefore, not all of them can be active at the same time. These
interference constraints are frequently represented with a graph, in which the vertices represent links and an
edge between two links represents interference. In Figure 4(a), we present an example of the interference graph
of an ad hoc wireless network with four links, in which all links interfere with each other. The packets to be
transmitted arrive to each of the links and wait in line until they can be processed. This model is studied in a
long line of literature, including but not limited to the work by Dimakis and Walrand [6], Eryilmaz and Srikant
[7], Kang et al. [17], and Maguluri et al. [22], but in most of the cases, the focus is on studying stability or optimal-
ity of the scheduling policy. Here, we provide the heavy-traffic limit of linear combinations of the queue lengths
under the MaxWeight algorithm. A particular case of our results is the results obtained by Eryilmaz and Sri-
kant [7].

An ad hoc wireless network can be modeled as a generalized switch with a fixed channel state. Then,
Theorem 1 can be immediately applied. In this section, we provide an example of an ad hoc wireless network
that experiences full-dimensional SSC. We focus on a network with two links to illustrate the geometry of the
capacity region and the cone in which SSC occurs, but similar work can be done for larger networks.

Let 022 Var[7\¥], 022 Var[a{], and 2 Cov[a'”,a\"], where these three parameters do not depend on €. Sup-
pose the set of feasible service rate vectors is S={(1,0), (0,1), (2/3,2/3)}. Then, the capacity region is C = {x €
Ri 1X1 + 2% <2, 2x1 + X < 2}. Applying Theorem 1, we obtain the following corollary.

Figure 4. (Color online) Diagram of ad hoc wireless networks. (a) Example of an interference graph for an ad hoc wireless net-
work with four links. (b) Capacity region and cone for SPN in Section 4.2.3.

(a) (b)
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Corollary 7. Consider an ad hoc wireless network as described. Then,
. _ _ 3
limeE |77 +75| = {0} + 03).

In the proof of Corollary 7, we take the heavy-traffic limit as the vector of arrival rate approaches the point » =
(2/3)(1,1) in the boundary of C. The proof is simple, so we omit it. In Figure 4(b), we plot the capacity region, the
point », and the cone K in which SSC occurs. Observe that the cone K is two-dimensional, and therefore, this ad
hoc wireless network experiences full-dimensional SSC.

Remark 4. The input-queued switch can be modeled similarly to an ad hoc wireless network. However, the
input-queued switch cannot experience full-dimensional SSC because all the vertices of its capacity region are on
the coordinate axes. In other words, all the vertices in the capacity region of the input-queued switch require the
arrival rate to (at least) one queue to be zero. This is equivalent to considering a queueing system in which the
zero-arrival rate queue does not exist, which already has a lower dimensional state space.

5. Individual Queue Lengths and Higher Moments in the Input-Queued Switch
In this section, we show that the drift method with polynomial test functions does not provide all the information
that is necessary to compute the moments of all the linear combinations of the scaled queue lengths in systems
that do not satisfy the CRP condition. We do this by presenting an alternate view of the drift method.

In the proof of Theorem 1, we use V(q) = ||q”H||2 as a test function to obtain bounds on certain linear combina-
tions of the queue lengths in a generalized switch. This choice of test function is first proposed by Maguluri and
Srikant [20], and the main reason to use it is that the term 77 consisting of the “qu” terms (i.e., cross-terms
between the queue length and the unused service) converge to zero in the heavy-traffic limit. All of queueing the-
ory in some sense is to get a handle on the unused service terms, and the drift method handles these terms by
making sure that they “cancel out” in heavy traffic, using SSC and our choice of the test function. In this section,
instead of trying to cancel out the gu terms, we consider them as unknowns and try to solve for them along with
the mean queue lengths. We see that this is impossible even if we use all possible quadratic test functions.

For simplicity of exposition, we present this result in the context of an input-queued switch, which is one of
the simplest queueing systems that experience multidimensional SSC, and it is a special case of the generalized
switch as shown in Section 4.1. The organization of this section is as follows. In Section 5.1, we present the main
result; in Section 5.2, we use this result to compute bounds on the first moment of linear combinations of the
scaled queue lengths; and in Section 5.3, we discuss how to generalize this approach to other queueing systems
that experience multidimensional SSC.

5.1. System of Equations to Compute Linear Combinations of the First Moment of Scaled

Queue Lengths
In this section, we prove that the drift method with polynomial test functions is not sufficient to compute all the
linear combinations of the first moment of the scaled queue lengths in queueing systems that do not satisfy the
CRP condition. Specifically, we show that the use of polynomial test functions yields an underdetermined system
of equations.

In the drift method, one of the key challenges is to get a handle on the unused service. In general, when one
sets to zero the drift of a polynomial test function in steady state, terms of the form g;(k + 1)u;(k) arise. The idea is
to use a test function that captures the geometry of SSC so that we can show that all these cross-terms are small.
Therefore, the choice of the test function is important, and the region into which SSC happens must be used in

this choice. The quadratic test function, V(gq) = ”‘7HH”2 is successfully used by Eryilmaz and Srikant [7], Maguluri

and Srikant [20], Maguluri et al. [21], and Wang et al. [28] to obtain the mean sum of the queue lengths, similarly
to Theorem 1. Typically, one uses polynomial test functions of degree (1m +1) to get bounds on the expected
value of the m™ power of the queue lengths. Therefore, in order to obtain bounds on the mean queue lengths,
one must use quadratic test functions. In order to get all the linear combinations of the queue lengths, one can
search through all the quadratic test functions, and this is equivalent to searching through all the quadratic
monomials. The following theorem presents the result of using all the quadratic monomial test functions.

For ease of exposition, in this section, we prove our result in the case of N = 2 and independent arrivals, that
is, in the case of a 2 X 2 input-queued switch with independent arrivals. We present generalizations to this result
in Online Appendix C. Specifically, we present the case of a 2 X 2 input-queued switch with correlated arrivals
in Online Appendix C.1 and the case of an N x N input-queued switch with independent arrivals in Online
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Appendix C.2. The latter result can be easily generalized to the case of correlated arrivals, but we do not present
the result here for ease of exposition.

Theorem 2. Consider a set of 2 X 2 input-queued switches operating under MaxWeight, indexed by € € (0,1) as described

in Corollary 2. Let (Z,ge))v = 0\ and suppose limewa,(zf) =0y, for all i € [4]. Then, the following system of equations is
ii

satisfied:

limeE[q,]
€l0
902 +05 +05 +05 1 P 1. e
= 16 +§1€1{£1]E[q1 (p + s3] _Eléﬁ}E[(qZ +13 )] (17)
limeE[g
ime [4,]
2 2 .2 42
_ gy +90;, + 0, +0p, 1 e
= G +21€1{(r)1]E[q2(u1 Uz +14)] (18)
limeE g
ime [75]
2, 2 2, 2
_Ga1+oa2+9aa3+au4 1 D
= 1 +21€1151E[q3(u1 Uy +1y)] (19)
limeE[q, +7,]
€l0
302 +302 —02 —02 1. o 1. o 1. L
_ Y%, u28 2~ Oay +§lg(r)1E[qu(3uz —s)| +§1€1%1E[q;(3u1 +13)] +§l€1{(r)1E[q;u4] (20)

ligwE (7, +75]
362 — g2 +302 — g2 1 1
i 5 s “4+§1€iﬂJ1E[ﬂ(—ﬁz+3ﬁ3)]+§1€ig1[€[ﬁ;ﬁ4]+§1€iﬁ)ﬂ€[ﬁ;(3ﬁ1 +1)] (1)
limeE|[g, +g
;Iglé“ (7, +75]

03 =302, =303 + 03, L B + 3T 4 7] + S E [ (7 + 30 4.5
+E ggﬂ[ﬂ[qz (U1 + 3Us3 +114)] +§ gg\E[qS (U1 + 3y +114)], (22)

8

where we omit the dependence on € of the variables for ease of exposition.

The proof of Theorem 2 is presented in Section 6.2. Observe that, in Theorem 2, we have system of six equa-
tions and 11 variables, in which the variables are

leigl €E[q,], 161?01 €E[7,], leifgl €E[75],
lelﬂf)lE (g7 12], 1€1ng [q1us],

lim E [7;7], im E[7;7s], imE [7374],
leiglE [q371], leing [q372], leiglIE [q374].

Therefore, it cannot be solved uniquely. However, a specific linear combination of the scaled queue lengths can
be obtained as shown in the next corollary.

Corollary 8. Consider a set of 2 X 2 input-queued switches as described in Theorem 2. Then,

: o132, 2 2 2
1611‘516‘]}3 (7, +735] = g(aul +oy, tog, + %).

Proof of Corollary 8. Consider the following linear combination of the equations in Theorem 2:
1 1 1
(17) +(18) + (19) — 5 (20) - 5 (21) + 5 (22).

Then, reorganizing terms, we obtain the result. O

Corollary 8 can be also obtained as a consequence of Corollary 2 in the following way.
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Alternative Proof of Corollary 8. From Corollary 2, for N = 2, we know

. == 3( 2 2 2

161551 €E[g, +q, +q5+q,] = Z(G’“ +0,, + 0, + 0,14). (23)
From SSC as proved in Proposition 2 and by definition of the cone K in (16), we also know that, for all i € [4], we
have

15%1eE (G301 = 13{5‘ eE[q,],

where 7, is the i" element of q|5- Also, one interpretation of the cone K presented by Maguluri and Srikant

[20] is that, for each vector in K, all schedules have the same weight in the MaxWeight algorithm. This can be eas-
ily verified by definition of the cone /C in (16). Then,

i1 Qs = ez + Dy (24)
Putting everything together, we obtain the result in Corollary 8. O

A special case in which we can solve for each of the expected individual queue lengths is the symmetric case,
that is, when all the arrival processes have the same distribution. We present the result as follows.

Corollary 9. Consider a set of 2 X 2 input-queued switches as described in Theorem 2, in which all the arrival processes

have the same distribution. Let 6\ £ o,(,f) for all i € [4] and suppose lim, waff) = 0,. Then, for each i € [4], we have

. 1.3,
1611186E [q,]1= 1%

Proof of Corollary 9. In this case, because the arrivals are symmetric, all the queue lengths have the same expec-
tation. Using this fact in Corollary 8, we obtain the result. O

In Theorem 2, we prove that setting to zero the drift of all monomials of degree two leads to a system of
six equations and 11 variables. Therefore, the solution is not unique. However, Maguluri and Srikant [20] and
Maguluri et al. [21] obtain the limit of specific linear combinations of the scaled queue lengths. These linear com-
binations can be obtained because some of the variables cancel out as shown in the first proof of Corollary 8.
However, to obtain other linear combinations of the expected heavy-traffic scaled queue lengths, we need to
actually work with all the variables of the system of equations. Therefore, we need additional equations.

To better understand this argument, consider a tandem queue system with memoryless interarrival and ser-
vice times in any (not necessarily heavy) traffic. We know that the steady-state joint distribution is a product of
two geometrics and can be obtained using reversibility arguments. Using the drift approach described, we get
three equations and four unknowns. However, in addition to the drift arguments, if we use reversibility to sepa-
rately prove that the queues are independent in the steady state and impose it as an additional condition, we can
solve for all the unknowns.

5.2. Bounds on Linear Combinations of the Scaled Queue Lengths in Heavy Traffic
In Section 5.1, we present a linear system of equations that the vector of queue lengths must satisfy in heavy traf-
fic. In this section, we use this system of equations to obtain bounds on linear combinations of the expected
scaled queue lengths in heavy traffic. A similar approach is studied by Berstimas et al. [4] and Kumar and Kumar
[19] in which an underdetermined set of linear systems of equations is obtained and linear programming is used
to obtain bounds. However, the focus in those papers is on queueing networks under fixed arrival and service
rates as opposed to the heavy-traffic analysis in the current paper.

In the next theorem, we provide upper and lower bounds for the heavy-traffic limit of the expected value of
any linear combination of the queue lengths in a 2 X 2 input-queued switch.

Theorem 3. Consider the equations

2 2 2 2

_wl—w2+w5+w8_9f7a1+‘7a2+0u3+0a4
2 16 !

_wS+w4—w5_G§1 +90§2+0§3+o§4

2 16 ’

01

(%]



Downloaded from informs.org by [2610:148:2002:€000:3248:5755:4741:1106] on 05 February 2023, at 17:23 . For personal use only, all rights reserved.

Hurtado Lange and Maguluri: Heavy-Traffic Analysis with No CRP
3146 Mathematics of Operations Research, 2022, vol. 47, no. 4, pp. 3129-3155, © 2022 INFORMS

2 2 2 2
We + W7 —wg _ Og +0g, + 90, + 0y,

- = - p 27
* 2 16 @7)
2 2 _ 2 _ 2
o1+ 0y — Bw,wy — 3ws — Wy — Ws _ 30y, + 30, — 0y, — 0, ’ (28)
2 8
2 _ 2 2 _ 2
o1+ 05 + Wy — 3wy — ws — 3we — Wy _ 30y, — 0, + 30, — 0, / (29)
2 8

w3 — 3wy — ws — we — 3wy —wy _ T, — 303, — 30g, + 0y, 30

Uy + 03 — 5 = 8 ’ ( )
01+ 0y +0v3 20, (31)
—wy +wy 20, (32)
—w; +wy >0, (33)

and define P2 {(v,w) € R} x R : Equations (25)—(33) are satisfied}. For a € R®, define
fl@)2min{(e, v) : Jw such that (v,w) € P}
and  f(a)2max{{e,v): Jw such that (v,w) € P}.
Then,

fla) < hﬁ‘)l ek [<a, ﬁ(€)>] < f(a), (34)
- €
where € and §' are defined as in Theorem 2. Furthermore, for any B € Ry,

P [leigle<a, 79)>B|< J_%. (35)

Proof of Theorem 3. For ease of exposition, we omit the dependence on € of the variables. Let
v = 1611%1 €E[7,], va = leif? €E[q,], vs = 13?61 eE [q5],
w1 = IimE [ﬁ_{-ﬁﬂ, wy = IimE [q_{ﬁg,],
€l0 €l0
w3 = lim[E [q;ﬁl], Wy = IimE [q;ﬁg],
€l0 €l0
W5 = IimE [q;ﬁ;ﬂ, We = IimE [q;ﬁl],
€l0 €l0
wy = Iim[E [q;ﬁz], wg = IimE [q;ﬁ;;]
€elo el0
Then, the proof of (34) follows from Theorem 2 because the set P represents the system of equations presented
there together with nonnegativity constraints for all the variables. In particular, Inequalities (31)~(33) represent
nonnegativity constraints associated to 7,. These must be considered because, even though 7, does not appear in

the system of equations explicitly, there are underlying constraints of the system related to 7, that affect its per-
formance. Specifically, using (24) and the definition of the preceding variables, we obtain that the inequalities

limeE[7,] >0, lmE[g,7;]>0 Vie{1,2,3}
€l0 el0

can be rewritten as (31)-(33) and w3 + we > 0, but the last inequality is implied by w3 > 0 and wg > 0, so we do not
write it in the definition of P.
Also, from Markov’s inequality, we know

limelo ek [(a, ﬁ(€)>] < f(a)

< < ,
B B

P[leifge<a, 79)>B

where the last inequality holds by (34). O

Theorem 3 gives explicit bounds for all linear combinations of the expected scaled queue lengths. Similar linear
programs can be written to obtain bounds on higher moments and, consequently, tighter tail probabilities.

In the rest of this section, we present numerical results to compare the bounds that we obtain from the linear
program presented in Theorem 3 with the mean values that we obtain from simulation. We test four different
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Table 1. Numerical results for LP with objective function lim,joeE [75) +75].

€ Solution to LP Mean from simulation Error, %
0.01 0.375 0.378 0.87
0.05 0.374 0.351 6.69
0.10 0.371 0.336 10.38

objective functions, viz. lim.o€E [g,] for i € {1,2,3} and lim.|oeE [7, +7,]. We use the last function because, in this
case, the system of equations has a unique solution as shown in Corollary 8.

For simplicity, we assume that the arrivals to each queue are Bernoulli processes with mean /\Ee) =(1-e¢)/2 for
all i € [4]. We take € € {0.01,0.05,0.1} to evaluate the performance under different traffic intensities.

To allow the system to reach steady state, we ran the simulation for 10° time slots when € € {0.05,0.1} and for
10" time slots in the case of € = 0.01. The reason is that, for smaller €, the system takes more time to reach steady
state. In both cases, we compute the mean value of the variables considering the last 2 x 10° time slots." We pre-
sent our results in Tables 1 and 2. We ran three replicas of each experiment, and we obtained similar results. The
results we present in Tables 1 and 2 are computed as an average of the three replicas.

In Table 1, we present the right-hand side of the expression proved in Corollary 8, the mean value of e(ﬁge) +

ﬁ(;)) obtained from the simulation, and the percentage error of the solution of the system of equations with

respect to the simulation.

Observe that, as € decreases, the solution to the LP becomes a better approximation for the simulated result. In
fact, when € = 0.01, the error is less than 1%. Even in the case of € = 0.1, which is not considered heavy traffic, the
error is around 10%.

In Table 2, we compute lower and upper bounds to the mean individual queue lengths, and we compare these
results with the mean value of €7,, €7,, €75, and €7, obtained from simulation. The reason to present only one
optimal value for all the queue lengths is that solving the linear program presented in Theorem 3 with objective

function eE[7°

;] gives the same optimal value for all i = 1, 2, 3 because of the symmetric arrival pattern. We addi-
tionally present the average between the minimum and maximum values of the individual queue lengths.
Observe that, for all the cases presented in Table 2, the mean obtained by simulation is between the lower and
upper bounds obtained solving the LP. The bounds are not necessarily tight, but the average of both gives a
good approximation of the mean individual queue lengths. Additionally, the LP presented in Theorem 1 is sim-

ple, and hence, it can be solved in fractions of a second as opposed to the simulation that may take hours.

5.3. Generalization to Other Queueing Systems and Higher Moments

In this section, we focused on a 2 X 2 input-queued switch in heavy traffic. We chose this system because it is one
of the simplest queueing systems in which the CRP condition is not satisfied. However, the same approach can be
applied to any queueing system in which the CRP condition is not met, which is what we discuss in this section.
Specifically, we focus on a generalized switch with 1 queues, in which SSC occurs into a d-dimensional subspace.

Eryilmaz and Srikant [7] show how to compute the moments of [|g;,|| using the drift method in queueing sys-
m+1

tems that satisfy the CRP condition. In this case, setting to zero the drift of V(g) = ||q”H|| in the steady state and

using SSC allows us to compute the m™ moment because of the following reason. When one sets to zero the drift
of V(q), terms of the form g, up; arise, and because g, and uy; belong to the same one-dimensional subspace,
these terms can be approximated by g; u;, which is zero by definition of unused service.

On the other hand, if the CRP condition is not satisfied, then q lives in a d-dimensional subspace, where d > 1.
In this case, for each i, 4,1 cannot be approximated by g; u; because of the following reason. In heavy traffic,

we only have the approximation (with some abuse of notation) qjf, ;1 > g (ux, +uk, + ... +uy,), where ki, ..., kg

Table 2. Numerical results for individual queue lengths.

Simulation
Average minimum
Value of € Minimum Maximum and maximum Mean eq, Mean e, Mean e, Mean eq,
0.01 0.062 0.312 0.187 0.187 0.187 0.192 0.191
0.05 0.062 0.312 0.187 0.174 0.176 0.175 0.176

0.10 0.062 0.309 0.186 0.168 0.168 0.168 0.169
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represent the d dimensions that characterize SSC. In other words, cross-terms arise exactly as the qu terms in
Theorems 2, 4, and 5 for the input-queued switch. In the following analysis, we present the number of equations
and variables that appear in a general queueing system with d-dimensional SSC.

In order to obtain the m'™ moment of the queue lengths, we should construct a system of equations that yields
from setting to zero the drift of all the monomials of degree m + 1. Because SSC occurs into a d-dimensional sub-

space, we need to consider all the possible monomials of degree m + 1 in d variables. Setting to zero the drift of

m+d
d-1

with respect to the system of equations that arises after setting to zero the drift of monomials of degree k for all
k <m. We say a variable is new for the system of equations that arises after setting to zero the monomials of
degree m + 1 if it does not appear in any system of equations of degree k <m + 1. Observe that there are two
types of new variables that do not vanish in the heavy-traffic limit. On one hand, we have the heavy-traffic limit
of the expected value of products of the elements of g;,,, and on the other hand, we have the heavy-traffic limit

each monomial leads to an equation, so we have equations. Now we count the number of “new” variables
h 1leads t t h t N t th b f“ g bl

of the expected value of the product between the elements of q;,, and of the vector of unused service. We call

them the g and qu variables, respectively. Specifically, the g variables are all monomials of degree m in d varia-

m+d-1
d-1

degree one in u. Also, the element corresponding to the unused service vector has to be different from the ele-
ments of the vector of queue lengths because the product between the queue length and the unused service of
the same queue is zero by definition of unused service. Therefore, for each element of u;;, we need to consider
all possible combinations of g’s, that is, all monomials of degree m in d — 1 variables. Therefore, there are

d(’";ﬁiz_ 2) qu variables. Thus, in total, we have (m;fl_ 1) + d(’”;_dz_ 2) variables, and this number is larger than the

number of equations.

Summarizing, if we use the method introduced in this section to compute the m'™ moment of the queue lengths

m+d
d-1

bles, so there are ( ) q variables. The qu variables that do not vanish in heavy traffic are of degree m in q and

of a queueing system that experiences d-dimensional SSC, we obtain a system of equations of ( ) equations

and (’”;f’l‘ 1) + d(’”;,r 4 5 2) variables. Therefore, it is underdetermined. In other words, we need extra equations to

find a unique solution to this system of equations. This analysis shows that the issues illustrated in Theorem 2
arise in any queueing system with multidimensional SSC.

6. Proof of Theorems 1 and 2
In this section, we present the proofs of the main theorems of this paper.

6.1. Proof of Theorem 1
In this section, we present the proof of the main theorem. We use the notation E ,[-] = E[-|M = m], and we omit
the dependence on € of the variables for simplicity of exposition. Before presenting the proof of the theorem, we
present two lemmas that formalize some intuition about the random variables B, and are essential in the proof
of Theorem 1. -~

Recall that B, 2bM and that, for each m € M, b0 is the maximum c”-weighted service rate in S™. Simi-
larly, b¥ can be interpreted as the maximum c-weighted service rate in C, and ¢') and b'¥ define a facet of C.
Hence, because the values of B; occur according to the probability mass function of the channel state and the
capacity region C can be interpreted as the “expected capacity region” according to (5), we should expect
E[B(] = b¥. Additionally, ¢ and b define a half-space that passes through the boundary of ConvexHull(S™),
and hence, there must exist a vector »" such that b0 = (¢\©, »™). We formalize these results in Lemma 2.

Lemma 2. Let £ € P and m € M. Then, there exists v € S™ such that b = (¢0, ¥™). This implies that b'© = E [B,]
forall € €P.

The proof of Lemma 2 follows immediately from the definition of the capacity region C in (5) and of the param-
eters b in (8). We present the details in Online Appendix D.1.

As € gets closer to zero, we know that A© gets closer to », and SSC implies that the vector of queue lengths can
be approximated by its projection on K. In other words, as € | 0, the vector of queue lengths can be well-
approximated by a conic combination of the vectors ) with ¢ € P. Therefore, because the scheduling problem is
solved using the MaxWeight algorithm and given that the channel state is 11, one should expect that (c¥),5) =
b9 with high probability. In the next lemma, we formalize this intuition.
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Lemma 3. For each m € M and € € P, define 19 & P[(c\¥),5) = b0 |M = m). Then, 1 — =™ is O(e).

The proof of Lemma 3 is a generalization of Eryilmaz and Srikant [7, claim 1], and we present it in Online
Appendix D.2 for completeness.

Now we prove Theorem 1.
Proof of Theorem 1. First, observe that (g, w) = (g, v). To show this statement, define w, LSw-vforall we
NeepFO and observe that (¢, w,) =0 because both v,w € F © for all £ € P. Then,

(@) = G0 = 1) = ([0 0) 2 (7,0),

where (*) holds because w € NyepF ) and because D=9~ 1n- Hence, in the rest of the proof, we focus on com-
puting bounds for E [@HH' ).

We set to zero the drift of Vjy(q) = ||q”H||2 and bound separately each of the terms that arise. Before setting
the drift to zero, we need to make sure that E[VHH(EHH)] is finite. This result can be proved using the

Foster-Lyapunov theorem with Lyapunov function Z(g) = ||q||2. This proves that E [||ﬁ||2] is finite. Then, because
projection is nonexpansive, we have that E [||ﬁ”H||2] is also finite. The proof is simple, so we omit the details for
ease of exposition. Now, setting to zero the drift of Vx(g), we obtain

0 =E|Ig3IP = 7P

(a_) - = 2 — - = 57 2 —+
=E (@ —Sill” + 2G5, e = Sipe) — ™ + 2030, i) |, (36)

where (a) holds by the dynamics of the queues presented in (2) and reorganizing terms. Let
T,1£2E [@m/?nﬁ - EHH)], T22E [llﬁnﬁ - §||H||2],
T3 2B lapdP| and T4 228 [, wp)].

Then, reorganizing the terms in (36), we obtain 71 =7, — 73 + 7 4. We compute each term separately. We start
with Tl .

(@)

7,2 2R [(q”H,g - a)]

® e [@HH, V>] +E [@IIHS - ">]

22¢E (7, v)] + O(VE), 3)

where (2) holds by the orthogonality principle, (b) holds because E [a] = (1 — €)» and because @ is independent of
the vector of queue lengths, and (c) holds by Claim 1.

Claim 1. Consider a set of generalized switches as described in Theorem 1. Then,
|]E [(qHH,g - v>]| is O(Ve).
We present the proof of Claim 1 in Online Appendix D.3. Now, we compute 7 ». Expanding the product, we obtain
T =@~ 5pulP | = E| 1@l | + E |53l | - 2E [@ppe, 5] 3

We compute each term in (38) separately. For the first two terms, we solve the least squares problem, and we use
the projection matrix on the subspace , denoted as H. Let h;; be its element (i, j) for each i,j € [n]. For the first
term, we have

E lapd? | = & ja?]
(é) Zhwcov[ﬁzr 5_1]] + Zzhl’]E [EI]E [6_1]]
i=1 j=1

i=1 j=1

o 1T(Ho z;€>)1 +(1—-e)*v Hy, (39)
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where (a) holds solving the least squares problem by definition of the norm because H is a projection matrix
(and, therefore, H = H' = H?) and by definition of covariance, and (b) holds by definition of the Hadamard’s

product and because E [4;] = )Ll(-e) = (1-¢€)v; for each i € [n]. For the second term in (38), we obtain
E|llspd?| = E| 17
) [§TC(CTC)_1CT§]
23 SO EE), 5, 5)]

£1€P t,eP
( )
= > > oy, 2 U, En[(c@,8)(c),5)]
EleP szp
@ 1T((CTC)‘ 023)1 + v Hy - O(e). (40)

Here, (CTC)Z[2 is the element (¢1,€,) of the matrix (CTC)™" for each ¢;,¢, € P. Here, (a) holds solving the least
squares problems and because H = C(CTC)™'C” by definition of the projection matrix; (b) holds by definition of
matrix multiplication and because C’5 is a vector with elements (c9,3) for £ € P; (c) holds by the law of total
probability, conditioning on the channel state; and (d) holds using Lemma 3, the definition of covariance, and
reorganizing the terms. Now, we compute the last term in (38). We obtain

2B [(@py,5pp0)| 2 —2E [a"Hs| 2 -2(1 - e)v"E [H5] € —2(1 — e)v" Hy + Ofe), (41)

where (2) holds because, for any vector x, we have xj;; = Hx by the solution of the least squares problem and
because H is a projection matrix; (b) holds because @ is independent of § and E [a@] = A© = (1 —€)w; and (c) holds
because H = C(CTC)™'C” because C'5 has elements (c),5) with £ € P by Lemmas 2 and 3 and because v € F,
Therefore, using (39)—(41) in (38), we obtain

|T2 - (1T(Hoz§f>)1 + 1T((CTC)‘1 o23)1 + eszHv)) is O(e). (42)
Now, we compute 7 3. We obtain

027 =2 5[ 07] oo S 0] 00,

teP teP

where Cmax = MaXsep,ie[n] {cl(.[)}, and it is a finite constant. Here, (7) holds because the vectors ') are not necessar-
ily orthogonal for all £ € P; (b) holds because, by definition of the unused service, we know # <5 < Syax1 with
probability one; and (c) holds by Claim 2.

Claim 2. Consider a set of generalized switches as described in Theorem 1. Then,

SE[,m)|=e3 b0 - Oe). (43)
teP tep
We present the proof of Claim 2 in Online Appendix D.4. Therefore,
T3 = O(e). (44)
The last step is to prove that
T4l = O(Ve). (45)

We provide the proof in Online Appendix D.5. Putting Equations (37), (42), (44), and (45) together, we obtain

E[(7", w)] - (1T(Hoz<€>)1+1T((cTC)— ozB) )

< K(e).

This completes the proof. O

Clearly, this result and proof are much more general and more involved than the proof in the special case
of an input-queued switch developed by Maguluri and Srikant [20] and Maguluri et al. [21]. The bound in
Theorem 1 is expressed in terms of a general projection of the second moments of arrival and service processes
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onto the space H. We point out a couple of conceptual differences from the proof in the case of the input-queued
switch. First, in the proof of asymptotic upper bounds in an input-queued switch, the scheduling policy is
not used. This means that, for an input-queued switch, any scheduling policy that exhibits SSC also has the
same asymptotic upper bounds. In our proof here, we use the scheduling policy to upper bound the term 7 in
Claim 1. Thus, we may not claim that any scheduling policy that exhibits SSC in Proposition 2 satisfies the bound
in Theorem 1. Second, whereas SSC into the cone K is established by Maguluri and Srikant [20] and Maguluri
et al. [21] in the case of an input-queued switch, only the weaker result about collapse into the space H is used
to obtain heavy-traffic queue length bounds. In contrast, we use the collapse into the cone K in the proof of
Theorem 1 to lower bound the term 7. Both these differences are because 5, is constant for all maximal sched-
ules s € S in the case of an input-queued switch, whereas in the case of the generalized switch, this is not neces-
sarily true.

6.2. Proof of Theorem 2
For ease of exposition, in this proof, we use subscript || instead of ||H because we only use projection on the sub-
space H and not on the cone K.

Proof of Theorem 2. We know that SSC occurs into a subspace of dimension 2N — 1 = 3. Therefore, three variables
are necessary to compute the most general quadratic polynomial. In fact, we know 4, =4, + 3 — ;- Then, we

only need to consider the variables 7, 7,,, and ;. The most general quadratic polynomial with these variables is
V(q) = enjy + aafy + sl + sy + a5y + Xl ol

where a; € R for all i € [6].
Setting to zero the drift of V(g) is equivalent to setting to zero the drift of each monomial separately. Then, we
set to zero the drift of the following six test functions:

Vi(q) =4, Va(q) =4, Va(q) =77,
Va(q) =919, Vs(q) =419 3and Ve(q) =751 5-

Before setting to zero the drift of Vi(q) for i € [6] observe that, by definition of the cone K in (16), we have, for
any vector y € R,

+ + +1y+y3+ 3y1+y2 +y3—

Y = Nl NnTys _Nivyetysthys STy Tys ]/4, (46)
2 2 4 4
+ + +y2+y3+ +31y2 —y3 +

Y = Nhrlp Ntys vy tystlys _Yi+Ooy2 7 Ys ]/4, (47)
2 2 4 4
+ + +1r+ys3+ — 12 +3y3 +

Yis = y32y4+y12y3_m,1p4y3 Ya _Y1—12 4y3 Ya (48)

Then, because the switch is completely saturated, we have
1—€+1—e_2(1—e)_1—e
2 2 4 2

and because s is a maximal schedule, we have

E [ay] = Vi e [4], (49)

2

1=; viell (50)

N[ —

_ 1 1
Sl =5+ 5~
We first set to zero the drift of V1(g). We obtain
0=E E(qﬁrl)Z - qﬁl]
=E [(qﬁrl —Up + a|I1)2 - qﬁl]
= B| G~ i) + 18 + 2, ~ )i ~ 77 |

*) ~[,= _ _ 2 o _
V|G, +ap —5p)° ~ 7 + 27,7 - 75|

=E(@u—ﬂuf+2%ﬁﬁu—ﬂﬂ—ﬁﬁ+2%WM4/ (51)
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where (+) holds by (2) and reorganizing the terms. We compute each term separately. For the first term, we have

E [(ﬁnl - §||1)2] 9

.

Yvarla] + E[au])’ + }L —E [a)]

2
= Var[a | + (]E (2] - %)

2

© e
4

= Var

3a1+a,+az —ay
4
2 2 2 2
w9ot?) + (o) + () + (o) e

= 16 T

(52)

where (2) holds by (50), (b) holds by definition of variance and reorganizing terms, (c) holds by definition of a|;
as in (46) and by (49), and (d) holds because the arrival processes to different queues are independent. For the

second term, we obtain

2E [ﬁul(ﬁnl - §||1)] Ebio [%(ﬁnl - %)] 2op [ﬁl](E [an] - %) 9_er [ﬁnl]r

(53)

where (a) holds by (50), (b) holds because the arrival processes are independent of the queue lengths, and (c)

holds by (49). For the third term, observe
0<E [Hﬁl] <E [||ﬁ|‘||2].
From the proof of Theorem 1, we know [E [||ﬁ||||2] is O(e) (see (44)). Therefore,
E [Hﬁl] is O(e).
Now, we compute the last term. By definition of g, and 7, , we have
2E (77| = 2B (77| - 2E (77,7 .
Claim 3. Consider the queueing system described in Theorem 2. Then,
E [q1,7] is O(Ve).
The proof of Claim 3 is presented in Online Appendix E.1. Then,
2E [ﬁﬁﬁnl] = 2B [g7p] + O(ve)

ol o

(=)§IE [77 (311 + 1, + 73 — Ts)| + O(Ve)

w1

T2
where (a) holds by (46) and (b) holds by (3).

Claim 4. Consider the queueing system described in Theorem 2. Then,
E[q774] = E [§;74] + E[q374] + O(Ve).

E[§} (@2 + T3 — 74)] + O(Ve),

The proof of Claim 4 is presented in Online Appendix E.2. Therefore, we obtain

2 [ﬁﬁlﬁ”l] - %E [g7 (it +113)] — %E [q314] - %]ET [q31] + O(Ve).

(55)
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Using (52)—(55) in (51) and reorganizing the terms, we obtain

©\? ©)? ©\ ©)?
ek |7, | - o)+ (e%) - (o) + (=] VB[ + )] - E (73] - SE[73] + S+ O(VR).

Taking the limit as € | 0 on both sides, we obtain (17). The proof of (18) and of (19) hold similarly after setting to
zero the drift of V»(g) and V3(g), respectively. We omit the details for brevity.
To obtain (20), we set to zero the drift of V4(g). After similar manipulation as earlier, we obtain

0=E [ﬂﬁﬁz - qmqnz]
= E[ﬁm(ﬁnz - 5||2)] + ]E[ﬁuz(ﬁnl - 5n1)] +E[@)n = 51n)@) = 52)]
+E| gt | + B[ | - Elmpme). (56)
We compute term by term. For the first term, we have
— = _ € [-
E [‘1|\1(’1||2 - SIIZ)] = _EE[qu]’ (57)

where we use that 5, = 1/2 and independence of the arrivals and queue lengths processes. Similarly, for the sec-
ond term, we obtain

E [quz(al\l _§II1)] = _EE[%Z]- (58)

el

_ _ _ 1 _
2 Covlap,ap] + E[anE[a] - SElan] -5 Efap

3a1+a,+a3—ay ay+3a, —az+ay
4 ! 4
2 2 2 2
- ]

where (1) holds by (50); (b) holds by definition of covariance and reorganizing terms; (c) holds by (46), (47), and
(49); and (d) holds because the arrival processes to different queues are independent. For the fourth term, we
have

For the third term, we have

E @) —511) @2 —5p)] o)

[

+

N
Y.

L€
4

© Cov

g () e —y —
E[}e| 2 E[7i7] - E[77,7p]

®) o r=+—

= E[q71p] + O(Ve)

ol . o

© ZE [77 (11 + 372 — T3 + 74) | + O(Ve)

Hl -

(:)1]E [77 (3112 — T3 + 14)| + O(Ve)

©l

4

where (a) holds by definition of g, and 7, (b) holds similarly to Claim 3, (c) holds by (47), (d) holds by (3), and (e)
holds by Claim 4. Similarly, for the fifth term, we have

E (77 Btz — 13)] + %E[q;m] + }L]E[% 4] + O(Ve), (60)

B[] = %E (95311 +115 — 1)) + O(Ve). (61)
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For the sixth term, we have

0< E[ﬁmﬁnﬂg E[ﬂﬁl]]E[ﬁﬁz]

< w/E[||ﬁll||2]E[||ﬁll||2]
= E[I%11,
where (¢) holds by the Cauchy-Schwarz inequality. Also, because E[Ilﬁnllz] is O(e), we obtain
E[ﬁ”lﬁ”z] is O(e). (62)
Using (57)-(62) in (56), and reorganizing terms, we obtain
ckE [7”1] + eE[q”z]
2 2 2 2
3(05,?) + 3(05,?) - (afzi)) - (of,?) &2
= + 5+ O(Ve)
8 2
SR I
+§E [77 (312 —73)| + EE (73704 + EE [75 (3111 +113)].

Taking the limit as € | 0 on both sides, we obtain (20). The proof of (21) and (22) hold similarly after setting to
zero the drift of V5(q) and V(q), respectively. This completes the proof of Theorem 2. [

7. Conclusion

In this paper, we study one of the most general single-hop SPNs with control in service: the generalized switch.
This model subsumes several queueing systems, such as the input-queued switch, parallel-server systems, ad
hoc wireless networks, etc. Our result is widely applicable because we do not assume the CRP condition, neither
independence of the arrival processes.

We showcase the generality of our result with three particular SPNs: the input-queued switch, parallel-server
systems, and an ad hoc wireless network. Each of these results are interesting by themselves because they are
studied separately in the literature, and we can easily compute them as applications of Theorem 1.

Additionally, we prove that, if the heavy-traffic limit is to a vertex of the capacity region, then SSC does not
result in a reduction on the dimension of the state space. In other words, in this case, we observe full-dimensional
SSC. Under this condition, regardless of the correlation among arrival processes, the mean of the linear combina-
tions of the queue lengths that we obtain behave as if the queues were independent in heavy traffic.

Our result is widely applicable to several SPNs, but it only allows us to compute certain linear combinations of
the queue lengths. In the case of an input-queued switch, this linear combination turns out to be the total queue
length, and in parallel-server systems, the weights of the linear combination are the mean service rates.

We also show that obtaining other linear combinations is a nontrivial problem because using the drift method
with polynomial test functions is equivalent to solving an underdetermined system of linear equations. The
results we obtain in this paper can be also obtained by taking specific linear combinations of these equations,
such that some unknowns cancel out. An immediate line of future work is to extend the method so that all the
linear combinations can be computed. This would allow us to also obtain higher moments and, eventually, the
joint distribution of the queue lengths.
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