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ABSTRACT: We connect density fluctuations in liquid water to
lengthscale dependent crossover in hydrophobic hydration. Specifically,
we employ indirect umbrella sampling (INDUS) simulations to
characterize density fluctuations in observation volumes of various
sizes and shapes in water and as a function of temperature and salt
concentration. Consistent with previous observations, density fluctua-
tions are Gaussian in small molecular scale volumes, but they display
non-Gaussian “low-density fat tails” in larger volumes. These non-
Gaussian tails are indicative of the proximity of water to its liquid to
vapor phase transition and have implications on biomolecular
interactions and function. We show that the onset of non-Gaussian fluctuations in large volumes is accompanied by the formation
of a cavity in the observation volume. We develop a model that uses the physics of cavity-water interface formation as a key
ingredient and show that it captures the nature of non-Gaussian density fluctuations over a broad region in water and in salt
solutions. We discuss the limitations of this model in the very low density region of the distribution. Our calculations provide new
insights into the origins of non-Gaussian density fluctuations in water and their connections to lengthscale dependent crossover in
hydrophobic hydration.

■ INTRODUCTION
Biomolecules contain a diversity of charged, polar, and
hydrophobic groups, and their architecture and topology
include many lengthscales ranging from that of a single amino
acid to those of interfaces and assemblies of proteins. This
assembly is mediated by water, and although the individual free
energies of hydration and interactions of constituent groups
can be large, their subtle balance leads to an overall
thermodynamic stability of only a few tens of kT units.1−3

Calorimetry4−7 and other experiments8−11 have highlighted
the important role of hydrophobicity in driving biological
assembly and in determining temperature, salt, and additive
effects on their stability and interactions.12,13

The seemingly simple process of dissolving a spherical
nonpolar solute in water�hydrophobic hydration�displays a
rather interesting dependence on solute size and thermody-
namic conditions.14,15 Although the hydration of both small
and large hydrophobic solutes is unfavorable in water, their
thermodynamics and mechanism of hydration are entirely
different. The unfavorable hydration of small solutes is
dominated by large negative entropy, whereas for large solutes
it is the enthalpy that disfavors hydration. Small solutes can be
readily accommodated into the molecular scale cavities that
open up by spontaneous thermal fluctuations in liquid
water.16−18 To accommodate larger solutes, water must

nucleate an interface that is akin to a vapor−liquid inter-
face,14,19 which is somewhat entropically favorable but
opposed by a large positive enthalpy. This crossover with
increasing solute size, reflected in dewetting of the solutes and
transition from entropy to enthalpy dominated hydration, is
not sharp but occurs gradually for solutes of radii of about 1
nm or larger.15,20

Connecting the thermodynamics of hydrophobic hydration
to density fluctuations in water has been, perhaps, the most
productive direction for inquiry over the past two deca-
des.21−24 The excess chemical potential of hydration of a hard
particle solute, μex, is related to the probability, pv(0), of
observing 0 water molecules in a solute shaped observation
volume v, by

= kT pln( (0))ex
v (1)
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Hummer et al. expanded this view by considering pv(0) as
one realization or event in the broader distribution, pv(N),
describing the probability of observing N water molecules in
v.21 Thus, quantifying or modeling the entire distribution,
pv(N), provides a route to the chemical potential of a
hydrophobic solute in water through pv(0). Hummer et al.
showed that pv(N)s for small volumes are effectively Gaussian
and can be easily modeled using its two moments, which can
be calculated from water density and the water−water radial
distribution function.21 Recently, Ashbaugh, Vats, and Garde
demonstrated that Gaussian fluctuations away from the critical
point can be accurately captured simply from knowledge of
water’s density and compressibility, eliminating the need to
invoke the water structure for describing molecular-scale
hydrophobic hydration.25 Quantifying and understanding the
nature of pv(N) is an important focus of the work presented
here.
As v increases, ⟨N⟩ = ρv also increases. That is, the mean of

the distribution, pv(N), moves rightward, away from N = 0.
Therefore, calculation of μex using eq 1, requires one to focus
not on the nature of pv(N) near the mean but on the low-N tail
of the distribution near pv(0). Using the Indirect Umbrella
Sampling Method (INDUS), Patel et al, showed that with
increasing v, the low-N tail of pv(N) displays increasingly non-
Gaussian or fat-tail behavior.23 The values of pv(N) in this
region are much higher than the corresponding Gaussian
expectations, consistent with the formation of a vapor−liquid
interface, and cross over to large lengthscale hydration.
Here, we systematically focus on the nature of density

fluctuations in water and connect it to the crossover in
hydrophobic hydration. We employ INDUS to quantify water
density fluctuations, pv(N), in spherical volumes spanning a
range from molecular to nanoscopic, and focus on the
questions related to the emergence and nature of non-Gaussian
behavior in the low-N tails of pv(N). For example, at what
point does the transition from Gaussian to non-Gaussian
fluctuations occur? Can simple physical models describe the
non-Gaussian part of pv(N)?
We also perform simulations over a range of temperatures

and in the presence of salt to quantify how the thermody-
namics of hydrophobic hydration and associated crossover
depend on these thermodynamic parameters. In addition, how
hydrophobic hydration depends on solute shape is of
fundamental interest given the diversity of shapes encountered
in biology.26 Therefore, we systematically study the hydration
of solutes of different shapes (cubes, cuboids, cylinders, etc.).
Our results add to the understanding of density fluctuations in
water and their connections to the lengthscale dependent
crossover in the hydration of hydrophobic solutes.14,15,27,28

■ METHODS
We employed the Indirect Umbrella Sampling method29 to
quantify pv(N) in probe volumes of varying shapes ranging
from molecular to nanoscopic in a systematic manner. We also
studied temperature and salt dependence of hydration of
selected solutes of different sizes. We provide the details below.
Isothermal−isobaric MD simulations of 11,225 SPC/E

water molecules30 were conducted in a cubic box of length
∼7 nm using GROMACS31 in conjunction with INDUS
sampling to quantify pv(N). A Nose−́Hoover thermostat32−34

and a Parinello−Rahman barostat35 were used to maintain
constant temperature and pressure with time constants of 0.5
and 1 ps, respectively. The particle mesh Ewald36 method was

used to calculate electrostatics with a cutoff distance of 1 nm. A
time step of 2 fs was used for all simulations. Configurations
were saved every 2 ps.

Calculation of pv(N). INDUS calculates pv(N) by perform-
ing umbrella sampling on the number of water molecules N in
the probe volume, by biasing a coarse-grained variable, Ñ,
which is strongly correlated with N but varies continuously
with particle coordinates. We refer the reader to Patel et al.,29

which describes the challenges arising from umbrella sampling
of point particles (water centers) in a volume and the coarse-
graining employed by INDUS to resolve this. The number of
INDUS windows required to sample pv(N) ranged from 5 for
small volumes to as large as 50 (for the 1.8 nm sphere). The
INDUS coarse-graining parameters of σ = 0.01 and α = 0.02
were used in all simulations.29 Each simulation window was
equilibrated for 1 ns followed by a production run of 2 ns.

Size and Shape Dependence. To characterize the size-
dependent hydration thermodynamics, we studied spherical
probe volumes of radii 0.2, 0.4, 0.6, 0.8, 1.0, 1.2, and 1.8 nm
(see Figure 1). We also studied cubic probe volumes having

the same corresponding volumes as each of these spherical
volumes. Side lengths of these cubic volumes ranged from
about 0.3 to 2.9 nm. To quantify shape dependence of pv(N),
we studied a sphere, cube, cuboid, and cylinder, all having the
same volume, equal to that of sphere of radius 0.6 nm.

Temperature and Salt Dependence. To study the
thermodynamics of hydrophobic hydration, we performed
simulations at three different temperatures 275, 300, and 325 K
for spherical probes of radii 0.2, 0.6, and 1.2 nm in bulk water.
We also performed INDUS calculations for spherical probes of
radii 0.6 and 1.2 nm in 1 and 2 M NaCl salt solutions. We
represented sodium and chloride ions as spherical Lennard−
Jones solutes with a unit electronic charge placed at their
centers.38

Figure 1. A large cavity in water. A snapshot from a molecular
dynamics simulation of water performed using indirect umbrella
sampling illustrates the nature of a large spherical cavity in water
(radius ∼1.8 nm) in a ∼ 7 nm cubic box. For clarity, only the water
molecules in a 1 nm thick perpendicular cross-section are shown in
the spacefill representation [oxygen (red), hydrogen (white)]
rendered using VMD.37
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■ RESULTS AND DISCUSSION
Water Density Fluctuations in Spherical Volumes of

Increasing Radius. Figure 2 shows water density fluctuations,
pv(N), in spherical observation volumes of radii ranging from
0.2 to 1.8 nm. For reference, Gaussian density fluctuations
(with the same mean and the variance) are shown with dashed
lines, which are parabolic on a log scale. For the smallest
sphere (r = 0.2 nm), pv(N) is almost exactly Gaussian over the
entire range of N (Figure 2a). Consistent with Hummer et al.21

and many other previous calculations,22,23,39 pv(N) for a sphere
with radius of 0.4 nm is also mostly Gaussian, except near the
low-N tail (specifically for N = 0 and 1). If water molecules
were uncorrelated with each other, like ideal gas particles, one
would expect a Poisson distribution for pv(N), which in the
large volume limit becomes Gaussian. However, it is the
correlations that make water interesting and special, and their
impact is evident in the non-Gaussian density fluctuations,
reflected in the low-N fat tails of pv(N) for larger observation
volumes (Figures 2b and 2c). Figure 2d shows pv(N) for all
volumes plotted using a normalized horizontal axis. As
expected, pv(N) is roughly Gaussian near the mean for all
volumes, but becomes non-Gaussian as N is reduced by more
than ∼4σ. We note that error bars on the energetic quantities
(e.g., ln pv(N)) reported in Figure 2 as well as other figures in
this manuscript (except Figure 7b) are on the order of few kJ/
mol, usually comparable to or smaller than the size of symbols
used, and are therefore not shown explicitly.
As described by Patel et al.,40 the transition to non-Gaussian

density fluctuations and the associated low-N fat tail in pv(N)

suggest that water under ambient conditions is near its liquid
to vapor phase transition. As the overall density in the
observation volume is reduced sufficiently, a cavity is nucleated
within the volume with its interface akin to that of the vapor−
liquid interface of water. The free energy of creating such a
cavity is given by 4πr2γ, where γ is the surface tension. This
value of free energy is lower than the corresponding value
obtained using the Gaussian route, thus providing an alternate
and less costly path to dewetting the volume. This is really the
essence of the Gaussian to non-Gaussian transition in density
fluctuations observed in Figure 2.
At what N does the non-Gaussian behavior become evident?

Can we predict pv(N) over the non-Gaussian range? Below we
present an approximate analysis that addresses these two
questions.
For density fluctuations near the mean, we define the free

energy along the coordinate N by βGGauss(N) = −ln pv(N).
Thus,

= +G N
N N

( )
( )

2
1
2

ln(2 )Gauss

2

2
2

(2)

Depleting N sufficiently nucleates a cavity that is smaller
than the observation volume and may fluctuate in shape, as
well as move about within the volume. Assuming that the

cavity is spherical, its radius is given by =r N N
4 / 3

1/3Ä
Ç
ÅÅÅÅÅÅÅ

É
Ö
ÑÑÑÑÑÑÑ , with

the corresponding free energy given by

Figure 2. Water density fluctuations in spherical observation volumes: Probability, pv(N), of observing N water molecules in spherical volumes of
radii 0.2 to 1.8 nm are shown in panels a−c on a log−linear scale. Open circles show pv(N)s obtained from INDUS simulations, whereas dashed
black lines show the Gaussian expectation using the same mean and the variance. The filled circles show the point obtained from theoretical
arguments (see text), indicating the number, N*, below which fluctuations become distinctly non-Gaussian. Panel d shows density fluctuations on a

normalized x-axis, ( )N N( ) . Error bars on these plots are smaller than the size of symbols used.
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= +G N
N N
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where C is a constant, ρ is the density of water, and −ln pv(N <
⟨N⟩) = βGnon−Gauss(N) represents the non-Gaussian part of
density fluctuations pv(N).
The functions G(N) = −kT ln(pv(N)) in the Gaussian or

non-Gaussian parts of the density fluctuations are effectively
the potentials of mean force along the N coordinate. Equating
their slopes (i.e., the mean force G

N
along N) provides the

transition point N* as

* =N N
32

3

1/4

2/3

3/4
3/2i

k
jjj y

{
zzz

i
k
jjjjj

y
{
zzzzz (4)

Equating the value of G(N*) for Gaussian and non-Gaussian
PMFs provides the value of constant C in eq 3.
Similar to information theory based modeling of hydro-

phobicity,21 eq 2 only needs information about water density,
ρ, and variance, σ2. The variance can be obtained by
integration of water−water radial distribution function
available from experiments. Equation 3 requires information
about surface tension and density of water, which are available
experimentally. Note that in developing eq 3, we use a constant
value for surface tension, and also ignore the entropic
contributions arising from cavity movement inside the
observation volume.
Figure 3a shows slopes, −β∂G/∂N, obtained using the above

approach for a spherical observation volume with radius of 1.8
nm. Intersection of these curves gives N* (marked in gray),
also shown in Figure 3b for several probe volumes as well as

marked on the panels in Figure 2. Indeed, N* marks the
beginning of the non-Gaussian tail quite well, which is
remarkable given the simplicity of the assumptions that go
into its derivation. For small cavities, N*/⟨N⟩ is about 0.35,
and increases with increasing v as shown in Figure 3b. Thus,
for small v, pv(N) is Gaussian over a larger fraction of the
curve, whereas with increasing v, the range, N > N*, over
which pv(N) is Gaussian diminishes asymptotically.
Finally, Figure 3c shows the prediction of non-Gaussian part

of the pv(N) for the largest spherical observation volume of
radius 1.8 nm. Over the range from N* (equal to 725, marked
in gray), down to about N = 100, there is a very good
agreement between the predictions of eq 3 and the data
obtained from INDUS simulations. For values of N lower than
100, there is a clear downturn in pv(N). This observation is
consistent with the fact that the free energy landscape along N
is not wholly convex over the entire range of N.41

Prediction of the exact nature of pv(N) in the very low-N tail
approaching N = 0 is tricky for it partly captures the difference
between free energies of hydration of a soft and a hard cavity.
That is, it roughly captures the difference between forming a
1.8 nm sized bubble with a soft vapor−liquid interface and
forming a completely empty cavity (N = 0) that can
accommodate a hard-sphere solute of radius 1.8 nm inside it.
As N goes from its average value of ∼825 down to 100, a large
cavity that is about the size of the observation volume is
formed. To remove the remaining 100 or so water molecules
from this cavity requires that all the soft tails of water density
(i.e., surface capillary fluctuations42 that intrude into the
observation volume) are ironed out or pushed out of the
volume. A theoretical treatment of this feature is beyond the
scope of the present manuscript, but it would be a useful
direction to pursue in the future. Nevertheless, that a simple
non-Gaussian prediction does such a remarkable job over a
broad range of N from N* (725) down to 100 is noteworthy.
As stated above, the onset of non-Gaussian behavior in

pv(N) is associated with the formation of a stable cavity in the
observation volume, which grows in size with further decrease
in N. Interestingly, the transition from Gaussian to non-
Gaussian branch is also visible in the dynamics of water
numbers in the observation volume in different windows of
INDUS simulations.
Figure 4a focuses on pv(N) for 1.8 nm radius sphere in the

region of Gaussian to non-Gaussian transition. N* obtained
from eq 4 is shown by the filled gray circle. Parts c−e of Figure
4 show the dynamics of water molecules, N(t), over a 4 ns
piece of trajectory obtained from INDUS umbrellas placed to
the right of N* (on the Gaussian branch, Figure 4c), in the
vicinity but to the left of N* (in the transition region, Figure
4d), and to the further left of N* squarely in the non-Gaussian
region (Figure 4e). The behavior of N, i.e., its distribution and
dynamics, in a given umbrella window are determined by the
combination of the quadratic umbrella potential and the
system Hamiltonian that governs the underlying PMF, −kT ln
pv(N).
In umbrella windows in the Gaussian (Figure 4c) and fully

non-Gaussian regions (Figure 4e), the fluctuations of N are
well-defined and within ±15 of the average, consistent with
local thermal fluctuations in a quadratic well. In the transition
region, however, the combination of umbrella potential and the
underlying Hamiltonian leads to a wider underlying basin that
allows excursions of N(t) as far away as ±30 from the average
in that window (Figure 4d). The enhanced fluctuations of N in

Figure 3. (a) Slopes −β∂G/∂N of GGauss (blue) and Gnon−Gauss (red)
intersect at N* = 725 for a probe of radius 1.8 nm. We used the value
of surface tension to be 41.9 kJ/mol/nm2, which is equal to γ in the
large lengthscale limit. (b) Variation of *N

N
as a function of radius of

the probe volume. (c) Density fluctuations, pv(N), for a spherical
cavity of radius 1.8 nm: data from INDUS (symbols), Gaussian
expectation (dashed blue line), theoretical prediction using eq 3
(solid red line).
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INDUS windows in the transition region are also evident in the
variation of σN

2 vs ⟨N⟩ shown in Figure 4b. Xi et al.41 in their
work focused on sparse sampling of water density fluctuations
provide an explanation of the peak in σN

2 observed in Figure
4b. They show that σN

2 in a given INDUS window is related to
the second derivative of the free energy with respect to N:

= +1/ N
G

N
2 2

2 , where κ is the spring constant used in the
harmonic biasing potential in INDUS. Thus, the peak in σN

2 in
Figure 4b corresponds to an inflection point in the underlying
G(N) curve, indicating transition from Gaussian to non-
Gaussian fluctuations.
Lengthscale Dependence of the Free Energy of

Hydration. Figure 5a shows the free energy of creating a
spherical cavity of radius ranging from 0.2 to 1.8 nm obtained
using eq 1 and INDUS simulations. The size dependence of
cavity formation free energy has been studied by many
researchers in the past,15,20,21,44−46 and the key features of the
data in both parts a and b of Figure 5 are well understood.
Under ambient conditions, Gaussian density fluctuations in
water lead to spontaneous formation of small molecular scale

cavities. The free energy of hydration for such small cavities is
roughly proportional to cavity volume. Creation of larger
cavities (∼1 nm or larger), however, requires formation of a
vapor−liquid like interface. The free energy of creating such
cavities scales with the surface area of the cavity. This
transition from small to large lengthscale hydration is clear in
Figure 5b, which shows the lengthscale dependence of the free
energy of cavity hydration per unit surface area. For small
cavities, Gaussian predictions (red dashed line) work well, but
with an increasing cavity size, the free energy per unit surface
area approaches the macroscopic surface tension, γ∞. The γ∞
value of 41.9 kJ/mol/nm2 is in good agreement with that
obtained by Vega et al.47 (38.3 kJ/mol/nm2) and also within
2% of the experimental value of the water surface tension
(42.88 kJ/mol/nm2).47 The Tolman equation, which describes
the leading order curvature dependence of the surface tension,
fits the data for larger cavities well.

Shape-Dependent Hydrophobicity. In addition to size,
the free energy of hydration of a hydrophobic solute also
depends on its shape.40,48,49 Sedlmeier and Netz have
presented an excellent analysis of the comparison of hydration

Figure 4. (a) pv(N) for a spherical volume of radius 1.8 nm in the Gaussian to non-Gaussian transition region. The point of transition, N* = 725 is
shown in filled gray circle. (c−e) N vs t dynamics observed in three INDUS windows placed relative to N* as described in the text. The centers of
umbrella potentials, Ñu, for windows in panels c−e are at 754, 614, and 454, respectively. The corresponding average values of N in these three
windows are shown by dashed white lines in the panels and also by filled colored circles in panel a. Snapshots of an instantaneous cavity observed in
INDUS simulations are also shown, using the Willard−Chandler cavity−water interface43 colored in gold. (b) Variance, σN

2, as a function of ⟨N⟩,
obtained from different umbrella windows, which displays a peak in the transition region.
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of spheres and cylinders of various sizes and their crossover
from small to large lengthscales.46 Both the size dependence
and shape dependence of hydration are evident in the collapse
of a hydrophobic polymer in water, where the hydration of a
larger globular collapsed state is more favorable than the sum
of the hydration free energy of many small monomers
representing the unfolded state.14,50,51

To quantify the shape dependence of hydrophobicity, we
studied the hydration of four different shapes�a sphere, a
cube, a cuboid with width 0.3 nm, and a cylinder with radius
0.3 nm�all having the same volume as that of a sphere of
radius 0.6 nm (Figure 6a). We employed INDUS to calculate
pv(N) in observation volumes of these four shapes.
The sphere and the cube have one characteristic length

corresponding to the radius (0.6 nm) or the side length (0.96
nm), whereas the cuboid and the cylinder have two relevant
lengths. As shown in Figure 6a, one of the characteristic
lengths for the cuboid and cylinder is small, comparable to that
of the size of a water molecule. Thus, water molecules in the
liquid can either interact across such small lengths or
accommodate such objects by forming a hydrogen-bonding
network around them. The nature of density fluctuations

shown in Figure 6b is influenced by the relevant lengthscale of
the objects studied. pv(N) for the thin cuboid, and the cylinder
is closer to the Gaussian expectation, whereas the cube and
sphere display a pronounced non-Gaussian tail, indicative of
interface formation and large lengthscale hydration. As
expected from results in Figure 2, creation of a vapor−liquid
like interface provides an alternate lower free energy path to
hydrate an object. Thus, it is more costly to hydrate a thin
cuboid or a cylinder than a cube or a sphere of the same
volume.
Figure 6c shows the variation of the effective surface tension

of solute-water interface, μex/A, as a function of curvature
(defined as A/V). The trend is consistent with that observed in
Figure 5b. Of course, for the cuboid and the cylinder, the
apparent surface tension is smaller, but the overall surface area
is large, making their hydration costlier than that for the cube
or the sphere.
Figure 6d shows μex for spheres and cubes having the same

volume, corresponding to spheres with radii ranging from 0.2
to 1.8 nm (same as in Figure 5a). For convenience, the μex

values for cubes are shown along with the spheres at the same
horizontal location (r). As expected, for the same volume, it is
more favorable to hydrate a sphere than a cube. With
increasing size, both the spheres and cubes display the
expected lengthscale crossover (Figure 6e). For the sizes of
cubes studied here, the eight corners (near which water
molecules can interact around or across them) still influence
the effective surface tension, lowering it relative to spherical
shapes of the same volume. However, in the large lengthscale
limit, we expect both to approach γ∞.
The shape and size dependence of hydrophobic hydration

discussed above has implications on self-assembly. For
example, aggregation of n smaller spheres into a larger
spherical globule is expected based on the lengthscale
dependence shown in Figure 5. However, based on Figure 6,
we expect that driving forces will be different for aggregation of
cubes with other cubes, of cylinders with other cylinders, or of
plates with other plates. One expects cylinders or plates to
align parallel to each other. Assembly of other shapes, such as
cones (not studied here), or mixtures of above shapes will
provide an even richer landscape for future studies. Such
assembly phenomena and their mechanisms (e.g., in what
configurations do objects approach each other? What is the
reaction coordinate for their assembly?) would be interesting
to study in the future, leading possibly to an expansive design
perspective for self-assembly of objects with complex shapes.

The Thermodynamic Crossover. There are three cross-
overs15,19,52−54 in lengthscale dependent hydrophobic hydra-
tion. One is shown in Figure 5b. The second one, the structural
crossover, refers to the gradual dewetting of the surface of a
hydrophobic solute with increasing solute size. The third,
shown in Figure 7, focuses on thermodynamic signatures of
hydration. The hydration of small solutes is dominated by a
large negative entropy of hydration, whereas for large solutes, it
is governed by unfavorable enthalpy of interface formation.
Results shown in Figure 7 are consistent with this picture.
Figure 7a shows the temperature dependence of μex/A along

the crossover curve. While the changes are subtle, we observe
that the free energy of hydration of a sphere of radius 0.2 nm
increases with increasing temperature, whereas the reverse is
true for the sphere of radius 1.2 nm. The variation of μex/A
with temperature is clearer in Figure 7b, where the slope
changes from positive for the small solute to negative for the

Figure 5. Lengthscale dependent free energy of hydration of spherical
solutes. (a) Free energy, μex, of creating spherical cavities of radii 0.2
to 1.8 nm in water obtained using INDUS (symbols). (b) The
quantity μex/4πr2 shows crossover in hydration from small to large
spherical solutes. Gaussian prediction of μex/4πr2 (dotted red line)
and a fit to the Tolman equation, γ = γ∞(1−2δ/R), with γ∞ = 41.9 kJ/
mol/nm2 and δ = 0.046 nm are shown (dotted blue line). γ∞ is
marked with a dashed black line.
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larger one, consistent with the temperature dependence of
surface tension of water.
We resolve μex into its entropic and enthalpic contributions

for the three solutes, as shown in Figure 7c−e. Again, as
expected, the free energy of hydration for the smallest sphere is
dominated by negative entropy, whereas for the large sphere,
where the hydration is dominated by the physics of interface
formation, the enthalpy of hydration is large and positive,
unfavorable, and the entropy is actually slightly favorable.
These results are consistent with previous calculations by
Rajamani et al.15 and others.25,53,55,56 As discussed by
Rajamani et al., the different temperature dependences of the
free energy of hydration of small and large solutes provides a
handle to manipulate the crossover length. For example, at
higher temperatures, a combination of lower γ∞ and higher
μex/A for smaller solutes, leads to reduction of the crossover
length.
Salt Effects on Hydrophobic Hydration. Unlike temper-

ature, which affects the hydration of small and large solutes
differently, adding salt to the solution has a qualitatively similar
effect on the hydration of small and large solutes. Typical salt
ions are well hydrated in water, and they preferentially exclude
themselves from the vicinity of hydrophobic solutes. Such
depletion increases the effective interfacial tension of the
solute−water interface and makes solute hydration unfavor-
able.57−61

Figure 8a shows the effect of adding 1 and 2 M NaCl to
solution on μex/A of two spherical solutes of radii 0.6 and 1.2
nm. Increasing salt concentration increases the free energy of
hydration monotonically as shown in parts a and b of Figure 8.
The increase in effective surface tension of 1.2 nm sphere with
addition of salt is similar to that observed for the salt
dependence of the liquid−vapor surface tension of water.
Setchenow’s coefficients, obtained from fitting the data in
Figure 8b, are 0.81 and 3.86 L/mol, respectively for the two
solutes, which are consistent with those inferred for spherical
solutes previously.61,62

Parts c−e of Figures 8 show pv(N) distributions for 1.2 nm
sphere obtained from INDUS simulations in pure water and in
1 and 2 M salt solutions, respectively. The figure focuses on the
Gaussian to non-Gaussian transition region. It is noteworthy
that fits using eq 3 with surface tensions of 43 kJ/mol/nm2 (0
M), 45 kJ/mol/nm2 (1 M), and 46 kJ/mol/nm2 (2 M) for
three solutions represent the nature of pv(N) curves reasonably
well, again consistent with a salt-induced increase in the surface
tension of water. Although we have only studied the common
salt, NaCl, it would be of interest in the future to study
systematically the effects of various kosmotropic and
chaotropic salts on the hydration of hydrophobic solutes of
various sizes.
We note that alternative approaches exist for predicting

cavity formation free energies in liquids. For example, Dor
Ben-Amotz proposed a cavity equation of state to obtain free

Figure 6. Shape-dependent hydrophobic hydration. (a) Cavity shapes: a flat cuboid (1.73 × 1.73 × 0.3 nm3), long cylinder (length 3 nm, radius 0.3
nm), cube (side 0.96 nm), and a sphere (radius 0.6 nm). (b) pv(N) for cavities of four different shapes having the same volume as that of the 0.6
nm radius sphere shown in panel a. The symbols in panel b use the same colors and shapes as the objects in panel a. (c) Free energy of cavity
formation per unit area as a function of curvature (surface area divided by volume). (d) Variation of free energy of cavity formation of cubic and
spherical cavities of the same total volumes, plotted as a function of radius of spherical cavities. (e) Free energy of cavity formation per unit area for
cubic and spherical cavities as a function of their inverse curvature.
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energy of cavity formation in hard-sphere or hard-body fluids
for cavities with spherical as well as anisotropic shapes.63−65

We find that the cavity equation of state works well for
predicting free energies (if not the enthalpy and entropy
contributions) for hydration of spherical cavities in water. Our
thermodynamic data on the hydration of different cavity
shapes and over a range of temperatures and salt concen-
trations presented here could be used in the future to test and
refine those theories. Finally, given the interest in various water
models, it may be useful in the future to perform calculations
similar to ours for a range of water models.

■ CONCLUSIONS
Interest in the lengthscale dependence of hydrophobic
hydration traces its roots to the development of scaled particle
theory by Reiss66 and the seminal work by Stillinger.19 Over
the next decades, increasing computing power coupled with
development of enhanced sampling algorithms for molecular
simulations has made it possible to answer many of the
fundamental questions in a systematic manner. We focused on
quantifying density fluctuations, pv(N), in solute-shaped
observation volumes in water over a range of solute sizes,
shapes, and solution conditions. That pv(N)s are Gaussian in
small volumes in water has been known since 1996.21 The

development of INDUS29 allowed sampling of fluctuations in
much larger volumes, and highlighted the emergence of low-N
non-Gaussian tails in pv(N), consistent with the proximity of
water under ambient conditions to its liquid−vapor phase
transition. Such non-Gaussian fluctuations are known,22,23 and
their relevance to biological function has also been studied.40

Quantitative questions about the emergence of and the nature
of the non-Gaussian behavior have, however, not been
answered to date. For example, at what point does the
transition from Gaussian to non-Gaussian fluctuations occur?
And can simple physical models describe the non-Gaussian
part of pv(N)?
We showed that the emergence of non-Gaussian behavior is

accompanied by creation of a stable cavity in the volume with a
vapor−liquid like interface. The physics of interface formation
can be used to model non-Gaussian density fluctuations over a
broad region, not only in bulk water but also in salt solutions.
That a simple surface tension based model can predict the
non-Gaussian part of pv(N) over a broad range is noteworthy.
Yet, our approach is incomplete because the near-zero tail of
pv(N) remains unresolved. The challenges in modeling pv(N)
or the PMF, −kTln pv(N) over the entire range of N arise from
the fact that the PMF displays wholly nonconvex behavior,
indicative of a double well free energy landscape under

Figure 7. (a) μex/A for spherical cavities of radii 0.2, 0.6, and 1.2 nm at 275 (blue), 300 (violet), and 325 K (red). (b) [μex(T) − μex(275)]/A as a
function of temperature for the three cavity sizes. Entropy and enthalpy contributions to the free energy of hydration of spherical cavities of radius
0.2 (c), 0.6 (d), and 1.2 nm (e), respectively. Dashed lines are obtained from fits to simulation data (squares).
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ambient conditions.41 Whether the PMF is wholly convex or
nonconvex has implications on the applicability of more
efficient sparse sampling methods67 to calculate free energies of
dewetting of regions of interest in solution or near proteins.68

Exploring these directions systematically would be an excellent
direction to pursue in the future.
We also presented data from extensive simulations of the

crossover in hydrophobic hydration focusing on the
thermodynamics of crossover and salt effects on hydration.
We studied shape dependence of hydrophobic hydration and
showed that when the characteristic length remains small
(comparable to the size of a water molecule), the nature of
hydration of that object remains similar to small hydrophobes.
This has implications on studies of hydrophobicity of surfaces
with complex topography13,69 or in confinements.70,71 We
connect these observations to the nature of underlying density
fluctuations in water, which confirms and adds to our
understanding of lengthscale dependent hydrophobicity.
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