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We theoretically probe the emergence of strong coupling in a system consisting of a topological
insulator (TI) and a III-V heterostructure using a numerical approach based on the scattering matrix
formalism. Specifically, we investigate the interactions between terahertz excitations in a structure
composed of Bi2Se3 and GaAs materials. We find that the interaction between the Bi2Se3 layer
and AlGaAs/GaAs quantum wells with intersubband transitions (ISBTs) in the terahertz frequency
regime creates new hybrid modes, namely Dirac plasmon-phonon-ISBT polaritons. The formation
of these hybrid modes results in anti-crossings (spectral mode splitting) whose magnitude is an
indication of the strength of the coupling. By varying the structural parameters of the constituent
materials, our numerical calculations reveal that the magnitude of splitting depends strongly on the
doping level and the scattering rate in the AlGaAs/GaAs quantum wells, as well as on the thickness
of the GaAs spacer layer that separates the quantum-well structure from the TI layer. Our results
reveal the material and device parameters required to obtain experimentally-observable signatures of
strong coupling. Our model includes the contribution of an extra two-dimensional hole gas (2DHG)
that is predicted to arise at the Bi2Se3/GaAs interface, based on density functional theory (DFT)
calculations that explicitly account for details of the atomic terminations at the interface. The
presence of this massive 2DHG at the TI/III-V interface shifts the dispersion of the Dirac plasmon-
ISBT polaritons to higher frequencies. The damping rate at this interface, in contrast, compensates
the e↵ect of the 2DHG. Finally, we observe that the phonon resonances in the TI layer are crucial
to the coupling between the THz excitations in the TI and III-V materials.

I. INTRODUCTION

In the past decade, hybrid quantum materials have re-
ceived remarkable attention as an emerging class of ma-
terials and promising candidates for applications rang-
ing from conventional opto-electronics and spintronics
to quantum computing, quantum simulation, and quan-
tum communication[1–4]. In the simplest picture, one
could simultaneously take advantage of the properties of
more than one of the individual constituent materials
that comprise the hybrid. More exciting is the possibility
for such hybrids to have emergent properties that enable
new electrical or optical functionality that exceeds what
is possible in any individual material constituent. In par-
ticular, hybrid materials o↵er the opportunity to study
and control the light-matter interactions that provide
the foundation for important technologies such as X-ray
sources, spectroscopy, biosensing, quantum information
processing, and lasers [5–7]. Specifically, the proximate
environment can significantly alter the optical properties
of emitters when the interaction between the emitters
and the environment is su�ciently strong [5, 6]. As a
result, significant e↵ort has been devoted to maximiz-
ing light-matter interaction in order to reach the strong
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coupling, or even ultrastrong coupling, regime in optical
systems [8, 9].

Hybrid materials are particularly intriguing for appli-
cations in the THz frequency band, a spectral window in
which there are substantial opportunities for applications
in medical diagnostics, security screening, bio-agent de-
tection, telecommunication, high-speed electronics, and
industrial quality control. A significant obstacle to the
development of THz device technologies is the dearth of
crucial components including high-power broadband pho-
ton sources, waveguides, modulators, gates, and detec-
tors. Development of such components is hampered by
the limitations of available materials [10–12]. For exam-
ple, III-V semiconductors can generate and detect THz
photons, but it is di�cult to use them to handle other
essential functions such as manipulating the THz polar-
ization, guiding THz photons on-chip, or inducing non-
linear interactions that could be the foundation of logical
gates. Likewise, topological insulators (TIs) can propa-
gate THz plasmon polaritons, but cannot directly gener-
ate or detect them. A hybrid material containing both
a TI and a III-V semiconductor could provide a mate-
rial platform that overcomes these obstacles and enables
optoelectronic device applications in the THz frequency
domain. There have been many investigations of the un-
derlying physics of Dirac plasmon polariton (DPP) ex-
citations in a topological insulator materials [13–21] and
the intersubband transition (ISBT) in III-V heterostruc-
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tures [22–27]. However, there has not been a compre-
hensive examination of the coupling between a TI and
a III-V heterostructure and the device and material pa-
rameters required to create hybridized states or reach the
strong coupling regime.

Hybridized states form when two distinct excitations
interact with su�cient strength to create a new mode
whose character and dispersion relation cannot be un-
derstood by considering either excitation alone. A good
example is the formation of a surface plasmon polariton
which is a hybridized state formed from an electromag-
netic wave (photon) and charges oscillating at a metal-
lic sample surface (plasmon). The emergence of such a
hybridized state is typically observed through an anti-
crossing (avoided crossing) in the dispersion relation. By
analogy to cavity quantum electrodynamics, we define
strong coupling to be the regime in which the observed
mode splitting (2g) becomes comparable to or larger than
twice the linewidth of either involved excitation, i.e.,
g & �TI , �ISBT where �TI (�ISBT ) are the linewidths
of the DPP in the TI (ISBT of the III-V quantum wells).
These linewidths originate in the loss (dissipation) for
each excitation and �TI , in particular, is strongly influ-
enced by the interface between the TI and III-V mate-
rial. The recent report of the successful fabrication of
an atomically-clean and precise interface between MBE-
grown Bi2Se3 and GaAs materials [28] now makes it fea-
sible to explore strong coupling between the DPPs in a
TI layer and the collective ISBT excitations in a III-V
heterostructure.

In this paper, we examine theoretically the coupling
between the DPPs on the surface of a topological insula-
tor layer and the ISBT in III-V quantum-well structures.
We analyze how the formation of hybridized states, and
the corresponding anti-crossing, depend on device and
material quality parameters and thus reveal what must
be achieved experimentally to reach the strong coupling
regime as defined above. The device geometry we con-
sider is shown in Fig. 1: starting from a semi-insulating
GaAs substrate we imagine deposition of 1) a GaAs
bu↵er layer, 2) a sequence of AlGaAs/GaAs quantum
wells with ISBT transitions in the (1 to 9) THz frequency
range, 3) a GaAs spacer layer of controlled thickness, and
4) a Bi2Se3 layer. We model this device using a semi-
classical approach in which we solve Maxwell’s equations
to derive a dispersion relationship for the plasmon po-
lariton in the Bi2Se3 layer as a function of varying in-
teractions with the ISBTs, controlled by both the num-
ber of AlGaAs/GaAs quantum wells and the thickness
of the GaAs spacer layer. Specifically, our calculations
are based on a scattering matrix (or equivalently transfer
matrix) method that provides a powerful tool for dealing
with layered structures [13]. We also performed density
functional theory calculations to explore the emerging
states at the Bi2Se3/GaAs interface. Our DFT result re-
veals an extra two dimensional hole gas (2DHG) occur-
ring at the Bi2Se3/GaAs interface due to Se-terminated
GaAs(001) at this interface. This 2DHG is included in

our scattering matrix approach as an additional term for
the optical conductivity of the DPP in the pristine Bi2Se3
layer, which is taken into account in the boundary con-
ditions of Maxwell’s equations when solving using our
approach.

SI-GaAs substrate

FIG. 1. Schematic of the TI/III-V heterostructure comprising
a Bi2Se3 layer and a single or multiple AlGaAs/GaAs quan-
tum wells separated by GaAs spacer layer with a SI-GaAs
substrate and a GaAs bu↵er layer to be considered in this
work. The thickness of each layer is indicated in the figure
with a typical thickness of GaAs well chosen to obtain the
resonance of the intersubband transition at 6 THz.

The paper is structured as follows. In Sect. II, we
present the methods and models employed in this paper
to investigate the coupling between the Bi2Se3 layer and
the multiple AlGaAs/GaAs quantum wells separated by
the GaAs spacer layer. We first review the DPP sys-
tem on the surface of a pristine Bi2Se3 layer (Sect. II A)
and the ISBT in a single AlGaAs/GaAs quantum well
(Sect. II B) to obtain the separate optical responses to
the electric and magnetic components of an electromag-
netic wave propagating within each constituent material.
We then describe our density functional theory-based cal-
culation to obtain the electronic band structure of the
Bi2Se3/GaAs interface (Sect. II C). This calculation pre-
dicts the existence of a 2DHG at the Bi2Se3/GaAs inter-
face that is distinct from the topological surface states
of the pristine Bi2Se3 layer. Sect. II concludes with a
description of the scattering matrix method we use to
solve Maxwell’s equations within the layered structure
of the devices we consider (Sect. IID). In Sect. III we
discuss the calculated dispersion relations for the sur-
face plasmon-phonon-ISBT polaritons. We explore the
dependence of these dispersion relations on various ma-
terial properties and, in particular, explore the material
and device properties required to obtain strong coupling
between the TI and the III-V heterostructure. The roles
of the material parameters in tuning the strength of this
coupling provide an important guidance as to how the
strong coupling regime can be reached in experimentally
practical devices. Finally, we give conclusions and per-
spectives for this work in Sect. IV.
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II. METHODS AND MODELS

Our goal is to understand the coupling between the
DPP in a TI and the ISBT in a III-V heterostructure,
and to explore the material and structural parameters
that enable us to reach the strong coupling regime. Our
primary tool is analysis of the dispersion relationship
(energy vs wave vector, E(k), or equivalently frequency
vs wave vector, !(k)) of an electromagnetic wave prop-
agating in the system as a function of structural and
material parameters. We generate the dispersion rela-
tions by using the scattering matrix method to solve
Maxwell’s equations subject to the standard electromag-
netic boundary conditions at the interfaces between the
constituent materials. From the output of these scat-
tering matrix calculations we plot the imaginary part of
the reflection coe�cient Im(r), which describes the am-
plitudes of evanescent waves on the surface of the TI
layer, for the entire system as a function of frequency !
and in-plane wave vector kx. The imaginary part of the
reflection coe�cient is maximum whenever modes exist
[29–32], and thus this type of plot e↵ectively reveals the
dispersion relation. In the following sections we introduce
the frequency-dependent formulas for the optical proper-
ties of the TI, the III-V, and the 2D interface state, all of
which are required inputs to the scattering matrix. We
then describe the scattering matrix approach employed.

A. DPP in a pristine Bi2Se3 thin film

The layered van der Waals material Bi2Se3 with rhom-
bohedral crystal structure is a topological insulator.
Bi2Se3 has an insulating band gap as large as 0.3 eV
in the bulk due to the strong spin-orbit coupling orig-
inating from the heavy element bismuth. The gapless
surface states are characterized by a single Dirac cone
in the electronic band structure with vanishing density
of states near the Dirac point [13, 33, 34], which en-
ables the existence of two-dimensional massless Dirac
fermions [14, 15]. These massless Dirac fermions are
spin-momentum locked, which prohibits them from back-
scattering into other surface states. The surface states of
topological insulators, including Bi2Se3, can also host two
dimensional spin-polarized DPPs. The behavior of these
DPPs is analogous to that in graphene and the DPP sys-
tem on the surface of pristine Bi2Se3 layer can be treated
as a conducting electron sheet with optical conductivity
given by [13, 35–38]

�Bi2Se3 =
e
2
EF

4⇡~2
i
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. (1)

The frequency-dependent permittivity of the bulk Bi2Se3
can be described by the Drude–Lorentz model, which
gives [13, 39]:
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Here EF ⇡ 260meV is the Fermi energy of surface states,
⌧ ⇡ 0.06 ps is the relaxation time, e is the electron charge.
!x, �x, and Sx represent the frequency, the scattering
rate, and the strength of the Lorentz oscillator associ-
ated with the ↵ phonon (x = ↵), the � phonon (x = �)
[41], the Drude-like bulk electrons (x = D), and the bulk
band gap of the Bi2Se3 thin film (x = G). Numerical
values for these parameters were acquired from fits to far
and mid-IR transmittance measurements of the Bi2Se3
thin film at room temperature [13]: !D = 908.66 cm

�1,
�D = 7.43 cm

�1, !↵ = 63.03 cm
�1, S↵ = 675.9 cm

�1,
�↵ = 17.5 cm

�1, !� = 126.94 cm
�1, S� = 100 cm

�1,
�� = 10 cm

�1, !G = 2029.5 cm
�1, SG = 11249 cm

�1,
and �G = 3920.5 cm

�1 [13]. Because the work reported
here focuses on the spectral range between 1 THz and
9 THz, we can neglect the contribution of the bulk gap,
which is at very high frequency. Furthermore, we are
imagining Bi2Se3 samples grown by molecular beam epi-
taxy (MBE), which results in low bulk carrier densities,
allowing us to neglect the Drude term in equation 3 [13].
As a result, only the contributions of the ↵ and � phonons
play an important roles in the frequency-dependent ex-

pression of the Bi2Se3 permittivity, and our modeling
uses the following reduced form:
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B. III-V quantum well structure and intersubband
transition

We now look at the e↵ect of the intersubband transi-
tion (ISBT) in the AlGaAs/GaAs quantum well on the
optical properties of the hybrid structure. We first need
to determine the structural parameters that create a III-
V quantum well (QW) with ISBTs in the spectral range
between 1 and 9 THz. We consider a QW composed of
an AlGaAs barrier and a GaAs well in which electrons
can move freely parallel to the sample surface, creating
a free two dimensional electron gas (2DEG) in the x-y
plane. Quantum confinement along the growth (z) di-
rection creates quantized energy states for electrons and
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the possibility for ISBTs between these quantized states
in response to THz radiation with an electric field along
the z direction. We use Al0.4Ga0.6As in order to provide
0.3 eV [40, 42] of confinement for electrons in the con-
duction band while staying within the regime in which
AlxGa1�xAs has a conduction-band minimum at the �
point. We consider structures with a varying number of
identical QWs. In the absence of coupling to the DPP,
increasing the number of QWs in the structure increases
the total absorption of energy resonant with the ISBTs.
We analyze the dependence of the hybridized states on
the number of QWs below.

Within the envelope function and e↵ective mass ap-
proximations, the electronic states in the conduction
band of a single III-V QW are well described by the
Schrödinger equation:


�
~2
2
r

1

m⇤(z)
r+ V (z)

�
 n = En n(z) (4)

where z is the growth direction of the III-V quantum well,
m

⇤(z) is the position-dependent e↵ective mass of the elec-
trons in the conduction band (m⇤(z) = m

⇤
AlGaAs

(m⇤
GaAs

)
within the AlGaAs barriers (GaAs quantum well)) and
V (z) is the potential landscape formed by the band o↵set
between the AlGaAs and the GaAs materials (V (z) =
0.3 eV (0 eV ) within AlGaAs barriers (GaAs quantum
well)). We use m

⇤
GaAs

= m
⇤
AlGaAs

= 0.065, V = 0 for
GaAs, and V = 0.3 eV for the Al0.4Ga0.6As barriers
[40, 42], which we take to be 100 nm thick. We choose
thick Al0.4Ga0.6As barriers so that there is no coupling
between adjacent QWs and no dependence of the ISBT
energy on the number of QWs included in the structure.

The Schrödinger equation (Eqn. 4) can be solved ex-
actly to provide the energies and wavefunctions of the
quantized states as a function of dW , the thickness of
GaAs well [43, 44]; details can be found in Appendix A.
The energies of the first three quantized levels (n=1,2,3)
in this QW as a function of well thickness dW are shown
in Fig. 2(a), and the wavefunctions associated with these
three states for dW = 25 nm are shown in Fig. 2(b). We
see that the first and second states (E1 and E2) have op-
posite parity symmetry along the growth direction (z),
which means that they will have a large optical dipole
matrix element for interaction with radiation having an
electric field along the z direction. The inset to Fig. 2(a)
shows the energy di↵erence between these two states as a
function of dW . A frequency of the ISBT between 1 and
9 THz corresponds to an energy di↵erence between 4 and
36 meV , which can be achieved for GaAs well thicknesses
between 20 and 60 nm. In the rest of this work we pri-
marily consider a frequency of 6 THz (⇡ 25 meV ) which
corresponds to a well thickness of 25 nm.

We now construct the permittivity tensor for a III-
V heterostructure containing multiple instances of this
AlGaAs/GaAs QW. The asymmetry between the mo-
tion of the electrons along the z direction and in the x-y
plane results in an anisotropic permittivity tensor. The
frequency-dependence of the in-plane terms is established

𝜑0
𝜑1 𝜑2

FIG. 2. (a) Energies of the first three quantized levels of elec-
trons in the conduction bands of the AlGaAs/GaAs quan-
tum well as a function of the GaAs well thickness. The inset
presents the well thickness-dependence of the transition en-
ergy between the first and second levels. (b) The spatial de-
pendence of the wavefunction corresponding to the first three
quantized energy states in the AlGaAs/GaAs quantum well
solved using the e↵ective mass approximation method.

by using the Drude-Lorentz model,

✏
xx = ✏

yy = h✏
in
i �
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✏0m
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, (5)

✏
xy = ✏

yx = 0, (6)

and the z-component of the permittivity tensor involving
the ISBTs is given by [22–24, 45, 46]:
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In these expressions ✏0 is the vacuum permittivity,
LQW = dB + dW is the thickness of a single Al-
GaAs/GaAs QW, Ns is the sheet carrier concentration
originating in the doping level in the AlGaAs/GaAs mul-
tiple quantum well, and �1 = �2 are the in- and out-of-
plane electron-scattering rates of the ISBT; !P is the
plasma frequency, given by:

!P =

s
Nse

2

✏0m
⇤LMQW

, (8)

h✏
in
i and h✏

z
i represent the mean e↵ective background di-

electric constants for, respectively, the in-plane and out-
of-plane permittivity, and are given by:

h✏
in
i =

✓
1�

LQW

LMQW

◆
✏B +

LQW

LMQW

✏W (9)

and

1

h✏zi
=

1

✏B

✓
1�

LQW

LMQW

◆
+

1

✏W

LQW

LMQW

, (10)

where "B and "W are the dielectric constants for the un-
doped barrier and well compositions, respectively, and
LMQW is total thickness of the multiple QW part of
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the structure (LQW times the total number of quantum
wells). The sum in equation 7 is taken over all allowed
transitions and the oscillator strength of the each transi-
tion, fmn, is given by:

fmn =
2m⇤

Emn

~2 z
2
mn

, (11)

with zmn = hm|z|ni the intersubband dipole matrix ele-
ment that can be estimated by [47]:

fmn =
64 (mn)2

⇡2 (n2 �m2)3
, (12)

resulting in f12 ⇡ 1 for a transition taking place be-
tween the first and second quantized levels of this QW
design. We note that the scattering rate parameters �1
and �2 depend heavily on crystalline and interface qual-
ity, which are specific to individual samples. These pa-
rameters should thus be determined experimentally. In
the first part of this work we use �1 ⇠ �2 ⇠ 1 THz, which
ensures that the loss rates are not too large in compar-
ison to the interaction between the resonators, allowing
us to explore the coupling between the excitations in the
THz frequency regime. In a later section we consider
how variations in �1 and �2 will alter the results.

C. Two dimensional hole gas at the TI/III-V
interface from DFT

The interactions between the DPP at the TI top sur-
face and the ISBTs in the QWs can be a↵ected by
the interface states at the Bi2Se3/GaAs(001) interface.
Since no experimental information exists for the elec-
tronic structure of this interface, we carried out density
functional theory (DFT) calculations taking into account
the possible interface terminations and the resulting in-
terface electronic structure. Our calculations are based
on DFT [48, 49] within the generalized gradient approxi-
mation (GGA) PBEsol [50, 51], and projector augmented
wave (PAW) potentials [52] as implemented in the Vienna
Ab initio Simulation Package (VASP) [53, 54]. Van der
Waals interactions are included using the D3 method of
Grimme et al., [55].

We use a plane wave cuto↵ energy of 400 eV for the
plave wave expansions, and a �-centered mesh of 7⇥1⇥1
special k points for the integrations over the Brillouin
zone for a supercell representing the Bi2Se3/GaAs(001)
interface in a slab geometry. This interface supercell con-
tains two quintuple layers of Bi2Se3 and four layers of
GaAs bilayers with the Ga-terminated bottom layer pas-
sivated by pseudo-hydrogen atoms with charge of 1.25 e.
To accommodate the lattice mismatch between Bi2Se3
and GaAs(001), we strained the Bi2Se3 layer by 1.0 %
and 3.4 % in the[110] and [110] direction, respectively
(the hexagonal notation for the Bi2Se3 is indicated in Fig.
3). In this supercell, there are 7 As atoms on the top sur-
face of the GaAs(001) slab in one supercell. A vacuum

FIG. 3. Atomic structures of the Bi2Se3/GaAs interface along
(a) c-axis, (b) a-axis together with the indications of hexag-
onal notation (h-n) for Bi2Se3 and cubic notation (c-n) for
GaAs.

spacing of over 15Å was used to minimize the spurious
interaction between the slab and its image along the di-
rection perpendicular to the interface. All atoms, except
the bottom Ga-H layers, were allowed to relax until the
residual force on each atom was less than 0.01 eV/Å.

(1)

(2)

(3)

FIG. 4. Calculated electronic band structure of the
Bi2Se3/GaAs interface. The Fermi level is set to zero in the
energy axes. The inset represents the first Brillouin zone of
the Bi2Se3/GaAs interface.

We explored three di↵erent terminations for the
Bi2Se3/GaAs(001) interface, namely Ga-, As-, and Se-
terminated GaAs(001). Our calculated interface for-
mation energies as a function of As and Se chemical
potentials at two limiting conditions (As-rich/Se-poor
and As-poor/Se-rich) reveal lower formation energies for
the interfaces terminated with Se. This is due to the
fact that the As dangling bonds are partially occupied
with 5/4 electrons each, and thus tend to form As-
As dimers [28]. By replacing the top As monolayer
with Se, each Se dangling bond will carry 7/4 electrons.
This almost-completely-filled dangling bond configura-
tion precludes the formation of Se-Se dimers in the Se-
terminated Bi2Se3/GaAs(001) interface, which is in good
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agreement with the TEM images obtained for such an
interface and consistent with the growth conditions in
which selenization of the GaAs(001) interface was per-
formed before deposition of Bi2Se3 [28]. Therefore, we
conclude that the interface is Se terminated.

The atomic structure of the Bi2Se3/GaAs(001) in-
terface is shown in Fig. 3 and the electronic structure
of the Bi2Se3/GaAs(001) interface with Se terminated
GaAs(001) is shown in Fig. 4. The Fermi level, EF , is set
at zero on the energy axis. We observe interface states,
labelled by (1), (2) and (3) in Fig. 4, derived mostly from
Se (4p orbitals) at the interface layer. These interface
states cross the Fermi level, indicating the formation of a
2DHG with high carrier density. The charge density plots
of these interface states indicate that the 2DHG is tightly
bound to the interface, localized to less than 5 atomic lay-
ers, and highly delocalized in the plane of the interface.
The existence of this 2DHG at the Bi2Se3/GaAs(001) in-
terface adds an additional term in the Drude model for
the optical conductivity of the Bi2Se3 surface plasmon,
i.e.,

�2DHG =
e
2
N2DHG

m
⇤
2DHG

⇣
1

⌧2DHG

� i!

⌘ , (13)

where N2DHG is the carrier concentration in the 2DHG,
m

⇤
2DHG

is the e↵ective mass of holes around the Fermi
energy at the Bi2Se3/GaAs(001) interface, and ⌧2DHG is
the scattering time. Noting the relatively small disper-
sion of the interface states, we expect the mass of the
holes to be significantly larger than that in GaAs. By
using a parabolic fitting, we estimated the e↵ective mass
of holes in the 2DHG at the Fermi level along �̄X̄1 and
�̄M̄ directions, finding values ranging from 1 to 2. For
the sake of simplicity, we approximate m

⇤
2DHG

⇡ 1, i.e,
the same mass as rest mass of electron. We note that be-
cause N2DHG and m

⇤
2DHG

appear as a ratio in Eqn. 13,
our exploration of a range of possible N2DHG values is
numerically equivalent to exploring a range of m

⇤
2DHG

values. This is discussed further in later sections.

D. Scattering matrix method for studying
hybridized excitations of the TI and III-V

Now that we have constructed the optical response
functions for the hybrid material schematically shown in
Fig. 1), we investigate the coupling between the TI and
the III-V constituents by solving Maxwell’s equations to
derive the dispersion relationship for a monochromatic
electromagnetic (EM) wave propagating in our optical
structure. We do this using the scattering matrix for-
malism that has proven to be a powerful tool for inves-
tigating the optical properties of layered structures [56].
We present a detailed description of the scattering ma-
trix formalism in Appendix B and have made the code
available for reuse [58]. The most important outcome
of this formalism for the work presented here is that we

can compute the optical response of the entire structure
from a scattering matrix constructed using a recursive
method based on interface and propagation matrices that
capture what happens at each interface and within each
layer of the structure [44]. The inputs to these interface
and propagation matrices are the materials parameters
of the system and the permittivity within each layer.

From the permittivities derived in the previous sec-
tions, we employ the scattering matrix formalism to com-
pute the reflection coe�cients for our hybrid material
system. The imaginary part of the reflection coe�cient,
Im(r), is proportional to the losses in the system. The
presence of loss in the reflectance spectrum indicates that
the incident EM wave has generated an excitation that
is carrying energy away laterally, i. e., propagating in the
x- or y-direction rather than transmitting or reflecting
in the +z or -z directions, respectively. The frequency
dependence of such loss thus generates the dispersion
curves for the hybridized excitations in the coupled sys-
tem, which is the aim of this study. In the next section we
consider how this dispersion relation depends on struc-
tural and material properties, which allows us to probe
the physics underlying the formation of hybridized exci-
tations.

III. RESULTS AND DISCUSSION

The scattering matrix technique is applied to study
the structure shown in Fig. 1. In this model, light with
both s- and p-polarized components is incident on the top
Bi2Se3 layer. As a consequence of the electrostatic inter-
action with the electric field of the light, surface Dirac
plasmon polaritons (DPPs) will be excited in the Bi2Se3
layer at certain resonant frequencies. These DPPs can
then couple with the phonon in the bulk of the Bi2Se3
and also couple to the ISBTs in the AlGaAs/GaAs QW.
TE-polarized light cannot excite the DPPs because it
does not satisfy the boundary conditions. Consequently
we consider only TM-polarized incident light in the our
analysis. Throughout our analysis the structural param-
eters of a single AlGaAs/GaAs QW are kept fixed; the
AlGaAs barrier thickness dB = 100 nm and GaAs well
thickness dW = 25 nm give rise to a 6 THz frequency
for the ISBT between the first and second quantized lev-
els of the QW. The color plots in the following figures
show the imaginary part of the Fresnel reflection coef-
ficient Im(r) of the entire structure; the maxima of the
function Im(r) reveals the dispersion relationship for the
coupled modes. We first discuss the emergence and char-
acteristics of coupled modes and then consider how the
strength of the coupling depends on structural and ma-
terial parameters. We note that Table I in Appendix D
contains a complete list of the computational parameters
used in all figures we present here.
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A. Signatures of coupling between DPP and ISBT

FIG. 5. The dispersion relation of the Dirac plasmon-phonon-
ISBT polarition for the structure depicted in Fig. 1 with a
single AlGaAs/GaAs quantum well as a function of the fre-
quency ! and the in-plane wavevector kx. The dispersion re-
lation is calculated for two di↵erent thicknesses of the GaAs
spacer layer, (a) dsp = 500 nm and (b) dsp = 10 nm. The
Bi2Se3 layer has thickness dTI = 100 nm. The parameters of
the AlGaAs/GaAs QW are dB = 100 nm and dw = 25 nm,
which give rise to an ISBT at 6 THz, and a doping level of
Ns = 1012 cm

�2. The solid blue line provides, for reference,
an analytical calculation of the dispersion of the DPP in a
pristine Bi2Se3 layer on a GaAs substrate, as described in the
text. The inset to (b) indicates how the coupling strength, g,
is extracted from the calculated anticrossing magnitude.

We start by considering the interaction between the
TI layer and a single III-V QW structure via the dis-
persion relation. The color plot in Fig. 5 displays the
imaginary part of the Fresnel reflection coe�cient Im(r)
calculated for the entire structure as a function of the
the frequency ! and the in-plane wavevector kx. The
dispersion relation is obtained by applying the scattering
matrix method described in Sect. IID to a structure with
Bi2Se3 layer thickness dTI = 100 nm for two di↵erent
thicknesses of the GaAs spacer layer: (a) dsp = 500 nm

and (b) dsp = 10 nm. The solid blue curve is an analyti-
cal calculation of the dispersion of the DPP in a pristine
Bi2Se3 layer on a GaAs substrate, given by [59]:

!
2
Bi2Se3 =

e
2
vF

p
2⇡n2D

"0h

✓
k||

"1 + "3 + k||dTI"2

◆
, (14)

where vF = 5 ⇥ 105 m/s is the Fermi velocity for the
DPP in Bi2Se3; n2D = 1.2⇥1013 cm�2 is the sheet carrier
concentration of the entire Bi2Se3 thin film, including the
contribution from both surfaces [13, 57]; "1, "2 and "3 are
the permittivity of the top, middle, and bottom dielectric
media, respectively, corresponding to air, bulk Bi2Se3,
and the GaAs substrate, respectively; k|| is the in-plane
wavevector; and dTI is the thickness of the Bi2Se3 layer.

In Fig. 5(a) we plot the dispersion relation for a sample
with a GaAs spacer layer of 500 nm, which is su�ciently
thick that the ISBT in the QWs has negligible coupling
to the excitations in the Bi2Se3 layer. As a result, we
observe only the dispersion of the Dirac plasmon-phonon
polaritons of a single layer of Bi2Se3 on a GaAs substrate.

Predictably, this DPP dispersion is comparable to the an-
alytic result reported by Wang et al., who investigated
the plasmon dispersion in a pristine Bi2Se3 thin film on
a sapphire substrate [13]. In other words, Fig. 5(a) sim-
ply verifies that the scatting matrix approach (color plot)
agrees with the analytical dispersion (solid line) when ap-
plied to a sample in which interactions with the QW are
suppressed by a thick spacer layer. Both the analytical
and scattering matrix approach predict the observed sig-
natures of the coupling between the DPP on the surface
of Bi2Se3 with the ↵ and � phonons in the bulk Bi2Se3
at frequencies around 1.9 THz and 4 THz [13, 14].
In Fig. 5(b) we reduce the thickness of the GaAs spacer

to dsp = 10 nm. We observe a significant change in
the dispersion relation around 5 THz due to the in-
teractions of the DPP with the ISBT in the single Al-
GaAs/GaAs QW. The DPP-ISBT coupling results in a
splitting, which is evident through the reduction of the
value of Im(r) at approximately kx = 0.5⇥105 cm�1 and
! = 5 THz and the increased Im(r) at approximately
! = 6 THz for kx < 0.5⇥ 105 cm

�1. The magnitude of
the splitting that arises due to the coupling between the
DPP and the ISBT is evaluated by looking at the sepa-
ration between the upper and lower polariton branches
as indicated by the separation between the two dashed
white lines in Fig. 5(b). The splitting (2g) is twice the
strength of the coupling, giving g ⇡ 0.7 THz. Please
refer to Appendix C for an explanation of our method
for extracting values for g from our data. A splitting
of (2g) ⇠ 1.4 THz should be experimentally detectable
because it is comparable to the linewidth of the isolated
modes in the system. The full-width-half-max (FWHM)
linewidths of the ↵ and � phonons in the TI layer are
both of order 1 THz and the FWHM linewidth of the
plasmon on the surface of the TI is around 3 THz. The
FWHM of the DPP shown in Fig. 5(a) is 0.88 THz. The
FWHM linewidth of the ISBT in the QW is also of order
1 THz. Because g is comparable to the linewidth of both
excitations that are being hybridized (DPP and ISBT),
g ⇡ 0.7 THz indicates the formation of a hybridized state
that is approaching the strong coupling regime.
In the presence of the splitting due to DPP-ISBT inter-

actions there are four separate polariton branches in the
dispersion relation. For the convenience of discussion in
the rest of this paper, we will refer to the modes above the
ISBT (! > 5 THz) as the upper polariton branch, the
modes between the � phonon and ISBT (4 < ! < 5 THz)
as the first middle polariton branch, the modes between
the ↵ and � phonons (2 < ! < 4 THz) as the second mid-
dle polariton branch, and the modes below the ↵ phonon
(! < 2 THz) as the lower polariton branch.

B. Role of TI phonons

The dispersion relations shown in Fig. 5 involve
a plasmon-phonon-polariton in the bare TI without
(Fig. 5(a)) and with (Fig. 5(b)) additional hybridization
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FIG. 6. The dispersion relation calculated (a) without the
phonons in the bulk TI, (b) with only the � phonon at ⇠
4 THz, (C) with only the ↵ phonon at ⇠ 2 THz, and (d) with
both the ↵ and the � phonons. The structural parameters
of the heterostructure are dTI = 100 nm, dB = 100 nm,
dw = 25 nm, dsp = 10 nm, and Ns = 1012 cm

�2.

with the ISBT of the QW. Next, we consider the impor-
tance of the phonons. In Fig. 6 we compute the disper-
sion relation by mathematically turning on and o↵ the
contributions of the ↵ and the � phonons in the bulk
of the TI. All calculations are done for the conditions
otherwise identical to Fig. 5(b), meaning that the GaAs
spacer layer is su�ciently thin (dsp = 10 nm) to result
in a splitting due to strong coupling to the ISBT in the
QW. Interestingly, we found that the ↵ phonon plays a
critical role in the formation of an observable splitting.
In Fig. 6(a) and (b) the ↵ phonon at ⇠ 2 THz is turned
o↵ and the � phonon at ⇠ 4 THz is (a) turned o↵ and
(b) turned on. A clear splitting due to coupling between
the DPP and the � phonon is evident in Fig. 6(b), but in
neither case is there evidence of a splitting in the vicinity
of ! = 6 THz, which is where the signature of interac-
tion with the ISBT would appear. In Fig. 6(c) and (d)
the ↵ phonon at ⇠ 2 THz is turned on and the results
are plotted with the � phonon at ⇠ 4 THz (c) turned o↵
and (d) turned on. In both cases we observe the splitting
in the vicinity of ! = 6 THz due to strong coupling to
the ISBT in the QW.

Note that Fig. 5(a) provides a reference for the disper-
sion relation with both phonons turned on, but with the
interaction with the ISBT suppressed by a thick GaAs
spacer. These results predict that there will be no ob-
servable coupling between the DPP in the TI and the
ISBT in the III-V QW in the absence of the ↵ phonon
resonance in the bulk TI layer. This occurs because the
↵ phonon dominates the permittivity of Bi2Se3. In the

(a)

(b)

α+ β

α+ β

β

β

α

α

FIG. 7. The frequency dependent permittivity of Bi2Se3 with
(a) the real (R) part and (b) the imaginary (Im) part com-
puted by using equation 3 with the contributions from both
alpha and beta phonons (blue); alpha phonon (red) and beta
phonon (green) respectively indicated in the legends.

absence of the ↵ phonon the Bi2Se3 permittivity shifts
in such a way that the DPP and ISBT are no longer in
resonance. In contrast, the contribution of the � phonon
to the entire system is negligible in comparison to the
↵ phonon. In Fig.7(a) [b] we show the real [imaginary]
part of the permittivity of the Bi2Se3 layer as a function
of the frequency ! of an electromagnetic wave computed
using Eq. 3. One observes that when the ↵ phonon is
suppressed, both the real part and imaginary part of the
permittivity of the bare Bi2Se3 layer drop o↵ dramati-
cally, showing the minor contribution of the � phonon.
We note that it would be impossible to suppress the ↵
phonon resonance experimentally.

C. Dependence of the coupling strength on
structure parameters

We now consider the e↵ect of changing the structure
parameters. In Fig. 8 we show the dependence of the
DPP-ISBT polariton modes on the thickness of (a) the
Bi2Se3 and (b) the GaAs spacer layer. The calcula-
tions were performed for the specific in-plane wavevector
kx = 0.5 ⇥ 105 cm

�1. In Fig. 8(a) we observe that the
plasmon modes blueshift upon increasing the TI thick-
ness, exactly the trend expected from the DPP in the
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FIG. 8. Dependence of the Dirac plasmon-phonon-ISBT po-
lariton (DPP) modes on the thickness of (a) the Bi2Se3 and
(b) the GaAs spacer layer. The calculations are performed
for a specific wavevector kx = 0.5 ⇥ 105 cm

�1 and with
Ns = 1012 cm

�2. In (a) the thickness of the GaAs spacer
layer is kept fixed at dsp = 10 nm; in (b) the thickness of the
TI layer is kept fixed at dTI = 100 nm.

bare Bi2Se3 film as described in Eq. 14. This shift is
caused by the dependence of the negative real part of
the Bi2Se3 permittivity on the film thickness. As ex-
pected, we observe a splitting at a Bi2Se3 film thickness
of 100 nm, which is the film thickness used in the cal-
culations reported and discussed above. In Fig. 8(b) we
observe the e↵ect of the GaAs spacer layer thickness. For
GaAs spacer layer thicknesses larger than ⇠ 100 nm we
observe a faint mode at 3.9 THz and a bright mode at
4.5 THz. These are the modes of the phonon-plasmon
polariton in the Bi2Se3 film and they do not change be-
cause the interactions with the ISBT in the QW are
suppressed due to the thick GaAs spacer. As the GaAs
spacer layer becomes thinner than ⇠ 100 nm, the modes
begin to shift. This result is expected: as the GaAs
spacer layer becomes thinner the strength of the coupling
between the plasmon-phonon polariton and the ISBT in-
creases, leading to an increasingly large mode shift due
to an increasing splitting. The most important result
of these calculations is that the thinnest possible GaAs
spacer layer thickness will lead to the largest splitting
and one should not expect to observe coupling for a GaAs
spacer layer thickness exceeding ⇠ 100 nm.

D. Dependence on material quality and scattering
rates

The coupling between light and matter can only be
observed when the coupling is large enough to be com-
parable to the energy loss in the system. For this rea-
son we now investigate the consequence of the energy
loss, which is characterized by the scattering rate (equiv-
alently, linewidth) of the modes that interact to cre-
ate the hybridized polariton. These scattering rates are
largely determined by the structural quality of the ma-
terial regarding defect and interface scattering or defect-
mediated nonradiative recombination. By computation-
ally changing the scattering loss rates in the TI and the
III-V QW we can therefore understand how the quality

FIG. 9. Dependence of the Dirac plasmon-phonon-ISBT po-
lariton modes on (a) the scattering rate in the Bi2Se3 layer
and (b) the scattering rate in the AlGaAs/GaAs QW. The
calculations are performed for a specific wavevector kx =
0.3 ⇥ 105 cm

�1, with Ns = 1.5 ⇥ 1012 cm
�2, and with the

thicknesses of the Bi2Se3 and the GaAs spacer respectively
dTI = 100 nm and dsp = 10 nm.

of the TI and the III-V materials impact the splitting
and determine the linewidths required to observe strong
coupling in this system. For simplicity, in this analysis,
we assume that all resonances in the TI material can be
described by the same scattering rate; we make the same
assumption for the III-V QW. In other words, when con-
sidering the impact of the TI scattering rate we replace
both �↵ and �� in Eq. 3 with �TI , keep all �s for the QW
system fixed at 1 THz, and plot the resulting modes as
a function of �TI . The results are shown in Fig. 9(a).
Similarly, when considering the impact of the scattering
rate in the QW, we replace both �1 and �2 in Eq. 6 and 7
with �ISBT , keep �↵ and �� fixed at the values provided
in Sect.II A, and plot the resulting modes as a function
of �ISBT . The results are shown in Fig. 9(b).

In Fig. 9(a) we observe that the scattering rate in the
TI layer has almost no impact on the upper polariton
mode at ! = 6 THz, which is the signature of the strong
coupling between the Dirac plasmon-phonon polariton
and the ISBT, mediated by the ↵ phonon as discussed
in Sect. III B. We do observe an additional splitting in
the polariton mode around ! = 4 THz, which is in the
vicinity of the � phonon, when �TI <⇠ 0.2 THz. This
is a further indication that the interactions with the �
phonon are quite weak and implies that new spectral
features might emerge only for extremely high TI ma-
terial quality (small linewidth). In Fig. 9(b) we observe
that the upper polariton mode disappears when �ISBT

exceeds 1 THz. This occurs when the loss in the QW ex-
ceeds the coupling strength and provides a benchmark for
the QW scattering rate that would need to be achieved
to create an experimentally observable coupling between
the TI and the III-V QW. Taken as a whole, this analy-
sis shows the critical importance of high quality samples
for an experimental investigation of the strong coupling
regime explored theoretically here.
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E. Dependence on QW doping density

FIG. 10. Dependence of the Dirac plasmon-phonon-ISBT po-
lariton modes on the doping level in the QW. Calculations
are performed at a specific wavevector kx = 0.5 ⇥ 105 cm

�1

and with the thicknesses of the Bi2Se3 and the GaAs spacer
respectively dTI = 100 nm and dsp = 10 nm.

The dependence of polariton modes on the mate-
rial excitations can be well described using the Dicke
model in which, for a given photonic mode, the light-
matter coupling is linearly-proportional to the square
root of the total number of electrons within the res-
onator: ⌦Rabi ⇠

p
Ne [5]. We therefore consider how

the plasmon-phonon-ISBT polariton dispersion relation
depends on both the doping level in each QW (Ns) and
the total number of QWs in the heterostructure. We
first plot the polariton mode energy as a function of Ns

for a fixed value of wavevector kx = 0.5 ⇥ 105 cm
�1.

Other parameters are kept fixed at the values described
in Sect. II, including the scattering loss rates that were
varied in the previous section. As shown in Fig. 10, the
polariton mode associated with coupling to the ISBT (at
! = 6 THz) does not appear when the doping is below
Ns ⇠ 0.5⇥ 1012 cm

�2; only the plasmon-phonon polari-
tons in the TI (at ! ⇠ 5 THz) are observed for these low
doping densities. As the doping increases, the number of
carriers that can participate in the ISBT increases, and
thus the strength of the coupling between the plasmon-
phonon-polariton and the ISBT increases. This results
in the emergence of the upper branch of the hybridized
polariton at ! = 6 THz for Ns ' 0.5⇥ 1012 cm

�2. The
intensity of this upper polariton branch continues to in-
crease with doping density, without saturation over the
range of doping densities considered here. We note, how-
ever, that the lower branches of the polariton become
progressively fainter as Ns increases, as can be seen in
Fig. 10. In Fig. 11 we consider the impact of increas-
ing the number of QWs (NQW ) in the heterostructure.
Fig. 11(a) shows the Dirac plasmon-phonon-ISBT polari-
tons calculated with only NQW = 1 QW in the system;
panels (b), (c), and (d) show the results calculated for
NQW = 3, 5, and 10 QWs, respectively. Increasing the
number of QWs increases the number of electrons par-

ticipating in ISBT transitions and increases the splitting.
This can be seen by observing that the upper polari-
ton branch is clearly visible at at kx = 0.2 ⇥ 105 cm

�1

when there are 10 QWs in the structure (Fig. 11d), but
does not reach comparable intensity when there is 1 QW
(Fig. 11a) until kx ' 0.4 ⇥ 105 cm

�1. We note, how-
ever, that the increase in splitting is not linear with the
number of QWs; the change between 5 and 10 QWs, for
example, is nearly negligible, as can be seen by compar-
ing Fig. 11(c) and (d). Because the strength of interac-
tions between the DPP in the Bi2Se3 and the ISBT in
a QW decrease as the distance between them increases,
adding additional QWs that are relatively far removed
from the Bi2Se3 layer has little impact. This stands in
contrast to absorption measurements of ISBTs in QWs,
which are typically performed in a transmission geometry
where the observed absorption linearly increases with the
number of identical QWs. These results tell us that an
experimental measurement of the strong coupling mod-
eled here would not require a sample with more than 3-5
QWs, which can significantly reduce sample growth time.

FIG. 11. The dispersion relation of the Dirac plasmon-
phonon-ISBT polarition modes calculated for (a) 1 AlGaAs
QW, (b) 3 QWs, (c) 5 QWs, and (d) 10 QWs. Calculations
were performed with dTI = 100 nm, dsp = 10 nm, and each
single AlGaAs/GaAs QW having dB = 100 nm, dw = 25 nm,
and Ns = 1012 cm

�2.

F. E↵ect of 2DHG at the Bi2Se3/GaAs(001)
interface

Finally, we consider the e↵ects of the extra 2DHG at
the interface between the Bi2Se3 and the GaAs(001) lay-
ers, which was discussed in Sect. II C. We note that we
are not the first to consider the existence of a massive two
dimensional gas of carriers at the interface between a TI
and another material. For instance, Stauber et al. added
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a massive two dimensional electron gas (2DEG) plasmon
response to their analytical model in order to obtain a
better fit to the experimental data they were modeling
[14, 59].

FIG. 12. The dispersion relation of the Dirac plasmon-
phonon-ISBT polariton modes for several possible values of
the carrier concentration and scattering rate for holes in
the 2DHG at the Bi2Se3/GaAs interface: (a) N2DHG =
0, �2DHG = 0, (b) N2DHG = 5 ⇥ 1013 cm

�2
, �2DHG = 0,

(c) N2DHG = 1⇥ 1014 cm
�2

, �2DHG = 0, and (d) N2DHG =
1 ⇥ 1014 cm

�2
, �2DHG = 10 THz with the e↵ective mass

m
⇤
2DHG ⇡ m0, where m0 is the electron rest mass. Cal-

culations performed with dTI = 100 nm, dsp = 10 nm,
dB = 100 nm, dw = 25 nm, and Ns = 1012 cm

�2.

Here, our DFT calculations predict the existence of
a 2DHG at the Bi2Se3/GaAs(001) interface. Because
the surface states correlated with the 2DHG are de-
scribed by rather flat bands, we can estimate that the
interface 2DHG will have a carrier concentration signif-
icantly larger than that of the DPP in the bare Bi2Se3
layer, which is of order 1013 cm

�2. In Fig. 12(a)-(c)
we plot the dispersion of the plasmon-phonon-ISBT po-
lariton for 2DHG carrier concentrations of 0, N2DHG =
5 ⇥ 1013 cm

�2, and N2DHG = 1 ⇥ 1014 cm
�2. All three

of these calculations are done assuming that the inter-
face between Bi2Se3 and GaAs is extremely clean so that
the scattering rate of electrons at the interface is negligi-
ble (�2DHG ⇠ 0). We observe that the dispersion of the
plasmon-phonon-ISBT polariton simply shifts to higher
frequency as N2DHG increases. This can be understood
by looking back to Eq. 14: the resonant frequency of
the DPP in the Bi2Se3 layer depends on the square root
of total carrier concentration, including the contribution
from both surfaces of the Bi2Se3. Thus when the 2DHG
adds more carriers at the interface, the DPP and, conse-
quently, the hybridized excitation shift to higher frequen-
cies. In Fig. 12(d) we compute what happens for a 2DHG

carrier concentration of N2DHG = 1 ⇥ 1014 cm
�2 if the

Bi2Se3/GaAs(001) interface were of poor quality, char-
acterized by a scattering loss rate of �2DHG = 10 THz.
We see that the blue shift in the hybridized polariton fre-
quency is completely suppressed when the scattering rate
is larger. This result emphasize the requirement of sharp,
defect-free interfaces when experimentally exploring the
consequences of interface states in a hybrid material such
as the one we model here.

IV. CONCLUSIONS

We employ a scattering matrix approach to system-
atically investigate the coupling between THz excita-
tions in the topological insulator Bi2Se3 and the ISBT
transitions of III-V QWs. Our results show that spec-
tral signatures of strong coupling, specifically hybridized
plasmon-phonon-ISBT polaritons with splitting compa-
rable to twice the FWHM linewidth of either hybridiz-
ing excitation, can emerge when (a) the thickness of the
GaAs spacer layer separating the Bi2Se3 from the III-V
QWs is su�ciently small and b) the quality of the mate-
rials is su�ciently high. We systematically analyze the
dependence of the predicted spectra on parameters such
as the number of QWs, the doping density of the QWs,
the scattering loss rate in each materials, the doping of
an interface 2DHG, and the phonons within the Bi2Se3.
From this analysis we determine that the phonons in the
Bi2Se3 play a critical role in the coupling process and that
hybridized states could not be observed without these
phonons. We also determine the structural and material
quality parameters that must be achieved in order to ex-
perimentally explore the strong coupling regime in these
hybrid material system. In particular, and as reported in
Table I, approaching the strong coupling regime requires
dsp ⇠ 10 nm, �ISBT  1 THz, and Ns ' 0.5⇥1012 cm�2.
The strength of the coupling and the magnitude of the
resulting splitting (g) increases from 0.7 THz to 1 THz as
the number of QWs increases from 1 to 5, but does not
increase beyond this point because the additional QWs
are farther and farther from the interface with the TI.
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Appendix A: Solutions to the Schrodinger equation
for the III-V Quantum Well.

Solutions to the Schrödinger equation 4 for bound
states can be written as:

 0 = A exp (k0z) (A1)

 1 = A


k0

k
sin (k1z) + cos (k1z)

�
(A2)

 2 = A
[k0sin (k1dw) + k1cos (k1dw)]

k1exp (�k0dw)
exp (�k0z) (A3)

corresponding to regions z < 0, 0 < z < dw and
dw < z, respectively, (see Fig. 2b), where A is a con-

stant, V0 = 0.3 eV , k0 =
q

2m⇤(V0�E)
~2 , k1 =

q
2m⇤E
~2

with the energy E (0 < E < V0) determined from the
transcendental equation:

tan

 r
2mEd2

w

~2

!
=

2
p
(V0 � E)E

(2E � V0)
(A4)

This equation can be solved numerically to obtain the
energies of the bound states presented in Fig. 2b in the
main text. The energies of optical transitions between
these bound states are then computed simply from the
di↵erence in state energies.

Appendix B: Scattering and transfer matrix method

In this appendix we describe the scattering and trans-
fer matrix method for the general case of a multilayer
structure comprised of N constituent materials with re-
spective thickness di of the i

th
� layer as depicted in

Fig. 13. �i represents the optical conductivity of the 2-
dimensional electron sheet at the i

th interface and ✏i is
the permittivity tensor of the material sandwiched be-
tween the ith and (i+1)th interfaces. The work reported
here does not consider magnetic materials, so we always
set the magnetic permittivity µ = µ0, which is the mag-
netic permeability of free space.

Within each layer, the electric field E = (Ex, Ey, Ez)
and the magnetic field H = (Hx, Hy, Hz) of a monochro-
matic electromagnetic wave propagating along the z di-
rection take the general form:

Ex,i =
�
Ax,ie

ikz,iz +Bx,ie
�ikz,iz

�
e
ikx,ixe

�i!t (B1)

Ey,i =
�
Ay,ie

ikz,iz +By,ie
�ikz,iz

�
e
ikx,ixe

�i!t (B2)

Ez,i = �
✏xxkx,i

✏zzkz,i

�
Ax,ie

ikz,iz �Bx,ie
�ikz,iz

�
e
ikx,ixe

�i!t

(B3)

and

Hx,i = �
kz,i

µ0!

�
Ay,ie

ikz,iz �By,ie
�ikz,iz

�
e
ikx,ixe

�i!t

(B4)

Hy,i =
✏0✏

xx
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Hz,i =
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Ay,ie

ikz,iz �By,ie
�ikz,iz
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e
ikx,ixe

�i!t

(B6)

where A(x,y),i and B(x,y),i are the amplitudes of the
x- and y- components of forward- and backward-
propagating electromagnetic waves, respectively, ! is the
frequency of the EM wave, kx,i and kz,i are the x- and
z-components of the wavevector of the EM wave within
the ith layer, x and z are the coordinate along the x- and
z- directions. If we define n̂ to be the unit vector perpen-
dicular to the ith interface, Ji to be the in plane current,
and ⇢i to be the carrier density of the electron gas at
the i

th interface, we can then write down the boundary
conditions for the electric and the magnetic fields at the
(i)th interface:

n̂⇥ (Hi+1 �Hi) |z=zi
= Ji (B7)

n̂⇥ (Ei+1 �Ei) |z=zi
= 0 (B8)

n̂. (Di+1 �Di) |z=zi
= ⇢i (B9)

n̂. (Bi+1 �Bi) |z=zi
= 0 (B10)

D = ✏0✏E, H =
1

µ0
B. (B11)

𝐼1 𝐼2 𝐼3 𝐼4 𝐼𝑁𝐼𝑁−1

𝑑1 𝑑2 𝑑3 𝑑𝑁−1

𝑊

𝜎1 𝜎2 𝜎3 𝜎𝑁−1 𝜎𝑁

𝜖1 𝜖2 𝜖3 𝜖𝑁−1 𝜖𝑁

𝑑𝑁

𝑧

𝑦
𝑥

FIG. 13. Schematic of a multilayer structure comprised of
N constituent materials considered in this appendix. The
growth direction of the structure is chosen along z-axis with
an assumption that all layers have same ribbon’s width W

along x-direction. The thickness, permittivity, and optical
conductivity of the electron sheet in the i

th layer are denoted
by di, ✏i and �i, respectively whereas Ii indicates the interface
matrix at the i

th interface.

We now consider a scattering event taking place at the
i
th interface. Using the boundary conditions B7-B10 we
can compute the electric field amplitudes of the x- and
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y-polarized components of the left-propagating (A) and right-propagating (B) EM waves:
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where
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The in-plane wave vector is given by

kx,i (i = 1 : N) ⌘ q ⇡
⇡

W
. (B15)

where W is the ribbon’s width (see figure 13). The tensor
conductivity of two dimensional electron sheet at the i

th

interface is given by:

�i =

✓
�
xx

i
�
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�
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i
�
yy

i

◆
. (B16)

In the case when no external magnetic field is applied,
which is the case here, one obtains:
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Once we have the matrix that captures what happens
at every interface we can construct a transfer matrix, T ,
for a structure comprised of N layers by computing:

T = I1P
1
I2P

2
· · ·P

N�1
IN (B19)

which satisfies the relation:
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where P
i is the propagation matrix:

P
i =

0

BB@

e
�ikz,idi 0 0 0
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0 0 0 e
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1
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with di the corresponding thickness of the ith layer. Note
that the T matrix can be written as a 2⇥ 2 matrix:

T =


T11 T12

T21 T22

�
(B22)

in which each element (e.g. Tij where i, j = 1, 2) is itself
a 2⇥ 2 matrix.
In the same manner, we define a scattering matrix S0,i

which connects the amplitudes of EM wave on the left
side of 1st interface to those on the right side of ith in-
terface:
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and a transfer matrix IMi,i+1 which connects the am-
plitudes of EM wave on the right side of ith interface to
those on the right side of (i+ 1)th interface:
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then a scattering matrix S0,i+1 = S0,i ⌦ IMi,i+1 that
relates the outgoing and incoming states at the 1st inter-
face to the left side and the (i+1)th interface to the right
side:
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will be obtained via recursive method [44]:
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where O
11
i,j
, O

12
i,j
, O

21
i,j
, O

22
i,j

are 2 ⇥ 2 block elements of
the matrix Oi,j (O ⌘ S, IM) and I indicates the iden-
tity matrix. Overall, one can construct the total scat-
tering matrix S = S0,N = S0,1 ⌦ IM1,2 ⌦ ...⌦ IMN�1,N

which links the amplitudes of electromagnetic waves in
the outer and inner region:
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leading to the well-known relationship between S and T :

S =
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where t, t
0 and r, r

0 are each 2 ⇥ 2 matrices indicating
the transmission and reflection coe�cients. Here t and
r are respective the transmission and reflection associat-
ing with incident wave propagating along +z direction
whereas t0 and r

0 correspond to the incident wave prop-
agating along -z direction. This formulation allows for
an explicit picture of the reflection and transmission co-
e�cients for the TE and TM polarized EM waves. To
illustrate how this formulation allows us to extract the
optical properties of multilayer structures, consider the
case in which a TM polarized wave is incident on the
structure in Fig. 13. At the 1st interface there are inci-
dent and reflected waves which in general have both TE-
and TM-polarized components. If we write the reflection
matrix r as

r =

✓
r11 r12

r21 r22

◆
(B32)

then the reflection coe�cient associated with the TE re-
flected wave is rTE = r21 and the reflection coe�cient
associated with the TM reflected wave is rTM = r11.
The reflectances of the TE and TM reflected waves are

then given by:

RTM = r
2
TM

(B33)
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Analogously, in the case of a TE polarized wave incident
on the structure the reflection coe�cients associated with
the TE and TM reflected waves are rTE = r22 and rTM =
r12, respectively. The reflectances of the TE and TM
reflected waves are then:

RTM =
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kz,1

✏0✏1!

◆2

+

✓
q
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◆2
#
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2
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(B35)

RTE = r
2
TE

(B36)

Using these equations, we can compute the transmis-
sion and reflection coe�cients for any multilayer struc-
ture. The imaginary part of the reflection coe�cient,
Im(r), is proportional to the losses in the system. The
presence of loss in the reflectance spectrum indicates that
the incident EM wave has generated an excitation that
is carrying energy away laterally, i. e. propagating in the
x- or y- direction rather than transmitting or reflecting
in the +z or -z directions, respectively. The frequency
dependence of such loss thus generates the dispersion
curves for the hybridized excitations in the coupled sys-
tem, which is what we wish to study.

Appendix C: Extracting the coupling strength

We extract the coupling strength of the interaction be-
tween the TI and a single III-V quantum well as discussed
in the main text with respect to Fig, 5b. To illustrate
how we extract the coupling strength, we plot in Fig. 14
the function Im(r) vs. the frequency ! at a specific in-
plane wavevector around the largest coupling strength:
kx ⇡ 0.5 ⇥ 105 cm

�1 in this case. The amplitude of the
coupling strength (2g) is given by the separation between
the two peaks associated with the upper polariton branch
and the second middle polariton branch, as indicated in
the Fig. 14.

Appendix D: Structural parameters used in
simulations
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2g
2g

FIG. 14. The frequency dependence of Im(r) computed for
the structure depicted in Fig. 1 with a single AlGaAs/GaAs
quantum well at a specific in plane wavevector kx = 0.5 ⇥
105 cm

�1 and with the structural parameters: dsp = 10 nm,
dTI = 100 nm, dB = 100 nm, dw = 25 nm and doping level
in quantum well Ns = 1012 cm

�2 (a) and Ns = 4⇥1012 cm
�2

(b).
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TABLE I. Structural parameters used in the calculations for the figures in this work
Figure dTI (nm) dsp (nm) dB (nm) dW (nm) Ns (cm

�2
) N2DHG (cm

�2
) NQW �

plasmon
(THz) �TI (THz) �ISBT (THz) �2DHG (THz) g (THz)

5(a) 100 500 100 25 1 ⇥ 10
12

0 1 3 ↵ = 0.53, � = 0.3 1 0 0

5(b) 100 10 100 25 1 ⇥ 10
12

0 1 3 ↵ = 0.53, � = 0.3 1 0 0.7

6(a) 100 10 100 25 1 ⇥ 10
12

0 1 3 ↵ = 0.53, � = 0.3 1 0 0

6(b) 100 10 100 25 1 ⇥ 10
12

0 1 3 ↵ = 0.53, � = 0.3 1 0 0

6(c) 100 10 100 25 1 ⇥ 10
12

0 1 3 ↵ = 0.53, � = 0.3 1 0 0.7
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