
FAITHFULLNESS OF GEOMETRIC ACTION OF SKEIN ALGEBRAS

THANG T. Q. LÊ

Abstract. We show that the action of the Kauffman bracket skein algebra of a surface Σ
on the skein module of the handlebody bounded by Σ is faithful if and only if the quantum
parameter is not a root of 1.

1. Introduction

1.1. Kauffman bracket skein modules and algebras. Let R be a commutative domain
with unit, equipped with a distinguished invertible element q. Suppose M is an oriented
3-manifold with possibly non-empty boundary ∂M . The skein module S (M), introduced
by Przytycki [Pr] and Turaev [Tu1, Tu2], is the R-module generated by isotopy classes of
framed unoriented links in M modulo the Kauffman relations [Kau]

= q + q−1(1)

= (−q2 − q−2) .(2)

For details, see Section 2.
For an oriented surface Σ let S (Σ) := S (Σ × (0, 1)). Then S (Σ) has an R-algebra

structure where the product of two framed links α1 and α2 is the result of stacking α1

above α2. The skein algebras and modules have played an important role in low-dimensional
topology and quantum topology and they serve as a bridge between classical topology and
quantum topology. The skein modules have connections to the SL2(C)-character variety [Bul,
PS1], the quantum group of SL2(C), the Witten-Reshetikhin-Turaev topological quantum
field theory [BHMV], the quantum Teichmüller spaces, see e.g. [CF, Kas, BW1, Le2], and
the quantum cluster algebra theory [Mu].

1.2. Main result. When Σ is the boundary ∂M of an oriented 3-manifold M , there is an
action of S (Σ) on S (M) given by α ∗ β = α ∪ β whenever α and β are framed links, see
the details in Section 3. This action plays an important role in the theory. For example,
various topological quantum field theories are constructed based on this type of actions.
An important question is when this action is faithful. Even when M is a handlebody, the
question is important and was open.

Theorem 1. Suppose H is handlebody of genus g ≥ 1 and Σ is the boundary of H. Assume
that the ground ring R is a commutative domain with unit and equipped with a distinguished
invertible element q.
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The action of S (Σ) on S (H) is faithful if and only if q is not a root of 1, ie if and only
if qn 6= 1 for all positive integers n.

The result has already found application in the work of J. Cooke and P. Samuelson in
their study of double affine Hecke algebras [CS].

To prove that when q is a root of unity the action of S (Σ) on S (H) is not faithful we
rely on a result of [BW2, Le1] which states that if one threads a framed knot in H by the
Chebyshev polynomial TN of type 2, where N is the order of q, then the result is transparent
with respect to disjoint union, see Section 4. This allows to construct a non-zero element in
S (Σ) which acts trivially on S (H).

To show that when q is not root of 1 the action of S (Σ) on S (H) is faithful we use
filtrations of S (Σ) and S (H) coming from a pair of pants decomposition of Σ and the Dehn-
Thurston coordinates of curves on Σ. The action of the corresponding associated algebra on
the associated module is much easier to work with and can be calculated explicitly in “stable”
cases which are enough to prove the faithfulness of the action. R. Detcherry informed me
that he has an independent proof of the faithfulness for the case when 1− qn is invertible in
R for all positive integers n.

1.3. Organization of the paper. We recall the definitions and basic facts of skein modules
in Section 2. In Section 3 we introduce filtrations on skein algebras and recall a result from
[FKL] calculating the product of triangular simple diagrams, introduced in [PS2], in the
associated algebras. Section 4 contains the proof of the main theorem.

1.4. Acknowledgements. The author would like to thank R. Detcherry, P. Samuelson,
and R. Santharoubane for helpful discussion. This work is supported in part by NSF grant
DMS-1811114.

2. Skein modules and algebras

We recall here the definition of the Kauffman bracket skein module and algebra and their
basic properties, including a description of the basis in the case of surfaces.

2.1. Ground ring R. Throughout the paper the ground ring R is a commutative domain
with unity 1, equipped with a distinguished invertible element q. The reader might think of
R as the field C of complex number and q is a non-zero complex number, or R = Z[q±1],
where Z is the set of integers. We use N to denote the set of non-negative integers. Thus
our N contains 0.

2.2. Skein module. Let M be an oriented 3-manifold, with possibly non-empty boundary.
A framed link inM is an embedding of a disjoint union of oriented annuli in M . By convention
the empty set is considered as a framed link with 0 components and is isotopic only to itself.
The orientation of a component of a framed link corresponds to choosing a preferred side to
the annulus.
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The Kauffman bracket skein module of M , denoted by S (M), is the R-module freely
spanned by all isotopy classes of framed links in M subject to the following relations

= q + q−1(3)

= (−q2 − q−2) .(4)

Here the framed links in each expression are identical outside the balls pictured in the
diagrams. The skein relations were introduced by Kauffman [Kau] where he showed that
when M = R3, the three-space, one has S (M) = R, and the value of a framed link is in
R is the framed version of the Jones polynomial [Jo]. Kauffman bracket skein modules for
oriented 3-manifolds were introduced independently by Turaev and Przytycki [Pr, Tu1] in
an attempt to generalize the Jones polynomial to general 3-manifolds. Turaev [Tu2] used
the algebra structure, see below, to quantize the Goldman bracket of the surface.

2.3. Skein algebra of surfaces. Suppose F is an oriented surface, with possibly non-empty
boundary. Define S (F ) = S (F × (0, 1)). The R-module S (F ) has an algebra structure
coming from stacking. More precisely, the product of two links is defined by placing the first
link above the second in the direction given by the interval (0, 1). The empty link is the
unit.

If D is a non-oriented link diagram on F then a regular neighborhood of D is a framed
link, defined uniquely up to isotopy. We identify D with the isotopy class of the framed link
it defines. Any framed link in F × (0, 1) is isotopic to a framed link determined by a link
diagram. A simple diagram on F is a link diagram with no crossings and no trivial loops, i.e.
a curve bounding a disk. We consider the empty set as a simple diagram which is isotopic
only to itself.

Let B(F ) be the set of all isotopy classes of simple diagrams on F . It is known [PS1] that
S (F ) is a free R-module with basis B(F ). Every non-zero α ∈ S (F ) has a unique standard
presentation, which is a finite sum

(5) α =
∑
j∈J

cjαj,

where cj 6= 0 and αj ∈ B(F ) are distinct.
If a crossing of a link diagram D is as in the left hand side of (3), then the first (resp.

second) diagram on the right hand side will be referred to as the +1 (resp. −1) smooth
resolution of the left hand side diagram at the crossing.

Suppose D is a link diagram on F . Let C be the set of all crossings. For every map
σ : C → {±1} let Dσ be the non-crossing diagram obtained from D by doing the σ(c)
smooth resolution at every crossing c. Let |σ| =

∑
c∈C σ(c) and l(σ) be the number of trivial

components of Dσ. Let D′σ be the simple diagram obtained from Dσ by removing all the
trivial components. Using the two skein relations, we have

(6) D =
∑

σ:C→{±1}

q|σ|(−q2 − q−2)l(σ)D′σ in S (F ).
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From the defining relations, one can easily derive the following relation:

−q−3 = = −q3(7)

3. Curves on surfaces and coordinates

We recall how to coordinatize the system of simple diagrams on surfaces in both cases
when the surface has boundary and when the surface is closed. We introduce filtrations
on the skein algebra of a surface using a pair of pants decomposition, and explain how the
product in the associated algebra look like for a class of so-called triangular curves.

3.1. Edge coordinates and Thurston form on compact non-closed surfaces. Sup-
pose F is a compact connected oriented surface with non-empty boundary ∂F and χ(F ) < 0,

where χ(F ) is the Euler characteristic. Then F̊ = F \∂F is known as a hyperbolic punctured
surface. We will now introduce the notion of ∂F -triangulation of F , which is essentially the
ideal triangulation of F̊ .

A ∂F -arc is a proper embedding [0, 1] ↪→ F . Isotopies of ∂F -arcs are considered in the
class of ∂F -arcs. A ∂F -arc is trivial if it can be isotoped into a small neighborhood of
the boundary ∂F . A ∂F -triangulation E of F is a maximal collection of pairwise disjoint
and pairwise non-isotopic non-trivial ∂F -arcs. An element a ∈ E is called an edge of the
triangulation. It is easy to show that |E| = −3χ(F ). A connected component of F \

(⋃
e∈E e

)
is called a face of the triangulation. An edge e ∈ E is a side of a face τ if the topological
closure of τ contains e. An edge is self-folded if it is the side of only one face. There are
always triangulations of F without self-folded edges. For simplicity we will assume that the
triangulation E does not have any self-folded edge, although all the facts in this paper can
be easily adapted to the case when the triangulation has self-folded edges.

For an edge e ∈ E and a simple diagram α on F the geometric intersection number I(e, α)
is the minimum of the cardinalities of α′∩e, where α′ run the set of simple diagrams isotopic
to α.

Three distinct edges a, b, c ∈ E are triangular if they are sides of a face. Recall that B(F )
is the set of isotopy classes of simple diagrams on F . We use the notation XY for the set of
all functions from Y to X. Define the map

ν : B(F )→ NE by ν(α)(e) = I(α, e).

It is known that ν is injective, and its image is the submonoid Λ = Λ(F, E) ⊂ NE consisting
of functions f : E → N such that whenever a, b, c are triangular, we have f(a) + f(b) + f(c)
is even and f(a) ≤ f(b) + f(c). For details, see e.g. [Mat]. We will denote

S : Λ(F, E)→ B(F )

the inverse function of ν.
Associated to the triangulation E is an anti-symmetric function

Q : E × E → Z,
known as the Thurston form, which determines the Poisson structure on the Teichmüller
space of F̊ . For details see e.g. [BW1, FoG, FST, Pen]. Although the exact definition is
not important for us, let us recall the definition of Q. Each face τ of the triangulation is
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planar, hence there is defind a cyclic order of the 3 sides of τ , using the counter clockwise
orientation of the boundary of τ . For two edges a, b ∈ E and a face τ define Qτ (a, b) = 0 if
one of a, b is not a side of τ , and otherwise define Qτ (a, b) = 1 or −1 according as b follows
a along the cyclic order or not. Then

Q(a, b) =
∑

τ : faces

Qτ (a, b).

The bilinear form 〈·, ·〉Q : ZE × ZE → Z defined by

(8) 〈n,m〉Q :=
∑
a,b∈E

Q(a, b)n(a)m(b)

plays an important role in the theory of Teichmüller spaces of F̊ .

3.2. Dehn-Thurston coordinates for curves on closed surfaces. Suppose Σ is a closed
oriented surface of genus g > 1. Then Σ is the double of a compact surface F with χ(F ) =
1 − g with non-empty boundary ∂F . This means Σ = F t F ′/ ∼, where F ′ is a copy of F
and x ∼ x′ for x 6= x′ if and only if x ∈ ∂F and x′ is the corresponding point of x in ∂F ′.
By a Dehn-Thurston datum of Σ we mean a pair (F, E), where Σ is the double of F and E
is a ∂F -triangulation of F .

For each e ∈ E let e′ ⊂ F ′ be the corresponding ∂F ′-arc of F ′. Then ẽ = e∪ e′ is a simple
closed curve in Σ. The collection Ẽ = {ẽ | e ∈ E} is a pair of pants decomposition of Σ.

Recall that B(Σ) is the set of isotopy classes of simple diagrams on Σ. The Dehn-Thurston
datum (F, E) gives rise to the Dehn-Thurston coordinate map

µ : B(Σ)
∼=−→ Γ ⊂ ZE∪E∗ ,

where E∗ = {e∗ | e ∈ E} is a copy of E . The set Γ is a submonoid of ZE∩E∗ . By definition
µ(α)(e) = I(α, ẽ) for e ∈ E . The definition of µ(α)(e∗) for e∗ ∈ E∗, called the twist coordinate
corresponding to ẽ, is more involved, and since we we don’t need the exact definition we refer
the reader to [LS] for details. We will recall here a couple of properties of the Dehn-Thurston
coordinates that we will need later.

Firstly suppose α ⊂ F . One can consider α is a simple diagram on F and define ν(α) :
E → N as in Subsection 3.1. Then the restriction of µ(α) onto E is equal to ν(α) while the
restriction of µ(α) onto E∗ is the 0 function. In other words, µ(α)(e) = ν(α)(e) for all e ∈ E
and µ(α)(e∗) = 0 for all e∗ ∈ E∗, i.e. all the twist coordinates of α are 0.

Secondly suppose α is a simple diagram on Σ and e ∈ E such that I(α, ẽ) = n > 0. One
defines a simple digram Te(α) as follows. A closed tubular neighborhood A(ẽ) of the simple
closed curve ẽ is homeomorphic to an annulus S1×[0, 1] where ẽ is identified with S1×{1/2}.
A segment of the form z × [0, 1], where z ∈ S1, is called a vertical line in A(ẽ). We assume
that α intersects A(ẽ) in n vertical lines. Then Te(α) is the the result of twisting the n
vertical lines along ẽ by 2π/n, see Figure 1. The twist coordinates are defined so that

(9) µ(Te(α))(e∗) = µ(α)(e∗) + 1.

Let S : Γ→ B(Σ) be the inverse of µ.
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Figure 1. The map Te. Here n = 4.The cylinder is a tubular neighborhood
A(ẽ) of ẽ. The red lines are part of ∂F .

Following [PS2], a simple diagram α is called E-triangular if it can be obtained from a
simple diagram β in F by repeatedly applying the map Te or (Te)

−1, with possibly many
e ∈ E . In other words, α is triangular if

• whenever a, b, c ∈ E are triangular one has µ(α)(a) ≤ µ(α)(b) + µ(α)(c), and
• whenever µ(α)(e) = 0 one has µ(α)(e∗) = 0.

We will see later that the product of triangular diagrams behaves well in the filtration
defined by the system {ẽ} .

3.3. Torus. Suppose Σ is the torus, i.e. g = 1. The skein algebra S (Σ) in this case is well
understood; it is a subalgebra of a quantum torus [FrG] and many of its properties can be
deduced from this fact.

Note that Σ is the double of an annulus F = S1 × [0, 1]. We excluded this case in the
previous discussion since technically there is no triangulation of F . However, in order to
uniformly treat all closed surfaces, we use the following convention. A ∂F -triangulation
E = {e} of F consists of one ∂F -arc e of the form {x} × [0, 1] where x ∈ S1. The simple
closed curve ẽ will be called a meridian of Σ, while the curve S1 × {1/2} on the annulus F
will be called a longitude of Σ. Again a Dehn-Thurston datum of Σ is the pair (F, E).

The set B(F ) of isotopy classes of simple diagrams on F is parameterized by Λ = N, where
S(m) is the diagram consists of m parallel copies of the longitudes. The anti-symmetric form
Q : E × E → Z is defined by Q(e, e) = 0.

The twist Te is defined exactly as in the previous case. The set B(Σ) is parameterized by

Γ = {(n, t) ∈ N× Z | if n = 0 then t ≥ 0}.
Here S(n, t) = (Te)

t(S(n)) if n > 0 and S(0, t) is the disjoint union of t copies of the meridian
ẽ. The simple diagram S(n, t) is defined to be triangular if n > 0 or n = 0 and t = 0.

3.4. Action of S (Σ) on S (H). Suppose Σ is the boundary of an compact oriented 3-
manifold M . We identify a closed tubular neighborhood N (∂M) of ∂M with Σ × [0, 1] so
that ∂M = Σ× {0}. Every framed link in M can be isotoped off N (∂M). If α is a framed
link in Σ × (0, 1) and β is a framed link in M \ N (∂M) then define α ∗ β := α ∪ β as an
element of S (M). This defines an action of S (Σ) on S (M).

Suppose now F is a compact oriented connected surface with non-empty boundary ∂F
and with Euler characteristic χ(F ) = 1 − g. Then H = F × [0, 1] is a handlebody of genus
g. By definition, we identify S (H) with S (F ).

Note that Σ := ∂H is the double of F . The embedding ι : F ↪→ Σ gives rise to an algebra
embedding ι∗ : S (F ) ↪→ S (Σ). For α ∈ S (Σ) and β ∈ S (F ) = S (H), from the definition
one has
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(10) α ∗ β = [α ι∗(β)] ∗ 1.

3.5. Filtrations. Return to a closed surface of genus g ≥ 1, equipped with a Dehn-Thurston
datum (F, E).

For k ∈ N let Fk(S (Σ)) ⊂ S (Σ) be the R-submodule spanned by α ∈ B(Σ) such that∑
e∈E

I(α, ẽ) ≤ k.

Then {Fk(S (Σ))}∞k=0 is an exhaustive increasing filtration of S (Σ), compatible with the
product structure. This type of filtrations of skein aglebras and modules are used in many
works, for example [Le1, Mac, FKL, PS2].

We consider S (Σ) as an N-filtered algebra with the filtration {Fk(S (Σ))}∞k=0. Let
GrS (Σ) denote the N-graded associated algebra. By definition

GrS (Σ) =
∞⊕
k=0

Fk(S (Σ))/Fk−1(S (Σ)),

where by convention F−1(S (Σ)) is the 0 module. Suppose x ∈ S (Σ) is non-zero. Then
there is k ∈ N, called the degree of x, such that x ∈ Fk(S (Σ)) \ Fk−1(S (Σ)). Let

x̄ ∈ Fk(S (Σ))/Fk−1(S (Σ)) ⊂ GrS (Σ)

be the image of x under the natural projection Fk(S (Σ))→ Fk(S (Σ))/Fk−1(S (Σ)).
Let Bk(Σ) ⊂ B(Σ) be the subset consisting of isotopy classes of simple diagrams α with∑
e∈E I(α, e) ≤ k. Then Fk(S (Σ)) is free R-module with basis Bk(S (Σ)). It follows that

the set
B̄(Σ) := {ᾱ | α ∈ B(Σ)}

is a free basis of the R-module GrS (Σ).
Similarly let Fk(S (F )) ⊂ S (F ) be the R-submodule spanned by α ∈ B(F ) such that∑

e∈E

I(α, e) ≤ k.

Then {Fk(S (F ))}∞k=0 is an exhaustive increasing filtration of S (F ). Let GrS (F ) be the
corresponding N-graded R-module. Again for a non-zero element x ∈ S (F ) one can define
x̄ ∈ GrS (F ).The set

B̄(F ) := {ᾱ | α ∈ B(F )}
is a free basis of the R-module GrS (F ).

The N-filtration {Fk(S (F ))}∞k=0 of S (F ) is compatible with the N-filtration {Fk(S (Σ))}∞k=0

under the action of S (Σ) on S (F ). In other words, if α ∈ Fk(S (Σ)) and β ∈ Fm(S (F )),
then (from the definition) one has α∗β ∈ Fk+m(S (F )). It follows that we have an associated
action of GrS (Σ) on GrS (F ).

Recall that we have defined triangular simple diagrams on a closed surface Σ equipped
with a Dehn-Thurston datum (F, E), see Subsections 3.2 and 3.3. Suppose n ∈ ZE and
t ∈ ZE∗ , then (n, t) ∈ ZE∪E∗ , and we say that (n, t) is triangular if (n, t) ∈ Γ and the
simple diagram C(n, t), which has Dehn-Thurston coordinates (n, t), is triangular. We say
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an element x ∈ GrS (Σ) is triangular if it is an R-linear combination of C(ni, ti), where
each (ni, ti) ∈ Γ is triangular.

Let Ω = ∂F , considered as an element of S (Σ). As Ω ⊂ F , it is a triangular simple
diagram. We have the following result of [PS2].

Proposition 3.1. Suppose Σ = Σg is a surface of genus g, equipped with Dehn-Thurston
datum (F, E).

(a) The associated algebra GrS (Σ) is a domain.
(b) Suppose x ∈ GrS (Σ). For sufficiently large integers k the elements Ω̄kx are triangular.

The reason why we consider triangular simple diagrams is that the product of two tri-
angular simple diagrams in the associated algebra is very simple, as given in the following
proposition, a refinement of a result of [PS2].

Proposition 3.2 (Proposition 4.9 of [FKL]). Suppose (n, t), (n′, t′) ∈ Γ are triangular.
Then

(11) C(n, t) C(n′, t′) = q〈n,n
′〉Q+t·n′−t′·nC(n + n′, t + t′).

Here 〈n,n′〉Q is a bilinear form defined in Subsection 3.1, and t · m, for t ∈ ZE∗ and
m ∈ ZE , is the dot product defined by

t ·m =
∑
e∈E

t(e∗)m(e).

4. Proof of Theorem 1

Here we prove Theorem 1, which for convenience of the reader is reformulated here.

Theorem 4.1. Suppose M is handlebody of genus g ≥ 1 and Σ is the boundary of M .
Assume that the ground ring R is a commutative domain with unit and a distinguished
invertible element q.

The action of S (Σ) on S (M) is faithful if and only if q is not a root of 1, ie if and only
if qn 6= 1 for all positive integers n.

4.1. Roots of 1. Define the Chebyshev polynomial Tn(z) ∈ Z[z] by the recursion

T0(z) = 2, T1(z) = z, Tn(z) = zTn−1(z)− Tn−2(z) for n ≥ 2.

The polynomial TN(z) is characterized by TN(u+ u−1) = uN + u−N .
For a framed knot α in M and a positive integer k let the k-th framed power α(k) be

the disjoint union of k parallel push-off copies of α, where the push-off is in the direction
of the framing of α. If k = 0 then α(k) is the empty link by convention. For a polynomial
P (z) =

∑
ciz

i and a framed knot α let P fr(α) ∈ S (M) be

P fr(α) =
∑

ciα
(i),

considered as an element of S (M). Moreover, suppose β is a framed link disjoint from α.
Presenting each α(k) as framed link in a small neighborhood of α, let

P fr(α) ∪ β :=
∑

ci[α
(i) ∪ β],
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which is well-defined as an element of S (M), and depends only on the isotopy class of α∪β.
We have the following tranparency property of the element (TN)fr(α) when qN = 1.

Proposition 4.2 (Corollary 2.7 of [Le1]). Suppose qN = 1 for a positive integer N . Assume
α and α are two isotopic framed knots in M , and β is a framed link disjoint from both α
and α′. Then

(12) (TN)fr(α) ∪ β = (TN)fr(α′) ∪ β.

In picture, Identity (12) is depicted in Figure 2.

Figure 2. Transparency of (TN)fr(α). Here the vertical line is part of α to
which Tn is applied, and the horizontal line is part of another framed link.

The transparency property in the 3-manifold case, Proposition 4.2, is a generalization of
similar property for links in the thickened surfaces [BW2]. For further generalizations and
applications see [LP, BL].

Proof of Theorem 1 for the case q is a root of 1. Suppose qN = 1 for a positive integer N .
Choose a simple loop α on Σ which is non-trivial in Σ but bounds a disk in H. Since α is
isotopic to a trivial loop γ in H, the transparency property of Proposition 4.2 shows that
for all a ∈ S (H),

(13) [(TN)fr(α)− (TN)fr(γ)] ∗ x = 0

As γ is trivial, we have γ = −q2 − q−2 in S (H), and hence

TN(γ) = (−q2)N + (−q−2)N = 2(−1)N .

Since the elements α(k) for k = 0, 1, 2, . . . are distinct elements of the basis B(Σ), the element
a := (TN)fr(α) − 2(−1)N is non-zero in S (Σ). Identity (13) shows that a acts trivially on
S (H). This shows the action of S (Σ) on SH is not faithful. �

The remaining part is devoted to a proof for the case when q is not a root of 1.

4.2. A lemma on root of 1. The following lemma is where we use the fact that q is not a
root of 1.

Lemma 4.3. Assume that r, k be positive integers, and q ∈ R is not a root of 1. Suppose
that ci ∈ R and ni ∈ Zr for i = 1, 2, . . . , k, where the ni are pairwise distinct. Let Λ ⊂ Zr
be a submonoid generating a subgroup of rank r in Zr. If

(14)
k∑
i=1

ciq
ni·m = 0

for all m ∈ Λ then ci = 0 for all i = 1, . . . , k.
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Proof. For a non-zero element x in the standard Euclidean space Rr let

x⊥ = {y ∈ Rr | x · y = 0},
which is a subspace of Rr of dimension r − 1. The finite collection (ni − nj)

⊥, i 6= j, cannot
cover the whole Rr. The condition on the rank of Λ shows that there is m ∈ Λ not belonging
to any of (ni −mj)

⊥. This means the numbers si := ni ·m are pairwise distinct.
Replace m by jm for j = 0, 1, . . . , k − 1 in (14), we get

k∑
i=1

ci(si)
j = 0, j = 0, 1, . . . , k − 1.

One can solve for ci from the above linear system. The determinant is the Vandermonde
determinant, which is non-zero since the si are disctinct. It follows that all ci are 0. �

4.3. Main technical result. Let Σ be a closed surface of genus g ≥ 1. We assume Σ = ∂H,
where H = F × [0, 1], as in Subsection 3.4. Choose a ∂F -triangulation E of F . Thus (F, E) is
a Dehn-Thurston datum (F, E) of Σ. The set B(Σ) of isotopy classes of simple diagrams on
Σ is parameterized by the submonoid Γ ⊂ ZE∪E∗ . For (n, t) ∈ Γ, where n ∈ ZE and t ∈ ZE∗ ,
recall that C(n, t) is the simple diagram with coordinates (n, t). The set B(F ) of simple
diagram on F is parameterized by the submonoid Λ ⊂ NE . For m ∈ NE recall that S(m) is
the diagram on F with coordinates m. Also we identify S (H) with S (F ).

As explained in Subsection 3.5 we have N-filtrations on S (Σ) and S (F ), and the corre-
sponding associated graded algebra GrS (Σ) and associated graded module GrS (F ). For a
non-zero element x we defined x̄ in the associated modules.

The main technical result is the following, which calculate the geometric action of the
associated algebra GrS (Σ) on the associated module GrS (F ).

Proposition 4.4. Suppose (n, t) ∈ Γ is triangular and m ∈ Λ. One has

(15) C(n, t) ∗ S(m) = u(n, t)q2t·mq〈n,m〉QS(n + m).

where u(n, t) = (−q2)〈t〉qt·n is a unit in R. Here 〈t〉 =
∑

e∈E t(e∗) and 〈n,m〉Q is defined by
Equation (8).

First we prove a lemma, which deals with modifications of twist coordinates.

Lemma 4.5. Suppose (n, t) ∈ Γ is triangular. Fix e ∈ E and modify t to t′ so that t′(e∗) = 0
while t′(c∗) = t(c∗) for c 6= e. Then

(16) C(n, t) ∗ 1 = (−qn(e)+2)t(e) C(n, t′) ∗ 1.

Proof. If t(e) = 0 then t = t′ and the lemma is trivial. First assume t(e) > 0. Present the
annulus A(ẽ), a closed tubular neighborhood of the simple closed curve ẽ, as ẽ× [0, t(e)] such
that for each k = 0, 1, . . . , t(e)− 1, the intersection C(n, t) ∩ (ẽ× [k, k + 1]) is presented by
diagram x depicted in Figure 3, where we also describe diagrams y and z on F .

Considering x as an element in H, we see that x is isotopic to the diagram y on F . Note
that y has one positive self-crossing and n − 1 other crossings. Removing the self-crossing
results in a factor −q3, see Equation (7). For each of the remaining n− 1 crossing, there is
only one smooth resolution, namely the +1 resolution, which does not decrease the geometric
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Figure 3. Diagram x on Σ and diagrams y, z on F . The vertical red lines
are boundary of F .

intersection with ẽ. As a result, when applying Formula (6) to diagram y, modulo elements
whose geometric intersections with e are less than t(e), we have

y = (−q3)qn−1z = −qn+2z,

where z is the diagram presented by n vertical lines, see Figure 3. Doing this to each
k = 0, 1, . . . , t− 1, we get Identity (16).

The case t(e) < 0 is similar, where all the crossings now should have −1 resolution. �

By applying Lemma 4.5 to all e ∈ E we get

C(n, t) ∗ 1 = (−q2)〈t〉qt·nC(n,0) ∗ 1

= (−q2)〈t〉qt·n S(n).(17)

Proof of Proposition 4.4. Since S(m) = C(m,0) ∗ 1, we have

C(n, t) ∗ S(m) = C(n, t) C(m,0) ∗ 1

= q〈n,m〉Q+t·nC(n + m, t) ∗ 1 by (11)

= q〈n,m〉Q+t·n (−q2)〈t〉qt·n+t·m S(n + m) by (17) ,

which is Identity (15) that we need to prove. �

4.4. Proof of Theorem 1, the case q is not a root of 1.

Proof. If the associated action of GrS (Σ) on GrS (H) is faithful, then so is the action of
S (Σ) on S (H). Hence it is enough to show that the associated action is faithful.

Assume that a non-zero x ∈ GrS (Σ) acts trivially on GrS (H). By Proposition 3.1,
there is a positive integer k such that y := Ωkx is triangular. Since GrS (Σ) is a domain by
Proposition 3.1, we have y 6= 0. Clearly y ∗GrS (F ) = 0.

Since y is triangular, we have the standard presentation y =
∑

j∈J cjC(nj, tj), where J is

a non-empty set, the (nj, tj) are triangular and pairwise distinct, and each cj is a non-zero
element of R. For m ∈ Λ we have

0 = y ∗ S(m) =
∑
j∈J

cj C(nj, tj) ∗ S(m)

=
∑
j∈J

c′jq
2tj ·mq〈nj ,m〉QS(nj + m)(18)
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where we have used Identity (15) to get Identity (18), and c′j := cju(nj, tj). Since u(nj, tj)
is a unit, we have that c′j 6= 0 for all j ∈ J .

Choose j0 ∈ J and let J ′ = {j ∈ J | nj = nj0}. As the set {S(k) | k ∈ Λ} is a free basis

of GrS (F ), the coefficient of S(nj0 + m) in the right hand side of Equation (18) must be 0.
Hence we have

0 =
∑
j∈J ′

c′jq
2tj ·mq〈nj0

,m〉Q = q〈nj0
,m〉Q

∑
j∈J ′

c′jq
2tj ·m.

It follows that for all m ∈ Λ one has
∑

j∈J ′ c
′
jq

2tj ·m = 0. Lemma 4.3 shows that all c′j are 0,
a contradiction. This completes the proof of Theorem 1. �
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[BL] W. Bloomquist and T. T. Q. Lê, The Chebyshev-Frobenius Homomorphism for stated skein modules

of 3-manifolds, Preprint arXiv:2011.02130.

[Bul] D. Bullock, Rings of Sl2(C)-characters and the Kauffman bracket skein module, Comment. Math.

Helv. 72 (1997), no. 4, 521–542.

[CF] L. Chekhov and V. Fock, Quantum Teichmüller spaces (Russian) Teoret. Mat. Fiz. 120 (1999), no.

3, 511–528; translation in Theoret. and Math. Phys. 120 (1999), no. 3, 1245–1259.
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