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Biomolecular phase separation has emerged as an essential mech-

anism for cellular organization. How cells respond to environmen-

tal stimuli in a robust and sensitive manner to build functional con-

densates at the proper time and location is only starting to be un-

derstood. Recently, lipid membranes have been recognized as an

important regulatory center for biomolecular condensation. How-

ever, how the interplay between the phase behaviors of cellular mem-

branes and surface biopolymers may contribute to the regulation of

surface condensation remains to be elucidated. Using simulations

and a mean-field theoretical model, we show that two key factors

are the membrane’s tendency to phase separate and the surface

polymer’s ability to reorganize local membrane composition. Sur-

face condensate forms with high sensitivity and selectivity in re-

sponse to features of biopolymer when positive co-operativity is es-

tablished between coupled growth of the condensate and local lipid

domains. This effect relating the degree of membrane-surface poly-

mer co-operativity and condensate property regulation is shown to

be robust by different ways of tuning the co-operativity, such as vary-

ing membrane protein obstacle concentration, lipid composition and

the affinity between lipid and polymer. The general physical princi-

ple emerged from the current analysis may have implications in other

biological processes and beyond.

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

phase separation | co-operativity | sensitivity | membrane reorganization

| protein obstacles

Cells are compartmentalized into distinct functional regions1

often surrounded by biological membranes, known as or-2

ganelles, for carrying out the diverse biochemistry of life. In3

addition, phase separation driven by weak, multivalent interac-4

tions among biomolecules has emerged as an essential mecha-5

nism for cellular compartmentalization (1). The biomolecular6

condensates formed through phase separation, enriched in7

selected proteins and often RNAs, are known as membraneless8

organelles (MLOs) and have been revealed to play an essen-9

tial role in cell physiology (2–6). Unlike membrane-bound10

organelles, the formation of these phase-separated condensates11

are typically reversible in response to cellular cues (7–12). The12

mechanism of how cells respond to stimuli in a robust and13

sensitive manner to build specific functional condensates in a14

spatially and temporally relevant manner is only starting to15

be understood.16

In recent years, biological membranes have been recognized17

as a key regulatory center for controlled condensate forma-18

tion in cells (13–17). In particular, prewetting appears to19

be a mechanism by which cells could exert spatiotemporal20

control over the assembly of biomolecular condensates (18–21

20). In general, proteins separate into a coexisting dense22

phase (condensate) and a dilute phase in the cytoplasm when23

their mutual interaction strength reaches a certain threshold 24

value Jc. In a prewetting process, proteins (or biopolymers 25

in general) are attracted to a surface, which enables their 26

condensation at interaction strengths lower than Jc. This 27

surface condensate (prewetting phase) is restricted only to the 28

vicinity of the surface, as bulk condensation is not favorable. 29

Yet beyond merely serving as an attractive two-dimensional 30

surface, biological membranes are fluidic structures with het- 31

erogeneous and complex lipid and protein compositions that 32

can phase separate on their own (21–24). The goal of this work 33

is to understand the interplay between the phase behaviors of 34

biological membranes and the biopolymers at the membrane 35

surfaces. We aim to establish general principles that might 36

govern how cells regulate surface condensation. 37

In an interesting study(18), Machta and co-workers investi- 38

gated the coupled phase behavior of a 2-component membrane 39

and polymers; they focused on the conditions of coexistence 40

of different surface phases and presented a framework for ana- 41

lyzing the problem through simulation and theory. The main 42

conclusion of their work was that proximity to the membrane 43

critical point greatly enhances condensate formation. An im- 44

portant feature of biological membranes that their work did 45

not include is the presence of membrane proteins. Various 46

experimental and theoretical studies have estimated that the 47
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Fig. 1. Schematic of biopolymers (red) at the surface of a membrane consisting of

two types of lipids (black and white) and embedded protein obstacles (blue), where

biopolymers are attracted to one type of lipid (white). We investigate here how

obstacles and the variation of other parameters of the system (e.g., lipid composition

fA; lipid-lipid interaction strength Jm; lipid-polymer interaction strength ht and range

l) modify the coupled phase behavior of biopolymers and lipids to regulate surface

condensation.

area fraction of proteins in biological membranes ranges from48

20 to 75% depending on the membrane type (25–31), and49

that these embedded “protein obstacles” have significant influ-50

ences on the phase behaviors of the surrounding lipids (32–34).51

Therefore, a realistic model for studying the coupled phase52

behaviors of membrane and surface biopolymers must take53

the effect of protein obstacles into account (Fig. 1). Fur-54

thermore, as the functions of biomolecular condensates are55

dependent on their biophysical properties (35–43), it’s critical56

to understand how the phase behaviors of membranes and57

surface biopolymers regulate the condensate properties be-58

yond the condition of formation; this topic has been relatively59

unexplored in previous studies (18, 19, 44, 45).60

In this work, we first explore the effect of membrane protein61

obstacles on regulating surface condensation through grand62

canonical Monte Carlo (GCMC) simulations and a mean-field63

theory (MFT). Our simulation results show that the presence64

of protein obstacles in the membrane at physiological con-65

centrations enhances the sensitivity and selectivity of surface66

condensation and membrane reorganization to the property of67

the biopolymer, and that such effect is observed over a range68

of membrane conditions. Furthermore, our theoretical analy-69

sis confirms the findings of the simulations, and reveals that70

such obstacle effect originates from the positive co-operativity71

between the coupled growth of local lipid domains and surface72

condensates. The general significance of membrane-surface73

polymer co-operativity to surface condensation is then fur-74

ther verified through simulation and theoretical analyses of75

several other model systems in which the degree of membrane-76

surface polymer co-operativity is perturbed in distinct ways.77

Although the simple models used here do not represent the78

rich membrane chemistry present in biology, the underlying79

physical principles are robust and potentially relevant to many80

biological processes.81

Simulation Results82

Simulation Model for the Effect of Protein Obstacles on Mem-83

brane Phase Behaviors. Before exploring the effect of obstacles84

on surface condensation, we first briefly review the basic sim- 85

ulation framework and the effect of obstacles on the phase 86

behavior of membrane. We model binary lipid membrane 87

embedded with protein obstacles using a fixed composition 88

2D Ising model on square lattice with an attractive/repulsive 89

nearest neighbor (NN) interaction energy Jm(kBT ) between 90

like/unlike lipid pairs (see SIAppendix, Fig. S1 A). The Hamil- 91

tonian of the system is 92

HIsing = −Jm

∑

i,j∈NN

SiSj , [1] 93

where i and j label lattice sites, Si = 1/ − 1 for lipid species 94

A/B and Si = 0 if it’s occupied by an obstacle, indicating that 95

obstacles are inert and have no (preferential) interaction with 96

either lipid. In the simulations, Jm and the fraction of obstacle 97

sites (fo) are varied to describe different membrane conditions, 98

while the number of A lipid is always kept equal to that of 99

B (M =
∑

i
Si = 0), representing fixed lipid compositions. 100

Furthermore, we consider two types of obstacles: immobile 101

and mobile (floating). Immobile obstacles describe integral 102

membrane proteins attached to the cytoskeleton or very large 103

integral membrane proteins that diffuse much slower than 104

lipids, while mobile obstacles describe unattached floating 105

membrane proteins. In a simulation with immobile obstacles, 106

the positions of obstacle sites are fixed at initialization and 107

the only MC move is the swap of unlike lipid pairs, while in 108

simulations with mobile obstacles, swap moves between lipids 109

and obstacles are included. We refer to immobile/mobile ob- 110

stacles as obstacles/floating obstacles hereafter for simplicity. 111

Our simulations show that the presence of obstacles signifi- 112

cantly suppresses lipid phase separation, in agreement with 113

previous studies (32–34) (see SIAppendix and Fig. S1-3 for 114

detailed discussions). For example, as the fraction of obstacles 115

increases from 0 to 0.1 and 0.3, the critical membrane coupling 116

Jc
m increases from 0.35 kBT to 0.4 and 0.7 kBT , respectively 117

(Fig. S1C-E). The effect of floating obstacles, however, is far 118

less prominent (Fig. S2). 119

Membrane obstacles enhance the sensitivity and selectivity 120

of surface condensation. We next explore the effect of mem- 121

brane obstacles on surface condensation by coupling the Ising 122

membrane with lattice polymers in our simulation (Fig. 2C ). 123

Specifically, the Ising membrane is simulated as described in 124

the previous section and placed at the bottom of the simula- 125

tion box (z = 0). Lattice polymers are 9 monomers long with 126

attractive NN interaction energy Jp(kBT ), and are kept at 127

fixed chemical potential following the conventional GCMC al- 128

gorithm (46). Following Rouches et al. (18), the polymers are 129

coupled to the membrane through tethers, which are attached 130

only to lipid species A and extend 5 lattice sites straight into 131

the bulk. Tethers form favorable interactions with polymers, 132

and can translate on the 2D membrane. It should be noted that 133

the inclusion of tethers here is not essential, and is merely one 134

way of implementing attraction between polymers and selected 135

lipid species, without which the membrane phase behavior does 136

not affect surface condensation. The major conclusions from 137

this study are not subject to specific forms of polymer-lipid 138

coupling and apply more generally, as further discussed in the 139

section "General Significance of Membrane-surface polymer 140

Co-operativity to Surface Condensation". 141

Without the membrane, the lattice polymers can phase 142

separate in the bulk when Jp is increased to 0.55 kBT (see 143

2 | www.pnas.org/cgi/doi/10.1073/pnas.XXXXXXXXXX Liu et al.
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surface condensates formed at different Jp(kBT ) and Jm(kBT ) without obstacles

(A); and with obstacles at area fractions of 0.3 (B). (C) Snapshot of a simulation with

Jp = 0.45 kBT and Jm = 0.35 kBT with floating obstacles at an area fraction of 0.1.

Red chains represent polymers, white, grey and blue squares on the bottom plane

represent the two lipid components A and B and protein obstacles of the membrane.

Brown straight chains sticking out of the bottom plane represent tethers that only

connect to white lipids and have a favorable interaction with the red polymers. (D)

Polymer density differences between (A) and (B). Polymer density is calculated as

the fraction of lattice sites occupied by red polymers in a 5 × 5 × 5 surface region.

The low polymer densities (<0.1) in (A) and (B), (e.g., the columns of Jp = 0.1 kBT )

represent the density of dilute surface phase before prewetting transitions. The tether

density of the membrane is ρt = number of tether
number of lipid A

= 0.2 in all cases.

SIAppendix, Fig. S4A and B), and thus we focus on Jp < 0.55144

kBT , where the surface condensates formed are prewetting145

phases. Typical surface condensates formed in prewetting are146

shown in the simulation snapshots in Fig. 2C and SIAppendix147

Fig. S4C, which are thin layers of polymer aggregates (see148

SIAppendix Fig. S5D). Indeed, when Jp reaches 0.55 kBT , sur-149

face condensates start to grow into the bulk (see SIAppendix,150

Fig. S4D).151

Next, we analyze how the assembly of surface condensate152

responds to the change of Jp under different membrane con-153

ditions. The change of Jp is meant to be a simple model154

for the variation of biopolymer sequence, the state of post-155

translational modification (e.g., phosphorylation) or local so-156

lution condition (e.g., pH), which are regulatory mechanisms157

that cells exploit to control biomolecular phase separation158

(47).159

As shown in Fig. 2A, without obstacles, the density of the160

surface condensate formed increases with both Jm and Jp, as161

manifested by the deeper color towards the lower right of the162

heat map, whereas, at high Jp values, the dependence on Jm163

is significantly weakened. Such qualitative trends remain in164

the corresponding heat maps after introducing obstacles (Fig.165

2B and SIAppendix Fig. S5B and C), while high condensate166

densities are observed at higher Jp values as the amount167

of obstacles increases. It should be emphasized that high 168

density of phase separating biomolecules in condensate relative 169

to the dilute surrounding phase is required for meaningful 170

volume compartmentalization and component enrichment to 171

form functional assemblies (35, 39–42). In addition, a closer 172

comparison between the condensate densities in Fig. 2B and 173

Fig. 2A reveals that their differences primarily reside at 174

columns of intermediate Jp values (Fig. 2D and SIAppendix 175

Fig. S5E and F), indicative of different response patterns of 176

surface condensates to Jp with and without obstacles. 177

The change in response of surface condensation to Jp upon 178

obstacle introduction becomes clearer by examining horizontal 179

rows of Fig. 2A and B. As shown in Fig. 3A, at fixed 180

Jm, without obstacles (see blue curve of Fig. 3A), surface 181

condensation starts at Jp = 0.1 kBT , and the condensate 182

density then increases gradually as Jp further increases. By 183

contrast, with the introduction of 30% membrane obstacles, 184

the onset of surface condensation is delayed to Jp = 0.35 kBT , 185

and the condensate density varies more steeply to increasing 186

Jp, showing a sensitivity enhancement by a factor greater than 187

three. 188

The presence of obstacles also contributes to regulating 189

the accompanying membrane reorganization during surface 190

condensation. As demonstrated in Fig. 3B and C (see also 191

SIAppendix, Fig. S6), the presence of 30% obstacles enhances 192

the sensitivity of the response of membrane composition be- 193

neath the surface condensate to Jp, in terms of the concen- 194

trations of lipid A and tether, similar to that observed in Fig. 195

3A for condensate density. It should be noted that the real- 196

ization of sensitive membrane reorganization beneath surface 197

condensate by obstacles is functionally significant. Biological 198

membranes have been proposed to be consist of domains of 199

distinct composition and properties for accomplishing various 200

cellular functions (23, 48–51). However, direct evidence for 201

the existence of large lipid domains in vivo have been lack- 202

ing, which was proposed to be due to their context-dependent 203

nature and the multiplicity of their possible organizational 204

states (52, 53). In line with this, our simulation shows that 205

while the presence of macroscopic lipid domains is suppressed 206

by obstacles, local lipid domain assembly is facilitated by a 207

contacting surface condensate (demonstrated in Fig. 3D and 208

E). Thus, the broad existence of protein obstacles in biological 209

membranes may ensure that local lipid domains form only 210

when needed. 211

The observed obstacle effects persist over obstacle types (see 212

SIAppendix, Fig. S7), membrane components (see SIAppendix, 213

Fig. S8D), and lipid environments (reflected by different Jm 214

values, see SIAppendix, Fig. S8A-C). To better understand 215

the physical origin of such obstacle effects, we reason that 216

the obstacles can affect the membrane in two ways relevant 217

to surface condensation. First, obstacles suppress membrane 218

phase separation. Second, the presence of obstacles reduces 219

the effective tether density on the entire membrane by a factor 220

of (1-fo), especially in the lipid-mixed state of the membrane. 221

Hence we set out to explore if we can reproduce the obstacle 222

effects by repeating the obstacle-free simulations (blue curve of 223

Fig. 3A) at reduced effective Jm and tether density (ρt). From 224

such analysis, we conclude that the sensitivity and selectivity 225

enhancing effect of obstacles on surface condensation originates 226

from creating membrane conditions unfavorable for forming 227

dense polymer aggregates (see SIAppendix and Fig. S9 for 228

Liu et al. PNAS | March 14, 2023 | vol. XXX | no. XX | 3
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Fig. 3. Membrane obstacles enhance the sensitivity and selectivity of surface condensation and its complementary membrane reorganization to Jp; fo represent the area

fraction of membrane obstacles. (A) Polymer density of surface condensate as a function of Jp at fixed Jm = 0.55 kBT and ρt = 0.2. The empty red circles show data for

fo = 0.3 obtained with frozen membrane configurations. Specifically, the empty red circles at Jp = 0.4 kBT (lower one) and Jp = 0.45 kBT show condensate densities

obtained when Jp is increased from 0.35 to 0.4 kBT and from 0.4 to 0.45 kBT , respectively, with membrane configurations taken from simulations with Jp = 0.35 and 0.4

kBT , respectively. Similarly, the empty red circles at Jp = 0.4 kBT (upper one) and Jp = 0.35 kBT show condensate densities obtained when Jp is set to 0.4 and 0.35

kBT , respectively, but with the membrane fixed at representative configuration selected from the trajectory with Jp = 0.45 and 0.4 kBT , respectively. (B) Fraction of type-A

lipid (up spin) in all lipids beneath the surface polymer phases of (A). (C) Fraction of tethers on lipids beneath the surface polymer phases of (A). Data for Jp 6 0.1 (0.35)

kBT with fo = 0 (0.3) describe the stable dilute surface polymer phase before the prewetting transition. (D) (Left) Snapshot of membrane simulation at Jm = 0.35 kBT with

obstacle fraction of 0.2. (Middle) Snapshot of membrane in a simulation at Jp = 0.45 kBT and Jm = 0.55 kBT with obstacle fraction of 0.2. (Right) Corresponding tether

distribution of the Middle snapshot. Chocolate and light grey squares represent positions with and without tethers. (E) Snapshot of the entire simulation system corresponding

to the snapshot in D (Middle).

detailed discussions).229

Mean-field Theory for the Obstacle Effects230

To gain a deeper understanding of the obstacle effects on231

surface condensation, we then developed a theoretical model232

for our simulation system. Specifically, the free energy for233

the formation of surface condensation (F ) is divided into234

three contributions: 1. aggregation of polymers from the235

bulk to the surface condensate; 2. reorganization of lipids236

and tether in the membrane beneath the surface condensate;237

and 3. the formation of interaction between tethers and the238

condensate polymers. We then minimize F , with and without239

obstacles, at different Jp values with respect to the density240

of the surface condensate (φ0) and the composition of the241

membrane underneath; these analyses enable us to dissect the242

effect of obstacles on the response of surface condensate and243

membrane composition to Jp.244

Adapted Flory-Huggins Free Energy of Polymers Captures

the Bulk Simulation Result. We describe the free energy of
the polymers with an adapted Flory-Huggins theory (54, 55),
in which the average free energy per monomer in the bulk (f9)
is given by:

f9 =
1 − φ

φ
ln(1 − φ) −

1

L
ln(

L

φ
) −

1

L
ln(C9) − φ

Z − 2

2
Jp.

[2]

Here φ is the polymer concentration, Z = 6 is the cubic lattice245

coordination number, and L = 9 and C9 = 193, 983 are the246

length and the number of conformations with a given starting247

site of a single 9-monomer chain in the bulk (see Methods248

and SIAppendix for details). As plotted in Fig. 4A, at low249

Jp values, f9 increases monotonically with φ, indicating the 250

dominance of entropy and a dilute solution. Yet, when Jp 251

increases to > 0.55 kBT , f9(φ) becomes non-monotonic and 252

develops a local minimum at a high φ value, which agrees with 253

our bulk simulation result that phase separation starts at Jp = 254

0.55 kBT (see SIAppendix, Fig. S3). Thus, we take f9(φ = 255

0.08) = −2.93 kBT as the free energy of a monomer in the 256

bulk, which is equal to the value of f9(φ) for the local minimum 257

at high φ value when Jp = 0.55 kBT . Accordingly, φ = 0.08 is 258

taken as the bulk polymer concentration (φ∞). Considering 259

that at low concentrations, the enthalpic contribution to the 260

Flory-Huggins free energy is small, φ∞ = 0.08 and f9(φ∞) = 261

−2.93 kBT are considered as constants for Jp 6 0.55 kBT (see 262

Fig. 4A). 263

Free Energy Analysis of Surface Condensation. The three
contributions to F are divided into two parts F = F3D + F2D,
which are minimized separately like in the classical theory of
wetting (18, 44, 45). Here F3D is the free energy of forming a
surface condensate of area A and density φ0 from a uniform
dilute polymer solution at concentration φ∞. Specifically we

4 | www.pnas.org/cgi/doi/10.1073/pnas.XXXXXXXXXX Liu et al.
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Fig. 4. Mean-field theory (MFT) for the effect of obstacles on surface condensation. (A) Free energy per monomer as a function of polymer density in the bulk solution, f9(φ),

at different Jp(kBT ) calculated from the adapted Flory-Huggins theory. φ∞ represents the bulk polymer density. (B) Minimized F as a function of polymer density in the

surface condensate F ∗(φ0) at different Jp(kBT ) at fo = 0. Red stars label the positions where φ0 minimizes F ∗(φ0) at different Jp(kBT ), which have free energies

lower than that of the dilute reference, leading to the formation of surface condensates. (C) Same as (B) but for fo = 0.3. (D) Polymer densities; (E) lipid compositions; (F)

tether concentrations of the surface condensates as a function of Jp at different obstacle fractions from the MFT calculations. In part (D) the left (right) empty red circle shows

condensate density achieved in the calculation for Jp =0.4 (0.45) kBT while the membrane configuration is fixed at that corresponds to the minimum of F ∗(φ0) in a normal

calculation at Jp =0.45 (0.4) kBT . Data in (D) to (F) at Jp < 0.1 (0.4) kBT when fo = 0 (0.3) describe the dilute surface phase before the prewetting transition.

have:

F3D

A
= µ0Dφ0

︸ ︷︷ ︸

f1

− JpDφ2
0

Z − 2

2
︸ ︷︷ ︸

f2

+

∫
∞

D

{
K

2
(∇φ)2 + f9(φ)φ − f9(φ∞)φ

}

dz

︸ ︷︷ ︸

f3

[3]

µ0(φ0) =
1 − φ0

φ0
ln(1 − φ0) −

1

L
ln(

L

φ0
) −

ln(Csurf
9 )

L

− f9(φ∞) [4]

where D is the thickness of the surface condensate and Csurf
9 =264

112, 325 is the number of conformations of a 9-monomer chain265

with a given starting site confined in the surface condensate266

(see SI Appendix for details). µ0 in the term f1 accounts267

for the loss of conformational and translational entropies per268

monomer when bulk polymers are confined to the surface269

condensate. f2 is the enthalpic gain from the interaction270

between polymers in the surface condensate, and f3 is the271

interfacial energy between the bulk polymer solution and the272

surface condensate.273

While F3D describes what happens above the membrane,274

F2D is the free energy of membrane reorganization and form-275

ing tether-polymer interaction during surface condensation.276

Specifically we have:277

F2D

A
= fmem − htDρ′φ0

︸ ︷︷ ︸

fint

+
ρ′

ρ
[ρ ln(ρ) + (1 − ρ) ln(1 − ρ)] − λρρ′

︸ ︷︷ ︸

ftether

[5]

fmem = (1 − fo) [xA ln(xA) + (1 − xA) ln(1 − xA)]

−
Z′

2
m2Jm(1 − fo)2

− λmm(1 − fo) [6]

where xA = 1+m
2

is the fraction of lipid A, Z′=4 the coordi- 278

nation number of 2D square lattice, ρ the local tether density 279

on lipid A, ρ′ = ρ(1 − fo) 1+m
2

the overall tether density on 280

the local membrane (regardless of lipid type), ht the tether- 281

polymer interaction strength, λρ the chemical potential of 282

tether and λm is one half of the difference between the chem- 283

ical potentials of lipid A and B. fmem and ftether represent 284

the contribution to the membrane free energy from lipids and 285

tether, respectively. fint is the interaction energy between 286

tethers and polymers (see Methods for derivations). The pa- 287

rameter values used in the MFT calculations are summarized 288

in SI Appendix Table S1. 289

With F3D and F2D defined, we then minimize them inde- 290

pendently at fixed Jp and fo values for each φ0 to get F ∗
3D(φ0) 291

and F ∗
2D(φ0). Therefore, the φ0 that minimizes their sum 292

F ∗(φ0) = F ∗
3D(φ0) + F ∗

2D(φ0), will be the density of the most 293

stable surface polymer phase that forms at the given Jp and 294

fo (see SI Appendix and Fig. S10-11 for detailed discussions). 295

Minimization of F (φ0)F (φ0)F (φ0). Without obstacles, the sum of the min- 296

imized F ∗
2D(φ0) (black curve of SI Appendix Fig. S11A) and 297

F ∗
3D(φ0) (SI Appendix Fig. S10) is plotted as F ∗(φ0) in Fig. 298

4B. At low Jp values, φ0 = φ∞ globally minimizes F ∗(φ0), 299

indicating the absence of condensate formation. The situation 300

of φ0 < φ∞ is ignored considering that we have a polymer- 301

attracting membrane. When Jp reach 0.1 kBT , the local 302

minimum of F ∗(φ0 = 0.1) (see the red star of the orange curve 303

of Fig. 4B) becomes equal to F ∗(φ0 = φ∞), which marks the 304

onset of surface condensate formation. As Jp further increases, 305

the global minimum of F ∗(φ0) gradually shift to the right 306

(see red stars in Fig. 4B), reflecting the gradual increase of 307

condensate density as Jp increases. 308

On the other hand, when fo is increased to 0.3, F ∗
2D(φ0) and 309

its derivative adopt different values (SI Appendix Fig. S11C). 310

Consequently, the formation of surface condensate now starts 311

at a higher Jp (0.4 kBT ), while featuring an increased density- 312

to-Jp sensitivity, as manifested by the red star locations on 313

the F ∗(φ0) curves in Fig. 4C . These observed differences 314

in the condensate-to-Jp response, as well as the membrane 315

Liu et al. PNAS | March 14, 2023 | vol. XXX | no. XX | 5
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composition-to-Jp response from adding obstacles are further316

summarized in Fig. 4D − F , which well recapitulate the cor-317

responding observations from the simulation results (see Fig.318

3A − C ).319

Physical Origin of the Obstacle Effects. The formation of sur-320

face condensation consists of several contributions: 1. the321

confinement of polymers from a dilute bulk solution into the322

surface condensate, which is unfavorable due to the loss of323

conformational and translational entropies of the confined324

polymers and the distortion of polymer concentration profile325

above the condensate; 2. formation of favorable polymer-326

polymer interactions in the surface condensate, where the327

polymer concentration is much higher than in the bulk so-328

lution; 3. concentration of specific lipids and tethers to the329

membrane beneath the condensate, which is unfavorable due330

to the loss of their translational entropies, especially above331

the critical temperature of the membrane; 4. formation of332

favorable tether-polymer interactions in the surface conden-333

sate. As such, surface condensate emerges only when the free334

energy gain of contributions 2 and 4 outweighs the loss of335

contributions 1 and 3. Therefore, to achieve a surface conden-336

sate of a given density φ0 and certain membrane composition337

beneath it, which involve fixed free energies of contributions 1338

and 4, the enthalpic gain of contribution 2 needs to overcome339

the entropic loss of contribution 3. The presence of obstacles,340

which suppresses the concentration of membrane components341

in contribution 3 (as manifested in the simulation results and342

Eq. 5-6), thus requires stronger polymer-polymer interactions343

to drive the formation of the surface condensate. This explains344

the right shift of the φ0 − Jp, xA − Jp and ρ − Jp curves in Fig.345

3A − C and Fig. 4D − F , or the enhancement of selectivity346

towards Jp due to membrane obstacles for the formation of347

surface condensates.348

While the above argument elucidates the delay of the onset349

of surface condensation to higher Jp, it doesn’t guarantee the350

enhancement of sensitivity. In fact, now that it’s harder to351

drive the membrane reorganization by increasing Jp in the352

presence of obstacles, one might expect it is even harder to353

drive fast condensate assembly. To gain further insights, we354

reason that instead of only focusing on how membrane re-355

sponds to Jp, we should also inspect how the change of local356

membrane composition influences the condensate. Noticeably,357

in both the simulation and the MFT results, rapid condensate358

density increase and membrane reorganization are observed359

simultaneously (Fig. 3A − C and Fig. 4D − F). Without360

obstacles, when the membrane is close to phase separation361

on its own, a modest enrichment of polymers in the surface362

condensate at low Jp could already effectively induce its reor-363

ganization. The membrane composition then responds to Jp364

or condensate density in a gradual manner (see blue curves365

in Fig. 3A − C and Fig. 4D − F). By contrast, when the366

obstacles suppress lipid phase separation and scale down the367

effective lipid A-polymer affinity (see Eq. 5), membrane reor-368

ganization only starts at a stronger Jp in a shallow manner369

and then is driven progressively higher (see red curves in Fig.370

3A − C and Fig. 4D − F). This leads to the realization that,371

with obstacles, condensate density and membrane composition372

become more sensitive to increasing Jp because they increase373

co-operatively. More specifically, it is exactly because it’s374

harder to drive membrane reorganization due to obstacles that375

membrane composition responds to the increase of φ0 (Jp) in376

a co-operative manner (Eq. 5); i.e., the positive co-operativity 377

between the coupled growth of condensate and local mem- 378

brane domain ultimately leads to the sensitivity enhancement. 379

This co-operative mechanism is further demonstrated by the 380

red dashed lines in Fig. 3A and Fig. 4D, where when Jp 381

increases with frozen membrane configuration, condensate 382

density responds much less, and vice versa. 383

General Significance of Membrane-surface polymer Co-oper- 384

ativity to Surface Condensation. The principle of positive co- 385

operativity is quite general. For any particular polymer states, 386

e.g., characterized by the range of Jp values, other parame- 387

ters can be tuned collectively to modulate the degree of this 388

positive co-operativity. In this section, we investigate several 389

other ways of tuning membrane-surface polymer co-operativity 390

to verify the generality of the principle. As the problem is 391

ultimately concerned with two-body co-operativity, the model 392

membranes studied in this section consist of only lipids A 393

and B (without obstacles or tethers), with a direct attraction 394

between lipid A and surface polymers. We then adjust the 395

membrane-surface polymer co-operativity in four distinct ways 396

by varying: 1. lipid A fraction fA; 2. lipid-lipid interaction 397

strength Jm; 3. strength ht and 4. range l of lipid A-polymer 398

attraction to investigate how they affect condensate property 399

(see Methods for details). 400

The four ways of tuning membrane-surface polymer co- 401

operativity could be further classified into two categories based 402

on their effects: 1. varying fA and Jm changes the propensity 403

of the membrane to phase separate by itself (see SI Appendix 404

Fig. S12); 2. varying ht and l changes the ability of surface 405

polymer to reorganize the underneath membrane (see Eq. 15 406

and 4) and SI Appendix for more discussions). Three regimes 407

of surface condensation are observed depending on the state 408

of the membrane and polymer in terms of these two aspects. 409

As summarized in Fig. 5 and SI Appendix Fig. S13 and 410

S14, when the membrane is too far from phase separation, 411

prewetting is suppressed and a dilute surface polymer phase 412

dominates at all Jp values (see black lines of 5A − D and 413

SI Appendix Fig. S13 A-D). On the other hand, when the 414

membrane is close to phase separation, a dilute surface polymer 415

phase at low Jp value is sufficient to induce local membrane 416

reorganization and the prewetting transition (see blue curves 417

of 5A − D and SI Appendix Fig. S13 A-D). The condensate 418

density responds in a gradual manner to varying Jp, with 419

the membrane composition beneath the condensate remaining 420

largely constant. 421

When parameters are tuned, however, so that membrane 422

reorganization is not favored yet a prewetting transition is still 423

possible, surface condensation only starts at a high Jp value. 424

Under such situation, the condensate density and the local 425

lipid domain grow co-operatively as Jp further increases, and 426

the coupled growth leads to their sensitive response to Jp (see 427

red curves of 5A − D and SI Appendix Fig. S13 A-D). Results 428

from the free energy analysis of the mean-field theory agrees 429

well with the simulation results, as summarized in 5E − H , 430

SI Appendix Fig. S13 E-H and Fig. S14 (see Methods and 431

SI Appendix for more discussions). 432

These results confirm that the connection between 433

membrane-surface polymer co-operativity and surface con- 434

densate property is not limited to the discussion of membrane 435

obstacle effect, but more general. Indeed, the observations 436

here suggest that a membrane-polymer system can be clas- 437

6 | www.pnas.org/cgi/doi/10.1073/pnas.XXXXXXXXXX Liu et al.
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Fig. 5. The connection between membrane-surface polymer co-operativity and surface condensate property is generally applicable to other model membrane-polymer systems

(see Methods for details) as revealed by Grand Canonical Monte Carlo (GCMC) simulations and a mean-field theory (MFT). GCMC results for the surface condensate density

as a function of Jp (A) at three Jm values; (B) at three fA values; (C) at three ht values; (D) at three l values; with other parameters fixed (see SI Appendix Table S2). MFT

results for surface condensate density as a function of Jp (E) at three Jm values; (F) at three λm values; (G) at three ht values; (H) at three D values with other parameters

fixed (see SI Appendix Table S3). The black data points in (A)-(H) describe the stable dilute surface polymer phases before the prewetting transition. The empty red circle

data in (A)-(D)/(E)-(H) are similarly defined as those in Fig. 3A/Fig. 4D. The lower empty red circle of (E)-(H) (upper empty red circle of (F)) is shifted up (down) by 0.05 to

avoid overlapping for better visualization. (I) A schematic illustration of the 1D phase diagram that summarizes the three regimes of surface condensation, which depends on

the degree of membrane-surface polymer co-operativity. The lower panels show that a system can be shifted among the three regimes by varying different parameters. The

darkness of the colors of the lower four panels from left to right reflects the highest φ0 change over a Jp change of 0.05 kBT of the black, red and blue curves of (A)-(D). (J) A

two-dimensional phase diagram obtained from MFT calculations spanned by Jm and ht. The darkness of the color reflects the highest condensate density change over a Jp

change of 0.05 kBT with λm = −0.24, D = 5.

sified into one of the three regimes based on the degree of438

membrane-surface polymer co-operativity as summarized in439

Fig. 5I : In regime I, the membrane is far away from phase440

separation that surface condensation is suppressed; in regime441

III, the membrane is close to phase separation that leads to442

surface condensation of low selectivity and sensitivity; in the443

intermediate regime II, surface condensation of high selectivity444

and sensitivity towards polymer property is observed. As445

summarized in the lower panels of Fig. 5I , the key factor446

of membrane-surface polymer co-operativity can be tuned in447

various ways, thus leading to multiple mechanisms through448

which the surface condensate formation and property can be449

regulated.450

Our analyses highlight that for the discussion of surface451

condensate regulation, membrane’s tendency to phase separate452

should be considered together with the polymer’s ability to re-453

organize the membrane (see Fig. 5A − H and SI Appendix Fig.454

S13 and S14). This is explicitly illustrated in Fig. 5J , where455

Jm and ht together determine the boundary that separates the456

three regimes of surface condensation in this two-dimensional457

parameter space (see SI Appendix for more discussions). More 458

broadly, it is the collective effect of all relevant parameters of 459

the system that determines the degree of membrane-surface 460

polymer co-operativity, which ultimately regulates the forma- 461

tion and property (e.g., density) of surface condensate (see 462

also SI Appendix Fig. S15-17). 463

Finally, although the current study focuses on biomolecu- 464

lar system, the general principle that positive co-operativity 465

between the coupled growth of two order parameters results 466

in their faster increases applies to broader contexts. For ex- 467

ample, the positive reciprocal effects between incidental news 468

exposure via social media and political participation observed 469

in communication studies reflects similar principles only with 470

polymers and lipids replaced by social media exposure and 471

political participation (56), respectively. Such a general prin- 472

ciple is also demonstrated with an intuitive example of tennis 473

practice (see SI Appendix and Fig. S18). 474
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Concluding Remarks475

In recent years, biological membranes have been recognized to476

play a regulatory role in the formation of biomolecular conden-477

sates (13–17), especially in the context of cell signaling. The478

general physical principles and molecular details that govern479

the robustness and sensitivity of such regulations, however,480

remain to be elucidated. For example, the recent study of481

Machta and co-workers (18), which played a major role in482

inspiring the current work, highlighted the potential signifi-483

cance of the membrane being close to its critical point (57);484

it was shown that, as the membrane approaches its critical485

point, the range of polymer interaction strength that leads486

to pre-wetting transition is greatly expanded. While this was487

an interesting observation, the insensitivity of the pre-wetting488

transition to the polymer interaction strength implies the lack489

of selectivity, making the mechanism less than ideal from a490

functional perspective. Moreover, as discussed here and in491

previous work (32, 33), realistic cellular membranes, which are492

rich in proteins, are unlikely to undergo macroscopic phase sep-493

aration under ambient conditions. Additionally, while previous494

studies mostly focused on the conditions that favor surface con-495

densation, the regulatory mechanism of condensate property496

(e.g., density), which affect the functions of MLOs, remains497

relatively unexplored (18, 19, 35–45).498

Motivated by these considerations, in this work, we have499

first studied the effect of protein obstacles on the coupled500

phase behaviors of biological membranes and surface biopoly-501

mers through GCMC simulations and a mean-field theory. We502

confirmed previous theoretical analysis (32, 33) that the pres-503

ence of protein obstacles, especially immobile ones, suppresses504

phase separation of lipid membrane. Despite deviation from505

the critical point, the local membrane composition responds506

co-operatively to the condensation of surface polymers, which507

is in turn further promoted by the local enrichment of spe-508

cific lipids; co-operativity in the coupled growth thus leads509

to enhanced sensitivity and selectivity of local membrane re-510

organization and pre-wetting transition to the properties of511

the polymer, represented by the interaction strength Jp in the512

current model. The key role of the obstacles in enhancing the513

sensitivity and selectivity is, in fact, to push the membrane514

away from conditions that strongly favor surface condensation,515

leaving opportunities for polymer properties to contribute.516

This mechanism is further tested with several other517

membrane-polymer systems, which help establish the gen-518

eral principle that relates the degree of membrane-surface519

polymer co-operativity and condensate property regulation.520

As far as parameters of the system are tuned to generate posi-521

tive co-operativity in the coupled growth of local membrane522

domain and surface condensate, high sensitivity and selectivity523

of condensate regulation is realized.524

The sensitivity and selectivity of the surface condensate to525

the polymer properties are functionally relevant; the polymer526

properties can be modified by variations in sequence, PTM527

state or local environmental variables such as pH. For example,528

a high level sensitivity of phase separation to these changes529

is essential for cells to produce digitized output in processing530

cytoplasmic or external signals through the mechanism of sur-531

face condensation (58). Previous studies have revealed that532

the assembly of condensates of the linker for activation of T533

cells (LAT) in the T cell receptor (TCR) signaling pathway534

responds nonlinearly to the phosphorylation states of its ty-535

rosine sites; this feature was proposed to be correlated with 536

the selectivity and sensitivity of TCR antigen discrimination 537

(16, 17, 59, 60). The pH sensitivity of the condensate formation 538

by the prion protein Sup35 was found to promote yeast cell 539

fitness (61). Methylation of arginine sites was suggested to be 540

an effective physiological regulator of fused in sarcoma (FUS) 541

phase behavior (62); the density of FUS condensate influences 542

its propensity for fibrillization, which is linked to neurodegen- 543

rative diseases (36–38). The condensation state of epidermal 544

growth factor receptor (EGFR) and the adaptor protein Grb2 545

was revealed to be sensitive to their phosphorylation states, 546

which could regulate downstream signal propagation to the 547

mitogen-activated protein kinase (MAPK) pathway (63), and 548

phosphorylation is also believed to regulate gephyrin mediated 549

clustering of receptors in inhibitory synapses via charge-charge 550

interaction driven phase separation (64). Our analyses sug- 551

gest that membrane obstacles or other ways of enhancing 552

co-operativity may contribute constructively to the sensitivity 553

and selectivity of signal transduction processes mediated by 554

surface phase separation. 555

Our observation that surface condensate formation helps 556

promote local lipid segregation agrees with the recent ex- 557

perimental observation that aggregation of attached surface 558

biomolecules can drive the formation of phase separated lipid 559

domains in membranes at temperature well above its Tc (65–69) 560

Although our model system is minimal and surface conden- 561

sation in biology may feature much greater complexity, the 562

results from the current study highlights that creating positive 563

co-operativity between membrane and surface phase behaviors 564

represents a general strategy for enhancing the sensitivity and 565

selectivity of signal transductions. We anticipate that such 566

predictions can be experimentally tested in vitro through re- 567

constituting phase separating polymer systems in the presence 568

of multi-component lipid membranes with tunable lipid and 569

obstacle compositions, range of lipid-polymer attractions (e.g., 570

modifying range of electrostatic interactions through changing 571

salt concentration), and strength of lipid-lipid or lipid-polymer 572

interactions (e.g., through post-translational modifications) 573

(13). 574

The obstacles explored here are inert in that they do not fea- 575

ture any preferential interactions with any lipid or polymer. In 576

reality, protein obstacles may have specific features that further 577

modulate their impact on the coupled membrane/biopolymer 578

phase behaviors. For example, obstacles with preferable inter- 579

action with selected lipids, which has been shown to eliminate 580

membrane phase separation at a rather low density, could 581

potentially be an effective way for implementing location se- 582

lectivity in surface condensate formation (33, 34). In addition, 583

obstacle’s structural properties can also affect surface con- 584

densation formation. For example, the protruding parts of 585

obstacles or protein-induced curvatures may introduce surface 586

roughness that places a length-scale threshold on proteins that 587

are capable of conformal coating and the subsequent conden- 588

sation (70, 71). Finally, how non-equilibrium processes, which 589

are prevalent in signal transductions, contribute to the coupled 590

phase behaviors of complex membrane and surface biopolymers 591

and, therefore, sensitivity and selectivity of cellular responses 592

is a fascinating topic for future explorations. 593

8 | www.pnas.org/cgi/doi/10.1073/pnas.XXXXXXXXXX Liu et al.
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Methods594

MC Simulations of the Membrane. The lipid membrane is mod-
eled by fixed composition 2D Ising model depicted in the main
text with Hamiltonian given in Eq. 1 repeated below.

HIsing = −Jm

∑

i,j∈NN

SiSj

Simulation for each membrane condition (Jm and the con-595

centration of immobile/floating obstacles) consists of 106
596

MC sweeps through all lipid and mobile obstacle sites. MC597

moves are accepted with the Metropolis probability paccept =598

min
{

e−β(Hf −Hi), 1)
}

, where Hi/Hf is the energy of the sys-599

tem before and after the proposed move and β = 1
kBT

. P (xA)600

of the membrane is averaged over configurations generated601

every 100 MC sweeps.602

GCMC Simulations of the Polymer-Membrane System. The
coupled polymer-membrane system is modeled as depicted
in the main text, whose Hamiltonian is given by Eq. 7 below.

H = HIsing − Jp

∑

i,j∈NN

σiσj + µNp

︸ ︷︷ ︸

Hpolymer

− ht

∑

i∈tethers

σi

︸ ︷︷ ︸

Hint

[7]

Here, σi = 1/0 if a lattice site i above the Ising membrane is603

occupied/unoccupied by a monomer. NN interaction between604

two connected monomers from the same polymer chain is not605

counted. A lattice site can not be occupied by more than one606

monomer. µ = −19kBT is the chemical potential of a single607

9-monomer chain and Np is the total number of polymer chains608

in the simulation box. ht is the interaction energy between609

polymers and tethers. i ∈ tethers include all lattice site i610

that is occupied a tether, thus a polymer-tether interaction611

forms when a monomer occupies the same lattice site as a612

tether. A tether must be attached to a lipid-A membrane site613

and cannot overlap with other tethers. The simulation box614

contains 40×40×30 (xyz) lattice sites and has PBC in the615

x − y plane with non-penetrable boundaries in the z direction.616

In the simulation of the coupled system, each MC sweep617

is divided into two sequential steps. The first step contains618

Nmc = 5
3
(Np + Nt) MC moves, where Np is the number of619

polymer chains in the system before the start of the MC sweep,620

and Nt is the total number of tethers in the system (fixed at621

initialization). 40% of the Nmc MC moves are assigned to the622

addition and deletion moves of polymers equally, while the623

remaining 60% are assigned to polymer moves and tether moves624

in the ratio of Np : Nt. All Nmc moves are then carried out625

in a randomized sequence. The second step of the MC sweep626

is the membrane simulation, which sweeps through all lipid627

and mobile obstacle sites like described in the previous section,628

except that tether attached lipid-A sites are not allowed to629

move.630

In a polymer addition move, a 9-monomer chain (9-mer)631

is selected randomly from a pre-built pool that contains all632

possible 9-mer configurations. This selected 9-mer is then633

proposed to be added to the simulation box with its center to634

be placed at a randomly selected lattice site. The probability635

of acceptance is paccept
Np→Np+1 = min

{

e−β(4U−µ) V Nconf

Np+1
, 1)

}

,636

where 4U is the energy change of the system by the proposed637

move, Np the number of 9-mers in the system before the move,638

V the system size and Nconf the number of all possible 9-mer 639

configurations (72). 640

In a polymer deletion move, a randomly selected 9-mer 641

from the current simulation box is proposed to be deleted with 642

paccept
Np→Np−1 = min

{

e−β(4U+µ) Np

V Nconf
, 1)

}

. Addition or dele- 643

tion of a 9-mer is immediately rejected if it leads to monomer 644

overlap, change of the number of inter-chain interactions or 645

polymer-tether interactions in the system. Special care is 646

taken to treat the boundaries in the z direction in terms of 647

the values of Nconf . 648

In a tether move, a randomly selected tether is proposed to 649

translate one lattice site on the x−y plane with the Metropolis 650

acceptance ratio. A tether can only be moved to neighboring 651

lipid-A sites. 652

In a polymer move, for the majority of the time, a randomly 653

selected 9-mer is proposed to do reptation move, in which a 654

bond is removed from one end of the chain and glued to 655

the other end at a random direction. A reptation move is 656

accepted with the Metropolis probability while no monomer 657

overlap is allowed. With a probability of 2.2
Np

we propose 658

cluster move of the selected 9-mer. A cluster is identified as 659

the collection of all polymers connected to the selected 9-mer 660

directly or indirectly through monomer-monomer NN contact. 661

The cluster is proposed to move one lattice site at a random 662

direction with the Metropolis acceptance ratio, while moves 663

that result in the growth of the cluster are rejected to satisfy 664

detailed balance (46). 665

In simulations of systems without tethers, a direct attrac- 666

tion between lipid A and polymer is implemented. Effectively, 667

it can be thought of as every lipid A has a tether of length l 668

for polymer attraction. All MC moves then stay the same as 669

stated above besides the absence of tether moves. 670

Surface condensate density is obtained through analyzing 671

polymer density distribution of 5 × 5 × 5 (xyz) surface re- 672

gions (P (φ0)) averaged over configurations generated every 673

100 MC sweeps in a typical simulation of 106 MC sweeps. As 674

demonstrated in SI Appendix Fig. S19, in a system without 675

surface condensation, P (φ0) is unimodally distributed, indicat- 676

ing the dominance of a dilute surface phase. When conditions 677

of the system is tuned to enable surface condensation, P (φ0) 678

becomes bimodally distributed with two peaks at different φ0 679

values, indicating phase separation. The condensate density is 680

then identified as the higher φ0 at the two P (φ0) peaks (see 681

SI Appendix Fig. S19). In simulations with l = 2, 3, 7 and 9, 682

P (φ0) analysis described above is done for 5 × 5 × z surface 683

regions with z = 3, 3, 7 and 9 as the condensate thickness 684

changes with l (see SI Appendix). 685

The effectiveness of such simulation scheme in exchanging 686

polymers between the dense condensate and the dilute solution 687

is further demonstrated in SI Appendix Fig. S20 688

Adapted Flory-Huggins Theory. In the classical Flory-Huggins
theory, the number of independent configurations for arranging
N polymers of length L in M lattice sites is given by:

Ω =
M !

N !(M − NL)!
(
Z − 1

M
)N(L−1)

where Z is the coordination number of the lattice. In this
work, we replace the part for counting conformational entropy
(z −1)N(L−1) with CN

9 to avoid intra-chain overlap. Combined
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with the mean field energy U = −NL (Z−2)NL

2M
Jp we have the

free energy per monomer given in Eq. 2:

f9 =
U − T S

MφkBT

=
U − kBT ln(Ω)

MφkBT

= −φ
Z − 2

2
Jp +

(1 − φ)

φ
ln(1 − φ) −

1

L
ln(

L

φ
) −

1

L
ln(C9)

where φ = NL/M is the polymer density.689

Minimization of F3D in Mean-field Theory. At given φ0 and
Jp (f1 and f2 are fixed), the minimization of F3D is just the
minimization of the integration in the term f3 over the polymer
density profile φ(z) above the surface condensate. To satisfy
δf3(φ(z))

δφ(z)
= 0 we have:

K
∂2φ

∂z2
=

∂[f9(φ)φ − f9(φ∞)φ]

∂φ

K

2

∂

∂z
(
∂φ

∂z
)2 =

∂[f9(φ)φ − f9(φ∞)φ]

∂z

K

2

∫
∞

D

dz
∂

∂z
(
∂φ

∂z
)2 =

∫
∞

D

dz
∂[f9(φ)φ − f9(φ∞)φ]

∂z

K

2

(
∂φ

∂z

)2

z=D

= [f9(φ0)φ0 − f9(φ∞)φ0] [8]

Substituting Eq. 8 into f3 we have:

f3 =

∫
∞

D

K
(

∂φ

∂z

)2

dz

=

∫ φ∞

φ0

K
(

∂φ

∂z

)

dφ

=

∫ φ∞=0.08

φ0

dφ
(

−

√

2K[f9(φ)φ − f9(φ∞)φ]
)

[9]

Eq. 9 (minimized f3 for a given φ0 and Jp) can then be easily690

evaluated numerically.691

Lipid membrane Free Energy. The lipid free energy is obtained
through a mean-field treatment. Specifically, the energy and
entropy of a membrane of area A (lattice sites), with obstacle
fraction fo and lipid A fraction (xA = 1+m

2
) is given by

Emem = −Jm
Z′A′′

2
(Paa − Pab)(1 − fo) [10]

Smem = k ln(

(
A′′

A′′ 1+m
2

)

) [11]

fmem =
1

A
(Emem − T Smem) − λmm(1 − fo) [12]

where A′′ = A(1 − fo) is the number of total lipids, Paa =692

( 1+m
2

)2 + ( 1−m
2

)2 and Pab = 1−m2

2
are the probability of693

a bond between like and unlike lipid pairs. With Stirling694

approximation, it can be shown that fmem of Eq. 12 is equal695

to fmem in Eq. 6. fmem derived here leads to the same critical696

point Jc
m = kBT

z′=4
for 2D Ising model as usually seen in the697

MFT (see SI Appendix Fig. S21) (73).698

Tether Free Energy. The entropy of having a fraction ρ of the
A′ lipid sites to be attached to a tether (non-interacting) is:

Sρ = k ln(

(
A′

A′ρ

)

) [13]

where A′ = A(1−fo) 1+m
2

is the number of up spin sites within
area A. Then the free energy contribution per unit area from
tether arrangements is:

ftether =
−T Sρ

A
− λρρ′ [14]

With Stirling approximation, it can be shown that ftether of 699

Eq. 14 is equal to ftether in Eq. 5. 700

MFT of Tether-Free Systems. The above depicted MFT can
be easily adjusted to describe the free energy of tether-free
systems, by setting fo = 0 and deleting contributions from
tethers. Specifically, the expression of F3D stays the same
as in Eq. 3 and 4, while the value of Csurf

9 changes when
l changes, and is evaluated in the same way as l = 5 (see
SI Appendix for details). The modified expression of F2D is
given below.

F2D

A
= fmem − htDxAφ0

︸ ︷︷ ︸

fint

[15]

fmem = [xA ln(xA) + (1 − xA) ln(1 − xA)]

−
Z′

2
m2Jm − λmm [16]

Data Availability. The code used for GCMC simula- 701

tions and MFT calculations in this study is avail- 702

able at https://github.com/liuzhbu/Co-operative-surface- 703

condensation. All data is included in the manuscript and/or 704

supporting information. 705
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