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ABSTRACT
Algebraic diagrammatic construction (ADC) theory is a computationally efficient and accurate approach for simulating electronic excitations
in chemical systems. However, for the simulations of excited states in molecules with unpaired electrons, the performance of ADC methods
can be affected by the spin contamination in unrestricted Hartree–Fock (UHF) reference wavefunctions. In this work, we benchmark the
accuracy of ADCmethods for electron attachment and ionization of open-shell molecules with theUHF reference orbitals (EA/IP-ADC/UHF)
and develop an approach to quantify the spin contamination in charged excited states. Following this assessment, we demonstrate that the
spin contamination can be reduced by combining EA/IP-ADC with the reference orbitals from restricted open-shell Hartree–Fock (ROHF)
or orbital-optimized Møller–Plesset perturbation (OMP) theories. Our numerical results demonstrate that for open-shell systems with strong
spin contamination in the UHF reference, the third-order EA/IP-ADC methods with the ROHF or OMP reference orbitals are similar in
accuracy to equation-of-motion coupled cluster theory with single and double excitations.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0097333

I. INTRODUCTION

Charged excitations are an important class of light–matter
interactions that result in a generation of free charge carriers (elec-
trons or holes) in a chemical system. Theoretical simulations of
charged excitations find applications in determining the redox prop-
erties of molecules, understanding the electronic structure of mate-
rials, interpreting the photoelectron spectra, and elucidating the
mechanisms of photoredox catalytic reactions and genetic damage
of biomolecules.1–7 However, accurate modeling of charged exci-
tations is very challenging as it requires an accurate description
of electron correlation, orbital relaxation, and charge localization
effects.

Of particular interest are charged excitations of open-shell
molecules with unpaired electrons in the ground electronic state.
These excitations are common in atmospheric and combustion
chemistry8–13 and are also key to many important reactions in
organic synthesis.11,14–18 Simulating charged excitations in open-
shell molecules presents new challenges, such as an accurate descrip-
tion of electronic spin states and an increased importance of elec-
tron correlation effects. In particular, an inadequate description of

electronic spin in the ground or charged excited states can lead
to spin contamination that can significantly affect the performance
of approximate electronic structure theories. Spin contamination
can be mitigated using a variety of theoretical approaches, includ-
ing coupled cluster theory (in its state-specific19,20 or equation-of-
motion19–25 formulation), orbital-optimized methods,26–37 andmul-
tireference theories.38–51 A common problem of these approaches
is a high computational cost that limits their applicability to small
open-shell molecules.

An attractive alternative to conventional electronic structure
methods for simulating excited states is algebraic diagrammatic
construction theory (ADC).52–56 ADC offers a framework of com-
putationally efficient and accurate approximations that can compute
many excited states incorporating the description of electron cor-
relation effects in a single calculation. Although the ADC methods
for charged excited states have been formulated several decades
ago,57–59 their development and efficient computer implementation
have received a renewed interest recently.60–68 In particular, the non-
Dyson ADC methods58,59,62,63 allow for independent calculations of
electron-attached and ionized excited states with accuracy similar
to that of coupled cluster theory with single and double excitations
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(CCSD)19,20 but at a fraction of its computational cost. However,
the applications of ADC methods for charged excitations have been
primarily limited to closed-shell molecules, with questions remain-
ing about their accuracy for systems with unpaired electrons in the
ground electronic state.62,63,68 As a finite-order perturbation theory,
ADC is expected to be more sensitive to spin contamination than
coupled cluster theory and, thus, may be less accurate when the
errors in electronic spin become significant. However, a thorough
study of spin contamination in the ADC calculations of charged
excitations has not been reported.

In this work, we develop an approach to quantify the spin
contamination in ADC calculations of charged excited states of
open-shell molecules and investigate how the errors in describing
the electronic spin affect the performance of ADCmethods. We fur-
ther demonstrate that the errors in charged excitation energies and
spin contamination can be reduced by combining the ADCmethods
with the reference orbitals from restricted open-shell Hartree–Fock
(ROHF)69 or nth-order orbital-optimized Møller–Plesset per-
turbation [OMP(n)]30–34,70–73 theories. The resulting theoretical
approaches are shown to have similar accuracy to equation-of-
motion CCSD (EOM-CCSD) for open-shell molecules with strong
spin contamination in the unrestricted Hartree–Fock (UHF) refer-
ence wavefunction.

II. THEORY
A. Algebraic diagrammatic construction theory

The central mathematical object in algebraic diagrammatic
construction theory of charged excitations is the one-particle
Green’s function (1-GF, also known as the electron propagator)
that contains information about electron affinities (EAs) and ion-
ization energies (IP) of a many-electron system.74–76 In its spectral
(Lehmann) representation, 1-GF is defined as

Gpq(ω) =∑
n

⟨ΨN
0 ∣ap∣Ψ

N+1
n ⟩⟨ΨN+1

n ∣a†
q ∣ΨN

0 ⟩

ω − EN+1
n + EN

0

+∑
n

⟨ΨN
0 ∣a

†
q ∣ΨN−1

n ⟩⟨ΨN−1
n ∣ap∣ΨN

0 ⟩

ω + EN−1
n − EN

0

= G+pq(ω) +G−pq(ω), (1)

where p, q index the molecular orbitals of the system, ω is a complex
frequency (ω ≡ ω′ + iη), and G+pq(ω) and G−pq(ω) are the forward
(EA) and backward (IP) components of the propagator, respectively.
In Eq. (1), ∣ΨN

0 ⟩ is the N-electron ground-state wavefunction with
energy EN

0 , while ∣Ψ
N+1
n ⟩ and ∣ΨN−1

n ⟩ are the (N + 1)- and (N − 1)-
electron excited states with energies EN+1

n and EN−1
n , respectively. In

Eq. (1), the numerators containing the expectation values of creation
(a†

p) and destruction (ap) operators (so-called residues) describe the
probability of EA and IP transitions with energies ω+n = EN+1

n − EN
0

and ω−n = EN
0 − E

N−1
n , respectively.

Equation (1) can be rewritten in a matrix form for each
component of 1-GF individually,

G±(ω) = X̃±(ω1 − Ω̃±)−1X̃†
±, (2)

where the diagonal matrix Ω̃± contains the transition energies
Ω̃±nm = ω±nδnm and X̃± is the matrix of spectroscopic (or tran-
sition) amplitudes with elements X̃+pn = ⟨ΨN

0 ∣ap∣Ψ
N+1
n ⟩ or X̃−qn

= ⟨ΨN
0 ∣a

†
q ∣ΨN−1

n ⟩. Equation (2) provides a prescription for calculating
1-GF but is rarely used in practice since the exact (i.e., full configura-
tion interaction) eigenstates ∣ΨN±1

n ⟩ and excitation energies ω±n are
prohibitively expensive to compute for realistic systems and basis
sets.

Algebraic diagrammatic construction theory (ADC)52–56 pro-
vides a computationally efficient approach to circumvent this prob-
lem by approximating the forward and backward components of
the propagator independently of each other using perturbation
theory (so-called non-Dyson approach).58,59,62,63 ADC starts by
reformulating Eq. (2) into its non-diagonal form

G±(ω) = T±(ω1 −M±)−1T†
±, (3)

whereM± is the non-diagonal effective Hamiltonian matrix and T±
is the matrix of effective transition moments. TheM± and T± matri-
ces are expanded in a perturbative series, which is truncated at order
n,

M± ≈M(0)± +M
(1)
±
+ ⋅ ⋅ ⋅ +M(n)

±
, (4)

T± ≈ T(0)± + T
(1)
±
+ ⋅ ⋅ ⋅ + T(n)

±
, (5)

defining the ADC(n) approximation for the propagator.58 Diago-
nalizing theM± matrix,

M±Y± = Y±Ω±, (6)

yields the approximate EAs or IPs, as well as the eigenvectorsY± that
can be used to compute the approximate spectroscopic amplitudes
X± = T±Y±.

B. ADC equations from effective Liouvillian theory
Working equations for the matrix elements of M± and T±

can be derived from the algebraic analysis of 1-GF52 using the
intermediate state representation approach53,58,62,77 or the formal-
ism of effective Liouvillian theory.63,67,78–80 Here, we review the
equations of single-reference ADC theory derived using the effec-
tive Liouvillian approach where the ground-state wavefunction ∣ΨN

0 ⟩

is assumed to be well-approximated by a reference Slater deter-
minant ∣Φ⟩. Generalization of the effective Liouvillian and ADC
theories to multiconfigurational reference states has been described
elsewhere.49–51,80,81

In the single-reference ADC theory, the perturbative expansion
in Eqs. (4) and (5) is generated by separating the HamiltonianH into
a zeroth-order contribution

H(0) = E0 +∑
p
εp{a†

pap} (7)

and a perturbation

V =
1
4∑pqrs

v
pq
rs {a

†
pa

†
qas ar}, (8)
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where E0 = ⟨Φ∣H∣Φ⟩ is the Hartree–Fock energy, εp are the eigenval-
ues of the canonical Fock matrix (so-called orbital energies)

f qp = h
p
q +

occ

∑
i
v
pi
qi , (9)

and hpq = ⟨p∣h∣q⟩ and v
pq
rs = ⟨pq∥rs⟩ are the one-electron and anti-

symmetrized two-electron integrals, respectively. Notation {⋅ ⋅ ⋅}
indicates that the creation and annihilation operators are normal-
ordered with respect to the reference determinant ∣Φ⟩. Indices
p, q, r, s run over all spin-orbitals in a finite one-electron basis set,
while i, j, k, l and a, b, c,d index the occupied and virtual orbitals,
respectively. We note that the ADC zeroth-order Hamiltonian
is equivalent to the one used in single-reference Møller–Plesset
perturbation theory.82

Starting with the zeroth-order Hamiltonian in Eq. (7) and using
the effective Liouvillian approach for deriving the ADC equations,
we arrive at the expressions for the nth-order contributions to the
M± and T±matrix elements,

M(n)
+μν =

k+l+m=n

∑
klm

⟨Φ∣[h(k)
+μ , [H̃

(l),h(m)†
+ν ]]+∣Φ⟩, (10)

M(n)
−μν =

k+l+m=n

∑
klm

⟨Φ∣[h(k)†
−μ , [H̃ (l),h(m)

−ν ]]+∣Φ⟩, (11)

T(n)
+pν =

k+l=n

∑
kl
⟨Φ∣[ã(k)p ,h(l)†

+ν ]+∣Φ⟩, (12)

T(n)
−pν =

k+l=n

∑
kl
⟨Φ∣[ã(k)p ,h(l)

−ν ]+∣Φ⟩. (13)

Here, square brackets denote commutators ([A,B] = AB − BA) or
anticommutators ([A,B]+ = AB + BA). The excitation operators
h(m)†
±μ are used to form a set of basis states ∣Ψ(m)

±μ ⟩ = h
(m)†
±μ ∣Φ⟩ to

represent the eigenstates of an (N ± 1)-electron system. For the
low-order ADC approximations [up to ADC(3)], only the zeroth-
order (h(0)†

+μ = a
†
a and h(0)†

−μ = ai ) and first-order (h(1)†
+μ = a

†
ba

†
aai and

h(1)†
−μ = a

†
aaj ai ) excitation operators appear in the ADC equations.

The H̃ (l) and ã(l)p operators are lth-order contributions to the effec-

tive Hamiltonian H̃ = e−(T−T
†
)He(T−T

†
) and effective observable

ãp = e−(T−T
†
)ape(T−T

†
) operators, respectively.

For each block of M± and T± defined by a pair of excita-
tion operators h(m)†

±μ , the effective operators H̃ and ãp are expanded
to different orders. Figure 1 shows the perturbative structure of
these matrices for the ADC approximations employed in this work
[ADC(2), ADC(2)-X, and ADC(3)]. Explicit expressions for H̃ (l)

and ã(l)p are obtained from the Baker–Campbell–Hausdorff (BCH)
expansions of H̃ and ãp, e.g.,

H̃ = H(0) + V + [H(0),T(1) − T(1)†] + [H(0),T(2) − T(2)†]

+
1
2!
[V + (V + [H(0),T(1) − T(1)†]),T(1) − T(1)†] + ⋅ ⋅ ⋅ .

(14)

These equations depend on the amplitudes of excitation operators
T(k),

T(k) =
N

∑
m
T(k)m ,

T(k)m =
1
(m!)2 ∑ijab...

tab...(k)ij... a†
aa

†
b . . . ajai,

(15)

which are calculated by solving a system of projected amplitude
equations.63 The low-order ADC approximations [ADC(n), n ≤ 3]
require calculating up to the nth-order single-excitation amplitudes
(ta(n)i ) and up to the (n − 1)th-order double-excitation amplitudes
(tab(n−1)ij ). Additionally, the third-order contributions to the T±
matrix of ADC(3) formally depend on the triple-excitation ampli-
tudes (tabc(k)ijk ).77,83 In practice, the tabc(k)ijk contributions are very
small and we neglect them in our implementation of ADC(3).

C. Quantifying the spin contamination
in ADC calculations

The focus of this work is to investigate the spin contam-
ination in single-reference ADC calculations of charged excited

FIG. 1. Perturbative structure of the M±
and T± matrices in ADC for charged
excitations. Numbers indicate the pertur-
bation order to which the effective Hamil-
tonian H̃ and observable ãp operators
are expanded for a particular block of M±
and T±, respectively.
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states (EA/IP-ADC) for open-shell molecules. The accuracy of
ADC approximations strongly depends on the quality of underlying
Hartree–Fock reference wavefunction. In particular, for open-shell
molecules, molecular orbitals and orbital energies appearing in the

zeroth-order ADC Hamiltonian in Eq. (7) are usually computed
using the unrestricted Hartree–Fock theory (UHF), which may
introduce spin contamination into the ADC excited-state energies
and properties. Spin contamination can be calculated by subtracting

TABLE I. Open-shell molecules studied in this work and their ground-state spin contamination (a.u.) computed using UHF, MP(n) (n = 2, 3) with the UHF reference, orbital-
optimized MP(n) [OMP(n)], and MP(n) with the ROHF reference.

MP(2) MP(3) MP(2) MP(3)
System State UHF UHF UHF OMP(2) OMP(3) ROHF ROHF

BeH 2Σ+ 0.00 0.00 0.00 0.00 0.00 0.00 0.00
OH 2Π 0.01 0.00 0.00 0.00 0.00 0.00 0.01
NH2

2B1 0.01 0.00 0.00 0.00 0.00 0.00 0.01
SH 2Π 0.01 0.00 0.00 0.00 0.00 0.01 0.01
CH3

2A′′1 0.01 0.00 0.00 0.00 0.00 0.00 0.01
SF 2Π 0.01 0.00 0.00 0.00 0.00 0.01 0.01
OOH 2A′′ 0.01 0.00 0.00 0.00 0.00 0.01 0.01
CH2

3B1 0.02 0.00 0.00 0.00 0.00 0.01 0.01
NH 3Σ− 0.02 0.00 0.00 0.00 0.00 0.01 0.01
PH2

2B1 0.02 0.00 0.00 0.00 0.00 0.01 0.01
Si2 3Σ− 0.02 0.00 0.00 0.00 0.00 0.01 0.01
SiF 2Π 0.02 0.00 0.01 0.00 0.00 0.01 0.01
FO 2Π 0.04 0.02 0.02 0.00 0.00 0.00 0.01
O2

3Σ−g 0.05 0.01 0.02 0.00 0.00 0.02 0.02
S2 3Σ−g 0.05 0.01 0.02 0.00 0.00 0.02 0.02
BO 2Σ+ 0.06 0.03 0.04 0.00 0.01 0.00 0.01
BN 3Π 0.06 0.04 0.04 0.00 0.00 0.00 0.01
SO 3Σ− 0.06 0.02 0.02 0.00 0.00 0.02 0.02
NO 2Π 0.10 0.07 0.07 0.00 0.00 0.01 0.01
NCO 2Π 0.11 0.06 0.06 0.00 0.01 0.01 0.01
AlO 2Σ+ 0.13 0.09 0.10 0.00 0.00 0.01 0.01
CNC 2Πg 0.14 0.07 0.08 0.00 0.00 0.02 0.03
NO2

2A1 0.14 0.10 0.11 0.00 0.00 0.01 0.01
CH2CHO 2A′′ 0.19 0.11 0.12 0.00 0.01 0.01 0.01
C4O 3Σ− 0.21 0.12 0.13 0.02 0.02 0.03 0.02
BP 3Π 0.22 0.17 0.18 0.00 0.00 0.01 0.01
C3H5

2A2 0.22 0.13 0.13 −0.01 0.01 0.03 0.04
N3

2Πg 0.23 0.14 0.15 0.01 0.01 0.03 0.02
SCN 2Π 0.24 0.14 0.15 0.00 0.01 0.01 0.01
CH2CN 2B1 0.24 0.14 0.15 0.00 0.01 0.01 0.01
C2H3

2A′ 0.25 0.17 0.18 0.00 0.01 0.00 0.01
CNN 3Σ− 0.26 0.14 0.14 0.00 0.01 0.03 0.04
C3H3

2B1 0.27 0.16 0.17 0.00 0.01 0.01 0.02
CH 2Π 0.33 0.33 0.33 0.00 0.00 0.01 0.01
CHN2

2A′′ 0.36 0.24 0.25 0.00 0.01 0.02 0.02
HCCN 3A′′ 0.40 0.23 0.24 −0.01 0.02 0.02 0.03
CN 2Σ+ 0.49 0.36 0.36 0.00 0.01 0.01 0.01
NS 2Π 0.51 0.41 0.42 0.00 0.01 0.01 0.01
SiC 3Π 0.58 0.49 0.49 0.00 0.02 0.01 0.02
CP 2Σ+ 0.97 0.79 0.79 0.00 0.05 0.01 0.01

Average 0.18 0.12 0.12 0.00 0.01 0.01 0.01
Sum 7.03 4.84 4.98 0.02 0.25 0.45 0.54
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the computed expectation value of the spin-squared operator (S2)
from its exact eigenvalue for a particular electronic state,84–86

ΔS2 ≡ ⟨S2⟩computed − ⟨S
2
⟩exact. (16)

Here, we present an approach based on effective Liouvillian theory
that allows us to compute the S2 expectation values and spin contam-
ination in the ADC calculations. To the best of our knowledge, this
work is the first study of excited-state spin contamination in ADC.
An investigation of spin contamination in the related CC2 method
has been reported recently.87

A general expression for the expectation value of spin-squared
operator with respect to a wavefunction ∣Ψ⟩ has the form88–91

⟨S2⟩ =
1
4
⎛

⎝
∑
p∈α

γ p
p −∑

p̄ ∈β
γ p̄
p̄
⎞

⎠

2

+
1
2
⎛

⎝
∑
p∈α

γ p
p +∑

p̄∈β
γ p̄
p̄
⎞

⎠
+ ∑

p,s∈α
q̄,r̄∈β

Spr̄S
q̄
s Γ

pq̄
r̄s , (17)

where we use a bar to distinguish between the spin-orbitals with α
and β spin, γ p

q and Γpqrs are the one- and two-particle reduced density
matrices,

γ p
q = ⟨Ψ∣a

†
paq∣Ψ⟩, Γpqrs = ⟨Ψ∣a

†
pa

†
qas ar ∣Ψ⟩, (18)

and Spq̄ is the overlap of two spatial molecular orbitals with opposite
spin,

Spq̄ = ⟨ϕp∣ϕq⟩, ϕp ∈ α, ϕq ∈ β. (19)

Evaluating ⟨S2⟩ for a charged excited state ∣Ψ⟩ requires calculat-
ing the excited-state one- and two-particle reduced density matrices
[Eq. (18)], which are the expectation values of one- and two-body
operators (O = a†

paq, a
†
pa

†
qas ar) with respect to ∣Ψ⟩. An approach

to evaluate the operator expectation values in ADC using interme-
diate state representation has been presented by Trofimov, Demp-
wolff, and co-workers.55,59,64,65,68,92–94 Below, we demonstrate how
the ADC excited-state reduced density matrices and the expecta-
tion values of spin-squared operator can be computed within the
framework of effective Liouvillian theory.

The expectation value of an arbitrary operator O for an excited
state described by the ADC eigenvector Y±μI has the form

⟨O⟩±I =
(m)

∑
(n)
∑
μν
Y†
±IμO

(n)
±μνY±νI , (20)

where O(n)
±μν is the nth-order matrix element of the operator O and

the summation over (n) includes all contributions up to the order
of ADC approximation (m). In order to obtain the expressions for
O(n)
±μν, we separate these matrix elements into a reference (ground-

state) contribution O(n)0 and the excitation component ΔO(n)
±μν,

O(n)
±μν = O

(n)
0 δμν ± ΔO(n)±μν. (21)

Equations for ΔO(n)
±μν can be obtained by analogy with Eqs. (10) and

(11) for the matrix elements of the shifted effective Hamiltonian.

TABLE II. Vertical electron affinities (eV) of weakly spin-contaminated open-shell molecules computed using EA-ADC, EA-EOM-CCSD, and CCSD(T) with various reference
wavefunctions (UHF, OMP, and ROHF). The aug-cc-pVDZ basis set was used in all calculations. Also shown are mean absolute errors (MAEs) and standard deviations
(STDVs) relative to the CCSD(T) results.

ADC(2) ADC(2)-X ADC(3) ADC(2) ADC(2)-X ADC(3) ADC(2) ADC(2)-X ADC(3) EOM-CCSD CCSD(T)
System Transition UHF UHF UHF OMP(2) OMP(2) OMP(3) ROHF ROHF ROHF UHF ROHF

BeH 2Σ+ → 1Σ+ −0.01 0.53 0.47 0.00 0.54 0.48 0.00 0.54 0.48 0.42 0.48
OH 2Π→ 1Σ+ 1.33 2.11 1.22 1.80 2.60 1.21 1.41 2.22 1.27 1.50 1.63
NH2

2B1 →
1A1 0.35 0.95 0.16 0.64 1.26 0.22 0.44 1.07 0.22 0.41 0.54

SH 2Π→ 1Σ+ 1.99 2.47 2.01 2.10 2.60 2.04 2.05 2.55 2.05 2.05 2.12
CH3

2A′′1→
1A′1 −0.49 0.03 −0.47 −0.37 0.18 −0.39 −0.40 0.15 −0.40 −0.36 −0.24

SF 2Π→ 1Σ+ 1.98 2.45 2.00 2.04 2.51 2.08 2.05 2.53 2.04 2.02 2.08
OOH 2A′′ → 1A′ 0.41 1.00 0.31 0.68 1.31 0.31 0.56 1.17 0.38 0.24 0.47
CH2

3B1 →
2B1 −0.42 0.23 −0.19 −0.30 0.38 −0.11 −0.36 0.32 −0.14 −0.11 0.02

NH 3Σ− → 2Π −0.36 0.37 −0.18 −0.14 0.63 −0.10 −0.27 0.50 −0.11 −0.06 0.06
PH2

2B1 →
1A1 0.89 1.32 0.95 0.98 1.41 1.00 0.97 1.42 1.01 0.97 1.04

Si2 3Σ− → 2Πu 2.01 2.35 1.85 2.06 2.39 1.84 2.04 2.38 1.87 1.85 1.94
SiF 2Π→ 3Σ− 0.70 1.02 0.84 0.69 1.02 0.86 0.74 1.07 0.87 0.71 0.78
FO 2Π→ 1Σ+g 1.91 2.46 1.47 2.06 2.69 1.62 2.10 2.62 1.50 1.66 1.83
O2

3Σ−g→ 2Πg −0.73 −0.15 −0.41 −0.43 0.23 −0.28 −0.51 0.12 −0.09 −0.53 −0.28
S2 3Σ−g→ 2Πg 1.31 1.62 1.33 1.42 1.73 1.34 1.31 1.64 1.40 1.27 1.33
BO 2Σ+ → 1Σ− 2.15 2.65 2.10 2.09 2.59 2.30 2.26 2.76 2.18 2.29 2.36
BN 3Π→ 2Σ+ 2.92 3.42 2.46 3.36 3.79 2.40 2.92 3.43 2.49 2.71 2.91
SO 3Σ− → 2Π 0.62 1.01 0.84 0.81 1.22 0.84 0.63 1.05 1.00 0.69 0.83

MAE 0.20 0.33 0.18 0.17 0.51 0.14 0.16 0.42 0.16 0.12
STDV 0.18 0.15 0.15 0.22 0.25 0.16 0.18 0.17 0.18 0.06
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Simplifying Eqs. (10) and (11) and replacing H by O, we obtain

ΔO(n)
+μν =

k+l+m=n

∑
klm

(⟨Φ∣h(k)
+μ Õ

(l)h(m)†
+ν ∣Φ⟩ − δμνδkm⟨Φ∣Õ

(l)
∣Φ⟩), (22)

ΔO(n)
−μν =

k+l+m=n

∑
klm

(−⟨Φ∣h(m)
−ν Õ (l)h(k)†

−μ ∣Φ⟩ + δμνδkm⟨Φ∣Õ
(l)
∣Φ⟩),

(23)
where Õ (l) is the lth-order contribution to an effective operator
Õ = e−(T−T

†
)Oe(T−T

†
) that can be obtained from its BCH expansion,

Õ = O(0) + [O(0),T(1) − T(1)†] + [O(0),T(2) − T(2)†]

+
1
2!
[[O(0),T(1) − T(1)†],T(1) − T(1)†] + ⋅ ⋅ ⋅ . (24)

Identifying the second term on the rhs of Eqs. (22) and (23) as
O(n)0 δμν, moving it to the lhs, and inverting the sign of Eq. (23), we
obtain the expressions for O(k)

±μν of an arbitrary operator,

O(n)
+μν =

k+l+m=n

∑
klm

⟨Φ∣h(k)
+μ Õ

(l)h(m)†
+ν ∣Φ⟩, (25)

O(n)
−μν =

k+l+m=n

∑
klm

⟨Φ∣h(m)
−ν Õ (l)h(k)†

−μ ∣Φ⟩. (26)

Combining Eq. (20) with Eqs. (25) and (26) for O = a†
paq and

a†
pa

†
qas ar , we obtain the working equations for one- and two-particle

reduced density matrices of charged excited states for an arbitrary-
order ADC approximation. As an example, we present the equations
for γpq and Γpqrs of ADC(2) in the supplementary material. Once
the excited-state γpq and Γpqrs are computed, we evaluate the cor-
responding expectation values of spin-squared operator and spin
contamination according to Eqs. (16) and (17).

D. Reducing the spin contamination in ADC using
the ROHF and OMP(n) reference orbitals

To reduce the spin contamination in ADC calculations of
charged excitations for open-shell molecules, we combined our
EA/IP-ADC implementation with the reference orbitals from (i)
restricted open-shell Hartree–Fock (ROHF)69 and (ii) orbital-
optimized nth-order Møller–Plesset perturbation [OMP(n)]
theories.30–33,70–73 These reference wavefunctions are known
to either completely eradicate or significantly reduce the spin

TABLE III. Vertical electron affinities (eV) of strongly spin-contaminated open-shell molecules computed using EA-ADC, EA-EOM-CCSD, and CCSD(T) with various reference
wavefunctions (UHF, OMP, and ROHF). The aug-cc-pVDZ basis set was used in all calculations. Also shown are mean absolute errors (MAEs) and standard deviations
(STDVs) relative to the CCSD(T) results.

ADC(2) ADC(2)-X ADC(3) ADC(2) ADC(2)-X ADC(3) ADC(2) ADC(2)-X ADC(3) EOM-CCSD CCSD(T)
System Transition UHF UHF UHF OMP(2) OMP(2) OMP(3) ROHF ROHF ROHF UHF ROHF

NO 2Π→ 3Σ− −0.59 −0.04 −0.27 −0.62 −0.07 −0.28 −0.60 −0.08 −0.41 −0.66 −0.49
NCO 2Π→ 1Σ+ 3.41 3.74 2.95 3.87 3.78 3.03 3.82 4.13 3.05 3.14 3.28
AlO 2Σ+ → 1Σ+ 2.60 3.46 2.63 3.26 4.15 2.60 2.24 2.65 2.84 2.84 2.51
CNC 2Πg→

3Σ−g 2.09 2.42 1.90 2.26 2.51 1.86 2.25 2.47 1.82 1.84 1.87
NO2

2A1 →
1A1 1.35 1.70 1.22 1.33 1.76 1.44 1.41 1.78 1.27 1.21 1.33

CH2CHO 2A′′ → 1A′ 1.26 1.69 1.16 1.77 2.14 1.28 1.63 2.00 1.31 1.24 1.49
C4O 3Σ− → 2Π 2.97 3.20 2.47 3.19 3.26 2.56 3.22 3.37 2.57 2.60 2.68
BP 3Π→ 4Σ− 2.55 2.94 2.37 2.72 3.05 2.36 2.63 2.99 2.39 2.42 2.53
C3H5

2A2 →
1A1 −0.03 0.34 −0.18 0.52 0.86 0.05 0.43 0.76 0.12 −0.04 0.20

N3
2Πg→

1Σ+g 2.85 3.05 2.01 3.44 3.45 2.14 3.14 3.23 2.31 2.34 2.52
SCN 2Π→ 1Σ+ 3.33 3.66 3.13 3.71 3.99 3.27 3.61 3.93 3.29 3.24 3.35
CH2CN 2B1 →

1A1 1.22 1.58 0.98 1.60 1.93 1.17 1.59 1.93 1.16 1.16 1.33
C2H3

2A′ → 1A′ −0.22 0.28 −0.28 0.18 0.64 −0.14 0.15 0.61 −0.15 −0.14 0.07
CNN 3Σ− → 2Π 1.41 1.86 1.17 2.15 2.42 1.31 1.73 2.14 1.49 1.31 1.51
C3H3

2B1 →
1A1 0.35 0.70 0.16 0.80 1.12 0.37 0.76 1.10 0.41 0.32 0.52

CH 2Π→ 3Σ− 0.72 1.43 1.04 1.01 1.64 1.14 0.95 1.57 1.13 0.97 1.08
CHN2

2A′′ → 1A′ 1.62 1.92 1.08 2.16 2.24 1.18 1.97 2.19 1.34 1.30 1.49
HCCN 3A′′ → 2A′′ 1.11 1.59 1.10 1.71 2.10 1.32 1.63 2.07 1.30 1.24 1.46
CN 2Σ+ → 1Σ+ 3.49 4.08 3.49 3.60 4.10 3.76 4.25 4.62 3.59 3.52 3.69
NS 2Π→ 3Σ− 1.32 1.73 1.44 1.06 1.34 1.14 1.24 1.52 1.03 0.94 0.95
SiC 3Π→ 2Σ+ 2.05 2.49 1.97 2.70 2.96 1.93 2.34 2.72 1.94 2.03 2.19
CP 2Σ+ → 1Σ+ 2.23 2.88 2.08 3.43 3.54 2.28 3.69 3.78 2.17 2.39 2.70

MAE 0.20 0.38 0.29 0.37 0.66 0.18 0.31 0.60 0.15 0.17
STDV 0.23 0.20 0.25 0.29 0.26 0.17 0.28 0.19 0.16 0.13
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contamination in state-specific (usually, ground-state) calculations
of open-shell systems.30,72,87,95–97

To combine EA/IP-ADC with ROHF, we use the approach
developed by Knowles and co-workers95 in restricted open-shell
Møller–Plesset perturbation theory. Following this approach, the
ROHF-based ADC methods [ADC(n)/ROHF] can be imple-
mented by modifying the unrestricted ADC implementation
[ADC(n)/UHF] as described below.

1. Using the ROHF orbitals, we calculate the Fock matrices
[Eq. (9)] for spin-up (α) and spin-down (β) electrons and
semicanonicalize them following the procedure described in
Ref. 95. The diagonal Fock matrix elements calculated in the
semicanonical basis are used to define the ADC zeroth-order
Hamiltonian in Eq. (7). The off-diagonal Fock matrix ele-
ments ( f ia) are included in the perturbation operatorV , which
now has the form

V =
1
4∑pqrs

v
pq
rs {a

†
pa

†
qas ar} +∑

ia
( f ia{a

†
i aa} + f ai {a

†
aai }). (27)

2. The f ia terms in V significantly modify the ADC equations.
First, these contributions give rise to the f ia-dependent terms

in effective Hamiltonian matrixM±. Second, forV in Eq. (27),
the Brillouin theorem is no longer satisfied and the first-
order single-excitation amplitudes in excitation operator T(1)

[Eq. (15)] have nonzero values,

ta(1)i =
f ai

εi − εa
. (28)

The ta(1)i terms enter the projected amplitude equations for
other amplitudes and give rise to new contributions in the
equations for all ADC matrices.

An alternative approach to mitigate spin contamination that
we explore in this work is to combine the ADC(n) methods with
orbitals from the OMP(n) calculations [ADC(n)/OMP(n)]. Orbital
optimization has been shown to significantly reduce spin contami-
nation and improve the accuracy of correlated (post-Hartree–Fock)
calculations for open-shell molecules.26–37 Considering the close
relationship between ADC and Møller–Plesset perturbation theo-
ries, using the OMP(n) orbitals to perform the ADC(n) calcula-
tions is a promising alternative to the UHF reference orbitals for
molecules with unpaired electrons.

FIG. 2. Mean absolute errors (MAEs)
and standard deviations (STDVs) in the
EA-ADC vertical electron affinities (eV)
for (a) 18 weakly and (b) 22 strongly
spin-contaminated molecules with the
ground-state UHF spin contamination of
<0.1 and ≥0.1 a.u., respectively. Ref-
erence data are from CCSD(T). The
aug-cc-pVDZ basis set was used. See
Tables II and III for data on individual
molecules.

J. Chem. Phys. 157, 044106 (2022); doi: 10.1063/5.0097333 157, 044106-7

Published under an exclusive license by AIP Publishing

https://scitation.org/journal/jcp


The Journal
of Chemical Physics ARTICLE scitation.org/journal/jcp

We refer the readers interested in details of orbital-optimized
Møller–Plesset perturbation theory to excellent publications on
this subject.30–32 As for the ROHF reference, combining ADC(n)
with the OMP(n) orbitals requires several modifications to the
UHF-based ADC methods as outlined below:

1. Upon successful completion of the reference OMP(n) cal-
culation, the Fock matrices for α- and β-electrons are semi-
canonicalized as described for ADC(n)/ROHF. The diagonal
Fockmatrix elements are used to define the ADC zeroth-order
Hamiltonian in Eq. (7), while the off-diagonal f ia elements
enter the expression for the perturbation operator in Eq. (27).

2. The f ia contributions in Eq. (27) give rise to new terms in the
effective Hamiltonian matrixM±.

3. As in the reference OMP(n) calculations, all single-excitation
amplitudes and the corresponding projections of the effec-
tive Hamiltonian are assumed to be zero in all ADC equa-
tions (ta(k)i ≈ 0 and ⟨Φ∣a†

i aaH̃
(k)
∣Φ⟩ ≈ 0, ∀k).

4. The converged OMP(n) double-excitation amplitudes
(tab(k)ij ) are transformed to the semicanonical basis35 and are
used to compute the ADC matrix elements.

Working equations for the ROHF-based EA/IP-ADC(n)meth-
ods are provided in the supplementary material. The equations for
EA/IP-ADC(n) combined with the OMP(n) reference orbitals can
be obtained by setting the terms depending on single-excitation
amplitudes to zero.

III. COMPUTATIONAL DETAILS

The ROHF- and OMP(n)-based EA/IP-ADC(2), EA/IP-
ADC(2)-X, and EA/IP-ADC(3) methods were implemented in the
developer’s version of PySCF98 by modifying the existing unre-
stricted ADC module. Additionally, for each reference [UHF,
ROHF, and OMP(n)], we implemented the subroutines for calcu-
lating one- and two-particle reduced density matrices [Eq. (18)],
the expectation values of spin-squared operator [Eq. (17)], and
spin contamination [Eq. (16)]. Our implementation of the ADC
reduced density matrices was validated by reproducing the EA/IP-
ADC(2)/UHF dipole moments of charged states reported by Dem-
pwolff and co-workers.64,68 For EA/IP-ADC(3), the reduced den-
sity matrices incorporated contributions up to the third order in
perturbation theory. We are aware of only one previous imple-
mentation of EA/IP-ADC(n) with the ROHF reference in the
Q-Chem package.99 Numerical tests of both EA/IP-ADC(n)/ROHF
programs (PySCF and Q-Chem) indicate that they produce very
similar results when the contributions from first-order single
excitations [Eq. (28)] are neglected in our PySCF implementa-
tion, suggesting that these excitations may be missing in the Q-
Chem implementation of ADC(n)/ROHF. To the best of our
knowledge, our work represents the first implementation of the
EA/IP-ADC(n)/OMP(n) methods. Specifically, the EA/IP-ADC(2)
and EA/IP-ADC(2)-X methods were combined with the OMP(2)
reference orbitals, while for EA/IP-ADC(3), we used the OMP(3)
reference.

TABLE IV. Vertical ionization energies (eV) of weakly spin-contaminated open-shell molecules computed using IP-ADC, IP-EOM-CCSD, and CCSD(T) with various reference
wavefunctions (UHF, OMP, and ROHF). The aug-cc-pVDZ basis set was used in all calculations. Also shown are mean absolute errors (MAEs) and standard deviations
(STDVs) relative to the CCSD(T) results.

ADC(2) ADC(2)-X ADC(3) ADC(2) ADC(2)-X ADC(3) ADC(2) ADC(2)-X ADC(3) EOM-CCSD CCSD(T)
System Transition UHF UHF UHF OMP(2) OMP(2) OMP(3) ROHF ROHF ROHF UHF ROHF

BeH 2Σ+ → 1Σ+ 8.34 8.18 8.28 8.31 8.15 8.25 8.34 8.18 8.28 8.32 8.31
OH 2Π→ 3Σ− 11.79 11.91 13.03 11.99 12.16 12.91 11.76 11.90 13.05 12.64 12.75
NH2

2B1 →
3B1 11.15 11.11 11.95 11.24 11.23 11.94 11.14 11.11 11.97 11.78 11.85

SH 2Π→ 3Σ− 9.79 9.62 9.99 9.81 9.65 9.99 9.79 9.63 9.99 10.03 10.01
CH3

2A′′1→
1A′1 9.40 9.15 9.64 9.34 9.10 9.63 9.34 9.11 9.61 9.60 9.64

SF 2Π→ 3Σ− 9.79 9.70 10.09 9.75 9.68 10.13 9.79 9.70 10.08 10.19 10.11
OOH 2A′′ → 3A′′ 10.70 10.55 11.74 10.31 10.23 11.64 10.70 10.55 11.76 11.43 11.40
CH2

3B1 →
2A1 10.11 9.81 10.27 10.08 9.80 10.25 10.07 9.78 10.26 10.24 10.27

NH 3Σ− → 2Π 13.04 12.68 13.41 13.07 12.74 13.38 13.01 12.66 13.39 13.29 13.33
PH2

2B1 →
1A1 9.64 9.29 9.62 9.58 9.25 9.61 9.59 9.26 9.61 9.67 9.65

Si2 3Σ− → 4Σ− 7.51 7.20 7.59 7.35 7.07 7.55 7.47 7.18 7.57 7.74 7.66
SiF 2Π→ 1Σ+ 7.42 7.20 7.43 7.32 7.11 7.42 7.36 7.16 7.42 7.52 7.47
FO 2Π→ 3Σ− 11.88 11.78 12.96 11.71 11.73 13.04 11.89 11.81 12.97 13.49 12.82
O2

3Σ−g→ 2Πg 11.26 10.99 12.39 11.01 10.88 12.52 11.30 11.09 12.41 12.09 12.24
S2 3Σ−g→ 2Πg 8.95 8.61 9.33 8.77 8.52 9.34 8.91 8.65 9.31 9.28 9.27
BO 2Σ+ → 1Σ 12.61 12.81 13.17 12.51 12.50 13.18 12.63 12.76 13.04 13.22 12.95
BN 3Π→ 4Σ− 10.49 10.34 11.25 10.71 10.71 11.16 10.57 10.51 11.23 11.25 11.28
SO 3Σ− → 2Π 9.52 9.45 10.39 9.22 9.36 10.44 9.24 9.46 10.38 10.28 10.27

MAE 0.44 0.60 0.09 0.51 0.63 0.11 0.47 0.60 0.10 0.10
STDV 0.35 0.31 0.12 0.39 0.31 0.13 0.35 0.28 0.13 0.18
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To benchmark the accuracy of EA/IP-ADC(n) with the
UHF, ROHF, and OMP(n) references, we performed the calcula-
tions of vertical electron affinities (EA), vertical ionization ener-
gies (IP), and excited-state spin contamination for the lowest-
energy charged states of 40 neutral open-shell molecules shown
in Table I. These systems were classified into two groups based
on the spin contamination (ΔS2) in reference UHF calculation:
(i) 18 weakly spin-contaminated molecules (WSM) with ΔS2 < 0.1
a.u. and (ii) 22 strongly spin-contaminated molecules (SSM) with
ΔS2 ≥ 0.1 a.u. The equilibrium geometries of all molecules were
computed using coupled cluster theory with single, double, and
perturbative triple excitations combined with the ROHF reference
[CCSD(T)/ROHF]19,20,100–102 and are reported in the supplementary
material. The vertical EAs and IPs from CCSD(T)/ROHF were used
to benchmark the accuracy of EA/IP-ADC(n)with the UHF, ROHF,
and OMP(n) references. For comparison, we also report the EAs
and IPs from equation-of-motion coupled cluster theory with sin-
gle and double excitations (EOM-CCSD).19–25 In all calculations,
the aug-cc-pVDZ basis set103 was used. All coupled cluster results
were obtained using the Q-Chem104 and CFOUR105 software pack-
ages. Throughout the manuscript, positive electron affinity indicates
exothermic electron attachment (i.e., EA = EN − EN+1) while a
positive ionization energy corresponds to an endothermic process
(IP = EN−1 − EN).

IV. RESULTS AND DISCUSSION
A. Benchmarking EA/IP-ADC with the unrestricted
(UHF) reference

We begin by analyzing the errors in vertical electron affini-
ties (EAs) computed using EA-ADC/UHF for weakly and strongly
spin-contaminated open-shell molecules (WSM and SSM), as
defined in Sec. III. The EA-ADC/UHF and EA-EOM-CCSD/UHF
electron affinities for both sets of molecules are shown in Tables II
and III, along with the reference results from CCSD(T)/ROHF.
Figure 2 illustrates how the mean absolute errors (MAEs) and
standard deviation of errors (STDV) change with increase in the
level of EA-ADC theory. For WSM, MAE reduces in the fol-
lowing order: EA-ADC(2)-X (0.33 eV) > EA-ADC(2) (0.21 eV)
> EA-ADC(3) (0.18 eV), in very good agreement with the bench-
mark results from Ref. 63. This trend changes for SSM where the
MAE of EA-ADC(2) remains low (0.20 eV), but EA-ADC(2)-X
and EA-ADC(3) show significantly larger errors than for WSM
(MAE = 0.38 and 0.29 eV, respectively). Increasing spin contam-
ination in the UHF reference wavefunction also affects STDV for
all three methods, which grows by at least 33% for EA-ADC(2)
and as much as 80% for EA-ADC(3). The EA-EOM-CCSD/UHF
method shows the smallest MAE and STDV out of all UHF-based
methods considered in this study for SSM, indicating that it is less

TABLE V. Vertical ionization energies (eV) of strongly spin-contaminated open-shell molecules computed using IP-ADC, IP-EOM-CCSD, and CCSD(T) with various reference
wavefunctions (UHF, OMP, and ROHF). The aug-cc-pVDZ basis set was used in all calculations. Also shown are mean absolute errors (MAEs) and standard deviations
(STDVs) relative to the CCSD(T) results.

ADC(2) ADC(2)-X ADC(3) ADC(2) ADC(2)-X ADC(3) ADC(2) ADC(2)-X ADC(3) EOM-CCSD CCSD(T)
System Transition UHF UHF UHF OMP(2) OMP(2) OMP(3) ROHF ROHF ROHF UHF ROHF

NO 2Π→ 1Σ+ 8.92 8.83 9.71 8.66 8.68 9.78 8.94 8.85 9.56 9.56 9.54
NCO 2Π→ 3Σ− 11.14 11.08 11.57 11.14 11.20 11.70 11.22 11.19 11.61 11.70 11.69
AlO 2Σ+ → 1Σ+ 9.00 8.69 9.05 8.96 8.74 9.20 7.98 8.89 9.89 9.26 9.88
CNC 2Πg→

1Σ+g 9.72 9.34 9.66 9.31 9.03 9.58 9.55 9.27 9.52 9.78 9.54
NO2

2A1 →
1A1 10.19 10.19 11.22 9.70 9.96 11.53 10.23 10.33 11.11 11.23 11.08

CH2CHO 2A′′ → 1A′ 9.97 9.56 10.25 9.65 9.41 10.18 9.77 9.53 10.11 10.22 10.16
C4O 3Σ− → 2Π 9.52 9.19 9.56 9.03 8.96 9.69 9.42 9.23 9.41 9.78 9.63
BP 3Π→ 4Σ− 8.91 8.52 8.94 9.01 8.79 8.98 8.91 8.71 8.96 9.18 9.16
C3H5

2A2 →
1A1 7.94 7.51 8.09 7.43 7.07 7.91 7.56 7.22 7.82 8.05 7.98

N3
2Πg→

3Σ−g 10.32 10.16 10.36 10.67 10.69 10.58 10.62 10.58 10.38 10.78 10.75
SCN 2Π→ 3Σ− 10.09 9.88 10.24 10.09 9.96 10.37 10.27 10.08 10.36 10.45 10.41
CH2CN 2B1 →

1A1 10.04 9.64 10.20 9.63 9.32 10.10 9.92 9.60 9.99 10.23 10.09
C2H3

2A′ → 1A′ 9.64 9.17 9.84 9.22 8.77 9.66 9.39 8.92 9.64 9.72 9.61
CNN 3Σ− → 2Π 11.31 10.93 11.36 10.80 10.51 11.25 10.94 10.54 11.24 11.40 11.17
C3H3

2B1 →
1A1 8.52 8.13 8.67 8.06 7.72 8.51 8.31 7.95 8.43 8.66 8.53

CH 2Π→ 1Σ+ 10.39 9.95 10.37 10.43 9.98 10.40 10.42 9.96 10.39 10.46 10.44
CHN2

2A′′ → 3A′′ 9.10 8.76 9.44 9.54 9.42 9.62 9.55 9.29 9.57 9.76 9.74
HCCN 3A′′ → 2A′ 10.49 10.00 10.65 9.92 9.64 10.53 10.31 9.99 10.36 10.63 10.48
CN 2Σ+ → 1Σ 12.71 12.74 13.93 12.81 12.35 14.27 13.05 13.13 14.27 13.84 15.28
NS 2Π→ 1Σ+ 8.53 8.18 8.91 7.72 7.69 8.94 8.34 8.06 8.72 8.79 8.70
SiC 3Π→ 4Σ− 8.28 7.98 8.23 8.56 8.41 8.54 8.35 8.11 8.49 8.68 8.73
CP 2Σ+ → 3Π 10.45 10.13 10.39 10.75 10.62 10.49 10.66 10.53 10.42 10.78 10.74

MAE 0.40 0.67 0.27 0.56 0.74 0.18 0.44 0.61 0.16 0.17
STDV 0.58 0.47 0.39 0.55 0.57 0.30 0.56 0.40 0.23 0.36
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sensitive to significant spin contamination in the UHF reference
than EA-ADC.

We now turn our attention to the IP-ADC/UHF and IP-EOM-
CCSD/UHF vertical ionization energies (IPs) of WSM and SSM
presented in Tables IV and V, respectively. The MAE and STDV for
each method computed relative to CCSD(T)/ROHF are depicted in
Fig. 3. As for EA-ADC, the largest MAE out of all IP-ADC/UHF
approximations is demonstrated by IP-ADC(2)-X. For WSM,
IP-ADC(3)/UHF is by far the most accurate UHF-based IP-ADC
method, with MAE (0.09 eV) smaller than that of IP-ADC(2)/UHF
(0.44 eV) by more than a factor of four. Upon increasing spin
contamination from WSM to SSM, the IP-ADC/UHF calculations
show trends similar to those in the EA-ADC/UHF results. In par-
ticular, the MAE of IP-ADC(3)/UHF increases by a factor of three
(from 0.09 to 0.27 eV), the IP-ADC(2)-X/UHF MAE grows by
∼12%, while IP-ADC(2)/UHF shows a small reduction in MAE
from 0.44 to 0.40 eV. All three IP-ADC/UHF methods also exhibit
a very significant increase in STDV, indicating that the growth
in UHF spin contamination has a detrimental effect on reliability
of these methods. The IP-EOM-CCSD/UHF method is similar to

IP-ADC(3)/UHF in accuracy for WSM, but it is significantly more
accurate for SSM.

To investigate how the performance of EA/IP-ADC/UHF
methods is affected by spin contamination (ΔS2) in charged excited
states, we computed the sum and average of ΔS2 for WSM and
SSM presented in Figs. 4 and 5 for EA and IP, respectively.
The calculated ΔS2 values for each molecule are tabulated in
the supplementary material. For WSM, the ΔS2 value of IP-
ADC/UHF decreases with the increasing level of IP-ADC the-
ory and is smaller than the ΔS2 value in EA-ADC/UHF results.
The IP-ADC/UHF excited-state spin contamination is similar to
the ΔS2 value in UHF reference (Table I) for all WSM, except
for O2, S2, BO, and SO where the ΔS2 value of IP-ADC/UHF
is significantly larger. On the contrary, the excited-state ΔS2 in
EA-ADC/UHF grows with the increasing order of ADC approxima-
tion and is greater than the ground-stateΔS2 fromUHF for allWSM,
with the exception of SiF. Upon transitioning from WSM to SSM,
the average ΔS2 increases from ∼0.05 to ∼0.3 a.u. for IP-ADC/UHF
and from ∼0.15 to ∼0.34 a.u. for EA-ADC/UHF. In contrast to
WSM, increasing the level of IP-ADC/UHF approximation for SSM

FIG. 3. Mean absolute errors (MAEs)
and standard deviations (STDVs) in the
IP-ADC vertical ionization energies (eV)
for (a) 18 weakly and (b) 22 strongly
spin-contaminated molecules with the
ground-state UHF spin contamination of
<0.1 and ≥0.1 a.u., respectively. Ref-
erence data are from CCSD(T). The
aug-cc-pVDZ basis set was used. See
Tables IV and V for data on individual
molecules.
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FIG. 4. Sum and average of spin con-
tamination in the lowest-energy electron-
attached state for (a) 18 weakly and (b)
22 strongly spin-contaminated molecules
computed using EA-ADC with three
different reference wavefunctions. The
aug-cc-pVDZ basis set was used.

does not lower the average ΔS2, which remains relatively constant
(∼0.3 a.u.). The EA-ADC/UHF results of SSM show a substantial
increase in total and average ΔS2 from EA-ADC(2) to EA-ADC(3).

Overall, our results indicate that the increasing spin contam-
ination in UHF reference significantly worsens the performance
of EA/IP-ADC(2)-X/UHF and EA/IP-ADC(3)/UHFmethods, while
the accuracy of EA/IP-ADC(2)/UHF is affectedmuch less. However,
when the UHF wavefunction is strongly spin contaminated, charged
excited states computed using all UHF-based ADC approximations
exhibit a large spin contamination (ΔS2 > 0.1 a.u.). In Secs. IV B
and IV C, we investigate how the performance of EA/IP-ADC
approximations is affected by reducing the spin contamination in
the reference wavefunction.

B. Reducing spin contamination using
the orbital-optimized [OMP(n)] reference

Combining orbital optimization with conventional pertur-
bation theories such as MP(n) (n = 2, 3) has been shown to
significantly improve their accuracy for the open-shell molecules
with significant spin contamination in the UHF reference
wavefunction.71,72,96,97,106 Table I demonstrates that incorporating

the orbital relaxation and electron correlation effects together
in OMP(n) reduces the ground-state ΔS2 to almost zero for all
molecules studied in this work, while treating electron correlation
with the UHF orbitals [MP(n)/UHF] has a much smaller effect on
spin contamination, resulting in a large ΔS2 for most SSM.

Figures 4 and 5 depict the sum and average of ΔS2 in the
lowest-energy charged states of WSM and SSM computed using
EA/IP-ADC(n)/OMP(n). Optimizing the reference orbitals has a
minor (∼10%) effect on the average ΔS2 for WSM, but it gives
rise to a threefold reduction in the average ΔS2 for SSM. The total
and mean ΔS2 values of electron-attached states computed using
EA-ADC(n)/OMP(n) are similar for WSM and SSM at each order
of perturbation theory, respectively (Fig. 4). For the ionized states,
the average IP-ADC(n)/OMP(n) spin contamination for SSM
remains significantly higher than that for WSM (Fig. 5).

Figure 3 illustrates that reducing the spin contamination in
ground and excited states does not significantly affect the accu-
racy of IP-ADC for WSM (Table IV). For SSM, using the OMP(n)
orbitals increases the MAE and STDV in IP-ADC(2) and IP-
ADC(2)-X vertical ionization energies while significantly lower-
ing these error metrics for IP-ADC(3) (Table V). The increase in
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FIG. 5. Sum and average of spin con-
tamination in the lowest-energy ionized
state for (a) 18 weakly and (b) 22 strongly
spin-contaminated molecules computed
using IP-ADC with three different refer-
ence wavefunctions. The aug-cc-pVDZ
basis set was used.

IP-ADC(2)/OMP(2) MAE relative to IP-ADC(2)/UHF suggests that
the smaller MAE of the UHF-based method is a result of fortu-
itous error cancellation and that reducing the spin contamination in
IP-ADC(2)/OMP(2) shifts the balance of error, worsening its perfor-
mance. For both WSM and SSM, IP-ADC(3)/OMP(3) shows nearly
the same MAE (0.18 eV) and smaller STDV (0.30 eV) relative to
IP-EOM-CCSD/UHF, indicating that both methods are similarly
accurate even for challenging open-shell molecules.

Similar trends are observed when comparing the errors in
EA-ADC(n) vertical electron affinities computed using the UHF
and OMP(n) reference orbitals, as illustrated in Fig. 2. Using the
optimized orbitals does not significantly affect the accuracy of EA-
ADC for WSM with the exception of EA-ADC(2)-X, which shows a
large (∼0.3 eV) increase in MAE (Table II). When using an orbital-
optimized reference for SSM, both EA-ADC(2) and EA-ADC(2)-X
increase their MAE by ∼75%–85% relative to the UHF-based meth-
ods (Table III). Optimizing the orbitals for EA-ADC(3) shows a
significant (∼33%) reduction in the MAE for SSM that becomes
nearly identical to that of EA-EOM-CCSD/UHF (0.17 eV). Impor-
tantly, these changes in the relative performance of EA-ADC(n)

methods for SSM restore the expected trend MAE [EA-ADC(2)]
> MAE [EA-ADC(3)] that is not observed for the UHF reference.

To summarize, using the OMP(n) reference helps to substan-
tially lower the spin contamination in charged excited states of SSM
computed using EA/IP-ADC(n). The reduction in ΔS2 significantly
improves the performance of EA/IP-ADC(3), which show MAE
and STDV similar to those of EA/IP-EOM-CCSD/UHF. In contrast,
using the optimized orbitals affects the balance of error cancellation
in EA/IP-ADC(2) and EA/IP-ADC(2)-X, increasing their errors.

C. Reducing spin contamination using the restricted
open-shell (ROHF) reference

An alternative approach to reduce the spin contamination in
post-Hartree–Fock calculations is to employ the ROHF reference
(Sec. II D). We demonstrate this in Table I, which shows that the
MP(n)/ROHF ground-state spin contamination is close to zero for
most of the open-shell molecules considered in this work.

Figures 4 and 5 present the excited-state ΔS2 computed using
EA/IP-ADC/ROHF. As in Sec. IV B, the largest differences with the
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EA/IP-ADC/UHF results are observed for SSM, where the ROHF-
based EA/IP-ADC methods show much smaller excited-state spin
contamination. The EA/IP-ADC with ROHF and OMP(n) refer-
ences exhibit similar mean ΔS2, although the former reference tends
to produce somewhat larger spin contamination, as reflected by the
sum of ΔS2 across the charged excited states of all molecules.

We now compare the performance of EA/IP-ADC methods
with ROHF, OMP(n), and UHF references. The MAE and STDV
of EA/IP-ADC(n)/ROHF are quite similar to those computed using
EA/IP-ADC(n)/OMP(n) as illustrated in Figs. 2 and 3. Both ROHF
and OMP(3) are equally effective in improving the accuracy of
EA/IP-ADC(3) for SSM, with errors in vertical electron affinities and
ionization energies similar to those from EA/IP-EOM-CCSD/UHF.
When combined with EA/IP-ADC(2) and EA/IP-ADC(2)-X, the
MAE produced by the ROHF reference tends to be smaller than
those from OMP(2) by ∼10%–20%. This reduction in error is cor-
related with somewhat higher spin contamination observed in the
EA/IP-ADC(2)/ROHF and EA/IP-ADC(2)-X/ROHF calculations in
comparison to those computed using the OMP(2) reference and can
be attributed to error cancellation as described in Sec. IV B.

Overall, our results demonstrate that the ROHF reference is
as effective as OMP(n) in reducing the excited-state spin contam-
ination and the errors of EA/IP-ADC(3) approximations. At the
EA/IP-ADC(2) and EA/IP-ADC(2)-X levels of theory, the ROHF
calculations exhibit smaller errors compared to OMP(n), but they
may suffer from somewhat higher spin contamination.

V. CONCLUSIONS
In this work, we investigated the effect of spin contamina-

tion on the performance of three single-reference ADC methods
for the charged excitations of open-shell systems [EA/IP-ADC(2),
EA/IP-ADC(2)-X, and EA/IP-ADC(3)]. To this end, we bench-
marked the accuracy of EA/IP-ADC for 40 molecules with differ-
ent levels of spin contamination in the unrestricted Hartree–Fock
(UHF) reference wavefunction and developed an approach for cal-
culating the expectation values of spin-squared operator and spin
contamination in the EA/IP-ADC charged excited states. Our study
demonstrates that the EA/IP-ADC results can be affected by sig-
nificant spin contamination (ΔS2), especially when ΔS2 in the
UHF reference wavefunction is large (≥0.1 a.u.). For such strongly
spin-contaminated systems, the average errors of third-order ADC
approximations [EA/IP-ADC(3)/UHF] increase by ∼60% for EA
and ∼300% for IP, relative to molecules with the UHF ΔS2 < 0.1 a.u.
The extended second-order methods [EA/IP-ADC(2)-X/UHF] also
show significant increase (10%–15%) in their average errors upon
increasing the spin contamination in UHF reference, while the accu-
racy of strict second-order approximations [EA/IP-ADC(2)/UHF] is
affected much less.

To mitigate the spin contamination in ADC calculations, we
implemented the EA/IP-ADC methods with reference orbitals from
restricted open-shell Hartree–Fock (ROHF) and orbital-optimized
nth-order Møller–Plesset perturbation [OMP(n)] theories. The
results of our work provide clear evidence that the accuracy of
EA/IP-ADC(3) is quite sensitive to the spin contamination in ref-
erence wavefunction. For strongly spin-contaminated open-shell
molecules (ΔS2 ≥ 0.1 a.u.), combining EA/IP-ADC(3) with ROHF or
OMP(3) increases their accuracy by ∼30%–50%. While both ROHF

and OMP(3) are equally effective in reducing spin contamination
and improving the performance of EA/IP-ADC(3), the ROHF refer-
ence has a much lower computational scaling with the basis set size
[O(N4

)] relative to that of OMP(3) [O(N6
)].

For EA/IP-ADC(2) and EA/IP-ADC(2)-X, using the ROHF
or OMP(2) orbitals reduces the spin contamination in ground
and excited electronic states of open-shell molecules, but increases
the errors in vertical electron affinities and ionization energies.
Although employing ROHF or OMP(2) leads to a significant loss
in EA/IP-ADC(2) and EA/IP-ADC(2)-X accuracy for calculating
the charged excitation energies, these reference wavefunctions may
still be preferred over UHF if one is interested in calculating other
excited-state properties that can be sensitive to spin contamination.

SUPPLEMENTARY MATERIAL

See the supplementary material for the working equations of
EA/IP-ADC(n) with the ROHF reference, equations for the one-
and two-particle density matrices, Cartesian geometries of 40 neu-
tral open-shell molecules, and excited-state spin contamination and
spectroscopic factors computed using all ADC methods.
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