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ABSTRACT: Equilibrium Fermi’s golden rule (FGR) rate constants
are commonly used for modeling the kinetics of electronic energy and
charge transfer processes in a wide range of molecular systems. The
interaction between the electronic degrees of freedom and cavity
modes can modify the coupling between electronic states when the
molecular system is placed inside a cavity, and thereby alter the
corresponding FGR rate constants. In this paper, we present a
general-purpose framework for estimating the cavity-induced effect on
equilibrium FGR rate constants. We show that cavity-modified
equilibrium FGR rate constants can be estimated from inputs
obtainable exclusively from a simulation of the cavity-free molecular
system, thereby bypassing the need for an explicit simulation of the
molecular system inside the cavity. The usefulness of this framework
is demonstrated in the Marcus theory limit of equilibrium FGR, and general rules are derived for determining the optimal conditions
for cavity-induced Marcus theory rate enhancement.

1. INTRODUCTION
Utilizing light−matter interactions to control chemical
processes has been a long-standing theme in physical
chemistry.1−11 Recent experimental work has demonstrated
such control for a wide range of chemical phenomena,
including chemical reactivity and selectivity, photochemistry,
catalysis, and electronic energy and charge transfer, by
coupling the molecular electronic and vibrational degrees of
freedom (DOF) to the electromagnetic field modes of a cavity
that the molecular system is placed into.12−52 Those
experimental advances call for the development of theoretical
models for estimating the effect that placing molecular matter
inside a cavity has on its behavior and properties. Such models
often need to go beyond models previously developed by the
quantum optics community,53−58 which neglect prominent
aspects of molecular matter such as transitions between
multiple electronic potential energy surfaces, solvent effects,
and disorder.
Most recent theoretical studies of molecular matter in

cavities assume that strong coupling between the molecular
system and cavity modes is necessary for a significant cavity-
induced effect to occur. The resulting strong-coupling models
necessitate incorporating the cavity DOF into the model and
explicitly simulating the molecular system inside the
cavity.40,41,45,48−51,59−67

However, even relatively weak coupling between molecular
and cavity DOF can give rise to significant cavity-enabled
effects. This is particularly true in the case of electronic energy

and charge transfer processes whose kinetics can be described
in terms of equilibrium Fermi’s golden rule (FGR) rate
constants, which are based on treating the coupling between
electronic states as a small perturbation (within the framework
of second-order perturbation theory). Coupling between the
electronic DOF and cavity modes can modify the coupling
between electronic states when the molecular system is placed
inside a cavity. Treating this additional electronic coupling as a
small perturbation can therefore still give rise to significant
modifications of the corresponding FGR rate constants.
In this paper we show that such cavity-modified FGR rate

constants can be estimated from inputs obtainable exclusively
from a simulation of the cavity-free molecular system, thereby
bypassing the need for an explicit simulation of the molecular
system inside the cavity. We also demonstrate the usefulness of
this framework in the case where the cavity-free kinetics is
governed by Marcus theory and derive general, easy-to-use
rules for determining the optimal conditions for cavity-induced
Marcus theory rate enhancement. We expect this strategy to be
particularly useful for the interpretation of experiments that
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target cavity-modified electronic energy and charge transfer
rates, since it allows for the effect on the rate resulting from
placing the molecular system inside a cavity to be estimated
with little to no additional computational cost (compared to
the cavity-free case).
The remainder of this paper is organized as follows. The

general-purpose framework for estimating the effect of placing
the molecular system inside an electromagnetic cavity on
equilibrium FGR rate constants is outlined in section 2. A
detailed analysis of the case where the equilibrium FGR rate
constants are described in terms of Marcus theory, including
the derivation of general rules for determining the optimal
conditions for cavity-induced rate enhancement, is provided in
section 3. Summary of the main results and outlook are
provided in section 4.

2. THEORY
Consider a two-electronic-state molecular system which is
placed inside a cavity and can undergo an electronic transition
between a donor state and an acceptor state. The overall
Hamiltonian of such a system has the following form:

H H D D H A A V D A A DD
np

A
np

DA
np= | | + | | + [| | + | |]

(1)

Here, |D⟩ and |A⟩ are the diabatic donor and acceptor
electronic states, respectively; HD

np
and HA

np
are the

Hamiltonians of the nuclear and photonic DOF when the
system is in the donor or acceptor electronic states,
respectively, and VDA

np
is the coupling term between the

donor and acceptor electronic states, which generally speaking
is also an operator in the nuclear+photonic Hilbert space.
Assuming that the photonic and nuclear DOF are coupled to

the electronic DOF, but not to each other, which corresponds
to a situation where the cavity modes are in resonance with
electronic transitions but off-resonance with vibrational
transitions, HD

np
, HA

np
, and VDA

np
can each be written as a sum

of a purely nuclear term and a purely photonic term:

H H HD
np

D
n p= + (2a)

H H HA
np

A
n p= + (2b)

V V VDA
np

DA
n p

DA= + (2c)

Here, the n and p superscripts are used to identify
contributions from the nuclear and photonic DOF, respec-
tively. Importantly, such separability is generally valid and
arises due to the form of the light-matter Hamiltonian. It
should also be noted that the photonic Hamiltonian, H p

, is
assumed to be independent of the electronic state (i.e.,
H H HD

p
A
p p= = ). Finally, we note that the cavity-free case

corresponds to setting the photonic terms to zero (i..e.,
H V, 0

p
DA
p{ } ) such that

H H
H D D H A A V D A A D

m

D
n

A
n

DA
n= | | + | | + [| | + | |] (3)

The superscript m is used to indicate that this is the purely
molecular (i.e., cavity-free) Hamiltonian.
The derivation of the equilibrium FGR rate constant is

based on treating the electronic coupling term,
V D A A DDA

np [| | + | |], as a small perturbation [see eq 1],

within the framework of second-order perturbation theory. It
should be noted that the following analysis assumes that both
coupling terms in eq 2c can be treated within the framework of
second-order perturbation theory, and would therefore not be
valid in cases where higher than second-order terms that arise
from one coupling term are comparable to the second-order
term that arises from the other coupling term. The resulting
equilibrium FGR rate constant for the electronic transition
from the donor electronic state to the acceptor electronic state
is given by68−70

k t C t
1

d ( )D A 2 D A=
(4)

where, for the system governed by the Hamiltonian in eq 1, the
cavity-modif ied donor-to-acceptor FGR time correlation function
is given by

C t V V( ) Tr Tr e eH t np H t np
D A n p D

eq i /
DA

i /
DA

np np
D A= [ ] (5)

Here, Trn[...] and Trp[...] correspond to traces over the nuclear
and photonic Hilbert spaces, respectively. We also define for
later use the trace over the electronic Hilbert space, Tre[...],
and the overall trace, Tr[...] = TreTrnTrp[...]. D

eq in eq 5
corresponds to the density operator that describes the state of
the nuclear and photonic DOF when the system is at thermal
equilibrium in the donor electronic state:

Z Z
e

Tr Tr e

e eH

H

H

D
n

H

p pD
eq

n p
D,n
eq eq

np

np

D
n p

D

D
=

[ ]
= =

(6)

where β = 1/kBT, Z Tr eD
n

n
HD

n

= [ ], and Z Tr ep
p

H p

= [ ].
It should be noted that the second equality in eq 6 relies on

the fact that HD
np

is separable into a sum of a purely nuclear
term and a purely photonic term, H H HD

np
D
n p= + [see eq 2a].

It should also be noted that the donor-to-acceptor equilibrium
rate constant for the cavity-free molecular system is given by

k t C t
1

d ( )m m
D A 2 D A=

(7)

where for the cavity-free system governed by the Hamiltonian
in eq 3, the cavity-f ree donor-to-acceptor FGR time correlation
function is given by

C t V V( ) Tr e em
D n

H t n H t n
D A n ,

eq i /
DA

i /
DA

n n
D A= [ ] (8)

Taking advantage of the separability of HD
np
, HA

np
, and VDA

np

into purely nuclear and purely photonic terms [see eqs 2a−2c],
it is then straightforward to show that the donor-to-acceptor
FGR correlation function can be given in terms of a sum of
four terms, each of which consisting of a product of purely
nuclear and purely photonic correlation functions:

C t

V V

V V

V V

V V

( )

Tr e e Tr e e

Tr e e Tr e e

Tr e e Tr e e

Tr e e Tr e e

H t H t H t n H t n

H t H t H t n H t

H t H t H t H t n

H t H t H t H t

D A

p p
eq i / i /

n D,n
eq i /

DA
i /

DA

p p
eq i / i /

DA
p

n D,n
eq i /

DA
i /

p p
eq i /

DA
p i /

n D,n
eq i / i /

DA

p p
eq i /

DA
p i /

DA
p

n D,n
eq i / i /

n n

n n

n n

n n

p p
D A

p p
D A

p p
D A

p p
D A

=

[ ] [ ]

+ [ ] [ ]

+ [ ] [ ]

+ [ ] [ ]
(9)

The Journal of Physical Chemistry C pubs.acs.org/JPCC Article

https://doi.org/10.1021/acs.jpcc.2c08996
J. Phys. Chem. C 2023, 127, 3154−3164

3155

pubs.acs.org/JPCC?ref=pdf
https://doi.org/10.1021/acs.jpcc.2c08996?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as


Thus, according to eq 9, cavity-modif ied equilibrium FGR rate
constants can be obtained f rom purely nuclear and purely photonic
time correlation functions as inputs and therefore do not
necessitate an explicit simulation of the molecular system inside
the cavity. Furthermore, as we will show below, the purely
photonic time correlation functions can be obtained in closed
form, while the purely nuclear correlation functions can be
obtained from cavity-free models. In other words, cavity-
modif ied equilibrium FGR rate constants are obtainable f rom
cavity-f ree inputs.
To further demonstrate the implications of the separability

between nuclear and photonic time correlation functions, we
will henceforth focus on the relatively simple case where the
two-state molecular system is coupled to a single cavity mode.
The photonic Hamiltonian for a single-cavity mode is given by

H p q
1
2

( )
p

p
2

p
2

p
2= +

(10)

where ωp is the cavity mode angular frequency and qp and pp

are the photonic coordinate and momentum operators
associated with it, respectively. Assuming that the molecular
system is placed at the center of a 1D cavity of length L, with
its donor−acceptor transition dipole along the cavity field, the
photonic-electronic coupling term is given by40,41,50

V g q2DA
p

p p p= (11)

where

g
V2p

DA
2

p

0
=

(12)

Here, ωp = cπ/L, μDA is the donor−acceptor transition dipole
moment (assumed to be independent of the nuclear
coordinates within the Condon approximation), and V is the
cavity volume, given by V = LxLyLz, where Lz = L is the cavity
length, while Lx and Ly are the dimensions of the cavity
perpendicular to the cavity axis. We note that our model
Hamiltonian does not include a dipole self-interaction term
since such a term corresponds to a constant energy shift in the
case of a a two-state model of the type considered here, and
therefore has no effect on the dynamics.49

Upon substituting H p
and VDA

p
from eqs 10 and 11 into eq 9,

it is straightforward to show that the photonic correlations
functions in the second and third terms on the right-hand side
(R.H.S.) of eq 9 vanish since the expectation value of the
position operator is zero for an undisplaced harmonic
oscillator. Furthermore, the photonic correlation functions in
the first and fourth terms on the R.H.S. of eq 9 can be obtained
in closed form and are given by

Tr e e 1H t H t
p p

eq i / i /
p p

[ ] = (13a)

i
k
jjj i

k
jjj y

{
zzz

y
{
zzz

V V

g t t

Tr e e

coth
1
2

cos( ) i sin( )

H t H t
p p

eq i /
DA
p i /

DA
p

2
p
2

p p p

p p

[ ]

=
(13b)

Under the Condon approximation, where V VDA
m

DA
m (a

constant), eq 9 can be further simplified such that

Ä

Ç

ÅÅÅÅÅÅÅÅÅÅÅÅ
i
k
jjj i

k
jjj y

{
zzz

y
{
zzz

É

Ö

ÑÑÑÑÑÑÑÑÑÑÑÑ

C t
g

V
t

t C t

( ) 1
( )

coth
1
2

cos( )

i sin( ) ( )

n

m

D A

2
p
2

DA
2 p p

p D A

= +

(14)

Here, C t( )D A
m is the cavity-free donor-to-acceptor FGR

correlation function within the Condon approximation,
which is given by the following [see eq 8]:

C t V( ) ( ) Tr e eDA
n

D n
eq H t H t

D A
m 2

n ,
i / i /n n

D A= [ ] (15)

Substituting eq 14 back into eq 4, the cavity modified
equilibrium FGR rate constant can then be written in the
following form:

Ä
Ç
ÅÅÅÅÅÅÅÅ

i
k
jjj y

{
zzz

É
Ö
ÑÑÑÑÑÑÑÑ

Ä
Ç
ÅÅÅÅÅÅÅÅ

i
k
jjj y

{
zzz

É
Ö
ÑÑÑÑÑÑÑÑ

k k
g

V

k
g

V
k

(0)
2( )

coth
1
2

1

( )
2( )

coth
1
2

1 ( )

n

n

D A D A
m

2
p
2

DA
2 p

D A
m

p

2
p
2

DA
2 p D A

m
p

= +

+ +

(16)

where

k t C t( )
1

d e ( )t
D A
m

p 2
i

D A
mp=

(17)

is proportional to the Fourier transform of the cavity-free FGR
correlation function and k k(0) m

D A
m

D A corresponds to the
cavity-free equilibrium FGR rate constant. It should be noted
that k ( )D A

m
p can also be thought of as the donor-to-acceptor

equilibrium FGR rate constant in a system where the donor
PES is shifted upward in energy by ℏωp (or equivalently, where
the acceptor PES is shifted downward in energy by ℏωp):

k

V
t

V
t

( )

( )
d

Tr e e e

Tr e

( )
d

Tr e e e

Tr e

DA
n H H t H t

H

DA
n H H t H t t

H

D A
m

p

2

2
n

( ) i( ) / i /

n
( )

2

2
n

i / i( ) /

n

D
n n

p
n

D
n

D
n n n

D
n

p D A

p

D A p

=

[ ]
[ ]

= [ ]
[ ]

+ +

+

(18)

Importantly, the second and third terms on the R.H.S. of eq
16, which represent the effect of the cavity on the equilibrium
FGR rate constant, are given in terms of cavity-free inputs,
namely, C t( )D A

m [see eq 17].
Further insight into eq 16 can be gained by taking advantage

of the detailed balance relation in the cavity-free case,
according to which

k
Z
Z

k( ) e ( )A
n

D
nD A

m
p A D

m
p

p=
(19)

Here, Z Tr eD
n

n
HD

n

= [ ] and Z Tr eA
n

n
HA

n

= [ ] are the cavity-free
donor and acceptor partition functions, respectively [see eq 6],
and

k t C t( )
1

d e ( )t
A DA D

m
p 2

i mp=
(20)
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is proportional to the Fourier transform of the cavity-free
acceptor-to-donor FGR correlation function, which (within the
Condon approximation) is given by

C t V( ) ( ) Tr e eDA
n

A n
eq H t H t

A D
m 2

n ,
i / i /n n

A D= [ ] (21)

Here , Ze /A n
eq H

A
n

,
A
n

= . I t shou ld be noted tha t
k k(0)A D

m
A D
m corresponds to the cavity-free acceptor-to-

donor equilibrium FGR rate constant (not to be confused with
the cavity-free donor-to-acceptor equilibrium FGR rate constant
[see eqs 15 and 21]. It should also be noted that k ( )A D

m
p can

also be thought of as the acceptor-to-donor equilibrium FGR
rate constant in a system where the donor PES is shifted
downward in energy by ℏωp (or equivalently, where the
acceptor PES is shifted upward in energy by ℏωp):

k

V
t

V
t

( )

( )
d

Tr e e e

Tr e

d
Tr e e e

Tr e

DA
n H H t H t

H

DA
H H t H t

H

A D
m

p

2

2
n

( ) i( ) / i /

n
( )

2

2
n

i / i( ) /

n

A
n n n

A
m

A
n n n

A
n

p A p D

p

A D p

=

[ ]
[ ]

= [ ]
[ ]

+ +

+

(22)

Substituting eq 19 for k ( )D A
m

p into eq 16, eq 16 can be
recast in the following form:

Ä

Ç

ÅÅÅÅÅÅÅÅÅÅÉ

Ö

ÑÑÑÑÑÑÑÑÑÑ

k
k

g

V
N

k

k

k

k

1
( )

( )
( )

(0)

( )

(0)

n
D A

D A
m

2
p
2

DA
2 p eq

D A
m

p

D A
m

A D
m

p

A D
m

=

+
(23)

Here

N( )
1

e 1p eq
p

=
(24)

is the expectation value of the number of photons in the cavity
mode at thermal equilibrium. Importantly, k kD A D A

m , and

therefore 1 0k
k

D A

D A
m in the cavity-free case. Thus, the

R.H.S. of eq 23 represents the effect of the cavity on the donor-
to-acceptor equilibrium FGR rate constant. It should also be
noted that since the R.H.S. of eq 23 is non-negative for this
particular model, placing the molecular system inside the cavity
will always result in enhancement of the donor-to-acceptor
equilibrium FGR rate constant (i.e., k kD A D A

m> ).
Inspection of the R.H.S. of eq 23 reveals that it consists of a

product of three dimensionless factors, namely, (1)
g

V( )

2
p
2

DA
m 2 , (2)

N( )p eq , and (3)
Ä
Ç
ÅÅÅÅÅÅÅ

É
Ö
ÑÑÑÑÑÑÑ

k

k

k

k

( )

(0)

( )

(0)
D A
m

p

D A
m

A D
m

p

A D
m+ . A reasonable

criterion for when a significant cavity-induced enhancement
of the donor-to-acceptor equilibrium FGR rate constant would
be achieved is when this triple product is larger than 1 (i.e.,

1 1k
km

D A

D A
). This is because 1 1k

km
D A

D A
= implies

2k
k

D A

D A
m = , which means that the electronic transition rate

constant would double upon placing the molecular system

inside a cavity. Thus, requiring that 1 1k
k

D A

D A
m means

enhancing the rate constant by a factor of 2 or more.
Of particular interest is the dependence of the aforemen-

tioned triple product on the cavity mode frequency ωp, which
is often used experimentally to tune the cavity in a manner that
would optimize its effect on the rate constant of the chemical
process under consideration. To this end, we will consider
below the ωp dependence of each factor separately.

The first factor,
g

V( )n

2
p
2

DA
2 , consists of the ratio of the radiative

and nonradiative electronic coupling strengths. It should be
noted that FGR relies on treating both types of electronic
coupling as small enough for second-order perturbation theory
to be applicable. Thus, a significant rate enhancement only
requires that the cavity-induced coupling strength, g2

p
2, is

comparable to the already presumably relatively weak non-
radiative electronic coupling strength, V( )n

DA
2, so that

1
g

V( )n

2
p
2

DA
2 . Using eq 12 and the fact that ωp = cπ/L, this

factor can also be cast in the following form:

g

V( )
1

( )
2

p
2

DA
m 2 p

2=
(25)

where χ is a molecule- and cavity-specific dimensionless
quantity given by

i
k
jjjjj

y
{
zzzzzc L L

V
2 x y

DA
n

DA
0

2

=
(26)

Here, Lx and Ly are the dimensions of the cavity perpendicular
to the cavity axis which is assumed to coincide with the z axis,
such that the cavity volume is given by V = LxLyLz where Lz =
L is the cavity length. Importantly, gp

2
p
2, regardless of the

specific nature of the molecular system, which means that this
term monotonically increases with increasing cavity mode
frequency in a manner that is not molecular-system-specific.
The second factor, N( )p eq

1
e 1p

= , corresponds to
the expectation value of the number of photons in the cavity
mode at thermal equilibrium. It should be noted that this
factor increases with increasing temperature, T k( )B

1= , and
vanishes at T = 0, which means that rate enhancement does
not occur in the dark (i.e., at T = 0). It should also be noted
that N( )p eq decreases with increasing cavity mode
frequency, ωp, in a manner which is not molecular-system-
specific. The fact that the first factor is a monotonically
increasing quadratic function of ωp, while the second factor is
asymptotically a monotonically decreasing exponential func-
tion of ωp also suggests that the product of these two factors
would be maximized at a finite value of ωp.
Unlike the first two factors, the third factor,Ä

Ç
ÅÅÅÅÅÅÅ

É
Ö
ÑÑÑÑÑÑÑ

k

k

k

k

( )

(0)

( )

(0)
D A
m

p

D A
m

A D
m

p

A D
m+ , is molecular-system-specific and under-

standing its dependence on ωp and T calls for explicit
expressions for k ( )D A

m
p and k ( )A D

m
p , within an FGR-based

rate theory of one’s choice. In the next section, we demonstrate
this within the framework of Marcus theory.
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3. RESULTS AND DISCUSSION
The equilibrium FGR rate constant reduces to the Marcus
theory rate constant when the correlation function is replaced
by its short-time and high temperature limits and nuclear
dynamics are assumed to satisfy Gaussian statistics.69,70 Within
Marcus theory, one can obtain the following closed form
expressions for k (0)D A

m , k (0)A D
m , k ( )D A

m
p , and k ( )A D

m
p :69

k
V

k TE
(0)

( )
eDA

m

r

E E k TE
D A
m

2

B

( ) /4r r
2

B= +

(27)

k
V

k TE
(0)
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( ) /4r rp
2

B= +

(30)

Here, ΔE is the cavity-f ree donor-to-acceptor reaction f ree energy
and Er is the cavity-f ree reorganization energy. In what follows,
we will assume that the cavity-free donor-to-acceptor transition
is thermodynamically favorable (i.e., that the donor-to-
acceptor transition is a downhill reaction), such that ΔE < 0.
It should be noted that as a result, the cavity-free acceptor-to-
donor reaction energy is positive and given by −ΔE > 0 (an
uphill reaction).
Of particular interest is the dependence of the third factor

on the R.H.S. of eq 23,
Ä
Ç
ÅÅÅÅÅÅÅ

É
Ö
ÑÑÑÑÑÑÑ

k

k

k

k

( )

(0)

( )

(0)
D A
m

p

D A
m

A D
m

p

A D
m+ , on ωp, since the

cavity-induced effect is often optimized by tuning ωp. We start

out by considering the first ratio, k

k

( )

(0)
D A
m

p

D A
m . Comparing eqs 27

and 29, we see that while k (0)D A
m corresponds to the actual

cavity-free donor-to-acceptor Marcus rate constant in the case
when the reaction energy is ΔE, k ( )D A

m
p corresponds to

what that rate constant would have been if the reaction energy
was ΔE − ℏωp (see Figure 1). Given that ΔE < 0, increasing
ωp corresponds to making the reaction energy more negative.
If the actual cavity-free reaction is in the normal Marcus regime

(−ΔE < Er, as in Figure 1), then k

k

( )

(0)
D A
m

p

D A
m would exhibit a

nonmonotonic dependence on ωp, namely, it would increase
with increasing ωp within 0 < ωp < (ΔE + Er)/ℏ and decrease
with increasing ωp for ωp > (ΔE + Er)/ℏ (see Figure 1). If, on
the other hand, the actual cavity-free reaction is in the inverted

Marcus regime (−ΔE > Er), then
k

k

( )

(0)
D A
m

p

D A
m would monotoni-

cally decrease with increasing ωp. Thus, 1
k

k

( )

(0)
D A
m

p

D A
m > only if

the cavity-free donor-to-acceptor reaction is in the normal
regime and even then on a relatively narrow ωp range 0 < ωp <
2(ΔE + Er)/ℏ and giving rise to relatively small rate
enhancement. We acknowledge that for sufficiently high values
of ℏωp, excitations to higher lying electronic states may
become relevant. While the analysis presented herein is based
on assuming that the molecular system can be described in
terms of a two-state model, it can be extended to include
additional electronic states. Work on this aspect is ongoing and
will be presented in forthcoming publications.

Next, consider the second ratio, k

k

( )

(0)
A D
m

p

A D
m . Comparing eqs 28

and 30, we see that while k (0)A D
m corresponds to the actual

acceptor-to-donor cavity-free Marcus rate constant in the case
when the reaction energy is −ΔE, k ( )A D

m
p corresponds to

what the rate constant would have been if the reaction energy
was −ΔE − ℏωp. Importantly, the actual cavity-free acceptor-
to-donor reaction rate constant, k (0)A D

m , would typically be
vanishingly small since −ΔE > 0 (see Figure 1). Increasing ωp
therefore lowers the reaction energy by making it less positive,
and eventually negative, which would typically lead to a
considerable rate enhancement which is maximized when ωp =
(−ΔE + Er)/ℏ (see Figure 1). Increasing ωp beyond this point
would decrease k ( )A D

m
p . However, it should be noted that

1
k

k

( )

(0)
A D
m

p

A D
m > on a relatively wide ωp range, 0 < ωp < 2(−ΔE +

Er)/ℏ, and that the k

k

( )

(0)
A D
m

p

A D
m term gives rise to a much larger

rate enhancement in comparison to the k

k

( )

(0)
D A
m

p

D A
m term (given

t h a t ΔE ≤ 0 and E r > 0 , i t f o l l ow s t h a t
k k k k( )/ (0) ( )/ (0)A D

m
p A D

m
D A
m

p D A
m , with equality at

ωp = 0). Thus, the cavity-induced rate enhancement would

typically be dominated by the term k

k

( )

(0)
A D
m

p

A D
m rather than the

term k

k

( )

(0)
D A
m

p

D A
m .

Substituting eqs 24 and 25 into eq 23, one can cast the
inequality 1 1k

k
D A

D A
m in the following form:
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(31)

where

G( )
1 e 1

( )p
p

2

p

=
(32)

Figure 1. Schematic view of the various Marcus rate constants in eqs
27−30. The dependence of kD→A (blue) and kA→D (orange) on ΔE is
shown on a semilog plot. kD→A(0) and kA→D(0) correspond to the
cavity-free rate constants (for the case where ΔE < 0 and the donor-
to-acceptor reaction is in the normal region). kD→A(ωp) and kA→D(ωp)
are the corresponding rate constants when the donor potential energy
surface is shifted upward or downward by ℏωp, respectively.
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Assuming that Marcus theory is valid, the ratios k

k

( )

(0)
D A
m

p

D A
m and

k

k

( )

(0)
A D
m

p

A D
m are given by [see eqs 27−30]:
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A useful graphical depiction of the implications of eq 31 can

be obtained by plotting G(βℏωp),
k

k

( )

(0)
D A
m

p

D A
m , and k

k

( )

(0)
A D
m

p

A D
m as a

function of βℏωp. As shown in Figure 2, the intervals within

which G( )
k

k

( )

(0) p
D A
m

p

D A
m and G( )

k

k

( )

(0) p
A D
m

p

A D
m corre-

spond to the range of ωp values for which each of those terms
can give rise to cavity-induced rate enhancement. Inspection of

Figure 2. G(βℏωp) (dashed black line),
k

k

( )

(0)
D A
m

p

D A
m and

k

k

( )

(0)
A D
m

p

A D
m (solid gray lines), as a function of βℏωp, for different values of ΔE and Er. The

intervals within which G( )
k

k

( )

(0) p
D A
m

p

D A
m (red) and G( )

k

k

( )

(0) p
A D
m

p

A D
m (purple) correspond to the range of ωp values for which each of those

terms can give rise to cavity-induced rate enhancement.
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Figure 2 confirms that the rate-enhancement is dominated by

the k

k

( )

(0)
A D
m

p

A D
m term, rather than the k

k

( )

(0)
D A
m

p

D A
m term, both in terms

of the range of ωp interval within which rate enhancement is
achieved and in terms of the actual enhancement. This trend is
also seen to become more pronounced with increasing |ΔE|
and decreasing Er (see below).
Importantly, the minimum of G(βℏωp) is at βℏωp ≈ 1.6,

independent of the molecular system, which corresponds to
ℏωp ∼ 0.04 eV at room temperature. At the same time, typical
values of ΔE and Er correspond to β|ΔE|≫ 1 and βEr ≫ 1 at
room temperature. For example, the 5.0−50.0 range of β|ΔE|
and βEr used in Figure 2 corresponds to a typical range of
(0.13−1.30)eV for |ΔE| and Er at room temperature. One
therefore expects the maximum overall enhancement would be

achieved somewhere between βℏωp = 1.6 and βℏωp = βEr −

βΔE, the latter being the maximum point of the k

k

( )

(0)
A D
m

p

A D
m term.

Further insight can be obtained by using eqs 33 and 34 to
cast the molecular-system-specific third factor on the R.H.S. of

eq 23,
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Figure 3. Plots of F E E; , rp[ ] [see eq 36], as a function of βℏωp for different values of βΔE and βEr. The vertical dotted line marks the
cavity frequency at which F E E; , rp[ ] is maximized.
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Substituting eqs 24, 25, and 35 back into eq 23, the criterion
for more than double cavity-induced rate enhancement,

1 1k
k

D A

D A
m , can be written in the following form:
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(36)

The usefulness of eq 36 comes from the fact that calculating
F E E; , rp[ ] on its left-hand side (L.H.S.) only requires
knwlegede of the cavity-free parameters ΔE and Er, temper-
ature, T, and the cavity mode frequency, ωp, while the
parameter χ on its R.H.S. is given in terms of cavity-free
molecular transition dipole, μDA, the electronic coupling
coefficient in units of kBT, VDA

n , and the cavity transverse
dimensions Lx and Ly [see eq 26]. As such, it can be used to
optimize the cavity-induced rate enhancement for any system
whose cavity-free kinetics is described by Marcus theory. More
specifically, given T and the cavity-free ΔE and Er for the
electronic charge/energy transfer reaction under consideration,
one can maximize F E E; , rp[ ] with respect to the
cavity mode frequency, ωp. Furthermore, the fact that all
relevant energies (ΔE, Er, VDA

n , and ℏωp) are given in units of
kBT (i.e., as βΔE, βEr, VDA

n and βℏωp, respectively) implies
that the temperature dependence corresponds to an energy
scaling factor.
In Figure 3, we show plots of F E E; , rp[ ] as a

function of βℏωp for different values of −βΔE and βEr, and the
corresponding values of βℏωp at which F E E; , rp[ ] is
maximized.
Further analysis is shown in Figure 4, which depicts the

optimal cavity frequency βℏωmax [Figure 4(a)], the full width
at half maximum (FWHM) of F(βℏωp) [panel (b)] and the
maximal value of F(βℏωp), F(βℏωmax) [Figure 4(c)], as a
function of − βΔE and βEr.
Several interesting observations can be discerned based on

these figures:

• F E E; , rp[ ] has a single maximum as a function
of βℏωp. Thus, F E E; , rp[ ], and thereby the
cavity-induced rate enhancement, can clearly be
maximized by optimizing ωp.

• Given βEr, both βℏωmax and F(βℏωmax) increase with
increasing |ΔE|, [see Figure 4(a,c)]. This is consistent

with the fact that increasing |ΔE| enhances k

k

( )

(0)
A D
m

p

A D
m and

shifts it to higher values of βℏωp (see Figure 2).
• Given βΔE, both βℏωmax and F(βℏωmax) increase with

decreasing Er [see Figure 4(a,c)]. This is consistent with

the behavior of k

k

( )

(0)
A D
m

p

A D
m in Figure 2 where it is seen to be

enhanced and to narrow down (as a function of βℏωp)
with decreasing Er. Analysis of eq 34 confirms that
k

k

( )

(0)
A D
m

p

A D
m increases with decreasing Er within a relatively

wide interval of ωp values, 0 < ℏωp < −2ΔE (i.e.,

0
E

k

k
d

d

( )

(0)r

A D
m

p

A D
m < within this range). Importantly, the

optimal values of ωp fall within this range for the typical
values of βEr and βΔE used in Figures 3 and 4. It should

be noted that the value of ωp for which k

k

( )

(0)
A D
m

p

A D
m is

maximized is given by ℏωp = Er − ΔE, which actually
decreases with decreasing Er. However, the condition

G( )
k

k

( )

(0) p
A D
m

p

A D
m means that the actual maximum of

F E E; , rp[ ] falls in the region where k

k

( )

(0)
A D
m

p

A D
m

increases with decreasing Er.
• As cavity-induced rate enhancement is often associated

with the cavity mode frequency being “in resonance”
with a certain energy scale of the cavity-free system, it is
also of interest to consider the sensitivity of the rate
enhancement to deviations of ωp from ωmax. The
FWHM of F E E; , rp[ ] as a function of βℏωp,
for given βΔE and βEr can shed light on the resonance
nature of the rate enhancement effect, in the sense that a

Figure 4. (a) Optimal cavity frequency βℏωp, βℏωmax, as a function of − βΔE and βEr. (b) FWHM of F(βℏωp), as a function of βΔE and βEr. (c)
Maximal value of F(βℏωp), F(βℏωmax), as a function of βΔE and βEr. βEr and βΔE corresponding to the panels of Figures 2, 3 are shown as black
dots on the plot.
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smaller fwhm would correspond to enhanced resonance-
like behavior [see also Figure 4(b)]. In the case where
βEr is small and −βΔE is large, the width of
F E E; , rp[ ] is dominated by the width of
k

k

( )

(0)
A D
m

p

A D
m , which is determined by Er (see Figure 1). In

the complementary case where βEr is large and −βΔE is
small, the width of F E E; , rp[ ] is determined by

how well the maxima of k

k

( )

(0)
A D
m

p

A D
m overlaps with the

minima of G(βℏωp). More specifically, the smaller the
−βΔE, the closer the two extrema and the narrower the
F E E; , rp[ ].

4. CONCLUSIONS
Rate theories based on equilibrium FGR have proven to be
extremely useful for calculating the rates of a wide range of
electronic energy and charge transfer processes that take place
in molecular systems. In this paper, we introduced a general-
purpose framework for estimating cavity-enabled modifications
of such equilibrium FGR rate constants which requires the
same inputs needed for estimating the corresponding cavity-
free equilibrium FGR rate constants. Using this framework
therefore makes it possible to bypass the need for an explicit
simulation of the molecular system inside the cavity in order to
estimate the effect of coupling to the cavity on the equilibrium
FGR rate constant.
The proposed framework is based on the fact that the

photonic DOF can be added to the Hamiltonian as nuclear-like
DOF. Further assuming that the photonic and nuclear DOF
are coupled to the electronic DOF, but not to each other, and
taking advantage of the resulting separability of the nuclear/
photonic terms in the Hamiltonian into purely nuclear and
purely photonic terms is what makes it possible to calculate
cavity-modified equilibrium FGR rate constants from cavity-
free inputs.
Unlike other cavity-enabled effects, relatively weak coupling

between molecular and cavity DOF can give rise to significant
cavity-enabled modifications to the equilibrium FGR rate
constant. This is because equilibrium FGR is based on treating
the coupling between electronic states as a small perturbation
(within the framework of second-order perturbation theory).
Coupling between the electronic DOF and cavity modes can
modify the coupling between electronic states when the
molecular system is placed inside a cavity. Treating this
additional electronic coupling as a small perturbation can
therefore still give rise to significant modifications of the
corresponding equilibrium FGR rate constant.
Marcus rate theory represents a highly successful example of

an equilibrium-FGR-based rate theory with an extremely wide
range of applicability. For this reason, we performed a detailed
analysis of the proposed framework in the case where the
cavity-free process can be described by Marcus rate theory.
This analysis gave rise to closed form expressions that can be
used for estimating cavity-enabled rate modifications and point
to ways in which they can be optimized for the wide range of
systems and processes to which Marcus theory is applicable.
While being rather general, the proposed framework is still

based on a number of assumptions, including restricting
ourselves to two electronic states, assuming that the molecular
system is coupled to a single cavity mode and has no
permanent dipole moment and neglecting nonequilibrium

effects. Work on extending the framework beyond those
restrictive assumptions, while still maintaining its ability to
produce cavity-modified rates from cavity-free inputs, is
currently underway and will be reported in forthcoming
publications.
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