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1. Introduction

We consider the initial value problem associated to the generalized Hartree
(gHartree), or Schrödinger–Hartree equation⎧⎪⎨⎪⎩

iut + Δu + μ

(
1

|x|N−γ
∗ |u|p

)
|u|p−2u = 0, x ∈ RN , t ∈ R,

u(x, 0) = u0(x),

(1.1)

where 0 < γ < N , p < 2, μ ∈ C\{0} and u = u(x, t) is a complex-valued function.
For general nonlinearity p ≥ 2, the local well-posedness in H1 was established

in [2]. In this regard, our aim is to extend the well-posedness theory for nonlinearity
with p < 2. Such low powers appear, for example, when studying collapse or finite
time blow-up in the focusing gHartree equation, e.g., see [28]. Equation (1.1) is a
generalization of the standard Hartree equation with p = 2, which shows in a num-
ber of physical models, for further details see the introduction in [2] or review [3].
A generalized version of the Hartree equation allows more flexibility in approaches,
thus, we are interested in the powers of nonlinearities when 1 < p < 2. The typical
methods for well-posedness do not work in these low nonlinearities (see discussion
on that in [6]), however, using the weighted Sobolev spaces, we are able to obtain
the local well-posedness in a certain range of p < 2. The range that we obtain is not
optimal, but rather technical, since this is the first such study in the context of the
Hartree-type equation, where we use well known in harmonic analysis weighted esti-
mates for the Riesz transform. In fact, this approach can be helpful in establishing
well-posedness in equations with a potential that can be expressed as a Calderon–
Zygmund operator. Inspired by the results in [6] (see also [5, 7, 14, 16, 17, 20]),
we introduce a class of initial data, which guarantees existence of local solutions
of (1.1) for nonlinearity with power p < 2. Main difficulties arise in our analysis
due to the presence of the Riesz potential operator and the lack of regularity of the
term ( 1

|x|N−γ ∗ |u|p)|u|p−2u when p < 2. Before stating our results, we recall a few
invariances and introduce some notation.

Equation (1.1) formally conserves several quantities, in particular, if μ ∈ R\{0},
solutions of (1.1) satisfy the mass conservation

M [u(t)] =
∫

RN

|u(x, t)|2 dx = M [u0], (1.2)

the energy conservation

E[u(t)] =
1
2

∫
RN

|∇u(x, t)|2 dx

− μ

2p

∫
RN

(
1

| · |N−γ
∗ |u(·, t)|p

)
(x, t)|u(x, t)|p dx

= E[u0], (1.3)
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and the momentum conservation

P [u(t)] = Im
(∫

RN

u(x, t)∇u(x, t) dx

)
= P [u0]. (1.4)

Next, we fix 4
3 < p < 2 and take 0 < γ < N(3p−4)

2p . We choose m ∈ R+ such that

max
{

2γ + N

4(p − 1)
,
N

2

}
< m <

N − 2γ

2(2 − p)
. (1.5)

Additionally, we consider two positive integers M0 and M satisfying

M0 > max
{

(N − γ)(2mp − N)
4m(p− 1) − N

, N + m

}
(1.6)

and

M > max
{

M0 − N + 2
⌊

N

2

⌋
+ 2, 4

⌊
N

2

⌋
+ 5 + m

}
. (1.7)

(Here, �x� denotes the floor function, i.e., the greatest integer that is less than or
equal to x).

We define the space X = X(m, M, M0) as follows:

X =
{

f ∈ HM+M0−N (RN ) :

〈x〉m∂αf ∈ L∞(RN ), for each multi-index |α| ≤
⌊

N

2

⌋
,

〈x〉m∂αf ∈ L2(RN ), for each multi-index
⌊

N

2

⌋
< |α| ≤ M

}
, (1.8)

equipped with the norm

‖f‖X =
∑

|α|≤�N
2 �

‖〈x〉m∂αf‖L∞
x

+
∑

�N
2 �<|α|≤M

‖〈x〉m∂αf‖L2
x

+
∑

M<|α|≤M+M0−N

‖∂αf‖L2 , (1.9)

where 〈x〉 = (1 + |x|2)1/2. An example of such a space in one-dimensional setting
is given in (3.3).

Our main result is the following local well-posedness.

Theorem 1.1. Let 4
3 < p < 2, 0 < γ < N(3p−4)

2p and μ ∈ C\{0}. Assume (1.5)–
(1.7) and let X be defined by (1.8) and (1.9). If u0 ∈ X with

‖u0‖X = η, (1.10)

and

inf
x∈RN

|〈x〉mu0(x)| ≥ λ > 0, (1.11)
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then there exist T = T (m, M, M0, η, λ) > 0 and a unique solution of u ∈ C([0, T ]; X)
of the initial value problem (1.1). Moreover, the map data-solution

u0 �→ u(·, t) (1.12)

from a neighborhood of the datum u0 ∈ X satisfying (1.10)–(1.11) into the class
C([0, T ]; X) is locally continuous.

Remark 1.2. It is worth to emphasize that the results for the equations studied
in [5–7, 14, 16, 17, 20] deal with weights of arbitrary size only limited by lower
bounds. Thus, in these references, it is more natural to consider weights with integer
powers. In our case, we obtain our results with fractional weights, where we also need
an upper bound in the condition (1.5). The upper constrain on the weight power
m stated in (1.5) is required to obtain weighted estimates for the term 1

|x|N−γ ∗ |u|p
provided by the nonlinearity in (1.1). This restriction comes from the boundedness
of the Riesz potential in weighted Lp(RN ) spaces (see Proposition 2.2).

The two consequences of this local well-posedness result are the global existence
and scattering in the spirit of Cazenave and Naumkin [6, Theorem 1.3] and blow-up
in finite time in Theorem 1.4 and Corollary 1.5.

Theorem 1.3. Let 4
3 < p < 2, 0 < γ < min{N(3p−4)

2p , N(p−1)−1} and μ ∈ C\{0}.
Consider m ∈ R

+, M0, M ∈ Z+ satisfying (1.5)–(1.7). Suppose that u0 = e
ib|x|2

4 v0,

b > 0, and v0 ∈ X satisfies (1.11). If b is sufficiently large, then for any 0 ≤ s <
2m−N

2 there exists a global solution u of (1.1) in the class

C([0,∞); Hs(RN )) ∩ L∞(RN ; 〈x〉N
2 dx dt)).

Moreover, u scatters, i.e., there exists u+ ∈ Hs(RN ) such that

lim
t→∞
t>0

‖e−itΔu(t) − u+‖Hs = 0.

In addition,

sup
t>0

(1 + t)
N
2 ‖u(t)‖L∞ < ∞.

The result in [1, Theorem 1.3] establishes a blow-up criterion for solutions of
the focusing gHartree equation (1.1), p ≥ 2. Following these ideas (see also [11,
12, 18, 19]), we can extend this conclusion to solutions of (1.1), p < 2, in the L2-
supercritical case (sc > 0) determined by Theorem 1.1. Here, the critical scaling
index sc, determined from the scaling invariance of this equation, is defined as

sc =
N

2
− γ + 2

2(p − 1)
. (1.13)

We also define the variance

V (t) =
∫

RN

|x|2|u(x, t)|2 dx. (1.14)

We note that the existence of blow-up in finite time for negative energy and finite
variance in the L2-critical (sc = 0) and L2-supercritical (sc > 0) cases extends
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automatically once the local well-posedness is available for solutions in H1. Here,
we consider initial data with positive energy.

Theorem 1.4. Let max{N+2
N , 4

3} < p < 2, 0 < γ < min{N(p − 1) −
2, (N+2)(p−1)−2

2 , N(3p−4)
2p } and μ > 0. We take

max
{

N + 2
2

,
2γ + N

4(p − 1)

}
< m <

N − 2γ

2(2 − p)
, (1.15)

and M0, M ∈ Z+ verifying (1.6) and (1.7). Let u0 ∈ X satisfy (1.11). Assume
E[u] > 0. The following is a sufficient condition for the blow-up in finite time
for the solutions to the gHartree equation (1.1) with initial data u0 in the mass-
supercritical case (sc > 0 as in (1.13)):

∂tV (0)
ωcM [u0]

< 4
√

2F
(

E[u0]V (0)
(ωM [u0])2

)
, (1.16)

where ω2
c = N2(N(p−2)+N−γ−2)

8(N(p−2)+N−γ) and the function F is defined as (here, kc = sc(p −
1))

F (x) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
√

1
kcxkc

+ x − 1 + kc

kc
, if 0 < x < 1,

−
√

1
kcxkc

+ x − 1 + kc

kc
, if x ≥ 1.

(1.17)

In contrast with Theorem 1.3, one may look for initial data u0 = e
ib|x|2

2 v0,
b < 0, such that the corresponding solution of (1.1) blows up in finite time. As a
consequence of Theorem 1.4, we provide several initial conditions exhibiting this
property.

Corollary 1.5. Let max{N+2
N , 4

3} < p < 2, 0 < γ < min{N(p − 1) −
2, (N+2)(p−1)−2

2 , N(3p−4)
2p } and μ > 0. Take

max
{

N + 2
2

,
2γ + N

4(p − 1)

}
< m <

N − 2γ

2(2 − p)
,

and M0, M ∈ Z+ verifying (1.6) and (1.7). Furthermore, take kc and ωc as in the
statement of Theorem 1.4. Let v0 ∈ X be real valued and satisfy (1.11).

(i) Assume

E[v0]‖xv0‖2
L2

(M [v0])2
< ω2

c (1.18)

and

E[v0]‖xv0‖2
L2 <

(
(ωcM [v0])2kc+2

((1 + kc)(ωcM [v0])2 − kcE[v0]‖xv0‖2
L2)

)1/kc

. (1.19)
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Then there exists b1 > b0 ≥ 0 such that for all b0 < b < b1 the solution u

of (1.1) associated to u0 = e
ib|x|2

2 v0 blows up in finite time. In particular, if
E[v0] > 0, one can take b0 = 0.

(ii) Assume

E[v0]‖xv0‖2
L2

(M [v0])2
<

ω2
c (1 + kc)

kc
. (1.20)

Then there exist b1 ≤ 0 such that for all b ≤ b1 the solution u of (1.1) with

initial condition u0 = e
ib|x|2

2 v0 blows up in finite time.

Remark 1.6. (i) The function ϕ(x) = a
〈x〉m , a ∈ C\{0}, satisfies the hypothesis of

Theorem 1.1.
(ii) Setting N−2

N+γ < 1
p < N

N+γ , the results in [21] establish that there exists a
non-negative ground state solution of

Δϕ + ϕ = cγ(|x|−(N−γ) ∗ |ϕ|p)|ϕ|p−2ϕ, cγ =
Γ
(

N − γ

2

)
Γ
(γ

2

)
πN/22γ |x|N−γ

,

(1.21)

such that ϕ ∈ H1(RN ) and for p < 2,

lim
|x|→∞

(ϕ(x))2−p|x|N−γ = cγ‖ϕ‖p
Lp . (1.22)

One naturally looks for conditions such that 〈x〉− (N−γ)
2−p belongs to the class

in Theorem 1.1. However, Theorem 1.1 does not include the ground state
solutions of the equation in (1.21).

(iii) The conclusion of Corollary 1.5 is still true assuming Im
∫

RN v0(x · ∇v0) dx =
0 instead of v0 real valued. See also Remark 5.1 for further conclusions of
Theorem 1.4.

The paper is organized as follows: in Sec. 2, we recall some results on weighted
spaces and fractional derivatives. The proof of the main Theorem 1.1 is in Sec. 3.
The global well-posedness and scattering result is discussed in Sec. 4, and the blow-
up conditions are proved in Sec. 5.
Notation. Given two positive quantities a and b, a � b means that there exists a
positive constant c > 0 such that a ≤ cb. We write a ∼ b to symbolize that a � b

and b � a. We use the standard multi-index notation, α = (α1, . . . , αN ) ∈ NN ,
∂α = ∂α1

x1
· · ·∂αN

xN
, |α| =

∑N
j=1 |αj |, α ≤ β, whenever αj ≤ βj for all 1 ≤ j ≤ N .

Let 1 ≤ r ≤ ∞, Lr(RN ; dω(x)) denote the weighted Lebesgue space defined by
the norm

‖f‖r
Lr(RN ;dω(x)) =

∫
RN

|f(x)|r dω(x), (1.23)

with the respective modifications for the case r = ∞. It is typical to denote weighted
spaces as Lp(ω) or Lp(ωr), but for clarity, we use notation as in (1.23). The Fourier
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transform and the inverse Fourier transform of a function f are denoted by f̂ and
f∨, respectively. For s ∈ R, the Bessel potential of order −s is denoted by Js =
(1−Δ)s/2, equivalently, Js is defined by the Fourier multiplier with symbol 〈ξ〉s =
(1+|ξ|2)s/2. The Riesz potential of order −s is denoted Ds = (−Δ)s/2, that is, Ds is
the Fourier multiplier operator determined by the function |ξ|s. Given b ∈ (0, 1), we
will also be using one of the Stein’s derivatives Ds (see (2.7)). The Sobolev spaces
Hs(RN ) consist of all tempered distributions such that ‖f‖Hs = ‖Jsf‖L2 < ∞.
Given an integer l ≥ 0, the space H l(RN ; dω(x)) denotes the weighted Sobolev
space defined by the norm

‖f‖2
Hl(RN ;dω(x)) =

∑
|β|≤l

∫
RN

|∂βf(x)|2 dω(x).

Let 1 ≤ r ≤ ∞ and T > 0, if A denotes a function space (as those introduced
above), we define the spaces Lr

T A and Lr
tA as follows:

‖f‖Lr
T Ax =

(∫ T

0

‖f(·, t)‖p
A dt

)1/r

,

‖f‖Lr
t Ax =

(∫
R

‖f(·, t)‖r
A dt

)1/r

.

2. Preliminary Estimates

This section aims to provide some results relating weighted spaces and fractional
derivatives. Additionally, we present some estimates in weighted spaces for solutions
of the linear equation associated to (1.1).

2.1. Preliminaries on weighted spaces and fractional derivatives

Since in this subsection we will not provide estimates for the nonlinear prob-
lem (1.1), a real number p ≥ 1 will be used for some preliminaries presented in
this part. Thus, we say that a non-negative function f ∈ L1

loc(R
N ) satisfies the

classical Muckenhoupt Ap condition with 1 < p < ∞ if

[f ]Ap = sup
Q

(
−
∫

Q

f(x) dx

)(
−
∫

Q

f(x)1−p′
dx

)p−1

< ∞, (2.1)

where the supremum runs over cubes in R
d and 1

p + 1
p′ = 1 (see [22]). In particular,

we have that (see [10, 26])

|x|l ∈ Ap if and only if l ∈ (−N, N(p − 1)). (2.2)

Motivated by the nonlinear term in (1.1), we will need continuity properties of
Riesz potentials in weighted spaces.
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Theorem 2.1 ([9, 13, 23]). Given 0 < γ < N and 1 < p < N
γ , let

1
q

=
1
p
− γ

N
. (2.3)

Then the following are equivalent:

(i) ω ∈ Ap,q:

[ω]Ap,q = sup
Q

(
−
∫

Q

ω(x)q dx

)1/q (
−
∫

Q

ω(x)−p′
dx

)1/p′

< ∞, (2.4)

where the supremum is taken over any N -dimensional cube Q and 1
p + 1

p′ = 1.
(ii) The following inequality holds true:

‖(| · |−(N−γ) ∗ f)ω‖Lq � ‖fω‖Lp,

for any f ∈ Lp(RN ; ωp dx), where the implicit constant is independent of f .

Since we are interested in applying Theorem 2.1 for the case ω = 〈x〉l, we have
to verify the relations between the indices l, p, q assuring that 〈x〉l ∈ Ap,q. We can
rephrase this last property in terms of the Ap condition. But first, taking p and q

as in Theorem 2.1, we set

p∗ = 1 +
q

p′
= q

(
1 − γ

N

)
= p

(
N − γ

N − γp

)
.

Then, by (2.1), (2.2) and (2.4), we deduce

|x|l ∈ Ap,q if and only if |x|lq ∈ Ap∗

if and only if − N − pγ

p
= −N

q
< l <

N(p − 1)
p

. (2.5)

Summarizing the previous discussion, we have the following proposition.

Proposition 2.2. Let 0 < γ < N, 1 < p < N
γ ,

1
q

=
1
p
− γ

N
, and − N − pγ

p
< l <

N(p − 1)
p

. (2.6)

Then

‖(| · |−(N−γ) ∗ f)〈x〉l‖Lq � ‖f〈x〉l‖Lp ,

for any f ∈ Lp(RN ; ωp dx), where the implicit constant is independent of f .

We remark that Proposition 2.2 can also be deduced as a consequence of the
results due to Stein and Weiss [27]. Next, let b ∈ (0, 1), we define one of the Stein’s
fractional derivatives

Dbf(x) =
(∫

RN

|f(x) − f(y)|2
|x − y|N+2b

dy

)1/2

, x ∈ R
N , (2.7)
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for a sufficiently regular function f (for instance, a Schwartz function). To deal with
fractional weights, we recall the following characterization of the spaces Lp

s(R
N ) =

J−sLp(RN ).

Theorem 2.3 ([25]). Let b ∈ (0, 1) and 2N
N+2b < p < ∞. Then f ∈ Lp

b(R
N ) if and

only if

(i) f ∈ Lp(RN ) and
(ii) Dbf ∈ Lp(RN )

with

‖Jbf‖Lp = ‖(1 − Δ)b/2f‖Lp ∼ ‖f‖Lp + ‖Dbf‖Lp ∼ ‖f‖Lp + ‖Dbf‖Lp

(recalling that Db = (−Δ)b/2).

Let us recall some useful consequences of Theorem 2.3. When p = 2 and b ∈
(0, 1), one can deduce

‖Db(fg)‖L2 � ‖fDbg‖L2 + ‖gDbf‖L2, (2.8)

and also

‖Dbh‖L∞ � ‖h‖L∞ + ‖∇h‖L∞. (2.9)

We will apply the following interpolation result deduced in [24, Lemma 4].

Proposition 2.4. For any a, b > 0, θ ∈ (0, 1),

‖〈x〉θa(J (1−θ)bf)‖L2 � ‖Jbf‖1−θ
L2 ‖〈x〉af‖θ

L2, (2.10)

‖Jθa(〈x〉(1−θ)bf)‖L2 � ‖〈x〉bf‖1−θ
L2 ‖Jaf‖θ

L2. (2.11)

Remark 2.5. The inequality (2.10) is also valid in Lp(RN ), 1 < p < ∞, see
[15, Lemma 2.7].

We also require the following lemma relating weighted estimates between homo-
geneous and non-homogeneous derivatives.

Lemma 2.6. Let 0 < b < s. Then it follows

‖〈x〉bDsf‖L2 � ‖〈x〉bf‖L2 + ‖Js−bf‖L2 + ‖〈x〉bJsf‖L2.

Proof. We write b = b1 + b2, where b1 ∈ Z+ ∪ {0} and b2 ∈ [0, 1). Then by
Plancherel’s identity and the linearity of the operator Db2 , we get

‖Jb
ξ (|ξ|sf̂ )‖L2 �

∑
0≤|β|≤b1

‖∂β(|ξ|sf̂ )‖L2 + ‖Db2(∂β(|ξ|sf̂ ))‖L2 . (2.12)

2150074-9
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When b2 = 0, we will assume that Db2 is the identity operator. Let us bound each
term on the right-hand side of the above inequality. By Leibniz’s rule, we have

∑
|β|≤b1

‖∂β(|ξ|sf̂ )‖L2 =
∑

|β|≤b1

∥∥∥∥∂β

( |ξ|s
〈ξ〉s 〈ξ〉

sf̂

)∥∥∥∥
L2

�
∑

|β|≤b1

∑
β1+β2=β

∥∥∥∥∂β1

( |ξ|s
〈ξ〉s

)∥∥∥∥
L∞

‖∂β2(〈ξ〉sf̂ )‖L2

� ‖Jb1
ξ (〈ξ〉sf̂ )‖L2,

where given that s − b > 0, we have used that∥∥∥∥∂β1

( |ξ|s
〈ξ〉s

)∥∥∥∥
L∞

� 1,

for all |β1| ≤ b1. To deal with the second term on the right-hand side of (2.12), we
consider a real-valued smooth function φ, compactly supported in the set |ξ| ≤ 2,
such that φ(ξ) = 1 for |ξ| ≤ 1. Then, we split that term as follows:

‖Db2(∂β(|ξ|sf̂ ))‖L2 = ‖Db2(∂β(|ξ|sφf̂ ))‖L2 + ‖Db2(∂β(|ξ|s(1 − φ)f̂ ))‖L2

=: A1(β) + A2(β),

for each |β| ≤ b1. We apply property (2.8) and Theorem 2.3 to get

A2(β) �
∑

β1+β2=β

∥∥∥∥Db2

(
∂β1

( |ξ|s(1 − φ)
〈ξ〉s

)
∂β2(〈ξ〉sf̂ )

)∥∥∥∥
L2

�
∑

β1+β2=β

(∥∥∥∥∂β1

( |ξ|s(1 − φ)
〈ξ〉s

)∥∥∥∥
L∞

+
∥∥∥∥Db2

ξ

(
∂β1

( |ξ|s(1 − φ)
〈ξ〉s

))∥∥∥∥
L∞

)

× (‖∂β2(〈ξ〉sf̂)‖L2 + ‖Db2
ξ (∂β2(〈ξ〉sf̂ ))‖L2)

� ‖Jb1+b2
ξ (〈ξ〉sf̂ )‖L2 ,

where we have used property (2.9) to deduce∥∥∥∥Db2
ξ

(
∂β1

( |ξ|s(1 − φ)
〈ξ〉s

))∥∥∥∥
L∞

�
∥∥∥∥∂β1

( |ξ|s(1 − φ)
〈ξ〉s

)∥∥∥∥
L∞

+
∥∥∥∥∇(

∂β1

( |ξ|s(1 − φ)
〈ξ〉s

))∥∥∥∥
L∞

< ∞.

We remark that when b2 = 0, we will assume that Db2
ξ denotes the identity operator.

This completes the study of A2(β), whenever |β| ≤ b1. Next, we turn to A1(β).
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Assuming that |β| ≥ 1, by Theorem 2.3, (2.8) and (2.9), we have

A1(β) �
∑

β1+β2+β3=β
β1 
=β

‖Db2(∂β1(|ξ|s)∂β2φ∂β3 f̂ )‖L2 + ‖Db2(∂β(|ξ|s)φf̂ )‖L2

�
∑

β1+β2+β3=β
β1 
=β

(‖∂β1(|ξ|s)∂β2φ‖L∞ + ‖∇∂β1(|ξ|s)∂β2φ‖L∞)

× (‖∂β3 f̂ ‖L2 + ‖Db2∂β3 f̂ ‖L2) + ‖Db2(∂β(|ξ|s)φf̂ )‖L2

� ‖Jb1+b2
ξ f̂ ‖L2 + ‖Db2(∂β(|ξ|s)φf̂ )‖L2 .

Note that the conclusion of the above inequality is also valid for β = 0. Now, if
|β| < b1 (assuming that b1 > 0), it follows that ∇(∂β(|ξ|s)φ) ∈ L∞(RN ). Then
the estimate for ‖Db2(∂β(|ξ|s)φf̂ )‖L2 follows from the same arguments as above.
Otherwise, if |β| = b1 ≥ 0, we require the following claim.

Claim 2.7. Let b1 ∈ Z+∪{0}, b2 ∈ [0, 1), and s > b1+b2. Then for any multi-index
β with |β| = b1, it follows that

Db2
ξ (∂β(|ξ|s)φ(ξ)) � 〈ξ〉s−b1−b2 , ξ �= 0,

when b2 = 0, we assume that Db2
ξ is the identity operator.

Before proving Claim 2.7, let us complete the estimate for the case |β| = b1 in
A1(β). Indeed, by Theorem 2.3, property (2.8), and Claim 2.7, we get

‖Db2(∂β(|ξ|s)φf̂ )‖L2

� ‖∂β(|ξ|s)φf̂ ‖L2 + ‖Db2
ξ (∂β(|ξ|s)φ)f̂ ‖L2 + ‖∂β(|ξ|s)φDb2

ξ (f̂ )‖L2

� ‖Jb2
ξ f̂ ‖L2 + ‖〈ξ〉s−b1−b2 f̂ ‖L2.

Collecting the estimates for A1(β) and A2(β), |β| ≤ b1, and reversing the Fourier
variables, we complete the proof of the lemma.

Proof of Claim 2.7. At once we deduce the case b2 = 0, hence, we assume b2 > 0.
To simplify the exposition of our arguments, we denote by F (ξ) := ∂β(|ξ|s)φ(ξ).
By the definition of the fractional derivative (2.7), we divide our considerations in
the following manner:

Db2
ξ (F (ξ))2 =

∫
RN

|F (ξ) − F (y)|2
|ξ − y|N+2b2

dy

=
∫
|y|≤2|ξ|

(· · · ) dy +
∫
|y|≥2|ξ|

(· · · ) dy

=: B1 + B2.
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In the support of the integral B2, we have |y| � |ξ| and so |ξ− y| ∼ |y|. Then, since
φ(y) is supported in the set |y| ≤ 2, we get

B2 �
∫
|y|≥2|ξ|

|F (ξ)|2
|y|N+2b2

dy +
∫
|y|≥2|ξ|

|F (y)|2
|y|N+2b2

dy

�
∫
|y|≥2|ξ|

|ξ|2s−2b1

|y|N+2b2
dy +

∫
2|ξ|≤|y|≤2

|y|2s−2b1

|y|N+2b2
dy

� 〈ξ〉2s−2b1−2b2 ,

where we have also used that |∂β(|ξ|s)| � |ξ|s−b1 , |β| = b1. Next, in virtue of the
identity

∂β(|ξ|s) = |ξ|s−2|β|P|β|(ξ), ξ ∈ R
N\{0},

where P|β|(ξ) denotes a homogeneous polynomial of degree |β|, we write

F (ξ) − F (y) = (|ξ|s−2|β|P|β|(ξ) − |y|s−2|β|P|β|(y))φ(ξ)

+ |y|s−2|β|P|β|(y)(φ(ξ) − φ(y))

= |ξ|s−2|β|(P|β|(ξ) − P|β|(y))φ(ξ) + |ξ|s−2|β||y|−|β|P|β|(y)(|y||β|

− |ξ||β|)φ(ξ) + |y|−|β|P|β|(y)(|ξ|s−|β| − |y|s−|β|)φ(ξ)

+ |y|s−2|β|P|β|(y)(φ(ξ) − φ(y)).

Then, since |y| ≤ 2|ξ| in the support of the integral defining B1, we have

|F (ξ) − F (y)|
� (|ξ|s−|β|−1|ξ − y| + ||ξ|s−|β| − |y|s−|β||)‖φ‖L∞

+ |y|s−|β||φ(ξ) − φ(y)|

�

⎧⎪⎪⎨⎪⎪⎩
|ξ|s−|β|−1|ξ − y| + |ξ − y|s−|β| + |ξ|s−|β||φ(ξ) − φ(y)|,

if 0 < s − |β| ≤ 1,

|ξ|s−|β|−1|ξ − y| + |ξ|s−|β||φ(ξ) − φ(y)|, if s − |β| > 1.

Hence, we arrive at

B2 � |ξ|2s−2|β|−2

∫
|y|�2|ξ|

|ξ − y|2−N−2b2 dy

+
∫
|y|�2|ξ|

|ξ − y|−N+2s−2|β|−2b2 dy + |ξ|2s−2|β|(Db2
ξ (φ))2(ξ)

� 〈ξ〉2s−2|β|−2b2 .

The proof is complete.
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2.2. Some weighted estimates for the linear equation

This part is intended to provide weighted L2 estimates for solutions of the homo-
geneous Schrödinger equation. We begin by recalling the following result.

Proposition 2.8. Let b ∈ (0, 1). For any |t| > 0,

Db(eit|x|2) � |t|b/2 + |t|b|x|b.
For a proof of Proposition 2.8, see [24, Proposition 2]. We also require an exten-

sion to weights of arbitrary size of the result obtained by Nahas and Ponce in
[24, Lemma 2]. For the sake of completeness, we provide the proof of this exten-
sion.

Lemma 2.9. Let b ∈ R
+. Then for any t ∈ R

‖〈x〉beitΔf‖L2 � 〈t〉b(‖Jbf‖L2 + ‖〈x〉bf‖L2),

where the implicit constant above is independent of t.

Proof. The case b ∈ (0, 1) is proved in [24, Lemma 2]. Hence, we assume that
b ≥ 1. We write b = b1 + b2, where b1 ∈ Z+, b2 ∈ [0, 1). Then by Plancherel’s
identity and Leibniz’s rule, we get

‖〈x〉beitΔf‖L2 � ‖eitΔf‖L2 + ‖|x|b2 |x|b1eitΔf‖L2

� ‖f‖L2 +
N∑

j=1

‖Db2(∂b1
ξj

(e−it|ξ|2 f̂ ))‖L2

� ‖f‖L2 +
N∑

j=1

b1∑
k=0

‖Db2(∂k
ξj

(e−it|ξ|2)∂b1−k
ξj

f̂ ))‖L2 .

Thus, we are reduced to control the second term on the right-hand side of the above
inequality. For a given multi-index β, we use the following straightforward identity:

∂β(e−it|ξ|2) = e−it|ξ|2
�|β|/2�∑

l=0

t|β|−lP|β|−2l(ξ),

where Pl(ξ) denotes a homogeneous polynomial of order l ≥ 0 in the variables
ξ ∈ RN . Thus, by Theorem 2.3, property (2.8) and Proposition 2.8, we have

N∑
j=1

b1∑
k=0

‖Db2(∂k
ξj

(e−it|ξ|2)∂b1−k
ξj

f̂ ))‖L2

�
N∑

j=1

b1∑
k=0

�k/2�∑
l=0

〈t〉b1‖Db2(e−it|ξ|2P j
k−2l(ξ)∂

b1−k
ξj

f̂ )‖L2
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�
N∑

j=1

b1∑
k=0

�k/2�∑
l=0

〈t〉b1+b2(‖P j
k−2l(ξ)∂

b1−k
ξj

f̂ ‖L2

+ ‖|ξ|b2P j
k−2l(ξ)∂

b1−k
ξj

f̂ ‖L2 + ‖Db2
ξ (P j

k−2l(ξ)∂
b1−k
ξj

f̂)‖L2)

�
N∑

j=1

b1∑
k=0

�k/2�∑
l=0

〈t〉b1+b2(‖〈ξ〉b2+k−2l∂b1−k
ξj

f̂ ‖L2 + ‖Db2(〈ξ〉k−2l∂b1−k
ξj

f̂ )‖L2),

(2.13)

where we have used properties (2.8) and (2.9) to deduce

‖Db2
ξ (P j

k−2l(ξ)∂
b1−k
ξj

f̂ )‖L2

= ‖Db2
ξ (〈ξ〉−k+2lP j

k−2l(ξ)〈ξ〉k−2l∂b1−k
ξj

f̂ )‖L2

� (‖〈ξ〉−k+2lP j
k−2l(ξ)‖L∞ + ‖Db2

ξ (〈ξ〉−k+2lP j
k−2l(ξ))‖L∞)

×‖Db2
ξ (〈ξ〉k−2l∂b1−k

ξj
f̂ )‖L2 .

At this point the very last term could be written via the term of the fractional
operator Db2 . As before, when b2 = 0, we will assume that Db2

ξ and Db2 are the
identity operator. Before estimating (2.13), let us deduce a more general inequality
involving weights and derivatives. Let b′ ∈ [0, 1), m′ ∈ R+ ∪{0} and k′ ∈ Z+ ∪ {0},
we claim

‖Db′(〈ξ〉m′
∂k′

ξj
f̂ )‖L2 �

∑
0≤l≤k′

l<m′

‖Jb′+k′−l
ξ (〈ξ〉m′−lf̂ )‖L2 + ‖Jb′+k′−m′

ξ f̂ ‖L2.

(2.14)

Indeed, let us deduce (2.14). By applying the identity

〈ξ〉m′
∂k′

ξj
f̂(ξ) =

k′∑
l=0

cl∂
k′−l
ξj

(∂l
ξj
〈ξ〉m′

f̂(ξ)),

we split the left-hand side of (2.14) as follows:

‖Db′(〈ξ〉m′
∂k′

ξj
f̂ )‖L2 �

∑
0≤l≤k′

l<m′

∥∥∥∥∥Db′∂k′−l
ξj

(
∂l

ξj
〈ξ〉m′

〈ξ〉m′−l
〈ξ〉m′−lf̂

)∥∥∥∥∥
L2

+
∑

m′≤l≤k′
‖Db′∂k′−l

ξj
(∂l

ξj
〈ξ〉m′

f̂ )‖L2

= I + II.
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We proceed to estimate each term of the above expression. Theorem 2.3 and (2.9)
yield

I �
∑

0≤l≤k′

l<m′

k′−l∑
l′=0

∥∥∥∥∥Db′
(

∂l′
ξj

(
∂l

ξj
〈ξ〉m′

〈ξ〉m′−l

)
∂k′−l−l′

ξj
(〈ξ〉m′−lf̂ )

)∥∥∥∥∥
L2

�
∑

0≤l≤k′

l<m′

k′−l∑
l′=0

(∥∥∥∥∥∂l′
ξj

(
∂l

ξj
〈ξ〉m′

〈ξ〉m′−l

)∥∥∥∥∥
L∞

+

∥∥∥∥∥Db′
ξ

(
∂l′

ξj

(
∂l

ξj
〈ξ〉m′

〈ξ〉m′−l

))∥∥∥∥∥
L∞

)

×‖Jb′+k′−l−l′
ξ (〈ξ〉m′−lf̂ )‖L2

�
∑

0≤l≤k′

l<m′

‖Jb′+k′−l
ξ (〈ξ〉m′−lf̂ )‖L2 .

By a similar argument, we get

II �
∑

m′≤l≤k′

k′−l∑
l′=0

‖Db′(∂l+l′
ξj

〈ξ〉m′
∂k′−l−l′

ξj
f̂ )‖L2 � ‖Jb′+k′−m′

ξ f̂ ‖L2.

Collecting the above estimates, we verify (2.14).
Now, let us estimate the first sum on the right-hand side of (2.13). Since the cases

k = b1 and b2+k−2l = 0 are easily verified, we assume 0 ≤ k ≤ b1−1, 0 ≤ l ≤ �k/2�
and b2 + k − 2l > 0. Thus, these assumptions, (2.14) and Proposition 2.4 yield

‖〈ξ〉b2+k−2l∂b1−k
ξj

f̂ ‖L2

�
∑

0≤l′<b1−k
l′<b2+k−2l

‖Jb1−k−l′
ξ (〈ξ〉b2+k−2l−l′ f̂)‖L2 + ‖〈ξ〉b1+b2 f̂ ‖L2 + ‖Jb1+b2

ξ f̂ ‖L2

�
∑

0≤l′<b1−k
l′<b2+k−2l

‖〈ξ〉b1+b2 f̂ ‖
b2+k−2l−l′

b1+b2
L2 ‖J

(b1−k−l′)(b1+b2)
b1−k+2l+l′

ξ f̂ ‖
b1−k+2l+l′

b1+b2
L2

+ ‖〈ξ〉b1+b2 f̂ ‖L2 + ‖Jb1+b2
ξ f̂ ‖L2

� ‖〈ξ〉b1+b2 f̂ ‖L2 + ‖Jb1+b2
ξ f̂‖L2 + ‖J

(b1−k−l′)(b1+b2)
b1−k+2l+l′

ξ f̂ ‖L2. (2.15)

Since b1−k−l′
b1−k+2l+l′ ≤ 1, we have ‖J

(b1−k−l′)(b1+b2)
b1−k+2l+l′

ξ f̂ ‖L2 ≤ ‖Jb1+b2
ξ f̂ ‖L2, and thus, the

above estimate yields the desired result.
On the other hand, we assume b2 > 0, 0 < k ≤ b1 and 0 ≤ l ≤ �k/2�. Since the

case k − 2l = 0 follows trivially, we assume k − 2l > 0. By the estimate (2.14) and
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the interpolation inequality in Proposition 2.4, we get

‖Db2(〈ξ〉k−2l∂b1−k
ξj

f̂ )‖L2

�
∑

0≤l′≤b1−k
l′<k−2l

‖Jb1+b2−k−l′
ξ (〈ξ〉k−2l−l′ f̂ )‖L2 + ‖〈ξ〉b1+b2 f̂‖L2

+ ‖Jb1+b2
ξ f̂ ‖L2

�
∑

0≤l′≤b1−k
l′<k−2l

‖〈ξ〉b1+b2 f̂ ‖
k−2l−l′
b1+b2

L2 ‖J
(b1+b2−k−l′)(b1+b2)

(b1+b2−k+2l+l′)
ξ f̂ ‖

b1+b2−k−2l+l′
b1+b2

L2

+‖〈ξ〉b1+b2 f̂ ‖L2 + ‖Jb1+b2
ξ f̂ ‖L2

� ‖〈ξ〉b1+b2 f̂ ‖L2 + ‖Jb1+b2
ξ f̂ ‖L2 . (2.16)

Plugging (2.15) and (2.16) into (2.13), and applying Plancherel’s identity, we com-
plete the proof.

We close this section presenting some L∞(RN ) estimates for solutions of the
homogeneous equation associated to (1.1).

Proposition 2.10. Let b ∈ R
+, k, K ∈ Z+ ∪ {0} and s ≥ K + 2k + 3 + �N

2 � + b.
Then for any t ∈ R and any multi-index β of order |β| ≤ K,

‖〈x〉b∂βeitΔf‖L∞ � 〈t〉k
∑
|α|≤k

‖〈x〉b∂αf‖L∞ + 〈t〉k+1+b

×
⎛⎝‖Jsf‖L2 +

∑
k<|α|≤K+2k+3+�N

2 �
‖〈x〉b∂αf‖L2

⎞⎠. (2.17)

Proof. From the relation dk

dtk (eitΔf) = (iΔ)k(eitΔf), we apply Taylor’s formula to
find

eitΔf =
k∑

j=0

(it)j

j!
Δjf +

ik+1

k!

∫ t

0

(t − t′)kΔk+1(eit′Δf) dt′, (2.18)

for all t > 0. Then for a given multi-index β of order |β| ≤ K,

∂β(eitΔf) =
k∑

j=0

(it)j

j!
∂β

x Δjf +
ik+1

k!

∫ t

0

(t − t′)k∂βΔk+1(eit′Δf) dt′, (2.19)
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so that by Sobolev embedding H�N
2 �+1(RN ) ↪→ L∞(RN ) and an application of

Lemma 2.9, we get

‖〈x〉b∂β(eitΔf)‖L∞

� 〈t〉k
∑

|α|≤K+2k

‖〈x〉b∂αf‖L∞ + |t|〈t〉k
∑

2k+2≤|α|≤K+2k+2

‖〈x〉beitΔ∂αf‖L∞

� 〈t〉k
∑

|α|≤K+2k

‖〈x〉b∂αf‖L∞ + 〈t〉k+1
∑

2k+2<|α|≤K+2k+3+� N
2 �

‖〈x〉beitΔ∂αf‖L2

� 〈t〉k
∑
|α|≤k

‖〈x〉b∂αf‖L∞ + 〈t〉k+1+b

×
⎛⎝‖Jsf‖L2 +

∑
k<|α|≤K+2k+3+�N

2 �
‖〈x〉b∂αf‖L2

⎞⎠, (2.20)

for all s ≥ K + 2k + 3 + �N
2 � + b.

3. Proof of Theorem 1.1

Let 4
3 < p < 2 and 0 < γ < N(3p−4)

2p . We consider m ∈ R+, M, M0 ∈ Z+ satisfying
the conditions (1.5)–(1.7). We further set

N(u) = (|x|−(N−γ) ∗ |u|p)|u|p−2u. (3.1)

Recalling the space X determined by (1.8) and (1.9), we will establish well-posedness
conclusions by applying the contraction principle to the integral operator associated
to (1.1), namely,

Φ(u(t)) = eitΔu0 + iμ

∫ t

0

ei(t−t′)ΔN(u(t′)) dt′,

acting on the space

XT (R, λ) =

⎧⎨⎩u ∈ C([0, T ]; X) : sup
t∈[0,T ]

⎛⎝ ∑
|α|≤�N

2 �
‖〈x〉m∂αu(t)‖L∞

x

+
∑

�N
2 �<|α|≤M

‖〈x〉m∂αu(t)‖L2
x

+
∑

M<|α|≤M+M0−N

‖∂αu(t)‖L2
x

⎞⎠

= l‖u‖L∞
T X ≤ R, inf

(x,t)∈RN×[0,T ]
|〈x〉mu(x, t)| ≥ λ

2

⎫⎬⎭. (3.2)
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Note that in the one-dimensional case the space (3.2) reduces to

X1D
T (R, λ) =

⎧⎨⎩u ∈ C([0, T ]; X) : sup
t∈[0,T ]

⎛⎝‖〈x〉mu(t)‖L∞
x

+
M∑

j=1

‖〈x〉m∂j
xu(t)‖L2

x
+

M+M0−1∑
j=M+1

‖∂j
xu(t)‖L2

x

⎞⎠ = ‖u‖L∞
T

X ≤ R,

inf
(x,t)∈R×[0,T ]

|〈x〉mu(x, t)| ≥ λ

2

⎫⎬⎭. (3.3)

For example, setting 7
4 < p < 2, 0 < γ < 2p−3

2 and m = (1
2 )+ (i.e., m = 1

2 + ε with
ε � 1), we can take M = 6 and M0 = 4 in the space (3.3).

In what follows, we find an appropriate R > 0 and 0 < T ≤ 1 such that Φ maps
XT (R, λ) into itself and defines a contraction with the ‖ · ‖L∞

T
X-norm.

We begin by deducing the following proposition, which is convenient to estimate
the nonlinear part of the equation in (1.1).

Proposition 3.1. Let b ∈ R, u ∈ XT (R, λ) and 1 ≤ r ≤ ∞. For any multi-index
α of order |α| ≤ M + M0 − N, it follows that

‖〈x〉b∂α(|u|p)‖L∞
T Lr

x

� Rp‖〈x〉b−mp‖Lr
x

+
|α|∑
k=1

λ−(2k−p)R2k−1

×
⎛⎝R‖〈x〉b−mp‖Lr

x
+

∑
�N

2 �<|β|≤|α|
‖〈x〉b+m(1−p)∂βu‖L∞

T Lr
x

⎞⎠. (3.4)

Moreover,

‖〈x〉b∂α(|u|p−2u)‖L∞
T

Lr
x

�
|α|∑
k=0

λ−(2(k+1)−p)R2k

×
⎛⎝R‖〈x〉b−m(p−1)‖Lr

x
+

∑
�N

2 �<|β|≤|α|
‖〈x〉b+m(2−p)∂βu‖L∞

T Lr
x

⎞⎠.

(3.5)

Above, the convention for the empty summation (such as
∑

1≤k≤0) is defined as
zero.
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Proof. We first deal with (3.4). We prove the case |α| ≥ 1, since the case with
α = 0 follows directly from the definition of the space XT (R, λ). In virtue of the
identity

∂α(|u|p) =
|α|∑
k=1

|u|p−2k

⎛⎜⎜⎝ ∑
β1+...+βk=α

|βj|≥1

cβ1,...,βk
∂β1(|u|2) · · · ∂βk(|u|2)

⎞⎟⎟⎠, (3.6)

and the fact |u(x, t)|−1 � λ−1〈x〉m, it is seen that

‖〈x〉b∂α(|u|p)‖L∞
T Lr

x

�
|α|∑
k=1

λ−(2k−p)
∑

β1+...+βk=α
|βj|≥1

‖〈x〉b+m(2k−p)∂β1(|u|2) · · · ∂βk(|u|2)‖L∞
T Lr

x

=
|α|∑
k=1

λ−(2k−p)

⎛⎝ ∑
A1

k
(α)

(· · · ) +
∑

A2
k
(α)

(· · · )
⎞⎠, (3.7)

where we have defined

A1
k(α) :=

{
(β1, . . . , βk) : β1 + · · · + βk = α,

1 ≤ |βj | ≤ M −
⌊

N

2

⌋
− 1, j = 1, . . . , k

}
,

A2
k(α) := {(β1, . . . , βk) : β1 + · · · + βk = α, 1 ≤ |βj |, j = 1, . . . , k} \A1

k(α).

(3.8)

To estimate the sum over A1
k(α) for a fixed k = 1, . . . , |α|, we use the identity

∂βj (|u|2) =
∑

βj,1+βj,2=βj

cβj,1,βj,2(∂
βj,1u)(∂βj,1u)

and the fact that all the derivatives in the sum over A1
k(α) are of the order at most

M − �N
2 � − 1 to get∑

(β1,...,βk)∈A1
k(α)

‖〈x〉b+m(2k−p)∂β1(|u|2) · · · ∂βk(|u|2)‖L∞
T Lr

x

�
∑

(β1,...,βk)∈A1
k(α)

∑
βj,1+βj,2=βj

1≤j≤k

‖〈x〉b+m(2k−p)∂β1,1u∂β1,2u · · · ∂βk,1u∂βk,2u‖L∞
T Lr

x

�
(

sup
|β|≤M−�N

2 �−1

‖〈x〉m∂βu‖L∞
T,x

)2k

‖〈x〉b−mp‖L∞
T Lr

x
. (3.9)
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Now, by Sobolev embedding H�N
2 �+1(RN ) ↪→ L∞(RN ), we obtain

sup
|β|≤M−�N

2 �−1

‖〈x〉m∂βu‖L∞
T,x

� sup
|β|≤�N

2 �
‖〈x〉m∂βu‖L∞

T,x
+

∑
�N

2 �<|β|≤M

‖〈x〉m∂βu‖L∞
T L2

x
� R. (3.10)

Plugging (3.10) into (3.9) completes the estimate for the sum over A1
k(α).

On the other hand, since |α| ≤ M + M0 − N , the restrictions on M and
M0 in (1.7) imply that for each (β1, . . . , βk) ∈ A2

k(α) there exists a unique
k′ ∈ {1, . . . , k} such that |βk′ | > M − �N

2 �− 1, in other words, |βj | ≤ M − �N
2 �− 1

for all j �= k′. Therefore, by taking the L∞
T Lr

x-norm of the term with the deriva-
tive of higher order, and computing the L∞

T L∞
x -norm with the weight 〈x〉m of the

remaining factors, we infer that the sum over A2
k(α) is estimated as follows:∑

(β1,...,βk)∈A2
k(α)

‖〈x〉b+m(2k−p)∂β1(|u|2) · · · ∂βk(|u|2)‖L∞
T Lr

x

�
(

sup
|β|≤M−�N

2 �−1

‖〈x〉m∂βu‖L∞
T,x

)2k−1

×
⎛⎝ ∑

M−�N
2 �−1<|β|≤|α|

‖〈x〉b+m(1−p)∂βu‖L∞
T

Lr
x

⎞⎠

� R2k−1

⎛⎝ ∑
�N

2 �<|β|≤|α|
‖〈x〉b+m(1−p)∂βu‖L∞

T Lr
x

⎞⎠. (3.11)

Inserting (3.9)–(3.11) into (3.7), we complete the deduction of (3.4).
Now, we turn to (3.5). This estimate follows by a similar reasoning leading

to (3.4). Indeed, for a given multi-index α, we recall the identity

∂α(|u|p−2u) =
|α|∑
k=1

|u|p−2(k+1)
∑

β0+β1+...+βk=α,
|βj|≥1, 1≤j≤k

cβ0,...,βk
∂β0u∂β1(|u|2) . . . ∂βk(|u|2)

+ |u|p−2∂αu. (3.12)

Consequently, since |u(x, t)|−1 � λ−1〈x〉m, we find

‖〈x〉b∂α(|u|p−2u)‖L∞
T Lr

x

�
|α|∑
k=1

λ−(2(k+1)−p)
∑

β0+β1+...+βk=α
|βj|≥1, 1≤j≤k

‖〈x〉b+m(2(k+1)−p)∂β0
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× u∂β1(|u|2) . . . ∂βk(|u|2)‖L∞
T Lr

x
+ λ−(2−p)‖〈x〉b+m(2−p)∂αu‖L∞

T Lr
x

=
|α|∑
k=1

(
∑

B1
k(α)

(· · · ) +
∑

B2
k(α)

(· · · )) + λ−(2−p)‖〈x〉b+m(2−p)∂αu‖L∞
T

Lr
x
,

(3.13)

where we have set

B1
k(α) :=

{
(β0, . . . , βk) : β0 + · · · + βk = α, |β0| ≤ M − 1 −

⌊
N

2

⌋
,

1 ≤ |βj | ≤ M − 1 −
⌊

N

2

⌋
, j = 1, . . . , k

}
,

B2
k(α) := {(β0, . . . , βk) : β0 + · · · + βk = α, 1 ≤ |βj |, j = 1, . . . , k}\B1

k(α),

(3.14)

for every k = 1, . . . , |α|. In virtue of (3.13) and (3.14), we can apply similar
considerations as those used in (3.9) and (3.11) to obtain (3.5). To avoid repe-
titions, we omit these computations.

We divide our considerations according to each component defining the norm
of the space XT (R, λ).

Estimate in the space L∞([0, T ]; W � N
2 �,∞(RN ; 〈x〉m dx)). Let β be a multi-

index of order |β| ≤ �N
2 �. By applying Proposition 2.10 and the restrictions (1.7),

we find

sup
t∈[0,T ]

‖〈x〉m∂βΦ(u)‖L∞
x

� 〈T 〉�N
2 �+1+m

⎛⎝ ∑
|α|≤�N

2 �
‖〈x〉m∂αu0‖L∞

x

+
∑

�N
2 �<|α|≤M

‖〈x〉m∂αu0‖L2
x

+ ‖JM+M0−Nu0‖L2
x

⎞⎠

+ |T |〈T 〉�N
2 �+1+m

⎛⎝ ∑
|α|≤�N

2 �
‖〈x〉m∂αN(u)‖L∞

T,x

+
∑

�N
2 �<|α|≤M

‖〈x〉m∂αN(u)‖L∞
T L2

x
+ ‖JM+M0−NN(u)‖L∞

T L2
x

⎞⎠. (3.15)

We further divide our analysis according to the previous norms involving the non-
linear term N(u).
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Estimate for ‖〈x〉m∂αN(u)‖L∞
T,x

, |α| ≤ �N
2

�. We set

1
q

=
1
2
− γ

N
, (3.16)

which is well-defined provided that 0 < γ < N
2 . Additionally, the condition (1.5)

yields

N

4(p − 1)
< m <

N

2(2 − p)
. (3.17)

Now, by Leibniz’s rule we write

‖〈x〉m∂αN(u)‖L∞
T,x

�
∑

α1+α2=α

‖〈x〉m(2−p)(|x|−(N−γ) ∗ ∂α1 |u|p)‖L∞
T,x

‖〈x〉m(p−1)∂α2(|u|p−2u)‖L∞
T,x

.

(3.18)

Bearing in mind that |α1| ≤ �N
2 �, by applying Sobolev inequality W �N

2 �+1,q(RN ) ↪→
L∞(RN ) (with q given by (3.16)) and Proposition 2.2 with the right-hand side
of (3.17), we get

‖〈x〉m(2−p)(|x|−(N−γ) ∗ ∂α1 |u|p)‖L∞
T,x

�
∑

|β|≤2�N
2 �+1

‖〈x〉m(2−p)(|x|−(N−γ) ∗ ∂β(|u|p))‖L∞
T Lq

x

�
∑

|β|≤2�N
2 �+1

‖〈x〉m(2−p)∂β(|u|p)‖L∞
T L2

x
. (3.19)

To complete the estimate of the above inequality, we apply (3.4) with b = m(2− p)
in Proposition 3.1 to get∑

|β|≤2�N
2 �+1

‖〈x〉m(2−p)∂β(|u|p)‖L∞
T L2

x

� Rp ‖〈x〉−2m(p−1)‖L2
x

+
2�N

2 �+1∑
k=1

λ−(2k−p)R2k−1

×
⎛⎝R‖〈x〉−2m(p−1)‖L2

x
+

∑
�N

2 �<|β|≤2�N
2 �+1

‖〈x〉m(3−2p)∂βu‖L∞
T L2

x

⎞⎠

� Rp +
2�N

2 �+1∑
k=1

λ−(2k−p)R2k, (3.20)
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where we have used that 3 − 2p < 1 implies 〈x〉m(3−2p) ≤ 〈x〉m. Likewise, since
|α2| ≤ �N

2 �, (3.5) with b = m(p − 1) yields

‖〈x〉m(p−1)∂α2(|u|p−2u)‖L∞
T,x

�
�N

2 �∑
k=0

λ−(2(k+1)−p)R2k+1. (3.21)

Collecting the previous estimates, we arrive at

‖〈x〉m∂αN(u)‖L∞
T,x

�

⎛⎝Rp +
2�N

2 �+1∑
k=1

λ−(2k−p)R2k

⎞⎠⎛⎝�N
2 �∑

k=0

λ−(2(k+1)−p)R2k+1

⎞⎠,

(3.22)

for each multi-index α with order |α| ≤ �N
2 �.

Estimate for ‖〈x〉m∂αN(u)‖L∞
T L2

x
, �N

2
� < |α| ≤ M . By Leibniz’s rule

‖〈x〉m∂αN(u)‖L∞
T L2

x
�

∑
α1+α2=α

‖〈x〉m∂α1(|x|−(N−γ) ∗ |u|p)∂α2(|u|p−2u)‖L∞
T L2

x
.

(3.23)

Let us divide our analysis according to the magnitude of the multi-index α1

in (3.23).

Case |α1| < N . We write

‖〈x〉m(|x|−(N−γ) ∗ ∂α1 |u|p)∂α2(|u|p−2u)‖L∞
T L2

x

� ‖〈x〉mκ(|x|−(N−γ) ∗ ∂α1(|u|p))‖L∞
T L

r1
x
‖〈x〉m(1−κ)∂α2(|u|p−2u)‖L∞

T L
r2
x

,

where

1
r1

+
1
r2

=
1
2
. (3.24)

We will choose κ, r1 and r2 according to the value of the weight m. But first, to
apply Proposition 3.1, we write

1
r1

=
1
q2

− γ

N
. (3.25)

Now, if { 2γ+N
4(p−1) ,

N
2 } < m ≤ N

p , we consider 1 < q2 < ∞ fixed, satisfying

γ

N
<

1
q2

<
4m(p − 1) − N

2N
, (3.26)

with this, (3.24) and (3.25), we define r1 and r2, and therefore, we consider κ such
that

2 − p +
N

mr2
< κ < p − N

mq2
. (3.27)
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Assuming that N
p < m < N−2γ

2(2−p) , we take q2 according to

0 <
γ

N
<

1
q2

<
N − 2m(2 − p)

2N
. (3.28)

This condition determines r1 and r2, and thus, for this case, we consider

2 − p +
N

mr2
< κ <

N

m
− N

mq2
. (3.29)

By (3.5) in Proposition 3.1, together with the conditions (3.27) and (3.29), we find

‖〈x〉m(1−κ)∂α2(|u|p−2u)‖L∞
T L

r2
x

�
|α2|∑
k=0

λ−(2(k+1)−p)R2k

×
⎛⎝R‖〈x〉m(2−p−κ)‖L

r2
x

+
∑

�N
2 �<|β|≤|α2|

‖〈x〉m(3−p−κ)∂βu‖L∞
T L

r2
x

⎞⎠

�
|α2|∑
k=0

λ−(2(k+1)−p)R2k+1. (3.30)

By applying Proposition 2.2 with our choice of q2 and κ2 determined by (3.26)
and (3.28), we get

‖〈x〉mκ(|x|−(N−γ) ∗ ∂α1(|u|p))‖L∞
T L

r1
x

� ‖〈x〉mκ∂α1(|u|p)‖L∞
T L

q2
x

. (3.31)

Now, for each multi-index |α1| ≤ N , Proposition 3.1 yields

‖〈x〉mκ∂α1(|u|p)‖L∞
T L

q2
x

� Rp‖〈x〉−m(p−κ)‖L
q2
x

+
|α1|∑
k=1

λ−(2k−p)R2k−1‖〈x〉−m(p−κ)‖L
q2
x

⎛⎝R +
∑

�N
2 �<|β|≤|α1|

‖〈x〉m∂βu‖L∞
T,x

⎞⎠

� Rp +
|α1|∑
k=1

λ−(2k−p)R2k. (3.32)

Gathering together (3.30) and (3.32), we arrive at

‖〈x〉m(|x|−(N−γ) ∗ ∂α1 |u|p)∂α2(|u|p−2u)‖L∞
T L2

x

�
(

Rp +
M∑

k=1

λ−(2k−p)R2k

)(
M∑

k=0

λ−(2(k+1)−p)R2k+1

)
, (3.33)

whenever |α1| < N .
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Case N ≤ |α1| ≤ M . We write

‖〈x〉m∂α1(|x|−(N−γ) ∗ |u|p)∂α2(|u|p−2u)‖L∞
T L2

x

� ‖〈x〉m(2−p)∂α1(|x|−(N−γ) ∗ |u|p)‖L∞
T L2

x
‖〈x〉m(p−1)∂α2(|u|p−2u)‖L∞

T,x
.

Since �N
2 � + 1 ≤ |α1|, we have |α2| ≤ M − �N

2 � − 1, then by (3.5) and Sobolev
embedding

‖〈x〉m(p−1)∂α2(|u|p−2u)‖L∞
T,x

�
|α|∑
k=0

λ−(2(k+1)−p)R2k

⎛⎝R +
∑

�N
2 �<|β|≤|α2|

‖〈x〉m∂βu‖L∞
T,x

⎞⎠

�
|α|∑
k=0

λ−(2(k+1)−p)R2k

⎛⎝R +
∑

�N
2 �<|β|≤|α2|+�N

2 �+1

‖〈x〉m∂βu‖L∞
T L2

x

⎞⎠
�

M∑
k=0

λ−(2(k+1)−p)R2k+1. (3.34)

Now, given that |α1| ≥ N , there exists a multi-index α1,1 = (α1
1,1, . . . , α

N
1,1) such

that α1,1 ≤ α1 and |α1,1| = N . Consequently, for some constant cγ �= 0, we write

|x|−(N−γ) ∗ ∂α1(|u|p) = cγ∂α1D−γ(|u|p) = cγ∂α1,1D−γ∂α1−α1,1(|u|p)

= (−1)|α1,1|cγRα1
1,1

1 · · ·RαN
1,1

N DN−γ∂α1−α1,1(|u|p), (3.35)

where Rj = −∂xjD
−1 denotes the Riesz transform in the j-variable for any dimen-

sion N ≥ 2, and in the one-dimensional setting, we will use the same notation to
refer to the Hilbert transform operator. In view of the fact that 0 < m < N

2(2−p) ,
we have 〈x〉2m(2−p) is in the A2 class, and thus, the map

Rj : L2(RN ; 〈x〉2m(2−p) dx) → L2(RN ; 〈x〉2m(2−p) dx)

is bounded for each j = 1, . . . , N . By applying the previous decomposition (3.35),
we get

‖〈x〉m(2−p)∂α1(|x|−(N−γ) ∗ |u|p)‖L∞
T L2

x

� ‖〈x〉m(2−p)∂α1D−γ(|u|p)‖L∞
T L2

x

� ‖〈x〉m(2−p)Rα1
1,1

1 · · · RαN
1,1

N DN−γ∂α1−α1,1(|u|p)‖L∞
T L2

x

� sup
|β|≤M−N

‖〈x〉m(2−p)DN−γ∂β(|u|p)‖L∞
T L2

x
. (3.36)
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Considering that 0 < m(2 − p) < N/2 and 0 < γ < N/2, it follows that N − γ −
m(2 − p) > 0. Then setting b = m(2 − p) and s = N − γ in Lemma 2.6, we deduce

‖〈x〉m(2−p)DN−γ∂β(|u|p)‖L∞
T L2

x

� ‖〈x〉m(2−p)∂β(|u|p)‖L∞
T L2

x
+ ‖JN−γ−m(2−p)∂β(|u|p)‖L∞

T L2
x

+ ‖〈x〉m(2−p)JN−γ∂β(|u|p)‖L∞
T L2

x
, (3.37)

for each |β| ≤ M−N . Let us estimate each factor on the right-hand side of the above
inequality. Indeed, by arguing as in (3.20), applying Proposition 3.1, we deduce

sup
|β|≤M−N

‖〈x〉m(2−p)∂β(|u|p)‖L∞
T L2

x
� Rp +

M−N∑
k=1

λ−(2k−p)R2k. (3.38)

Likewise, given that |β| ≤ M −N , we have N −γ−m(2−p)+ |β| ≤ M , and hence,

sup
|β|≤M−N

‖JN−γ−m(2−p)∂β(|u|p)‖L∞
T L2

x
� sup

|β|≤M

‖〈x〉m(2−p)∂β(|u|p)‖L∞
T L2

x

� Rp +
M∑

k=1

λ−(2k−p)R2k. (3.39)

We are left with controlling the last term on the right-hand side of (3.37). Recalling
the integer number M0 satisfying (1.6), there exists 0 < ε < 4m(p−1)−N

2m such that

(N − γ)(2mp − N)
4m(p − 1) − N

<
(N − γ)((2 − p) + ε)

ε
≤ M0. (3.40)

Consequently, we apply the interpolation inequality in Proposition 2.4 to get

‖〈x〉m(2−p)JN−γ∂β(|u|p)‖L∞
T L2

x

� ‖JM0∂β(|u|p)‖
ε

2−p+ε

L∞
T L2

x
‖〈x〉m(2−p)+mε∂β(|u|p)‖

2−p
2−p+ε

L∞
T L2

x

� ‖JM+M0−N (|u|p)‖L∞
T L2

x
+ ‖〈x〉m(2−p)+mε∂β(|u|p)‖L∞

T L2
x
, (3.41)

where we have |β| ≤ M − N . To estimate the second term on the right-hand side
of (3.41), we use the embedding HN (RN ) ↪→ L∞(RN ) to get

sup
�N

2 �<|η|≤|β|
‖〈x〉m∂ηu‖L∞

T,x
�

∑
�N

2 �<|η|≤M

‖〈x〉m∂ηu‖L∞
T L2

x
,
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so that Proposition 3.1 and our choice of ε > 0 yield

‖〈x〉m(2−p)+mε∂β(|u|p)‖L∞
T L2

x

� ‖〈x〉−2m(p−1)+mε‖L2
x

⎛⎝Rp +
|β|∑

k=1

λ−(2k−p)R2k−1

×
⎛⎝R +

∑
�N

2 �<|η|≤|β|
‖〈x〉m∂ηu‖L∞

T,x

⎞⎠⎞⎠
�
(

Rp +
M−N∑
k=1

λ−(2k−p)R2k

)
.

On the other hand, we use Proposition 3.1 with a = 0, and the fact that 1− p < 0
to deduce

‖JM+M0−N (|u|p)‖L∞
T L2

x

�
∑

|β|≤M+M0−N

‖∂β(|u|p)‖L∞
T L2

x

�
(

Rp +
M+M0−N∑

k=1

λ−(2k−p)R2k−1

)
‖〈x〉−mp‖L2

x

+
M+M0−N∑

k=1

λ−(2k−p)R2k−1
∑

�N
2 �<|β|≤M+M0−N

‖〈x〉m(1−p)∂βu‖L∞
T L2

x

� Rp +
M+M0−N∑

k=1

λ−(2k−p)R2k. (3.42)

Summarizing, for any N ≤ |α1| ≤ M , we have

‖〈x〉m(2−p)∂α1(|x|−(N−γ) ∗ |u|p)‖L∞
T L2

x
� Rp +

M+M0−N∑
k=1

λ−(2k−p)R2k. (3.43)

This estimate concludes considering the case N ≤ |α1| ≤ M .
Collecting the above results for the different values of α1, we deduce∑

�N
2 �<|α|≤M

‖〈x〉m∂αN(u)‖L∞
T L2

x

�
(

Rp +
M+M0−N∑

k=1

λ−(2k−p)R2k

)(
M∑

k=0

λ−(2(k+1)−p)R2k+1

)
. (3.44)

2150074-27



A. K. Arora, O. Riaño & S. Roudenko

Estimate for ‖JM+M0−NN(u)‖L∞
T,x

. Once again, we write

‖∂αN(u)‖L∞
T L2

x
�

∑
α1+α2=α

‖∂α1(|x|−(N−γ) ∗ |u|p)∂α2(|u|p−2u)‖L∞
T L2

x
. (3.45)

If |α1| < N , we estimate as follows:

‖∂α1(|x|−(N−γ) ∗ |u|p)∂α2(|u|p−2u)‖L∞
T L2

x

� ‖〈x〉m(2−p)∂α1(|x|−(N−γ) ∗ |u|p)‖L∞
T,x

‖〈x〉−m(2−p)∂α2(|u|p−2u)‖L∞
T L2

x
.

Following the same line of arguments in (3.19) and (3.20), one can deduce

‖〈x〉m(2−p)∂α1(|x|−(N−γ) ∗ |u|p)‖L∞
T,x

� Rp +
N+�N

2 �+1∑
k=1

λ−(2k−p)

×
⎛⎝R2k + R2k−1

∑
�N

2 �<|β|≤N+�N
2 �+1

‖〈x〉m(3−2p)∂βu‖L∞
T L2

x

⎞⎠

� Rp +
N+�N

2 �+1∑
k=1

λ−(2k−p)R2k.

On the other hand, by Proposition 3.1, we find

‖〈x〉−m(2−p)∂α2(|u|p−2u)‖L∞
T L2

x

�
M+M0−N∑

k=0

λ−(2(k+1)−p)R2k

⎛⎝R +
∑

�N
2 �<|β|≤M+M0−N

‖∂βu‖L∞
T L2

x

⎞⎠
�

M+M0−N∑
k=0

λ−(2(k+1)−p)R2k+1. (3.46)

This completes the estimate for (3.45) whenever |α1| ≤ N .
Assuming now that N ≤ |α1| ≤ M , in virtue of (3.43) and (3.46), we get

‖∂α1(|x|−(N−γ) ∗ |u|p)∂α2(|u|p−2u)‖L∞
T L2

x

� ‖〈x〉m(2−p)∂α1(|x|−(N−γ) ∗ |u|p)‖L∞
T L2

x
‖〈x〉−m(2−p)∂α2(|u|p−2u)‖L∞

T,x

�
(

Rp +
M+M0−N∑

k=1

λ−(2k−p)R2k

)(
M+M0−N∑

k=0

λ−(2(k+1)−p)R2k+1

)
.
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Finally, if M < |α1| ≤ M +M0−N , we have |α2| ≤ M0−N ≤ M −�N
2 �− 1. Thus,

we can apply (3.34) to obtain

‖∂α1(|x|−(N−γ) ∗ |u|p)∂α2(|u|p−2u)‖L∞
T L2

x

� ‖∂α1(|x|−(N−γ) ∗ |u|p)‖L∞
T L2

x
‖∂α2(|u|p−2u)‖L∞

T,x

� ‖∂α1(|x|−(N−γ) ∗ |u|p)‖L∞
T L2

x

(
M∑

k=0

λ−(2(k+1)−p)R2k+1

)
.

To complete the estimate of the above inequality, we write α1 = (α1,1, . . . , α1,N ),
so that there exists a constant cγ �= 0 such that

∂α1(|x|−(N−γ) ∗ |u|p) = cγRα1,1
1 · · ·Rα1,N

N D|α1|−γ(|u|p),
and thus, by the boundedness of the Hilbert and Riesz transforms and (3.42), we
obtain

‖∂α1(|x|−(N−γ) ∗ |u|p)‖L∞
T L2

x
� ‖D|α1|−γ(|u|p)‖L∞

T L2
x

�
∑

|β|≤M+M0−N

‖∂β(|u|p)‖L∞
T L2

x

� Rp +
M+M0−N∑

k=1

λ−(2k−p)R2k.

Consequently, the above estimates show that

‖JM+M0−NN(u)‖L∞
T L2

x

�
(

Rp +
M+M0−N∑

k=1

λ−(2k−p)R2k

)(
M+M0−N∑

k=0

λ−(2(k+1)−p)R2k+1

)
. (3.47)

Finally, plugging (3.22), (3.44) and (3.47) into (3.15), we find

sup
t∈[0,T ]

‖〈x〉mΦ(u)‖L∞
x

� 〈T 〉�N
2 �+1+m

⎛⎝ ∑
|α|≤�N

2 �
‖〈x〉m∂αu0‖L∞

x

+
∑

�N
2 �<|α|≤M

‖〈x〉m∂αu0‖L2
x

+ ‖JM+M0−Nu0‖L2
x

⎞⎠
+ |T |〈T 〉�N

2 �+1+m

(
Rp +

M+M0−N∑
k=1

λ−(2k−p)R2k

)

×
(

M+M0−N∑
k=0

λ−(2(k+1)−p)R2k+1

)
. (3.48)
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Estimate for ∂αu ∈ L∞([0, T ]; L2(RN ; 〈x〉2m dx)), �N
2

� < |α| ≤ M . Let α

be a multi-index of order |α| ≤ M . By Lemma 2.9, the restrictions (1.6), (1.7), (3.44)
and (3.47), we deduce

sup
t∈[0,T ]

‖〈x〉m∂αΦ(u)‖L2
x

� 〈T 〉m(‖JM+M0−Nu0‖L2
x

+ ‖〈x〉m∂αu0‖L2
x
)

+ |T |〈T 〉m(‖JM+M0−NN(u)‖L∞
T L2

x
+ ‖〈x〉m∂αN(u)‖L∞

T L2
x
)

� 〈T 〉m(‖JM+M0−Nu0‖L2
x

+ ‖〈x〉m∂αu0‖L2
x
)

+ |T |〈T 〉m
(

Rp +
M+M0−N∑

k=1

λ−(2k−p)R2k

)

×
(

M+M0−N∑
k=0

λ−(2(k+1)−p)R2k+1

)
. (3.49)

Estimate in the space L∞([0, T ]; HM+M0−N(RN)). We consider a multi-
index α with |α| ≤ M + M0 − N . By (3.47), we deduce

sup
t∈[0,T ]

‖∂αΦ(u)‖L2
x

� ‖u0‖HM+M0−N + |T |‖∂αN(u)‖L∞
T L2

x

� ‖u0‖HM+M0−N + |T |
(

Rp +
M+M0−N∑

k=1

λ−(2k−p)R2k

)

×
(

M+M0−N∑
k=0

λ−(2(k+1)−p)R2k+1

)
. (3.50)

This completes the study of the ‖ · ‖X-norm of Φ.
Let us now deduce some consequences of the previous results. But first, for

λ, R > 0, we define

G1(λ, R) = Rp +
M+M0−N∑

k=1

λ−(2k−p)R2k and

G2(λ, R) =
M+M0−N∑

k=0

λ−(2(k+1)−p)R2k+1.

(3.51)
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Thus, recalling the definition of the X-norm (1.9), and gathering (3.48)–(3.50), there
exists a constant c > 0 such that

‖Φ(u)‖X ≤ c〈T 〉�N
2 �+1+m

⎛⎝ ∑
|α|≤�N

2 �
‖〈x〉m∂αu0‖L∞

x
+

∑
�N

2 �<|α|≤M

‖〈x〉m∂αu0‖L2
x

+ ‖JM+M0−Nu0‖L2
x

⎞⎠+ c|T |〈T 〉�N
2 �+1+mG1(λ, R)G2(λ, R).

Fixing

R = 2c

⎛⎝ ∑
|α|≤�N

2 �
‖〈x〉m∂αu0‖L∞

x
+

∑
�N

2 �<|α|≤M

‖〈x〉m∂αu0‖L2
x

+ ‖JM+M0−Nu0‖L2
x

⎞⎠
and taking T > 0 such that

1
2
〈T 〉�N

2 �+1+m + c|T |〈T 〉�N
2 �+1+mR−1G1(λ, R)G2(λ, R) ≤ 1, (3.52)

we get ‖Φ(u)‖L∞
T X ≤ R.

To prove that Φ is well-defined in XT (R, λ), it only remains to establish the
condition inf(x,t)∈R×[0,T ] |〈x〉mΦ(x, t)| ≥ λ

2 . By the arguments around (2.20) in the
proof of Proposition 2.10, we have that

eitΔu0 − u0 =
k∑

j=1

(it)j

j!
Δju0 +

ik+1

k!

∫ t

0

(t − t′)kΔk+1(eit′Δu0) dt′,

where k = �N
2 �, and therefore,

‖〈x〉m(eitΔu0 − u0)‖L∞
x

� |t|〈t〉�N
2 �+m

⎛⎝ ∑
|α|≤�N

2 �
‖〈x〉m∂αu0‖L∞

x

+
∑

�N
2 �<|α|≤M

‖〈x〉m∂αu0‖L2
x

+ ‖JM+M0−Nu0‖L2
x

⎞⎠.

(3.53)

Additionally, we apply Proposition 2.10 (see, for instance, (3.15)) together
with (3.22), (3.44) and (3.47) to obtain

‖〈x〉m
∫ t

0

ei(t−t′)ΔN(u) dt′‖L∞
T,x

� |T |〈T 〉�N
2 �+1+mG1(λ, R)G2(λ, R).

(3.54)
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By (3.53) and (3.54) there exists a constant c1 = c1(μ) > 0 such that

|〈x〉mΦ(u)(x, t)| ≥ |〈x〉meitΔu0(x)| − |μ|
∥∥∥∥〈x〉m ∫ t

0

ei(t−t′)ΔN(u) dt′
∥∥∥∥

L∞
T,x

≥ |〈x〉mu0(x)| − ‖〈x〉m(eitΔu0 − u0)‖L∞
x

− |μ|
∥∥∥∥〈x〉m ∫ t

0

ei(t−t′)ΔN(u) dt′
∥∥∥∥

L∞
T,x

≥ λ − c1|T |〈T 〉�N
2 �+1+m

⎛⎝ ∑
|α|≤�N

2 �
‖〈x〉m∂αu0‖L∞

x

+
∑

�N
2 �<|α|≤M

‖〈x〉m∂αu0‖L2
x

+ ‖JM+M0−Nu0‖L2
x

⎞⎠
− c1|T |〈T 〉�N

2 �+1+mG1(λ, R)G2(λ, R), (3.55)

where G1 and G2 are defined in (3.51). If we take T > 0 small such that (3.52) holds
true and

c1|T |〈T 〉�N
2 �+1+m

⎛⎝ ∑
|α|≤�N

2 �
‖〈x〉m∂αu0‖L∞

x

+
∑

�N
2 �<|α|≤M

‖〈x〉m∂αu0‖L2
x

+ ‖JM+M0−Nu0‖L2
x

+ G1(λ, R)G2(λ, R)

⎞⎠ ≤ λ

2
.

(3.56)

Then the inequality (3.55) yields

inf
(x,t)∈R×[0,T ]

|〈x〉mΦ(u)(x, t)| ≥ λ

2
.

We conclude that Φ maps XT (R, λ) into itself.
Next, we show that for some small T > 0, Φ defines a contraction on XT (R, λ).

But first, to compute the difference N(u)−N(v) in the space XT (R, λ), we require
the following result.

Proposition 3.2. Let b ∈ R, 1 ≤ r ≤ ∞, and u, v ∈ XT (R, λ). Let α be a multi-
index of order |α| ≤ M + M0 − N, then we have

‖〈x〉b∂α(|u|p − |v|p)‖L∞
T

Lr
x

� (Rp−1 + λ−(6−2p)R5−p)‖〈x〉b−mp‖Lr
x
‖u − v‖L∞

T X
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+
|α|∑
k=1

λ−2(2k−p)R4k−p−2

⎛⎝R‖〈x〉b−mp‖Lr
x

+
∑

�N
2 �<|β|≤|α|

‖〈x〉b+m(1−p)∂βu‖L∞
T Lr

x

⎞⎠ ‖u − v‖L∞
T X

+
|α|∑
k=1

λ−(2k−p)

⎛⎝R2k−1

⎛⎝‖u − v‖L∞
T X‖〈x〉b−mp‖Lr

x

+
∑

�N
2 �<|β|≤|α|

‖〈x〉b+m(1−p)∂β(u − v)‖L∞
T Lr

x

⎞⎠

+ R2k−2‖u − v‖L∞
T X

⎛⎝ ∑
�N

2 �<|β|≤|α|
‖〈x〉b+m(1−p)∂βu‖L∞

T Lr
x

+ ‖〈x〉b+m(1−p)∂βv‖L∞
T

Lr
x

⎞⎠⎞⎠. (3.57)

Additionally,

‖〈x〉b∂α(|u|p−2u − |v|p−2v)‖L∞
T L2

x

� λ−(6−2p)R4−p‖〈x〉b−m(p−1)‖L∞
T Lr

x
‖u − v‖L∞

T X +
|α|∑
k=1

λ−2(2(k+1)−p)R4k−p+1

×
⎛⎝R‖〈x〉b−m(p−1)‖Lr

x
+

∑
�N

2 �<|β|≤|α|
‖〈x〉b+m(2−p)∂βu‖L∞

T Lr
x

⎞⎠ ‖u − v‖L∞
T X

+
|α|∑
k=1

λ−(2(k+1)−p)

⎛⎝R2k

(
‖u − v‖L∞

T X‖〈x〉b−m(p−1)‖Lr
x

+
∑

�N
2 �<|β|≤|α|

‖〈x〉b+m(2−p)∂β(u − v)‖L∞
T Lr

x

⎞⎠
+ R2k−1‖u − v‖L∞

T X

⎛⎝ ∑
�N

2 �<|β|≤|α|
‖〈x〉b+m(2−p)∂βu‖L∞

T Lr
x

+ ‖〈x〉b+m(2−p)∂βv‖L∞
T Lr

x

⎞⎠⎞⎠. (3.58)

2150074-33



A. K. Arora, O. Riaño & S. Roudenko

Proof. Let us first consider |α| = 0. Using the identity

||u|p − |v|p| � max{|u|p−1, |v|p−1}|u − v|, (3.59)

we have

‖〈x〉d(|u|p − |v|p)‖L∞
T Lr

x

� (‖〈x〉mu‖p−1
L∞

T,x
+ ‖〈x〉mv‖p−1

L∞
T,x

)‖〈x〉d−m(p−1)(u − v)‖L∞
T Lr

x
.

Now, we deal with (3.57) for any multi-index α of order |α| ≥ 1. By identity (3.6)

∂α(|u|p − |v|p)

=
|α|∑
k=1

(|u|p−2k − |v|p−2k)

⎛⎜⎜⎝ ∑
β1+···+βk=α
|βj|≥1, 1≤j≤k

cβ1,...,βk
∂β1(|u|2) . . . ∂βk(|u|2)

⎞⎟⎟⎠

+
|α|∑
k=1

|v|p−2k
k∑

l=1

⎛⎜⎜⎝ ∑
β1+···+βk=α
|βj|≥1, 1≤j≤k

cβ1,...,βk
∂β1(|v|2) . . . ∂βl−1(|v|2)

(∂βl(|u|2) − ∂βl(|v|2))∂βl+1(|u|2) . . . ∂βk(|u|2)
⎞⎠

=: C1 + C2. (3.60)

To bound the term C1, since |u(x, t)|−1, |v(x, t)|−1 � λ−1〈x〉m, it follows that

||u|p−2 − |v|p−2|
= ||u|p−4|u|2 − |v|p−4|v|2|
� ||u|p−4(|u|2 − |v|2)| + |v|2||u|p−4 − |v|p−4|

� λ−(4−p)〈x〉m(4−p)(|u| + |v|)(|u − v|) +
1

|u|4−p|v|2−p
||v|4−p − |u|4−p|

� λ−(4−p)〈x〉m(4−p)(|u| + |v|)(|u − v|)
+ λ−(6−2p)〈x〉m(6−2p) max{|u|3−p, |v|3−p}|u − v|. (3.61)

Similarly, for k ≥ 2, we deduce

||u|p−2k − |v|p−2k| =
||v|2k−p − |u|2k−p|
|u|2k−p|v|2k−p

� λ−2(2k−p)〈x〉2m(2k−p) max{|u|2k−p−1, |v|2k−p−1}|u − v|.
(3.62)
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Hence, by (3.61) and (3.62), we have

‖〈x〉bC1‖L∞
T Lr

x

� λ−(4−p)(‖〈x〉mu‖L∞
T,x

+ ‖〈x〉mv‖L∞
T,x

)

(
sup
|γ|≤1

‖〈x〉m∂γu‖L∞
T,x

)2

×‖〈x〉m(u − v)‖L∞
T,x

‖〈x〉b−mp‖Lr
x

+ λ−(6−2p)(‖〈x〉mu‖3−p
L∞

T,x
+ ‖〈x〉mv‖3−p

L∞
T,x

)

(
sup
|γ|≤1

‖〈x〉m∂γu‖L∞
T,x

)2

×‖〈x〉m(u − v)‖L∞
T,x

‖〈x〉b−mp‖Lr
x

+
|α|∑
k=2

λ−2(2k−p)(‖〈x〉mu‖2k−p−1
L∞

T,x
+ ‖〈x〉mv‖2k−p−1

L∞
T,x

)‖〈x〉m(u − v)‖L∞
T,x

×
∑

β1+···+βk=α
|βj |≥1 1≤j≤k

‖〈x〉b+m(2k−p)∂β1(|u|2) . . . ∂βk(|u|2)‖L∞
T Lr

x

=: C1,1 + C1,2 + C1,3.

Hence, to finish the estimate of C1, it only remains to control C1,3. Applying the
same partition as in (3.8) and the arguments in (3.9)–(3.11), we deduce

C1,3 �
|α|∑
k=1

λ−2(2k−p)(‖〈x〉mu‖2k−p−1
L∞

T,x
+ ‖〈x〉mv‖2k−p−1

L∞
T,x

)‖〈x〉m(u − v)‖L∞
T,x

×R2k−1

⎛⎝R‖〈x〉b−mp‖Lr
x

+
∑

�m�+�N
2 �+2<|γ|≤|α|

‖〈x〉b+m(1−p)∂γu‖L∞
T Lr

x

⎞⎠.

Next, we deal with C2. We write

(∂β(|u|2) − ∂β(|v|2)) =
∑

β1+β2=β

cβ1,β2(∂
β1u − ∂β1v)∂β2u + ∂β1v(∂β2u − ∂β2v),

for any multi-index |β| ≥ 1. Then, by using the above identity and dividing the
corresponding sum as in (3.8), we obtain

‖〈x〉bC2‖L∞
T Lr

x

�
|α|∑
k=1

k∑
l=1

∑
β1+...+βk=α
|βj|≥1 1≤j≤k

λ−(2k−p)‖〈x〉b+m(2k−p)∂β1(|v|2) . . . ∂βl−1(|v|2)

×(∂βl(|u|2) − ∂β1(|v|2))∂βl+1(|u|2) . . . ∂βk(|u|2)‖L∞
T L2

x

2150074-35



A. K. Arora, O. Riaño & S. Roudenko

�
|α|∑
k=1

λ−(2k−p)

⎛⎝R2k−1

⎛⎝ ∑
|β|≤�N

2 �
‖〈x〉m∂β(u − v)‖L∞

T,x
‖〈x〉b−mp‖Lr

x

+
∑

�N
2 �<|β|≤|α|

‖〈x〉b+m(1−p)∂β(u − v)‖L∞
T Lr

x

⎞⎠

+ R2k−2‖u − v‖L∞
T X

⎛⎝ ∑
�N

2 �<|β|≤|α|
‖〈x〉b+m(1−p)∂βu‖L∞

T Lr
x

+ ‖〈x〉b+m(1−p)∂βv‖L∞
T Lr

x

⎞⎠⎞⎠ .

Hence, the proof of (3.57) is complete.
Next, we turn to (3.58). By identity (3.12), we get

∂α(|u|p−2u − |v|p−2v)

=
|α|∑
k=1

(|u|p−2(k+1) − |v|p−2(k+1))

×
∑

β0+β1+...+βk=α,
|βj|≥1, 1≤j≤k

cβ0,...,βk
∂β0u∂β1(|u|2) . . . ∂βk(|u|2) +

|α|∑
k=1

|v|p−2(k+1)

×
∑

β0+β1+...+βk=α,
|βj|≥1, 1≤j≤k

⎛⎝cβ0,...,βk
(∂β0u − ∂β0v)∂β1(|u|2) . . . ∂βk(|u|2)

+
k∑

l=1

cβ0,...,βk
∂β0v∂β1(|v|2) . . . ∂βl−1(|v|2)

×(∂βl(|u|2) − ∂βl(|v|2))∂βl+1(|u|2) . . . ∂βk(|u|2)
⎞⎠

+ (|u|p−2 − |v|p−2)∂αu + |v|p−2(∂αu − ∂αv)

=: C̃1 + C̃2 + C̃3.
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We proceed to analyze each term C̃j , 1 ≤ j ≤ 3. Applying (3.62), and using a similar
partition to (3.14), we get

‖〈x〉bC̃1‖L∞
T Lr

x

�
|α|∑

k=1

λ−2(2(k+1)−p)(‖〈x〉mu‖2k−p+1
L∞

T,x
+ ‖〈x〉mv‖2k−p+1

L∞
T,x

)‖〈x〉m(u − v)‖L∞
T,x

×
∑

β0+β1+...+βk=α,
|βj |≥1, 1≤j≤k

‖〈x〉b+m(2k+2−p)∂β0u∂β1(|u|2) . . . ∂βk(|u|2)‖L∞
T Lr

x

�
|α|∑

k=1

λ−2(2(k+1)−p)(‖〈x〉mu‖2k−p+1
L∞

T,x
+ ‖〈x〉mv‖2k−p+1

L∞
T,x

)‖〈x〉m(u − v)‖L∞
T,x

×R2k

⎛⎝R‖〈x〉b−m(p−1)‖Lr
x

+
∑

�N
2 �<|β|≤|α|

‖〈x〉b+m(2−p)∂βu‖L∞
T Lr

x

⎞⎠.

In a similar manner, we deduce

‖〈x〉bC̃2‖L∞
T Lr

x

�
|α|∑
k=1

λ−(2(k+1)−p)
∑

β0+β1+···+βk=α,
|βj |≥1, 1≤j≤k

⎛⎝‖〈x〉b+m(2k+2−p)(∂β0u − ∂β0u)

×∂β1(|u|2) · · · ∂βk(|u|2)‖L∞
T Lr

x
+

k∑
l=1

‖〈x〉b+m(2k+2−p)∂β0v∂β1(|v|2) . . . ∂βl−1

×(|v|2)(∂βl(|u|2) − ∂βl(|v|2))∂βl+1(|u|2) . . . ∂βk(|u|2)‖L∞
T Lr

x

⎞⎠

�
|α|∑
k=1

λ−(2(k+1)−p)

⎛⎝R2k

⎛⎝‖u − v‖L∞
T

X‖〈x〉b−m(p−1)‖Lr
x

+
∑

�N
2 �<|β|≤|α|

‖〈x〉b+m(2−p)∂β(u − v)‖L∞
T Lr

x

⎞⎠
+ R2k−1‖u − v‖L∞

T X

∑
�N

2 �<|β|≤|α|

×
⎛⎝‖〈x〉b+m(2−p)∂βu‖L∞

T Lr
x

+ ‖〈x〉b+m(2−p)∂βv‖L∞
T Lr

x

⎞⎠⎞⎠.
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Finally, by (3.61), we find

‖〈x〉bC̃3‖L∞
T Lr

x

� λ−(4−p)(‖〈x〉mu‖L∞
T,x

+ ‖〈x〉mv‖L∞
T,x

)

×‖〈x〉b+m(2−p)∂αu‖L∞
T Lr

x
‖〈x〉m(u − v)‖L∞

T,x
+ λ−(6−2p)(‖〈x〉mu‖3−p

L∞
T,x

+ ‖〈x〉mv‖3−p
L∞

T,x
)‖〈x〉b+m(2−p)∂αu‖L∞

T Lr
x
‖〈x〉m(u − v)‖L∞

T,x

+ λ−(2−p)‖〈x〉b+m(2−p)∂α(u − v)‖L∞
T Lr

x
,

and since

‖〈x〉b+m(2−p)∂αu‖L∞
T Lr

x

�
∑

|β|≤�N
2 �

‖〈x〉m∂βu‖L∞
T,x

‖〈x〉b−m(p−1)‖L∞
T Lr

x

+
∑

�N
2 �<|β|≤|α|

‖〈x〉b+m(2−p)∂βu‖L∞
T Lr

x
,

the deduction of (3.58) is complete.

Now, we compute the difference Φ(u) − Φ(v) in the space XT (R, λ). We divide
our consideration into several cases depending on each component in the norm (1.9)
used in the space XT (R, λ).

Estimate in the space L∞([0, T ]; W � N
2 �,∞(RN ; 〈x〉m dx)). Let β be a multi-

index of order |β| ≤ �N
2 � and u, v ∈ XT (R, λ). By the arguments leading to (3.15),

we find

sup
t∈[0,T ]

‖〈x〉m∂β(Φ(u) − Φ(v))‖L∞
x

� |T |〈T 〉�N
2 �+1+m

⎛⎝ ∑
|α|≤�N

2 �
‖〈x〉m∂α(N(u) − N(v))‖L∞

T,x

+
∑

�N
2 �<|α|≤M

‖〈x〉m∂α(N(u) − N(v))‖L∞
T L2

x

+ ‖JM+M0−N(N(u) − N(v))‖L∞
T L2

x

⎞⎠. (3.63)

We proceed to estimate each term on the right-hand side of the above inequality.
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Estimate for ‖〈x〉m∂α(N(u) − N(v))‖L∞
T,x

, |α| ≤ �N
2

�. We divide our anal-
ysis as follows:

‖〈x〉m∂α(N(u) − N(v))‖L∞
T,x

� ‖〈x〉m∂α((|x|−(N−γ) ∗ (|u|p − |v|p))|u|p−2u)‖L∞
T,x

+ ‖〈x〉m∂α((|x|−(N−γ) ∗ |v|p)(|u|p−2u − |v|p−2v))‖L∞
T,x

�
∑

α1+α2=α

‖〈x〉m(2−p)∂α1(|x|−(N−γ) ∗ (|u|p − |v|p))‖L∞
T,x

‖

× 〈x〉m(p−1)∂α2(|u|p−2u)‖L∞
T,x

+ ‖〈x〉m(2−p)∂α1(|x|−(N−γ) ∗ |v|p)‖L∞
T,x

‖

× 〈x〉m(p−1)∂α2(|u|p−2u − |v|p−2v)‖L∞
T,x

.

By applying the same arguments in (3.19) and Proposition 3.2, yields

‖〈x〉m(2−p)∂α1(|x|−(N−γ) ∗ (|u|p − |v|p))‖L∞
T,x

�
∑

|β|≤2�N
2 �+1

‖〈x〉m(2−p)∂β(|u|p − |v|p)‖L∞
T L2

x

�

⎛⎝Rp−1 + λ−(6−2p)R5−p +
2�N

2 �+1∑
k=1

λ−2(2k−p)R4k−p−1 + λ−(2k−p)R2k−1

⎞⎠
×‖u − v‖L∞

T X. (3.64)

Similarly, an application of Proposition 3.2 allows us to conclude

‖〈x〉m(p−1)∂α2(|u|p−2u − |v|p−2v)‖L∞
T,x

�

⎛⎝λ−(6−2p)R4−p +
�N

2 �∑
k=1

λ−2(2(k+1)−p)R4k−p+2 + λ−(2(k+1)−p)R2k

⎞⎠
×‖u − v‖L∞

T X. (3.65)

We combine (3.20), (3.21), (3.64) and (3.65) to deduce

‖〈x〉m∂α(N(u) − N(v))‖L∞
T,x

� (J1(λ, R)G2(λ, R) + G1(λ, R)J2(λ, R))‖u − v‖L∞
T X, (3.66)
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where G1(λ, R) and G2(λ, R) are defined in (3.51) and we have set

J1(λ, R) = Rp−1 + λ−(6−2p)R5−p +
M+M0−N∑

k=1

λ−2(2k−p)R4k−p−1

+ λ−(2k−p)R2k−1,

J2(λ, R) = λ−(6−2p)R4−p +
M+M0−N∑

k=1

λ−2(2(k+1)−p)R4k−p+2

+ λ−(2(k+1)−p)R2k.

(3.67)

Estimate for ‖〈x〉m∂α(N(u) − N(v))‖L∞
T L2

x
, �N

2
� < |α| ≤ M . We use Leib-

niz’s rule to get

‖〈x〉m∂α(N(u) − N(v))‖L∞
T L2

x

�
∑

α1+α2=α

‖〈x〉m∂α1(|x|−(N−γ) ∗ (|u|p − |v|p))∂α2(|u|p−2u)‖L∞
T L2

x

+ ‖〈x〉m∂α1(|x|−(N−γ) ∗ |v|p)∂α2(|u|p−2u − |v|p−2v)‖L∞
T L2

x
. (3.68)

Let us further divide our analysis according to the magnitude of the multi-index
α1 in (3.23).

Case |α1| < N . Recalling the conditions (3.24)–(3.29), and the arguments leading
to (3.31), we apply Proposition 3.2 to deduce

‖〈x〉mκ(|x|−(N−γ) ∗ ∂α1(|u|p − |v|p))‖L∞
T L

r1
x

� ‖〈x〉mκ∂α1(|u|p − |v|p)‖L∞
T L

q2
x

�
(
Rp−1 + λ−(6−2p)R5−p‖〈x〉−m(p−κ)‖L

q2
x

+ ‖〈x〉−m(p−κ)‖L
q2
x

×
M+M0−N∑

k=1

λ−2(2k−p)R4k−p−1 + λ−(2k−p)R2k−1

)
‖u − v‖L∞

T X

� J1(λ, R)‖u − v‖L∞
T X.

Likewise, by similar arguments as in (3.30) and using Proposition 3.2, we deduce

‖〈x〉m(1−κ)∂α2(|u|p−2u − |v|p−2v)‖L∞
T L

r2
x

� J2(λ, R)‖u − v‖L∞
T X.

Then, we collect the previous results and similar considerations as in (3.33) to find∑
α1+α2=α

‖〈x〉m∂α1(|x|−(N−γ) ∗ (|u|p − |v|p))∂α2(|u|p−2u)‖L∞
T L2

x

+ ‖〈x〉m∂α1(|x|−(N−γ) ∗ |v|p)∂α2(|u|p−2u − |v|p−2v)‖L∞
T L2

x

� (J1(λ, R)G2(λ, R) + G1(λ, R)J2(λ, R))‖u − v‖L∞
T X, (3.69)

for all |α1| ≤ N .
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Case N ≤ |α1| ≤ M . By using (3.34) and (3.43), we find

‖〈x〉m∂α1(|x|−(N−γ) ∗ (|u|p − |v|p))∂α2(|u|p−2u)‖L∞
T L2

x

+ ‖〈x〉m∂α1(|x|−(N−γ) ∗ |v|p)∂α2(|u|p−2u − |v|p−2v)‖L∞
T L2

x

� ‖〈x〉m(2−p)∂α1(|x|−(N−γ) ∗ (|u|p − |v|p))‖L∞
T L2

x
G2(λ, R)

+G1(λ, R)‖〈x〉m(p−1)∂α2(|u|p−2u − |v|p−2v)‖L∞
T,x

. (3.70)

Now, by the same line of arguments as in the estimates (3.36)–(3.41), it follows
that

‖〈x〉m(2−p)∂α1(|x|−(N−γ) ∗ (|u|p − |v|p))‖L∞
T L2

x

� sup
|β|≤M

‖〈x〉m(2−p)+mε∂β(|u|p − |v|p)‖L∞
T L2

x

+ ‖JM+M0−N (|u|p − |v|p)‖L∞
T L2

x
,

where ε > 0 is given by (3.40). Since 〈x〉−2m(p−1)+mε ∈ L2(RN ), Proposition 3.2
yields

sup
|β|≤M

‖〈x〉m(2−p)+mε∂β(|u|p − |v|p)‖L∞
T L2

x
� J1(λ, R)‖u − v‖L∞

T X.

A further application of Proposition 3.2 gives

sup
|β|≤M

‖JM+M0−N(|u|p − |v|p)‖L∞
T L2

x
� J1(λ, R)‖u − v‖L∞

T X.

Finally, we use (3.58) to deduce

‖〈x〉m(p−1)∂α2(|u|p−2u − |v|p−2v)‖L∞
T,x

� J2(λ, R)‖u − v‖L∞
T X.

Plugging the previous estimates into (3.70) allows us to conclude that (3.69) holds
true for all |α| ≤ M . This in turn provides the estimate∑

�N
2 �<|α|≤M

‖〈x〉m∂α(N(u) − N(v))‖L∞
T L2

x

� (J1(λ, R)G2(λ, R) + G1(λ, R)J2(λ, R))‖u − v‖L∞
T X. (3.71)

Estimate for ‖JM+M0−N(N(u) − N(v))‖L∞
T L2

x
. Following the same reason-

ing leading to (3.47), using Proposition 3.2, we deduce

‖JM+M0−N (N(u) − N(v))‖L∞
T L2

x

� (J1(λ, R)G2(λ, R) + G1(λ, R)J2(λ, R))‖u − v‖L∞
T X. (3.72)

To avoid falling into repetition, we omit the deduction of the above estimate.
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Combining (3.66), (3.71), (3.72) and (3.63), we find

sup
t∈[0,T ]

‖〈x〉m∂β(Φ(u) − Φ(v))‖L∞
x

� |T |〈T 〉�N
2 �+1+m(J1(λ, R)G2(λ, R) + G1(λ, R)J2(λ, R))‖u − v‖L∞

T X.

This completes the required analysis on the space

L∞([0, T ]; W �N
2 �,∞(RN ; 〈x〉m dx)).

Next, by the inequalities (3.66), (3.71) and (3.72), we can argue as in (3.49)
and (3.50) to control the remaining terms of the ‖ · ‖X-norm for the difference
Φ(u) − Φ(v), u, v ∈ XT (R, λ). Thus, we get∑

�N
2 �<|α|≤M

‖〈x〉m∂α(Φ(u) − Φ(v))‖L∞
T L2

x
+ ‖JM+M0−N (Φ(u) − Φ(v))‖L∞

T L2
x
,

� |T |〈T 〉m(J1(λ, R)G2(λ, R) + G1(λ, R)J2(λ, R))‖u − v‖L∞
T X.

Consequently, there exists a constant c2 > 0 such that the above estimates are
summarized as follows:

‖Φ(u) − Φ(v)‖L∞
T X

≤ c3|T |〈T 〉�N
2 �+1+m(J1(λ, R)G2(λ, R) + G1(λ, R)J2(λ, R))‖u − v‖L∞

T
X,

where Gj , Jj , j = 1, 2 are defined in (3.51) and (3.67), respectively. We take T > 0
sufficiently small satisfying (3.52), (3.56) and such that

c3|T |〈T 〉�N
2 �+1+m(J1(λ, R)G2(λ, R) + G1(λ, R)J2(λ, R)) < 1. (3.73)

Consequently, Φ is a contraction on XT (R, λ). Thus, there exists a unique fixed
point solving (1.1). The remaining properties stated in Theorem 1.1 are deduced
by standard arguments, thus, we omit their proofs.

4. Theorem 1.3

We apply pseudo-conformal transformation in the spirit of [4]. Via this transfor-
mation a global solution of (1.1) corresponds to a solution of the nonautonomous
equation ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

ivt + Δv + μ(1 − bt)N(p−1)−2−γ

(
1

|x|N−γ
∗ |v|p

)
|v|p−2v

= 0, x ∈ RN , t ∈ R,

v(x, 0) = v0(x),

(4.1)

where b, μ ∈ C \ {0}. We solve the initial value problem (4.1) in the class X deter-
mined by (1.8) and (1.9).
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Proposition 4.1. Let 4
3 < p < 2, 0 < γ < min{N(3p−4)

2p , N(p − 1) − 1}, and
m ∈ R+, M0, M ∈ Z+ satisfy (1.5)-(1.7). Additionally, let v0 ∈ X such that

inf
x∈R

|v0(x)| ≥ λ. (4.2)

Then there exists a unique solution v of (4.1) with initial data v0 such that

v ∈ C([0, |b|−1]; X), (4.3)

provided that b > 0 is sufficiently large.

Proof. The proof is similar to that of Theorem 1.1. We will apply the contraction
mapping principle to the integral operator defined by (4.1), that is,

Φ2(v(t)) = eitΔv0 + iμ

∫ t

0

(1 − bt′)N(p−1)−2−γei(t−t′)ΔN(v(t′)) dt′, (4.4)

acting on the space X|b|−1(R, λ) defined by (3.2).
Following the same arguments leading to the inequalities (3.48)–(3.50), there

exists a constant c > 0 such that

‖Φ2(u)‖L∞
T X ≤ c〈|b|−1〉�N

2 �+1+m

⎛⎝ ∑
|α|≤�N

2 �
‖〈x〉m∂αv0‖L∞

x

+
∑

�N
2 �<|α|≤M

‖〈x〉m∂αv0‖L2
x

+ ‖JM+M0−Nv0‖L2
x

⎞⎠
+ c|b|−1〈|b|−1〉�N

2 �+1+mG1(λ, R)G2(λ, R), (4.5)

where G1 and G2 are defined by (3.51), and we have used∫ |b|−1

0

|1 − bt′|N(p−1)−2−γdt′ =
|b|−1

N(p − 1) − 1 − γ
. (4.6)

Next, by (3.53) and arguing as in (3.55), there exists a constant c1 such that

|〈x〉mΦ2(v)(x, t)| ≥ λ − c1|b|−1〈|b|−1〉�N
2 �+1+m

⎛⎝ ∑
|α|≤�N

2 �
‖〈x〉m∂αv0‖L∞

x

+
∑

�N
2 �<|α|≤M

‖〈x〉m∂αv0‖L2
x

+ ‖JM+M0−Nv0‖L2
x

⎞⎠
− c1|b|−1〈|b|−1〉�N

2 �+1+mG1(λ, R)G2(λ, R). (4.7)
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Similarly, the same reasoning in the deduction of (3.73) assures the existence of a
constant c2 > 0, for which

‖Φ2(u) − Φ2(v)‖L∞
T X ≤ c2|b|−1〈|b|−1〉�N

2 �+1+m

× (J1(λ, R)G2(λ, R) + G1(λ, R)J2(λ, R))‖u − v‖L∞
T X,

(4.8)

where J1 and J2 are defined in (3.67). Recalling the constant c > 0 in (4.5), we set

R = 2c

⎛⎝ ∑
|α|≤�N

2 �
‖〈x〉m∂αv0‖L∞

x
+

∑
�N

2 �<|α|≤M

‖〈x〉m∂αv0‖L2
x

+ ‖JM+M0−Nv0‖L2
x

⎞⎠.

(4.9)

Thus, we take b > 0 large such that

1
2
〈|b|−1〉�N

2 �+1+m + c|b|−1〈|b|−1〉�N
2 �+1+mR−1G1(λ, R)G2(λ, R) < 1,

λ − c1

2c
|b|−1〈|b|−1〉�N

2 �+1+mR − c1|b|−1〈|b|−1〉�N
2 �+1+mG1(λ, R)G2(λ, R) >

λ

2
,

c2|b|−1〈|b|−1〉�N
2 �+1+m(J1(λ, R)G2(λ, R) + G1(λ, R)J2(λ, R)) < 1.

(4.10)

These conditions establish that Φ2 : X|b|−1(R, λ) → X|b|−1(R, λ) is a contraction.
Therefore, it has a fixed point, which is a solution of (4.1).

Let us now obtain a global solution of (1.1) with initial data ei b|x|2
4 v0, v0 ∈ X

satisfying (4.2). As in Proposition 4.1, let b > 0 sufficiently large such that there
exists a unique solution v ∈ C([0, b−1]; X) of (4.1). We define

u(x, t) = (1 + bt)−
N
2 ei b|x|2

4(1+bt) v

(
x

1 + bt
,

t

1 + bt

)
(4.11)

for any 0 ≤ t < ∞ and x ∈ RN . Recalling that 0 ≤ s < 2m−N
2 , by Proposition 2.8

and similar arguments as in proof of Lemma 2.9, we find that u solves (1.1) with

u ∈ C([0,∞); Hs(RN )) ∩ L∞(RN × (0,∞); 〈x〉N
2 dx dt), (4.12)

and u(x, 0) = ei b|x|2
4 v0. We emphasize that the condition on the regularity 0 ≤

s < 2m−N
2 assures that v ∈ C([0, b−1); L2(RN ; 〈x〉2s dx)), which is required to
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deduce (4.12). Next, we use the following identity [8, (3.8)]:

e−itΔu(x, t) = e
ib|x|2

4 e−i t
1+bt Δv

(
x,

t

1 + bt

)
. (4.13)

Thus, we define

u+ = e
ib|x|2

4 e−i 1
b Δv

(
1
b

)
. (4.14)

We claim

e−itΔu(t) −−−→
t→∞ u+ in Hs(RN ). (4.15)

Indeed, in view of (4.4), we find

e−itΔu(t) − u+ = −iμe
ib|x|2

4

∫ 1
b

t
1+bt

(1 − bt′)N(p−1)−2−γe−it′ΔN(v(t′)) dt′.

(4.16)

By Theorem 2.3, property (2.8) and Lemma 2.9, we find

‖e−itΔu(t) − u+‖Hs

� ‖e−itΔu(t) − u+‖L2 + ‖Ds(e−itΔu(t) − u+)‖L2

�
∥∥∥∥∥
∫ 1

b

t
1+bt

(1 − bt′)N(p−1)−2−γe−it′ΔN(v(t′)) dt′
∥∥∥∥∥

Hs

+

∥∥∥∥∥Ds(e
ib|x|2

4 )
∫ 1

b

t
1+bt

(1 − bt′)N(p−1)−2−γe−it′ΔN(v(t′)) dt′
∥∥∥∥∥

L2

�
(∫ 1

b

t
1+bt

|1 − bt′|N(p−1)−2−γdt′
)

sup
t∈[0,|b|−1]

‖N(v(t))‖Hs

+ 〈b〉s
∥∥∥∥∥
∫ 1

b

t
1+bt

(1 − bt′)N(p−1)−2−γ(〈x〉se−it′ΔN(v(t′))) dt′
∥∥∥∥∥

L2

. (4.17)

Since s < m < M + M0 − N , by (3.47), we get(∫ 1
b

t
1+bt

|1 − bt′|N(p−1)−2−γdt′
)

sup
t∈[0,|b|−1]

‖N(v(t))‖Hs

�
(∫ 1

b

t
1+bt

|1 − bt′|N(p−1)−2−γdt′
)
G1(λ, R)G2(λ, R) −−−→

t→∞ 0, (4.18)
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where R is given by (4.9), and G1 and G2 as in (3.51). Next, we apply Proposi-
tion 2.10 to get∥∥∥∥∥

∫ 1
b

t
1+bt

(1 − bt′)N(p−1)−2−γ(〈x〉se−it′ΔN(v(t′))) dt′
∥∥∥∥∥

L2

� ‖〈x〉s−m‖L2

∫ 1
b

t
1+bt

(1 − bt′)N(p−1)−2−γ‖〈x〉me−it′ΔN(v(t′))‖L∞
x

dt′

�
∫ 1

b

t
1+bt

(1 − bt′)N(p−1)−2−γ〈t′〉�N
2 �+m+1

⎛⎝ ∑
|α|≤�N

2 �
‖〈x〉mN(v(t′))‖L∞

x

+
∑

�N
2 �<|α|≤M

‖〈x〉m∂αN(v(t′))‖L∞
T L2

x
+ ‖JM+M0−NN(v(t′))‖L∞

T L2
x

⎞⎠ dt′

�
(∫ 1

b

t
1+bt

(1 − bt′)N(p−1)−2−γ〈t′〉�N
2 �+m+1dt′

)
G1(λ, R)G2(λ, R) −−−→

t→∞ 0,

(4.19)

where we have also used that s < m− N
2 . Gathering (4.18) and (4.19) into (4.17), we

deduce the desired limit (4.15). Finally, since sup0<t<|b|−1 ‖v(t)‖L∞ < ∞, by (4.11),
it follows that supt>0 (1+t)

N
2 ‖u(t)‖L∞ < ∞. The proof of Theorem 1.3 is complete.

Remark 4.2. The arguments in (4.19) also establish the following limit:

lim
t→∞
t>0

‖〈x〉s(e−itΔu(t) − u+)‖L2 = 0. (4.20)

5. Blow-Up Criterion

This section aims to establish Theorem 1.4 and Corollary 1.5. We assume that
max{N+2

N , 4
3} < p < 2, 0 < γ < min{N(p − 1) − 2, (N+2)(p−1)−2

2 , N(3p−4)
2p } and

μ > 0. We consider m ∈ R
+ as in the statement of Theorem 1.4, and M0 and M

satisfying (1.6) and (1.7), respectively. Then, we set the space X by (1.8) and (1.9).
Let v0 ∈ X verify (1.11) and u ∈ C([0, T ]; X) be the corresponding solution

of (1.1) with initial data u0 = e
ib|x|2

4 v0 provided by Theorem 1.1. We first observe
that

u ∈ C([0, T ]; L2(RN ; |x|2 dx)), (5.1)

which is a direct consequence of the following computation:

‖〈x〉u‖L∞
T L2

x
≤ ‖〈x〉mu‖L∞

T,x
‖〈x〉−(m−1)‖L2

x
� ‖〈x〉mu‖L∞

T,x
,

and the fact that m > N
2 + 1. We remark that the condition 0 < γ < (N+2)(p−1)−2

2

in Theorem 1.4 assures that N+2
2 < N−2γ

2(2−p) , which is implicitly required in (1.15).
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Additionally, it follows(
1

| · |N−γ
∗ |u|p

)
|u|p ∈ L∞([0, T ]; L1(RN )). (5.2)

Indeed, we apply Hölder’s inequality and Hardy–Littlewood–Sobolev inequality to
get

‖(| · |−(N−γ) ∗ |u|p)|u|p‖L∞
T L1

x

� ‖| · |−(N−γ) ∗ |u|p‖
L∞

T L
2N

N−2γ
x

‖|u|p‖
L∞

T L
2N

N+2γ
x

� ‖|u|p‖L∞
T L2

x
‖|u|p‖

L∞
T L

2N
N+2γ
x

� ‖〈x〉−mp‖L2‖〈x〉−mp‖
L

2N
N+2γ

‖〈x〉mu‖2p
L∞

T,x
,

where the restriction (1.15) implies 〈x〉−mp ∈ L2(RN )∩L
2N

N+2γ (RN ). Next, we recall
the variance (1.14)

V (t) =
∫

RN

|x|2|u(x, t)|2 dx,

and the energy (1.3)

E[u(t)] =
1
2

∫
RN

|∇u(x, t)|2 dx − μ

2p

∫
RN

(
1

| · |N−γ
∗ |u(·, t)|p

)
(x, t)|u(x, t)|p dx.

Note that (5.1) and (5.2) establish the validity of V (t) and E[u(t)]. Then, we deduce
that the above solution u of (1.1) satisfies the following virial identities:

Vt(t) = 4 Im
∫

RN

u(x · ∇u) dx, (5.3)

and

Vtt(t) = 16E[u(t)] − 8sc
(p − 1)

p
μ

∫
RN

(| · |−(N−γ) ∗ |u|p)(x, t)|u|p(x, t) dx

= 16(sc(p − 1) + 1)E[u(t)] − 8sc(p − 1)‖∇u‖2
L2, (5.4)

also, we recall the critical index (1.13),

sc =
N

2
− γ + 2

2(p − 1)
.

In particular, sc > 0, if and only if 0 < γ < N(p − 1) − 2, which is given by our
assumption p > N+2

N .
Consequently, (5.3) and (5.4) allow us to follow the same arguments as in the

proof of [1, Theorem 1.3] for the gHartree equation (1.1) with p ≥ 2 to deduce
Theorem 1.4.
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Next, we infer some consequences of Theorem 1.4. Since we are considering

solutions of (1.1) with initial condition u0 = e
ib|x|2

4 v0, we deduce the following
identities:

V (0) = ‖xu0‖2
L2 = ‖xv0‖2

L2 ,

Vt(0) = 4 Im
∫

RN

v0(x · ∇v0) dx + 2b

∫
|x|2|v0|2 dx,

E[u0] = E[v0] +
b

2
Im

∫
RN

v0(x · ∇v0) dx +
|b|2
8

∫
RN

|x|2|v0|2 dx.

(5.5)

Note that E[u0] → ∞ and Vt(0) → −∞ as b → −∞. Let us rewrite some conditions
in Theorem 1.4 in terms of the equations in (5.5). We have E[u0]V (0)

(ωcM [u0])2 ≥ 1 if and
only if

E[v0] +
b

2
Im

∫
RN

v0(x · ∇v0) dx +
|b|2
8

∫
RN

|x|2|v0|2 dx − (ωcM [v0])2

‖xv0‖2
L2

≥ 0.

(5.6)

Assuming that ∂tV (0)
ωcM [u0] > 0 and E[u0]V (0)

(ωcM [u0])2 < 1, the inequality (1.16) is equivalent
to

kc|∂tV (0)|2 − 32kcE[u0]V (0) + 32(1 + kc)(ωcM [v0])2

kc(ωcM [v0])2
<

32(ωcM [v0])2kc

kc(E[u0]V (0))kc
.

(5.7)

Likewise, if ∂tV (0)
ωcM [u0] < 0 and E[u0]V (0)

(ωcM [u0])2 ≥ 1, (1.16) is determined by

kc|∂tV (0)|2 − 32kcE[u0]V (0) + 32(1 + kc)(ωcM [v0])2

kc(ωcM [v0])2
>

32(ωcM [v0])2kc

kc(E[u0]V (0))kc
.

(5.8)

We remark that

|∂tV (0)|2 − 32E[u0]V (0) = 16
(

Im
∫

RN

v0(x · ∇v0) dx

)2

− 32E[v0]‖xv0‖2
L2 .

(5.9)

Now, we assume that v0 is a real-valued function. Then,

E[u0]V (0)
(ωcM [u0])2

=
(8E[v0] + |b|2‖xv0‖2

L2)‖xv0‖2
L2

8(ωcM [v0])2
, (5.10)

∂tV (0)
ωcM [u0]

=
2b‖xv0‖2

L2

ωcM [v0]
, (5.11)

and

E[u0]V (0)
(ωcM [u0])2

≥ 1 if and only if |b|2 ≥ 8(ωcM [v0])2 − 8E[v0]‖xv0‖2
L2

‖xv0‖4
L2

.

(5.12)
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Note that E[u0] > 0, if |b|2 > −8E[v0]
‖xv0‖2

L2
. Now, we divide our analysis according to

the sign of b �= 0.

(I) Assume b > 0. Here, ∂tV (0)
ωcM [u0] > 0, and thus, by (5.12), we can only verify the

hypothesis of Theorem 1.4 when

|b| <
2
√

2
‖xv0‖2

L2

((ωcM [v0])2 − E[v0]‖xv0‖2
L2)1/2. (5.13)

This forces us to assume
E[v0]‖xv0‖2

L2

(M [v0])2
< ω2

c . (5.14)

Hence, in virtue of (5.7) and (5.9), we find

|b|2 <
8

‖xv0‖4
L2

g

(
(ωcM [v0])2kc+2

((1 + kc)(ωcM [v0])2 − kcE[v0]‖xv0‖2
L2)

g

)1/kc

− 8E[v0]
‖xv0‖2

L2

.

(5.15)

If the right-hand side of (5.15) is positive, Theorem 1.4 assures the existence
of two numbers b1 > b0 ≥ 0 such that the solution u of (1.1) associated

to u0 = e
ib|x|2

2 v0 determined by Theorem 1.1 blows up in finite time for all
b0 < b < b1. In particular, if E[v0] > 0, one can take b0 = 0.

(II) Assume b < 0. In this case, (5.8) and (5.9) impose the condition

E[v0]‖xv0‖2
L2

(ωcM [v0])2
<

1 + kc

kc
. (5.16)

Hence, Theorem 1.4 and (5.16) yield the existence of b1 ≤ 0 such that for all

b ≤ b1 the solution u of (1.1) with initial condition u0 = e
ib|x|2

2 v0 blows up in
finite time.

Collecting the conclusion in (a) and (b), we deduce Corollary 1.5.

Remark 5.1. (i) The same conclusion in parts (I) and (II) above are valid assuming
the weaker hypothesis Im

∫
RN v0(x · ∇v0) dx = 0.

(ii) Assuming

2(1 + kc)(ωcM [v0])2 + kc(Im
∫

RN

v0(x · ∇v0) dx)2 − 2kcE[v0]‖xv0‖2
L2 > 0.

(5.17)

Equations (5.5)–(5.9), and Theorem 1.4 assure that there exists b1 ≤ 0 such

that for any b ≤ b1, the solution u(t) of (1.1) associated to u0 = e
ib|x|2

2 v0

determined by Theorem 1.1 blows up in finite time.
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[5] T. Cazenave, Z. Han and I. Naumkin, Asymptotic behavior for a dissipative nonlinear
Schrödinger equation, Nonlinear Anal. 205 (2021).

[6] T. Cazenave and I. Naumkin, Local existence, global existence, and scattering for
the nonlinear Schrödinger equation, Comm. Contemp. Math. 19(2) (2017) 1650038.

[7] T. Cazenave and I. Naumkin, Modified scattering for the critical nonlinear
Schrödinger equation, J. Funct. Anal. 274(2) (2018) 402–432.

[8] T. Cazenave and F. B. Weissler, The structure of solutions to the pseudo-conformally
invariant nonlinear Schrödinger equation, Proc. R. Soc. Edinb.: Sec. A Math. 117(3–
4) (1991) 251–273.

[9] D. Cruz-Uribe and K. Moen, One and two weight norm inequalities for Riesz poten-
tials, Illinois J. Math. 57(1) (2013) 295–323.

[10] J. Duoandikoetxea, Fourier Analysis, Graduate Studies in Mathematics, Vol. 29
(American Mathematical Society, 2001).

[11] T. Duyckaerts and S. Roudenko, Going beyond the threshold: Scattering and blow-up
in the focusing NLS equation, Comm. Math. Phys. 334(3) (2015) 1573–1615.

[12] J. Holmer, R. Platte and S. Roudenko, Blow-up criteria for the 3D cubic nonlinear
Schrödinger equation, Nonlinearity 23(4) (2010) 977–1030.

[13] M. T. Lacey, K. Moen, C. Pérez and R. H. Torres, Sharp weighted bounds for frac-
tional integral operators, J. Funct. Anal. 259(5) (2010) 1073–1097.

[14] F. Linares, H. Miyazaki and G. Ponce, On a class of solutions to the generalized KdV
type equation, Comm. Contemp. Math. 21(7) (2019) 1850056.

[15] F. Linares, A. Pastor and J. Drumond Silva, Dispersive blow-up for solutions of
the Zakharov–Kuznetsov equation, Ann. Henri Poincaré Anal. Non Linéaire 38(2)
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