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Abstract— AutoRegressive eXogenous (ARX) models form
one of the most important model classes in control theory,
econometrics, and statistics, but they are yet to be understood in
terms of their finite sample identification analysis. The technical
challenges come from the strong statistical dependency not
only between data samples at different time instances but also
between elements within each individual sample. In this work,
for ARX models with potentially unknown orders, we study
how ordinary least squares (OLS) estimator performs in terms
of identifying model parameters from data collected from either
a single length-T" trajectory or N i.i.d. trajectories. Our main
results show that as long as the orders of the model are chosen
optimistically, i.e., we are learning an over-parameterized model
compared to the ground truth ARX, the OLS will converge
with the optimal rate O(1/v/T) (or O(1/V/N)) to the true
(low-order) ARX parameters. This occurs without the aid of
any regularization, thus is referred to as self-regularization. Our
results imply that the oracle knowledge of the true orders and
usage of regularizers are not necessary in learning ARX models
— over-parameterization is all you need.

I. INTRODUCTION

AutoRegressive eXogenous (ARX) models are versatile
in terms of modeling real world signals that have temporal
dependency and affected by external excitations, includ-
ing those emerging in genomics, neuroscience, medicine,
macroeconomics, stock markets, etc. [1]-[6]. Especially in
such domains where physics-based modeling is hard, the
identification of ARX models from input/output data is a
fundamental problem [7]. Existing work on ARX identifica-
tion has generally consisted of new algorithmic techniques,
and asymptotic analysis, where one studies the behavior
of the estimators as the number of data samples goes to
infinity. Asymptotic properties of classical estimators such
as OLS and maximum likelihood estimators for ARX are
studied, e.g., in [8]-[12]. However, practitioners concerned
with safety and risk aversion ask: how many samples are
needed to guarantee at least a certain level of performance?
In the identification context, the result is a probabilistic
bound on error in estimated parameters. This requires non-
asymptotic finite sample analysis, which is crucial in tasks
such as prediction, filtering, and adaptive control [13], [14].

The major challenge in determining finite-sample error
bounds for ARX identification comes from the strong cor-
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relations among the data generated by ARX models. Recent
advances in the understanding of high-dimensional statistics,
random matrix theory, and random processes [15]-[19] have
enabled rapid progress in non-asymptotic result for learning
dynamical models with a single data trajectory [20]-[25].
However, ARX models are more challenging to analyze:
even if we simplify the setting to collecting a single sample
from multiple i.i.d. trajectories, correlation still exists within
individual sample vectors due to outputs regressing onto their
past values. This makes it difficult to lower bound the sample
covariance matrix and obtain an estimation error upper bound
using only quantities depending on model properties.
Contributions: In this work, we study the non-asymptotic
behavior of the ordinary least squares (OLS) estimators for
identifying stable ARX models with potentially unknown
orders. We show that when the orders of ARX model
are chosen optimistically, i.e., we are learning an over-
parameterized model compared to the true one, the OLS
estimator will converge to the true model parameters with
the following rate:

o O(y/log(T)/T) — if the data is collected from a single
length-T trajectory,

e O(1/v/N) — if the data is collected from N i.i.d.
trajectories,

where the latter scheme can also deal with explosive (unsta-
ble) ARX models.

The implication of our work is that, while learning ARX
models, neither knowledge of the exact model orders nor
regularization are mandatory. As long as orders used by the
estimator are larger than the true ones, sufficient amount of
data guarantees that the OLS automatically converges to the
true parameter with correct orders. Particularly, the redundant
parameters estimated by the OLS estimator, i.e., elements
that should be O in a naive lifting of the true parameter,
indeed converge to 0. This phenomenon is also known as
the oracle property [26] of estimators. We refer to it as
self-regularization in this work as the explicit regularization
typically required for estimators to satisfy the oracle property
is not needed in our setting.

Furthermore, when the true model orders are used in
the OLS, we obtain the estimation accuracy upper bound
O(y/nlog(T)/T) and O(y/n/N), where n is the model
order. Comparing to minimax lower bounds for similar
problems, these upper bounds achieve the optimal (up to
logarithmic factors) rates in terms of the dependency on n
and T (or ). Perhaps, most relevant to our work is that in
[14], where similar rates for an f,-regularized least squares



estimator for ARX identification with known orders from a
single trajectory are obtained.

Organization: In Section II, we introduce ARX models and
its over-parameterized OLS estimators. Section III uses a
simple example to illustrate and give insight about the self-
regularization phenomenon. Section IV and V provide the
non-asymptotic results for OLS estimators with single and
multiple trajectories respectively. Section VI shows numeri-
cal results that support our theoretical results.

II. PRELIMINARIES

In this paper, boldface uppercase (lowercase) letters denote
matrices (vectors); plain letters mainly denote scalars. For a
matrix E, E(7,:) denotes the ith row of E, and E(7, j:k)
denotes the ith row preserving only the jth to kth elements.
Let 5(E) and o(E) denote the largest and smallest singular
values. A\(E) and \(E) are defined similarly for the eigen-
values of positive semi-definite matrices. Given an arbitrary
square matrix E, let p(E) denote its spectral radius. For
any s € N, we let [s] := {1,2,...,s}. For a sequence of
variables Xo, X1,..., Xy, let Xo.n := {X;}¥,. Notation
I,, denotes the n dimensional identity matrix; 0,,x, denotes
the m x n dimensional zero matrix; e; denotes the one-hot
vector with the ¢th element being 1.

For an arbitrary square matrix M € R"™ and a free
parameter p such that p > p(M), we define

(M. p) = 4 3ren IMP[[/p" - if p(M) >0,
TSI IME i (M) =0,

This gives | MF*|| < 7(M, p)p* for any k € N. By definition,
(i) when p > p(M), 7(M, p) is finite by Gelfand’s formula;
(i) when p = p(M), 7(M, p) is finite as long as M is
diagonalizable, a generic property of matrices in R". In
the latter case, 7 < | V||||V~!||, where V is a matrix whose
columns span the eigenspace of M.

For a zero-mean random vector x, we let Cov(x) :=
E[xxT] denote its covariance matrix. Claims such as “for
all j, with probability 1 — 9, for all ¢, event &; ; occurs” is
equivalent to “for all j, P(N;&; ;) > 1— 48",

(D

A. ARX Basics
In this work, we seek to learn the following ARX models

ng

Za1y1‘ z+ZBzu1‘ z+77t 1 (2)

with unknown model orders n, and ng. The output y; is
driven by i.i.d. input u; ~ N(0,02) and process noise 7; ~
N(0,02) for all time t. We assume a,,, and f3,, are non-
Z€ero, as the orders can be reduced otherwise. The parameters
Q1 s Bim s are to be learned from the input-output data.
Let n:=max(nq,ng), and o;=5;=0 for any ¢ > n,,
J > ny. Define polynomials g(z) := 2" — S e

and p(z) = Y0, B;z" % and p* = max,.,()—olz|

Define A := O1x(n-1 n By BT,
In—l (651

C:=[0,...,0,1], and T := CT. The ARX model (2) has

an equivalent single-input single-output (SISO) state space
representation in the following observable canonical form

Xt+1 = AXt + But + I‘nt
yr = Cxy

where x; € R™ denotes the internal state that bridges the
input and output in the ARX model. We can see p* is
equal to p(A), the spectral radius of A, as its characteristic
polynomial is given by g(z). For k € N, define g¢ := CA¥,
gt = CA*IB, g4 =0, gp = CAF=IT, gJ := 0, which
are referred to as Markov parameters. Using the internal state
X;, the ARX model (2) can be further written as:
to to
Yt = Gy Xt—t, + Z gi'ug—i + Zg?m_i “4)

=1 =1

3)

for some starting time index ¢ — ¢g. Compared to the ARX
model (2), introducing the internal state x eliminates the
dependency of output y; on past y’s.

B. Over-parameterized OLS Estimator for ARX

To make sure the true ARX model (2) with unknown
orders n, and ng can be learned, one could fit the data
using an ARX model with orders 7i, and fig large enough
such that i, > n, and fig > ng. We refer to this as over-
parameterization. Let 71 := 7, + 71 and

0:= [alinq7olx(ﬁa—na)7/Blﬁ'llﬁ?()lx(ﬁﬁ—ﬂ,g)].r eR" &)

which embeds the true parameter. Under this over-
parameterization setup, we study the OLS estimator with
data collected from (i) a single trajectory and (ii) multiple
independent trajectories generated by (2) with system starting
from rest at time 1 — fg, i.e., ¥, u, and 7, are zero for all
t < 1 — n,. This initial condition implies that the internal
state x; = 0 for t < 1 — 7. The results in this paper hold
similarly for non-zero initial conditions as long as the initial
conditions have finite second-order moment.
Single  Trajectory: Consider a single
{(utvyt’nt)tT:pmax(ﬁﬁ,n(,)} of length T'. Define

trajectory

zy = (Y1, - .‘,ytfﬁa,utfl,...,’ut,ﬁﬁ]T € R,
Z := [z, ZQ,...,ZT}T e RT*7 ©
Y = [yluy27"‘7yT]T ERT7

= [mo,m, .- ,nr—1]" € RT,

where we allow for potentially negative time indices, e.g.
Y1—n, to ease the exposition.

Multiple TraJectorles Consider N i.i.d. trajectories
{(u,ﬁ”,yﬁ“,m JE}N | each with length T'. Define
2 —[ 71,...,y(;> Uy uf) T E R,
[ . (N)] Ran’
(N9 N )
[yThyTa"'ayT ] GR 9
1 2 N
E:= [ng’)lan’g‘)la/n’% )1] ERNa

where only the final portion, i.e., yr—7,.7—1 and ur_z .71,
of each trajectory is used to ease the analysis, similar to the
setup in [27].



For both single- and multiple-trajectory cases, we have
Z0 + E =Y, and the OLS estimator is given by

0:=(2"2)"'Z2"Y. (8)

For an explosive (p* > 1) ARX model, the output y; can
grow exponentially over time. Generating a single trajectory
for learning may not be safe or practically feasible, and even
if an experiment can be run, the collected data can lead to
numerical issues. For such models, using multiple trajectories
with small trajectory length 7" could be a better choice.

C. Model Ambiguity in Over-parameterization

Over-parameterization increases model capacity but also
induces model ambiguity. For all ¢ = 1,...,min(f, —
N, Mg —ng), let

Vi = [01xi—1, =1, 01y 01x(fn—nw—i)
01><i7 ﬁl:ng; le(ﬁﬁfnﬁfi)].r ER“. (9)

Then, for 0 := 0 + >, civ; for any ¢; € R, with some
algebra, one can see the model

N ng
Yo = Z eiytfi‘f'z eﬁa+iut7i+nt71+z cine—1—i (10)
i=1 i=1 i
is equivalent to the true ARX model (2). We use the “true
parameter” set © := {é : 0 =0+ Yo civi,ci € R}
to denote all © such that the over-parameterized model
is equivalent to the true ARX model (2). Note that the
ambiguity carried by v;’s and © essentially translates to
multiplying both ¢(z) and p(z) by a monic polynomial
[[;(zi — &) for some {&;};. Hence, the transfer function,
p(2)/q(z), is unchanged due to the cancellation.

In Section III and IV, we numerically and theoretically
show that even though the true parameter set O has infinitely
many elements, 9 converges to 0, the one with the smallest
order and the original a1.,, and 31.,, in model (2).

IIT. A SIMPLE ILLUSTRATIVE EXAMPLE

In this section, we show how self-regularization emerges
through a numerical experiment, followed by high-level
insight into the cause of such phenomenon.

We consider a simple ARX model

(1)

with n, = 2,ng = 1 and o, = o0, = 1. The OLS over-
parameterization orders are chosen as n, = 4,73 = 2,
which gives © = [-0.3,0.4,0,0,1,0]". By definition, the
true parameter set is given by © = {0 + ¢y vy : ¢1 € R} for
vy :=[-1,-0.3,0.4,0,0,1].

Fig. 1 numerically shows the convergence of the over-
parameterized single-trajectory OLS. We can see that as the
trajectory length 7' increases, the range of © shrinks to 6.
Specifically, the exact-parameterized part, i.e., [&1,(342,,31]
converges to the true model parameter [—0.3, 0.4, 1], while
the over-parameterized part, i.e., [&3, dy, BQ}, converges to 0.

yr = —0.3yp—1 + 0.4ys—o + up—1 + N—1
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Fig. 1. True © vs. OLS estimator 0 computed using single-trajectory.
For 500 i.i.d. experiments per trajectory length 7', the plot shows the range
(maximum and minimum values) of each element in © with varying T,
where &1.4 := 01:4 and 1.2 := 05.6. Observe that as T increases,
the redundant parameters (i.e. &3, &4, and [2) converge to zero, and the
remaining parameters converge to their corresponding true value.

For any 0 € O, the prediction error at time ¢ with respect
to the regressor z; := [Y—1,Yt—2, Yt—3, Ye—a, Ut—1, Ut—2] "
and output y, is given by

E[(ys — 0 2:)%] = E[(e—1 + ene—2)’] = (1 + ¢*)oy, (12)

which achieves the minimum when ¢ = 0, i.e. 0 = 0. This
implies that as long as there is noise, 0, # 0, among the
infinitely many true parameters © the one with the smallest
order, ©, uniquely minimizes the prediction error. Since OLS
minimizes the empirical prediction error that converges to
the expectation in (12), it is reasonable to conjecture that
0 would converge to 0. In what follows, we prove this
conjecture through finite-sample analysis.

IV. SINGLE-TRAJECTORY CASE

We first present a few assumptions and notations to be
used in our theoretical analysis. As a key assumption in the
single-trajectory analysis, we require the ARX models to be
stable as stated next.

Assumption 1: The ARX model has p* < 1.

Under this Assumption, the output y; will be non-explosive.
Recall that p* is also the spectral radius of matrix A defined
in the state space representation (3). For matrix A in (3) and
for any free parameter p such that p > p*, 7(A, p) defined
in (1) will be used to bound the growth of A’s powers, as
in [28]. We drop the arguments of 7(A, p) and use 7 as a
shorthand notation. This gives ||A*| < 7p* for any k € N.

With the Markov parameters g;; and gz in Sectionll-A, we

define the following two Toeplitz matrices: for h > n,, let

gt g3 e an
U .« .. u
=] T g
L g1 g;tfﬁaJrl_
rno.n no (13)
91 g% s -gh
aom=| T | g
L 917 T 92—%4—1_




From the representation (4), one can see G%“(h) and
G"(h) correspondingly map w;—2.4—p—1 and m¢—2.4—p—1, t0
Yt—1:t—n, - INOt€ Ys_1.t—p, is the first part of the regressor
vector z; defined in (6).

Table I summarizes some notation that is used in the
statements of the main results. In this table ¢ € (0, 1). Note
that some of the defined variables such as L and T'; depend
on T, §, the free parameter p, and its corresponding 7.

TABLE I
NOTATIONS — SINGLE TRAJECTORY

log(T) _
L Tog(1/p) 1 T2 — 1
Tun 2B + o2
Go O x1 ‘ G*(max(fia,ng — 1)) ‘ G"(fig)
Iﬁﬂ ‘ Q-
G, Orq x1 l G"(n +n)
Iﬁ[ﬂ ‘ BN
Go _G"(1ta)
Ongxiia
Ag max ( o(Go)? min(oZ,07) ,
o(G1)%0% +2(Ga)22 )
Co 192max(c? ,,02)/A,
T, 4Llog(8L/8) + 2L
640n72 max(o‘ﬁyn,o'“mc'u) log(8T/8) 2
Lan 1-p)%2,
272 max(o? o2
T,, 161og(4L/8)L + 227 i :)f{&,vm

Theorem 1 (OLS Convergence — Single Trajectory):
Suppose Assumption 1 holds, and the OLS orders satisfy
flo > Ma, g > ng. Then, for any p € [p*,1) and its
corresponding 7, as long as 7' > max(T,T) , T, 5), with
probability at least 1 — 4, -

16 o)< Cor on [AOB(T/p>), 36T
1—p o\ Tlog(1/p) 1)

According to Theorem 1, with rate O(+/log(T")/T'), the OLS
estimator 0 converges to 0 = [, 01 (Ra—na)s Blimngs
01x (75 —n ﬁ)]T, the true parameter with orders n,, and ng, and
the original vy, Biin s in model (2). Thus, if the true orders
ng and n, are unknown, using over-parameterization orders
flq and Tig guarantees the parameter with the smallest order
and the most trailing zeros can be recovered, with sufficient
data. Similar observations have been in the literature for ¢o-
regularized and [29] ¢;-regularized [30] least squares where
it is shown that even when an over-parameterized model
is used in estimation, the estimate converges to the true
parameter, i.e., oracle property [26] exists. Since this sparse
parameter is obtained without any explicit regularizer in our
work, we refer to this phenomenon as self-regularization.

When the over-parameterization order 7, spectral radius
p*, and noise to signal ratio o, /o, are larger, the upper
bound on || — 8| become looser, and the conditions on the
trajectory length 7" for the analysis to hold become more
stringent.

Of course, Theorem 1 also shows the convergence for
the identification setup where the true orders n, and

(14)

ng are assumed to be known and used in the identi-
fication. In this case, Theorem 1 yields upper bounds
O(y/(na + ng)log(T)/T). Compared with minimax lower
bound for time series parameter estimation error [20] and
prediction error [31], our developed upper bound almost (up
to log(T") term) meets the lower bound in terms of the order
dependency on the model order and trajectory length.

Note that in Theorem 1, the coefficient C, has de-
nominator )\, := max (¢(Go)?min(o2, 07), a(G1)%o7 +
Q(G2)2O'72]). o helps to lower bound the sample covariance
matrix ZTZ from 0, ie. A(Z"Z) > 0, so that  :=
(ZTZ)'Z™Y exists. The following proposition guarantees
that Ay # O so that both C, and the OLS estimator 0 are
well-defined.

Proposition 1: In the definition of \,, matrices Gg, Ga,
and G satisfy the following:

o Gy € R*max(n.2na+1) hag fy]l row rank.

o Gy € R™" has full row rank as long as ng = 0.

o G; € R™(™+n+1) hag full row rank as long as (i) q(z)
and p(z) have no common roots, and (ii) i, = N, or
ng = ng.

The first two bullets can be proved simply by the structures of
block matrices. The third one also utilizes basic properties of
controllability and observability of the true order state space
model (3). Note that both controllability and observability
can be guaranteed when ¢(z) and p(z) have no common
roots. This proposition shows 0(Gy), o(G1), and o(G1) can
be non-zero, even under special cases such as ng = ng =0
or o, = 0, which, by definition, further guarantees A\, #
0. More discussions on those special cases are in the next
section.

A. Special Cases

Theorem 1 is proved for the general ARX models, but it

also accounts for several special cases such as Autoregressive
(AR) models and noise-free cases. These cases not only serve
as sanity checks for our theoretical results but also enjoy
tighter guarantees.
AR Case: When the ARX model is not driven by exogenous
input, i.e., the order ng = 0, it reduces to an AR model. In
this case, only the outputs are used to compute the OLS
estimator 0. To obtain the theoretical guarantees, one only
needs to set ng = fig = 0, i = Ny, and o, = 0 in Theorem
1. Correspondingly, certain parameters have more concise
and informative expressions. To list a few, in Table I, we
have 0y, = oy, Ay = 0(G2)?07, and C, = 192/0(G2)>.
Note that )\, # 0 according to Proposition 1. We mention
two recent works related to this special case. Finite sample
analysis of OLS estimator for AR models with known order
appeared in [32], where the parameter error in terms of £..-
norm is analyzed as opposed to the ¢3-norm error in our
case. Non-asymptotic results for using lasso estimator to
learn AR models appeared in [33], which requires mixing
time and a slightly different excitation condition, which can
be less interpretable for control audience than system-related
properties in our work.



FIR Case: When there is no autoregressive part in the ARX
model, i.e., a1.n, = 0, y; depends only on past w;—1.¢—ng,
which is an FIR model. In this case, the data matrix Z
is constructed with the inputs only. Thus, the dependency
between the data (rows) in Z are greatly reduced compared
to general ARX models. For example, according to the
definitions in (6), for any ¢ and any ¢’ > ¢ + 7ig, the rows
z; and zy in Z are completely independent. Therefore, the
estimation error ||@ — || can be more easily analyzed, and
one may expect the guarantees to be tighter as well. On the
other hand, one can directly adapt the result in Theorem 1
to this case by setting p* = 0, no = No = 0, 1 = Ng.
Matrices G, G1, and G4 will be left only with the lower
blocks. It is worth noticing that in the upper bound (14), the

order term 4/ % reduces to /27, /T when choosing

p = p* = 0, which is indeed tighter than the general case.
Noise-free Case: The last special case we consider is the
noise-free case, i.e. 0, = 0, and the ARX model is driven
by the input only. In this ideal case, it is tempting to believe
in the following seemingly true statement: as long as certain
amount of data is collected, the estimation error would
become exactly 0. It is easy to see this statement when (i)
polynomials ¢(z) and p(z) have no common roots, and (ii)
N = ng and Ng = ng, i.e. the ground truth orders are used
to parameterize the OLS estimator 6. Note that condition
(1) guarantees that there does not exist an equivalent ARX
model with smaller orders.

However, it is not necessarily true when n, > n, and
flg > ng, i.e., the over-parameterization scenario. This is
because with Gaussian input u; and condition (i), one can
show the covariance matrix ZTZ € R(Pat78)x(7atns) pag
rank n, + ng + max(fa — Mo, g — ng) almost surely. If
both 7, > n, and ng > ng, it gives rank-deficient YAV /
thus the OLS estimator § := (ZTZ)7'Z7Y is ill-defined.
But the psgudo inverse estimator 0y, = Z1Y still exists.
Since any 0 in the true parameter set © fits the data perfectly,
Bp“w ends up becoming the one with the minimum norm
in ©, ie., Gp”w = argming g |©]|. On the bright side, if
either o, = no or Ng = ng, we see Z'7Z has full rank, and
0 not only exists but also has 0=0.

These can be explalned by Theorem 1 as well: o,, = 0
gives )\, = a(G1)%02, C, = 192max(1,|B|?)/a(G1)?,

27
and 18 — 8] < O(grems: y/ Flag(ty)
is automatically 0 when o(G1) # 0, which can be satisfied,
according to Proposition 1, when ¢(z) and p(z) have no
common roots and either i, = n, or g = ng is satisfied.

Recall that under the noise-free case, ¢(z) and p(z) having
common roots implies that there exists an equivalent ARX
model with orders strictly smaller than n, and ng. This
means that even if the true orders 7, = n, and ng = ng
are used in the identification, one may end up with this
reduced order model. This ambiguity led by reduced orders
can be otherwise eliminated, as long as there exists noise:
by Theorem 2, when o, # 0, |6 — ©|| always has a valid
error upper bound with decay rate O(log(7)/+/T). In other
words, 8 converges to © that embeds the true orders n, and

). This upper bound

ng, even if ¢(z) and p(z) have common roots. In this sense,
the existence of noise helps the identification.

B. Proof Sketch of Theorem 1

We highlight here the key proof steps and leave the
derivation details in the appendix. The main challenge in
the analysis is the strong dependency among the rows in the
data matrix Z. To reduce the dependency in the analysis, we
use the idea of sub-sampling and decoupling [34]-[36]: if we
sub-sample the trajectory with large enough sampling period,
the sub-sampled data has much weaker dependency; then,
by ignoring the dependent factors among the sub-sampled
data, we construct decoupled “data” that are completely
independent. We refer to this as decoupling. The decoupled
data is for analysis purpose only and the overall data in the
OLS problem can be written as a sum of these decoupled
terms plus some residuals. The upper bound on |6 — 8/ will
mainly come from analyzing these decoupled data, while the
impact of the ignored dependent factors can be guaranteed
to be small with large sampling period.

For L defined in Table I, it is easy to see p? < 1/V/T. We
will use L as the sampling period, and to ease the analysis,
we assume the trajectory length 7" is a multiple of L, i.e.,
K := T/L € N. Similar results can be established for
general T
Sub-trajectory: For all [ € [L], k € [K], define notation
(k) := 1+ (k= 1)L. Similar to (6) that defines z;, Z, and
E, we define

2k = [k 15 > YUk =i ULk 15 - - - > U(L) 5]
Zay = [201).202) - 20,10
Eq) = [00,1)-1,10,2) 1> - - - s N1, K) 1) -

These can be viewed as the variables associated with the Ith
sub-trajectory. Hence, we have a total of L sub-trajectories
each with length K, and (l,k) indexes the kth data in the /th
sub-trajectory. These notations also give the relations ZTZ =
L L
Zl:l Z-(rl)Z(l) and Z'E = Zl:l Z-(rl)E(l).
Decoupling: First note that in z(; y, each output element
Y(1,k)—i can be decomposed as foﬁows using the representa-
tion in (4): for all j € 7],
L—j
Y, k) —j = 9L—jX@k)—L + Z (gzyu(l,k)—jfi + g?n(l,k)—j—i)-
i=1
We define the decoupled output and sub-trajectories, which
do not include the initial state terms X(; x)—p.:

L—j
k-5 = 2 (91 0r)—ji + 9wy —j—i)
i=1
— e — T
Z(1k) ‘= [y(l,k)—lv'”»y(l ) o W(l,k)— 1,~~7u(z,k)—n,3]

Zay = [20.1)20.2) ]
In matrix Z(l), by definition, row Z(z 5 depends only on
W k)~ 1: (k) —1 and (k) —2.(1,k)—r While Z[j ;) depends
only on w g41)—1:(1,k+1)—1 and 9 gy1)—2:(1,k41)—L- Since
Z(1,k) and Z( 141y do not depend on any common u and 7
terms, and the mapping relations from their respective u and



7 terms to Z(; 1) and Z(; 41 are the same, we see z(;,1,) and
Z(1,k+1) are i.i.d.. This shows that the originally dependent
rows in matrix Z are completely decoupled in the newly
constructed matrix Z(l), whose rows are 1.i.d.. We refer
to Z) as the decoupled sub-trajectory. Similarly, we see
each row Z(Tl’ %) in Z(;) is independent of the corresponding
element 7 1)— in matrix E(;.

Bounding ||6 — 0|: It is easy to verify that the estimation
error is given by 0 — 0 = (ZTZ)"'ZE, which further gives
16— 8| < J\I(ZZT z”) We can bound these factors in terms of
sub-trajectories and their decoupled counterparts:

|ZTE| < Z 1Z{yEqw |
!

<> (12 Eall + 1Zw - Za) Eqll) 05
l
Nz'Z) > Z NZ{nZ )
> Z ( (Z{yZw)) — 1Z{yZ ) — Z(z)z(l)H) (16)

Hence to bound ||6 — ]|, it suffices to lower bound
)\( 20 Zy) and upper  bound ||Z Ly — Z Z(l Il
1Z{, (Zay —Zaw)"Eq.-

§1nc§ all K rows in matrix Z(l) are i.i.d., bounding
AMZ{})Z)) and [|Z[E]| is no different from assuming
the rows in Z(;) are generated by K i.i.d. trajectories with
zero initial conditions. Therefore, following the ideas in [37,
Sec 2.2], we can show

n) = O(K),

)‘(Z(l) ‘|ZEZ)E(Z)|| < O(VnK).

Now we consider the residual terms ||Z(TZ)Z(Z) (l) ol
and [|(Z() — Z))"E || that capture the dependencies that
are removed in the decoupling. Expressing matrix multiplica-
tions as the summation of outer products and using triangle

inequality give

a7)

1Z{yZay — Z{yZoy | <
K

> 20z lzar — 2ol + 120r — 2ol
k=1

K
(Zay = Za) "Bl < lzar) — 2 lngm-1l-
k=1

Thus, it suffices to bound (i) the error in ignoring state in the
decoupling ||z(; 1) — Z(,k) ||, (ii) the decoupled data ||z x|,
and (iii) the noise term [nq 1)—1|.

Since the ARX process is stable, i.e. p* < 1, the decoupled
data z(; ) is essentially Gaussian with bounded covariance.
Hence, (i) ||Z(;,x|| and (i) |9 x)—1| can be bounded with
high probability, i.e. |Z( i)l [7¢,k)—1] < O(1).

Finally, we can again exploit stability to bound (iii)
1Z(1.x) — Z(@,k)|- By definition,

Z(k) — Z(k) = €772 L (gifﬁa)T}T X(1,k)—L

= [(CAF T .. (CAF )T x( 31

Since [|A¥|| < O(p*) and |x(1)—z| < O(1) by stability,
we can show [|z(; ) — Z i) || < O(p?). Note that the choice
of sub-sampling period L guarantees p% < 1/V/T, thus
I2a,8) — Zam || < O/VT).

Combining the bounds for (i-iii), we obtain

IZ%Za) = Z{y Zw)| < O(K/VT) (18)
1(Zqy — Z(z))TE(l)H < O(K/VT). (19)

Finally, plugging (17), (18) (19) into (15) (16) gives
IZ"E|| < O(VaK) MZ'Z)> O(K).  (20)

Therefore, |6 — 0| < AM(Z"Z)'|Z"E| < O(\/a/K) =
O(/aL]T) = O(y/nlog(T)/T). n

V. MULTIPLE-TRAJECTORY CASE

_ In this section, we present results for the OLS estimator
© computed from N i.i.d. trajectories. Consider the random
vector z of regressors in (7), defined by

Z:=[yr—1, ., Yr—no UT—1,-- -, Ur—n,) €R". (21)

Note that z is a zero-mean Gaussian random vector, and
the vectors z(*) in (7) for all i € [N] are realizations of z.
Denote the covariance of z by 3,. The OLS estimator 6 =
(Z'Z)"'ZTY is well-defined when Z'Z = 3", 2z is
invertible, which is true only if 3, is positive definite. This
is guaranteed by the following proposition.

Proposition 2: The covariance matrix 3, is positive def-
inite if the trajectory length 7' > max (74, 7ig) + 1 and the
standard deviations satisfy o, > 0 and o, > 0.

Proof: Since it is assumed in Section II that the system
starts from rest, we have y; = El 19— + ZZ 19—
according to (4). Using this relation, the vector z in (21)
can be expressed as the product of a matrix G € R™*(2T—1)
constructed with the Markov parameters ¢i*’s and g;'’s, and

the vector [ug, ..., ur_1,70,- .- ,n7—2] . One can verify that
G is given by
_ w —_ n —
G [ Onx1 [GUT—1) | GN(T-1) } 22)
IﬁB O’r_lgx(QTflf’ﬁﬁ)

where G*(T — 1) and G"(T — 1) are as in (13). Thus, the
covariance matrix 3, is equal to

O’iIT 0

0 O’,rZIIT,1 (23)

3, =E[zz"] =G [ } GT.
From the special structure of G, one can see it has full row
rank when T' > max(fia, g) + 1. It follows that matrix %,
is positive definite since o, o, > 0. [ ]
With X, > 0, using concentration results of Gaussian
matrices, e.g. [19, Theorem 6.1], we can show ZTZ is
invertible with high probability, which indicates 0 is well-
defined. The analysis for special cases 0, = 0 or o, = 0 is
similar to the single-trajectory case, thus left to the readers
to fill in. We then have the following result regarding the
convergence of multiple-trajectory OLS. Its proof can be
found in the appendix.



Theorem 2 (OLS Convergence — Multiple Trajectories):
Suppose T' > max(nq,ng) + 1, o, > 0, and o, > 0. If the
sample size N satisfies that

2
N > max (7,4(Ver(S,)/a(,) + /210g(1/3)) ), @4
with probability at least 1 — 4,

160, 1/(1 + 7)|| 2] log(18/0)
a(Z)VN '

By Theorem 2, the OLS estimator 0 converges to
@ with rate O(1/v/N), which improves upon the rate
O(y/log(T)/T) in the single-trajectory case since i.i.d.
trajectories are used. Furthermore, the analysis here no longer
requires the system to be stable, i.e., the result holds for
arbitrary p*.

The presence of terms involving the covariance matrix X,
ie., ||2.|, tr(X;), and o(X,), in Theorem 2 can make the
bound hard to evaluate. However, more explicit bounds can
be obtained by relaxing those terms with more informative
quantities. From (23), we can obtain

16 — 0] < (25)

122l <|IGI* max(a7, o7),
tr(3,) <oy (ng + |G(T = 1|I) + o3 |G"(T — 1)]If,
o(%,) >0*(G) min(c?, ai). (26)
By replacing || X, tr(X;), and g(X,) in (24) and (25)
with their corresponding bounds in (26), we obtain sample

complexity results that explicitly depend on o, o, and the
matrices G.

VI. EXPERIMENTS

In this section, we present the experimental results on the
OLS estimator and compare those results with our theoretical
findings.

We evaluate the estimation error ||@ — 8| by averaging
over 50 Monte Carlo runs. In each run, an ARX model is
generated randomly' with order n = n, = ng and spectral
radius p*. We set n = 10, p* = 0.85, and 03 = 0% =1
unless otherwise specified. In the multiple-trajectory case,
we fix the trajectory length 7" = 50. Fig. 2 (resp. Fig. 3)
shows the averaged estimation error against the trajectory
length T' in the single-trajectory case (resp. the number of
trajectories IV in the multiple-trajectory case).

Let us first analyze Fig. 2. In Fig. 2a, we vary the

over-parameterization order n, = 7. We see O under
over-parameterization converges to the true ©, and the per-
formance degrades when 7, = #g increases, i.e., more

redundancy in the parameters. These manifest the self-
regularization property and agree with Theorem 1. Since the
y-axis has logarithmic scale, the almost-constant distances
between the three lines imply that the performance degrada-
tion caused by large over-parameterization can be overcome

'The parameters 1.y, 5 are generated by i.i.d. standard Gaussian samples.
To generate a1.n,, we first sample no roots of q(z) following i.i.d.
standard Gaussian, followed by uniform scaling so that the largest root
has magnitude p*; then the coefficients of g(z) are extracted and taken as
Al:ing -

— n,=n, =10

— n,=n, =15

llo ol

102 10% 10* 107 109 107 10 104 10° 106
T (Trajectory Length) T (Trajectory Length)

(@ (b)

100 — p=02

10? 10% 10! 10° 109 107 10 104 10° 109
T (Trajectory Length) T (Trajectory Length)

© (d)

Fig. 2. Single-trajectory OLS estimation error vs trajectory length vs (a)
over-parameterization order 7o, g; (b) true order n; (c) p*; (d) noise level
oy. In (b-d), true orders are used, i.e., g = Na, fig = ng.

o — 4|

0*1w0f 10t 100 10t 0 100 10t 100 10
N (Number Trajectories) N (Number Trajectories)
(a) (b)
— 0,=01
0,=0.5

— 0,209

llo ol

10? 10° 10* 10° 106 102 103 10 10° 106
N (Number Trajectories) N (Number Trajectories)

(©) d

Fig. 3. Multiple-trajectory OLS estimation error vs number of trajectories
vs (a) over-parameterization order 7,7 g; (b) true order n; (c) p*; (d)
noise level oy,. In (b-d), true orders are used, i.e., i = N, g = ng.

quickly with sufficient amount of data. We also see in Fig.
2b-2d that estimation is harder with larger ground truth order
n, p*, and noise level o, which all agree with Theorem 1.

In Fig. 3, we repeat similar experiments for learning from
multiple trajectories, showing estimation error trends follow
the upper bound in Theorem 2. In Theorem 2 we do not
require the underlying model to be stable, which is reflected
in Fig. 3c where learning is still possible with p* = 1.5.

VII. CONCLUSIONS AND FUTURE WORKS

In this work, we provide a non-asymptotic analysis for
using OLS to learn ARX models. A side product of our



analysis is that even if the OLS is applied to learn an
over-parameterized model with orders larger than the true
ones, it still converges to the true parameters, which also
reveals the true orders. Since our method does not require
any regularization, there are no hyper-parameters to be tuned
either.

There are a few interesting future directions: (i) One can
generalize this analysis framework to vector ARX mod-
els. Indeed, linear time-invariant systems in full-observation
setting would be a special case of vector ARX model
with order one. (i) It is worth investigating if the self-
regularization property holds for estimators other than the
OLS. (iii) It would be interesting to extend this analysis to the
more general Auto-Regressive Moving Average eXogenous
(ARMAX) models, with the main challenge being that the
OLS is known to be inconsistent for this class of models.
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APPENDIX I
SUPPORTING RESULTS

In this appendix, we provide several results to be used later.
Lemma 1 ( [38, Proposition 1.1] — Gaussian vector norm bound): Suppose z ~ N(0,X) where ¥ € R%?, then with
probability at least 1 — 6,

1 1
ol < 2=y oe (5) +1) @)
lz| < 2/tr(2 ( log (= )+1) (28)

Proof: By [38, Proposition 1.1], we have with probability at least 1 — 6, ||z]|? < tr(2) + 2/tr(X2)log(1/6) +
2]/ log(1/6). Using tr(%) < d| ]| and tr(E?) < 5|2, we have [12]> < |55 +2]I|/dlog(1/5)+ 2|5 log(1/6) <
IZ(d + 2v/d 4 4v/dlog(1/5)). Taking square roots of both sides shows (27). On the other hand, using || 2| < tr(X), we
can show (28). |

Lemma 2 ( [19, Theorem 6.1] — Gaussian matrix lower bound): Consider matrix Z € RY*¢ with z] being the ith row.

Suppose z; "% N(0, %) for all . Then,
N-o(X

e« when N > 16 log( )+ 8d;g%, with probability at least 1 — 0, Q(Z) > 7V2*);
o when N > 4log($) + 2v/d, with probability at least 1 — 4, 5(Z) < Na(z)

Proof: From [19, Theorem 6.1 (6.9)], we know W1th probability at least 1-6,0(Z) > /Na(Z)—+/20(Z)log(1/5) —
\/do(E). When N > 4(1/21log(1/8)++/do (= , we see the first bullet holds. Usmg From [19 Theorem 6.1 (6.10)],
we can s1m11arly show the second bullet. [ ]

Lemma 3 ( [37, Lemma 1] — Gaussian matrix product concentration): Let z; € R% and y; € R% be independent
random vectors with z; ~ N (0,X.) and y; ~ N(0,X,) for all 4 € [N]. Then, when N > 2log(1/4), with probability at
least 1 — 4,

IIZzzyz | <4\F\/H2 1%y [[(d= + dy) 1og(9/9). (29)

Lemma 4 (Bound for Toeplitz Representanon ): Consider arbitrary state space dynamics G: x;1+1 = Ax;+Bu, y; = Cx
where x; € R",u; € R™. Suppose p(A) < 1. For any p € [p(A),1), let 7 := 7(A, p). Denote the Markov parameters by

gr := CA*™1B for k = 1,2, .... Denote the Toeplitz representation of the system by the infinite block Toeplitz matrix G
g1 82
such that Gi= | 81 | Then, |G| = |G, < TLUBL.

Proof: Note that ||G||lx_ = sup,__jw C(zI — A)"'BJ|. Since p < 1, for complex z on the unit disk,
oo z=el% ,wel0,27] P p

we have (zI — A)™' = 2713722 (271 A)*. This further gives [|(zI — A)7!| < 3772 A < . It then follows that
|Gl < TIEUBL Finally, from [39], we know |G| = [|Glz.... n
Lemma 5 (State bound for LTI state space model): Given dynamics X1 = Ax; + Bu; + 1, with x; € R" and x¢ =

0. Suppose for t < Tp, ug i N(0,X%,) and 1, i N(0,%,); for T > Ty, uy = 0 and n, = 0. Let 0y, =

\/||E [1BI|? + ||%,]|. Suppose p(A) < 1. For any p € [p(A), 1), let 7 := 7(A, p). For any t > Ty +n and ¢ € N, define

X; = [X{y4»Xiyq_1,---»%;]". Then, with probability at least 1 — 4,
2,/nrpt=To 1
%]l < ‘/ﬁ?’_p;'" log (5) + 1)- (30)
5 At—Tota ... At—1+g Bur -
Proof: Define A := : : } and z := [ UTo—1 -_+ 11 ] Then it is easy to see x; = Az and z ~
At—To s At 1 Buo + Mo

N (0, Cov(z)) with Cov(z) = IT0®(B2 BT+E »)- This further gives fct ~ N(0,Cov(xk;)) where Cov(X;) = ACov(z)AT.

Note that tr(ATA) = [[A[Z =37, ZJ T, ||A’+JH2 <n)i, Zj _i_1, |AT]?. By definition, we know for k > n,
XTA i To—1 nr? 2“ To)
|A¥|| < 7p*. Hence, tr(ATA) g nr?p?t=To) 570 p?i 30 pH < (lpip)o Then, /tr(Cov(x;)) < +/||Cov(z)]| -
N . . ~ 2ynrpt~Tog,

tr(ATA) < 7/)’". Using Lemma 1, with probability at least 1 — ¢, [|%;|| < T"( log (§) + 1) [ |

APPENDIX IT
SINGLE TRAJECTORY CASE

For L := (kl)‘;g(g;ﬂ + 2n — 1 defined in Table I, it is easy to check p% <1/ VT. To ease the analysis, we assume the

trajectory length 7" is a multiple of L, i.e., K := T/L € N. Similar results can be established for general 7.




Sub-trajectory: Now we consider L sub-trajectories obtained by sub-sampling the original trajectory with sampling period
L. As a result, the length of each sub-trajectory is K. Specifically, for all [ = 1,...,L, k = 1,..., K, define notation
(Lk) =1+ (k—1)L and

20k = [k =15 - > YUk =i ULk =15 - > UL k) —75) | € R”

Zgy = [20,1),2012) - - 20,K)] € RF" 31)
Yo = [y, ¥a.2), - - -7y(l,K)]T e R¥

Eq = [00,0-1,M0,2) =15 - - - 0, K)-1) € RX.

These can be viewed as the variables associated with the Ith sub-trajectory, and (I,k) indexes the kth data in the [th sub-
trajectory. It is easy to see for all [, Z(;y0 + E(;y = Y ;). Comparing to the corresponding definitions in (6) for the whole
trajectory, we see Z'Z = Zlel ZZZ)ZU) and Z'E = Zle Z(TI)E(l). For each sub-trajectory, we introduce the following
“decoupled” output and sub-trajectories.

Decoupling: In z(; 1), each output element y(; xy—; can be decomposed as follows using (4).

Y k) —1 = gfflx(l,k)fL Jrgitu(l,k)—Q 4o +9Z_1U(z,k)_L
T 9Ny —2 + 90 1Mk -1
Yk —2 = 9L —2X(1k)— L + gl Uy =3 T + 972U k)L
+ 9N -s+ + 912"k -1 (32)
Y k)~ = JL—rn X(Lk) L + 91U k) -1+ T n, Uk —L

+ 9Nk —Ra—1 T TG n M) -L

Since L > max(ng, g + 1), we see using (32) that z( )y = [Y k=1, Yl k) —fie» U(l,k)—15 - - - » U(L,k)—7g) | depends
only on X( xy—r1, U(1,k)—1,- - > U(i,k)—L> and 1 k)—2,---,N,k)—r- This further implies that, for any two data z(; ) and
Z(1,k,) Within the same sub-trajectory, they depend on each other only through the initial states x(; x,)—z and x ,)—r. To
decouple their dependency, we define the following decoupled output and sub-trajectory by ignoring the initial states: for
all i =1,...,n,, define

Yk —i = LUk —i—1 + 9L U k)—L T 9N k) —i—1 T 9Lk L (33)
and - - ~ T _
Z(k) = (U k) =15 - s YR =R s Wl k)—15 - - s UL k)—ng) € R"
. o _ ot Kxin (34
Z(l) = [Z(l,l)vz(l,2)7"'az(l,K)} cR

From earlier discussions, we see this decoupling induces independency within each sub-trajectory, which is summarized in
the following proposition.

Proposition 3 (Independency within Decoupled Sub-trajectory): Consider the rows Z(Tl NERRRE (l K) in Z(l) and the
elements ¢ 1)—1, ..., Nu,Kx)—1 in matrix E). Then, (i) z(,1), - - ., Z(, k) are i.i.d. random vectors; (ii) Z(; ) is independent
of 1 k)—1 for all k.

7 G -1 .. _ .
Proof: Let G := Onox1 | GML-D | G ) . Then, by the definition of z(, ;) in (34), we see for any k
Ing O (3X(2L 1-ng)
and k + 1, we have
2(l,k) =G - [u(l,k)—lv UL k)—25 -+ Wl k) =Ly T(1,k)—25 - -+ » W(l,k)—L]T
21kt 1) =G - Ukt 1)1 Ukt 1) k=25 - - - > ULkt 1)— L DLkt 1) =25 - - - Dk 1)—1] | (35)
=G - (U )14 Ly Ul k) =24 L - - - > ULke)s TN =24 L - - TR ) -

From the RHS, we see Z(; ) and Z(; x41) do not share any u or 7, thus they are i.i.d., which proves the first claim. The
second claim follows similarly by noticing that Z; 3y does not depend on 7 x)_1- [ ]

It is easy to verify that the estimation error is given by 6 — 0 = (ZTZ)™'ZTE, which further gives |6 — 0] < J\l(ZZFZ")

Using the decoupled sub-trajectories we just defined, we further have

IZTE|| < Z 1Z{yEwll < Z (”Z(Z)E(l)H +1(Zq) - Z(l))TE(l)”> (36)

> Z/\ Z(l)z(l) > Z ( Z(l)z(l) ”Zgl)z(l) — ZZI)Z(I)||) 37



To bound |6 — 0|, it suffices to lower bound )\(Z(l)Z(l)) and upper bound HZ(l Zay— Z]\Z), HZ(l Eq |,
1(Zqy — (l)) E(; || individually and then combine them together. Because of the independency 1ntroduced by the decoupled
sub-trajectories, bounding /\(Z( )Z(l ) and HZ(l E(; | is no different from the OLS analysis for i.i.d. data. The residual

terms HZ(TZ)Z(I) — Z(l)Z l)|| ||(Z(l) —Z))"E(;)| that capture the dependency are mainly determined by the initial states,
€8 97 _1X(k)-L = = CAl~ X(1,k)—1» Which can be small by making L large enough. The rest of the proof proceeds as
follows

« Upper and lower bounding Cov(Zz(; 1)) (Appendix II-A): its lower bound allows one to show A(Zgl)z(l)) > 0, while
its upper bound bounds helps to bound ||z 1)|| from above.
« Upper boundlng Zall and ||Zgr) — z@e)ll (Appendix II-B): these results will be helpful to bound
1ZiyZa) = ZiZ |, ||Z(1)E(l)\| and |(Zq) — Z(z )TE@ |-
« Upper Bounding |6 — 6| (Appendix II-C): we show
- )\(Z(TZ)Z(Z)) > O(T/L) (Lemma 8)
- 2}y Zw) — Z]yZwyl| < O(VT/L) (Lemma 9)
- ||Z(Tl)E(l)H < O(y/T/L) (Lemma 10)
- (Z@y — Zw)"Eqll < O(/T/L) (Lemma 11)
Combining these gives ||@ — 8| < O(1/v/T) and proves Theorem 1.

A. Bounding Cov(Z( )

Lemma 6 (Upper and lower bounding Cov(z( ))): Let 0y, = (/02|B|? + 02, )y := max (¢(Go)?min(o3, 07),

a(G1)?02 + a(G2)?02) as defined in Table I. For z(, ;) defined in (34), its covariance is upper and lower bounded
as follows:

o Under Assumption 1, we have the follow upper bound:

472
_ < 2 2y 38
Cov(z( 1)) _7(1 — max(au’n,au) (38)
« We always have the following lower bound:
COV(Z([JC)) = AOI (39)
Proof:  Recall in (35), we have Zgr) = G - [U@r)—1, U@ k)—25- > U@E)—L> NLE)—25 - D(1,k)—L) " With
u _ n _ - _ u _ ~
G : [ re ‘ T ‘ A } Partitioning G with G" := On x1 ‘ GYL—1) and G" =
. In, ‘ Onsx(2L—1-ng) In, ‘ 0
[G(I{)_l) allows us to decompose Cov(z(; j)) as follows.
O-ZIL :|
Cov(z =G| G’
) [ onli (40)
=G*(G")T - o2 + GY(GMT
Taking norm and using triangle inequality gives
ICov(zum)ll < GY|Poy + G0y < 2(1 + [|G*(L — 1)|*)oy + |G"(L — 1)|*0. 41
It can be observed that G*(L — 1) and G"(L — 1) are submatrices of the inﬁnite Toeplitz matrices in Lemma 4, hence
under Assumption 1, Lemma 4 gives ||G*(L — 1)|| < Tl‘lpr” and [|G"(L — 1)|| < {=. Plugging these results into (41), we
have
- 2 272 2 2 2 Ar? 2 2
HCOV(Z(l,k))H < 20u + (Uu”BH + 07]) < max(gu,n7gu>7 (42)

1-p)p? S
which shows the upper bound in (38). Note that G is constructed by a subset of columns of G, thus the first line of (40)
gives

COV(Z(L;@)) >~ GGT Hlln(

= GG min(c?,02) = 0(Go)? min(o?, 02)1, 43)

Ou» 77) Ou» 'r] ur¥n

Similarly, since G is the first 7 +n + 1 columns of G”, the second line of (40) gives another lower bound:
Cov(Z( 1)) = G*(G")Top + GG - 02 = G1G] o + G2Glop = (0(G1)%02 + 0(G2)?0 )L (44)

Finally, combining the two lower bounds in (43) and (44) shows (39) and concludes the proof. |



B. Bounding ||z )| and ||z xy — 20|l

Lemma 7: Suppose Assumption 1 holds, and the trajectory length 7> 3 . Let 0, ,, := /02| B||? + o2. Then,
« with probability at least 1 — 6, forall [=1,...,L,all k=1,..., K,

Sﬁr T
2@l <7 (Oum, o)\ [Tog (5)- (45)
o with probability at least 1 — 6, forall [=1,...,L,all k=1,... K,
1 4y/nto T
Zag — 2wl <\ = - 2w fog (= 46
2@k —2amll <\ 77 - Og(é) (46)

Proof: Note that z(; ) ~ N(0,Cov(z(1))). The covariance upper bound in Lemma 6 gives ||COV(i(l’k))”% <
1277/) max (o, ,,0y,). Then, using the Gaussian vector concentration result in Lemma 1 followed by the union bound over all
I and k, we have, with probability at least 1 — §, for all [ and k,

T
Z(1,1) || <24/Tia + 7ig||Cov(z( 1) ||2< log (X) n 1)

VR 47)
8vnT T
Sl_p (Uu,naau) log (E)v
where the last line used 1 < 4/log (%) that can be obtained from the premise condition 7" > 3. Now (45) is shown.
By the definitions of z(; ) in (31) and Z(; ) in (34), we have
97— 1X(Uk)—L CAit Aitx(z,k)—L
_ 91 —2X(1,k)—L CA™™ AYT X)L
120y — 2@l <II : <l : X)Ll < |l : [ 48)
o X)L CALme AP X (g1
Then, with Assumption 1 and the fact that L — n, > n, we know by Lemma 5 that [z — 2zl <
W( log( ) + 1). The definition of L gives pl—"e < p% < 1/v/T. Hence, 1Zar) — z2a.m)ll <
\/; %( log (%) + 1). Finally applying the union bound to all / and k and noticing that 1 < y/log (%) due
to T > 3, we can show ||z ) — z2(,p) || < \/;%;“’” log (£). [

C. Bounding |0 — 0|
Lemma 8 (Lower bounding A(Zgl)z(l))): Let 0y, = /02|IB|? + 02, Ay := max (¢(Go)? min(o2, o 2),a(G1)?on +

Q(G2)202) as provided in Table I. Under Assumption 1, matrix Zgl)z(l) can be lower bounded as follows: as long as

n
T > 16log(L/6)L + 7u)l

32772 max (o2 o

, with probability at least 1 —J, forall [ =1,...,L

(1-p)%),
MZ{yZay) > )\0 (49)
Proof: The ith row z(l y in Z ;) has distribution z( ) ~ N(O Cov(z(,1))). By Lemma 6, we know
~ 5 472 2 2
o(Cov(Z(,r))) < Wmax(%,m%) (50)
a(Cov(z( 1)) > Ao (51)

By Proposition 3, we know the rows z; ;) in Z(l) are i.i.d, which allows us to use the Gaussian matrix lower bound in
Lemma 2 to bound A(Z(TZ)Z(U). Doing so and further taking union bound over all [, we know when

T L 5'(C0 (Z(l k)))
K== > 16log(2) + 8 otbk))) (52)
T = 10loel ) 8 )
then, with probability 1 — ¢, for all [,
MNZT Zi) = 0(Zn )2 > B o(Cov(zg ) = o(Z)? > = (Cov(z 53
NZyZyy) =o(Zyy)” > ZQ( ov(z ) = a(Zy)” > EQ( ov(Z(1)))- (53)

Finally, plugging in (50), (51) into (52) and (53) shows (49) and concludes the proof. |



Lemma 9 (Upper bounding | Z}yZqy — ZiyZ)||): Let oy, = (/o2||B|>+ 02 as provided in Table I. Suppose

n
Assumption 1 holds, and the trajectory length 7" > 3. Then, with probability at least 1 — §, forall [ =1,..., L,
80nVT , T 2 2T
128 20) = 20 2ol < =7 —(7=;) max(07 p 0unow) log(5)- (54)

1-—
Proof Note that by the definitions of Z; in (31) and Z(l) in (34), we have Z[,\Z ;) — Zgl)Z(l) = Zszl Z(1,k) 2, ) —
T

Z(, k)Z Lk) Zk 12, k)( (k) — Z(l,k)).r + (z(l,k) — Z(l,k))z(l k) (Z(l,k) — z(l,k))(z(l,k) — Z(l’k))T. Taking norm of both
sides and using triangle inequality, we then have

K

1Z{nZay — 21y Zoy | < Z 20121 1120,8) — 2w | + 1200 — Za,m )1 (55)
k=1

By Lemma 7, with probability at least 1 — 4, for all [ and &,

8\/57' 2T

12l < (Tum,0u)|/10g ( )

: 4\f (56)
NT Oy,
and  [|Zar —zamll <4/ 7 "1/1 og (
Plugging (56) into (55) and with moderate relaxation of the terms, we have with probability at least 1 — 4, for all [

80n, T 2T
1Z{yZay = Z{yZgy || < K\f(l —)?max(o7; 07 ) log (= 5 )- (57)
Finally, one can see (54) by noticing that K =T/L. [ ]

Lemma 10 (Upper bounding H nEqw [): Let 0wy == y/oa||B|> + o2 as provided in Table I. Suppose Assumption 1
holds, and the trajectory length T Z 2L1og(L/§). Then, with probability at least 1 — 0, forall I =1,...,L,

- /T /nt 9L
HZE?E(Z)H <16 T1= 5 max (0y,n, 0u)oyi/log ( 5 ) (58)
Proof: From the definitions of Z; in (34) and E(; in (31), we have Z(l)E(l) = Zk:l Z(1,k)M(1,k)—1- By Proposition
3, we know Z(1. 1), .. i(l k) and 1 1)1, .-, N Kx)—1 are mutually independent. Lemma 6 provides the upper bound that

probablhty 1 — (5

(o, " 0.,). By the results on Gaussian matrix product in Lemma 3, we obtain that for all [, with

= — 9
|1Z7yEqll <8VEK || Cov(z(i))|*Poyv/ny [log (5)

59
<16 —Lmax(o Ou)ony/ log (g) e
- Ll1-p wm u)on ]
Finally, taking the union bound over all [, we can show (58). |
Lemma 11 (Upper bounding ||(Zuy — Z))"E)l): Let 0wy = /02||B||>+ 02 as provided in Table I. Suppose

Assumption 1 holds, and the trajectory length 7' > 4Llog(2L/d) + 2L. Then, with probability at least 1 — ¢, for all
l=1,...,L,
8\/> T \/n Tau,nan 2T

1(Zay — Z@)"Eg || < —— \/log (= 5 ). (60)

Proof: By Lemma 7, we know with probablhty at least 1 —0/2, for all I and k, |Zgr) —2zarl <

ﬁﬂ\_ﬁ; ouny/log (3F ), which further gives ||Z) — Z)|| < 1/%41‘(; log (2F L). By the Gaussian matrix norm
bound in Lemma 2, we know when T'//L = K > 4log(2L/6)+2, with probablhty atleast 1—0/2, for all [, [|E( || < 2v Koa,,.
- 4 "
M (Zay = Za) "Bl < ko 120k — Zamlner -] <
K-5 8 VnrTou, VNTOu,nOn

N log( I, Flnally, plugging in K = T/L concludes the proof. ]

Proof for Theorem 1:
The estimation error 6 — 0 = (ZTZ)'Z"E gives ||0 — 8] < J\‘(ZZTTEZ”) We will bound the numerator and denominator
separately before combining them.

The denominator, according to (37), has relaxation A\(ZTZ) > >, A(Z l)_ )) — ||Z Z(z Zq|l. Recall T , =

32a72 max(o?  ,02)L

16log(4L/6)L + (1—0)235 »— as provided in Table 1. To lower bound \(ZTZ), we ﬁrst apply the union bound to




Lemma 8 and Lemma 9: as long as T' > T 225 with probability at least 1 — 6/2, for all [,

= T
AZ{yZw) 27720 (61)
S 80nVT , T 2 8T
and ||Z(Tl)Z(l) _Zgz)Z(Z)H < 7 (1 —p) max(ai)n,aumau)log( 5 ). (62)

_ 9 2 2
It is easy to see that when 7" > T, ; := (640m max(%’_”;;;’;a”)10g(8T/5)) , we have RHS of (62) < % RHS of (61).
A Ao

Combining these results so far, we have: when 7' > max (I A1 T 572), with probability at least 1 — §/2,

L
_ T
Z Z{yZw) — |2y Zay — Z{yZell > 320 (63)

Next, we seek to bound the denominator |ZTE||, which, by (37), has relaxation |ZTE| < Y, HZ yEoll +
[(Z@)y — Z@))"E@||. Recall T := 4L1og(8L/§) + 2L as provided in Table I. By Lemma 10, Lemma 11, and the union
bound, we have, as long as T' > T, with probability at least 1 — ¢/2, for all [,

T \/ﬁT 36L
1ZHEq | <164/ — ou)oy log (—=) (64)
= 16\/> NTOyuno 8T
and [[(Zg) — Zw))"E| < \F ; L log (— 5 )- (65)
Combining these two results with moderate relaxation, we have when T' > T';, with probability at least 1 — §/2,
|ZTE| < Z 1ZGHEw |+ 1(Zay — Zay) "Eq |
(66)

36T
<24vT L max(au 7, Ou)0p log (T)
Finally, combining the upper bound of | ZTE|| in (66) and the lower bound of A\(ZTZ) in (63), we have: when T >
max (II’IA,DIAQ)’ with probability at least 1 — 9,
IZTE|
\Z72)
VT max(0u,y, ou)oy [log(T/p?") )
2ol —p) Tlog(1/7)
")

36T
(67)
Viirmax(o2 . 02)o, [log(T/p? 36T
<192 uT] u 1
= XL~ p)on Tioe(1/p) 8 (5

\fT In log(T/p*") lo (ﬂ)
1—pau T'log(1/p) 67

16 -0l <

<192 log (

where the second line follows from L := | log(T) 1+2n—-1< log(T)_ 4 95 — s(T/p*™) . anq the last line uses the

log(1/p) log(1/p) log(1/p) >
definition C, := 192 max(7 in Table 1. This shows the error upper bound in (14) and concludes the proof. [ ]

2
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APPENDIX III
FULL ROow RANK OF TOEPLITZ MATRICES

In this appendix, we provide the proof for Proposition 1. We first list the following supporting result.

Lemma 12 (Basics of Markov Parameters): Consider o := [y, ap—1,...,04]T € R™ and B := (B, Bn_1,---,51]"
R™ with o, , B, # 0 and oy, 41y = 0, Bnyt1)m = 0. Define A := [ Olf n-1 Z” } B = [Bn,..., 3], C =
n—1 1

[0,...,0,1]. Define Markov parameters g¢* := CA*~1B for all k¥ € N, and g¢ = 0.
(L1) These Markov parameters have the following relations:

e g =5

e Forall k=1,...,n —1, —(aggi +--- + a1g}) + 9511 = Brt1-

o Forall k> n, —(angy_, 1+ +a1gy) + g5 =0.



Define polynomials g(z) := 2" — Y" ;2" and p(z) := >, Biz" " Suppose there are no common roots between

m m Jitm - gz m+n—
q(2) and p(z). Define Toeplitz matrix Tgi)) € R™" constructed as Ei)) = T FmAn=t ! Then, ng)) has

full row rank in the following cases. git 9itn

(L2) For all 0 < i < n — ng, rank(TEn)ﬂ‘)) =n—i.

(L3) For all i > n — ng,, rank(TE )")) = Ng.

Proof: For (L1), the first two bullets can be derived via in_(&lction, and the last bullet can be seen from Cayley-Hamilton

CAi—i—m—Q
CA:!
then we see TE,’Z;) = O(W)C. Since rank(C) = n, it suffices to show

Theorem. For (L2) and (L3), we first define (’)E:.;L) = € R™" and C = [B,AB, - ,A" 'B] € R™",

e Forall 0 <i<n—ng, rank(OEn) N =n—i

e Forall i >n — ng,, rank(OE ) )) = Ng.

When 0 < i < n — ng, note that O(?)*i) = [U; | ---] where U; € R(=9x(n=%) ig an upper-triangular matrix with 1’s on

the main diagonal, thus rank(OE%_i)) =n—i.

For i > n — n,, we will show by induction. Suppose rank(OEn)a)) = n,. Note that Cayley-Hamilton theorem gives that

A" = a; A" + -+, A", Multiplying both sides by ATt gives AttMe = qp ATl o4, A7 Let

pP.= | A nat na . Then rank(P) = n,, since a, # 0, and (’)(”") = PO which further gives
L,—1 Ona—1)x1 (i+1) (1)
rank(OEnjr‘1 ) = ng. Since earlier we showed rank(O(n‘* n )) = Ng, this completes the induction and the proof. ]

First we present the proof for Proposition 1 that guarantees that Cov(z; )) has a non-zero lower bound.
Proof for Proposition 1:  First we show rank(Gg) = 7. Note that in its definition

G e { On,x1 | G"(max(iq, ng — 1)) | G"(na) ]
0 Iﬁﬂ ‘ Oﬁﬁx max(2fia+1—ng,Mq) ’

(68)

the upper right sub-matrix G"(7,,) is an i, X 7, upper-triangular matrix with g7 = 1 on the main diagonal. This implies
rank(G" (7)) = fo. This together with the lower left identity matrix I, in G give rank(Go) = 7o + g = 7, i.e., full
row rank.

Next, we show rank(Gy) = 7i. Recall its definition,

_ U(n
Gi= [ Onox1 | G*(n+n) } , (69)
Iﬁﬁ ‘ Oﬁgx(ﬁ,—&-n-&-l—ﬁg)
We first consider the case when n, = n,. In this case, we can partition G; such that G; = [ I ‘ Gé’l where
ng
Gi,1 € R Matrix Gq,; has the following structure:
Inq1 Inin
Gy = : : , (70)
g%—na—&-Q T g%-‘rn—na+1

which has full row rank, i.e., rank(G1,1) = n, by Lemma 12-(L2) and (L3). This further shows rank(G1) = no + g
because of the lower left identity matrix Ly ,.
Finally, when 7ig = ng, we will show rank(G1) = 7 by splitting into two cases: (i) fiq < ng and (i) 7, > ng + 1.

(i) (7a < mg): In this case, we can partition Gy such that G; = I : GS’I O where G1; € R"*". Matrix
n,;
G1,1 has the following structure:
g;LLﬁ e g%ﬂ-{-n—l gx e g%’n—l
Gu=| o=t =T (1
9%,;—%4—1 9%,3-5-71—@, 9%—%4—1 ggn—ﬁa

where the second equality follows from n := max(n,,ng) = ng, and the third equality simply follows from the
notion in Lemma 12. According to Lemma 12-(L2), rank(G 1) = fiq, i.€., G1,1 has full row rank. This further shows

rank(G) has full row rank because of the lower left identity matrix I5, in rank(G).



(i) (Mo > ng + 1): In this case, we can partition G such that G; = { | G } where G ; € RPex(Patntl)

I, 0
Define A € R™X%e gych that

M —a, - —o
1 —a, - -
A= 1 _?n - 72)
1
- 1 -
1 . G172 0
Using Lemma 12-(L1), we see the product AG ; has the following structure AG;; = T | where
0}
ng)) is defined in Lemma 12 and G € R(?a=x(Pat1) hag structure
Bng e Bn—l ﬁn

. 5715 ﬂn—l ﬂn

This structure tells that G o has full row rank 7, —n. And Lemma 12-(L2) gives that T(g) has full row rank n, we
know the product AGM has full row rank 7. Since the square matrix A has full rank 7., matrix G,1 has full
row rank fi,. From the structure of Gy, it further implies G has full row rank 7, + ng.

|
APPENDIX IV
MULTIPLE-TRAJECTORY CASE
Proof of Theorem 2: Since the true model parameter O satisfies Y = Z0 + E, we have
0-0=(z2"2)'Z'E. (74)
We first bound the norm [(Z7Z)'|| = o(Z)~2. Since each row of Z is a realization of the random vector z in (21), by

2
[19, Theorem 6.1], if N > max (ﬁ 4<\/tr(Ez) Jo(Z,) + /21og(1 /5)) ) with probability 1 — d,

1
o(Z) > 5V No(%z). (75)
Next, by Lemma 3, for any ¢ € (0,1) and N > 2log(1/0), with probability at least 1 — J,
IZTE|| <4v/Noy /[ 2|1 + 7) log(9/5). (76)

Thus, when N > max (ﬁ,4<\/tr(2z)/g(22) + /2 IOg(1/5))2), we have

160, 1/[Z.| (1 + n)log(18/6)
VNa(Z,) '

16 —0| < (77)



