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This paper investigates the existence and properties of a Bernstein—Sato functional equa-
tion in nonregular settings. In particular, we construct D-modules in which such formal
equations can be studied. The existence of the Bernstein—Sato polynomial for a direct
summand of a polynomial over a field is proved in this context. It is observed that
this polynomial can have zero as a root, or even positive roots. Moreover, a theory of
V-filtrations is introduced for nonregular rings, and the existence of these objects is
established for what we call differentially extensible summands. This family of rings
includes toric, determinantal, and other invariant rings. This new theory is applied to
the study of multiplier ideals and Hodge ideals of singular varieties. Finally, we ex-
tend known relations among the objects of interest in the smooth case to the setting of
singular direct summands of polynomial rings.

Keywords: D-module; Bernstein—Sato polynomial; direct summand; V-filtration; ring of
invariants; multiplier ideal.
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1. Introduction

The theory of D-modules — modules over rings of differential operators — on a
smooth analytic or complex algebraic variety has been an active research area over
the last 40 years. It serves as a powerful tool in solving problems arising in a wide
range of mathematical disciplines, from analysis to algebraic geometry, the topology
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of varieties, representation theory, and commutative algebra. This paper centers
around two major fundamental constructions in D-module theory: Bernstein—-Sato
polynomials and V -filtrations.

The Bernstein—Sato polynomial of a holomorphic or regular function f over C is
the monic polynomial b(s) in C[s] of least degree for which there exists a polynomial
differential operator 6(s) in the indeterminate s that satisfies the functional equation

8(s) s f = b(s)f".

This object originated in independent constructions by Bernstein [3], to establish
meromorphic extensions of distributions, and by Sato, as the b-function in the
theory of prehomogeneous vector spaces [69, [70].

The existence of a nonzero polynomial satisfying the functional equation above
was proved by Bernstein over polynomial rings, and extended by Bjork [6] [7] to
power series rings. Kashiwara [39] proved that the roots of the Bernstein—Sato poly-
nomial for holomorphic functions are negative rational numbers, extending a result
of Malgrange [44], [45] for functions with isolated singularities. Indeed, Malgrange
exhibited a relation between these roots and the eigenvalues of the monodromy of
the Milnor fiber, and the rationality of the roots means that the monodromy is
quasi-unipotent.

Since its inception, the Bernstein—Sato polynomial has found broad applica-
tions in the study of singularities. For instance, the roots of the Bernstein—Sato
polynomial are related to the jumping numbers of multiplier ideals [I8], 26] [41], to
spectral numbers [I4] 28] [67, [68], and to poles of zeta functions [24]. The Bernstein—
Sato polynomial also plays a key role in understanding algorithmic aspects of local
cohomology modules and de Rham cohomology [61HG3] [83] [84].

Bernstein—Sato polynomials are closely related to the notion of a V' -filtration on
a D-module along an element f, first introduced by Malgrange and Kashiwara [40]
40]. This is a decreasing filtration on a D-module indexed by the rational num-
bers, and satisfying several conditions; see Definitions 1] and B3l In fact, a
V-filtration can be described using a relative version of the Bernstein—Sato polyno-
mial [49] [65]. These filtrations were originally introduced to relate Deligne’s nearby
and vanishing cycles [22] to their corresponding D-modules via the Riemann—
Hilbert correspondence.

In the most general form, V-filtrations are known to exist for regular holonomic
D-modules with quasi-unipotent monodromy. This condition is satisfied, for exam-
ple, by the coordinate ring of a smooth variety. Quite nicely, the D-module-theoretic
notion of V-filtration in this case is essentially equivalent to the algebro-geometric
notion of multiplier ideals [18].

Both the notion of the Bernstein—Sato polynomial and the V-filtration have been
generalized to the setting of nonprincipal ideals by Budur et al. [I7]. The roots of
the Bernstein—Sato polynomial in this context are still negative rational numbers,
and the V-filtration of the coordinate ring along the ideal essentially coincides with
the filtration of multiplier ideals of the ideal.
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On varieties that are not smooth, there is a natural notion of a ring of differential
operators, as defined by Grothendieck [27], but does not necessarily have the same
favorable ring-theoretic properties. To start with, they are generally not generated
by homotheties (maps of the form s — rs for fixed r) and derivations, and a full
description of these rings is only known in special cases. Moreover, rings of differ-
ential operators are in general neither left- nor right-Noetherian [4], and a theory
of holonomic D-modules is no longer available in this case. For many applications,
the theory of D-modules over singular varieties can be approached by Kashiwara’s
equivalence, in which a singular variety is embedded into a smooth one [3§], so that
one can consider the subcategory of D-modules over the smooth variety supported
on the singular subvariety. However, this approach is not always satisfactory, as the
coordinate ring of the singular variety is not a D-module here.

Nonetheless, multiplier ideals make sense for all normal varieties [21], and one
might hope to develop appropriate Bernstein—Sato and V-filtration theories com-
patible with the multiplier ideal theory, in a way analogous to the smooth case, at
least for a reasonable class of singularities.

The first major advance in this direction was due to Huneke et al. [I]. They
proved that every element f (or more generally, ideal) in a direct summand of a
polynomial or formal power series ring admits a Bernstein—Sato polynomial in a
weaker sense, in which the functional equation §(t) « fi+1 = b(t)f* is satisfied for
all integer values t. Moreover, they showed that the Bernstein—Sato polynomial
of f considered as an element of the direct summand divides the Bernstein—Sato
polynomial of f considered as an element of the polynomial ring, but that they
are not equal in general. In fact, under the extra condition that every differential
operator of the direct summand extends to the polynomial ring, equality always
holds [I3, Theorem 6.11].

In the pursuit of a theory of Bernstein—Sato polynomials in nonregular rings,
previous results [I] are not fully satisfactory, in the sense that they do not realize
the functional equation as a formal equality in an appropriate D-module. Moreover,
the lack of a theory of V-filtrations obstructs our understanding of the relationship
between Bernstein—Sato polynomials and multiplier ideals in nonregular contexts.

This paper develops a full theory of Bernstein—Sato polynomials and V-
filtrations for a large class of direct summands of polynomial rings. Namely, we
concentrate on direct summands satisfying the aforementioned condition on the ex-
tensibility of differential operators, a class of rings that includes rings of invariants
of finite groups, toric rings, and determinantal rings.

Section [2] builds the foundation for a full theory of Bernstein—Sato polynomials
in nonregular rings. Given a field K of characteristic zero, consider a K-algebra A,
and its ring of K-linear differential operators D 4. For simplicity, we highlight our
main results for Bernstein—Sato polynomials of a single element f € A here, but
all results extend to those associated to a sequence of elements f = fi,..., fo € A4,
and to the relative version of the Bernstein—Sato polynomial.
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The functional equation

(s) e ff° =0(s)f*
should be understood formally as an equality in

MAf*) = Agls] £,
which is the free rank-one Ay[s]-module generated by the formal symbol f°. That
said, the specialized version of the Bernstein—Sato functional equation for direct
summands [I], which reads as §(t) o fi71 = b(t)f? for all t € Z, is only a family
of equalities in the localization Af. The obstruction to the formal version in this
context is the existence of a D 4k[s]-module structure on M4[f*], an issue that was
not previously addressed. The major goal of Sec.[2is to determine such a structure.

Theorem A (Theorem [2.12). Suppose that A is either finitely generated
over K, or local and complete. Then there exists a unique DA‘K[S]-module struc-
ture on MA[F®] that is compatible with the D gjx-module structure on Ay after
specialization.

With this structure in hand, Proposition 214 (see also Corollary 2I6]) estab-
lishes that the formal and the specialized versions of the Bernstein—Sato polynomial
coincide. That is, the equality d(s) » ff* = b(s)f* holds in MA[f*] if and only if
5(t)e ftHL = b(t) ft for all t € Z. In particular, one deduces the existence of a formal
Bernstein-Sato functional equation for direct summands of polynomial rings (see
Theorem [Z17)).

Theorem opens the door to the study of the Bernstein—Sato polynomial for
a large class of K-algebras. To this purpose, necessary and sufficient conditions for
its existence are presented in Proposition[2.18] and examples are presented in which
the roots of the Bernstein—Sato polynomial include zero, or even positive rational
numbers.

Section B introduces the class of rings for which we can develop the theory of
V-filtrations. When A is a direct summand of a ring 7', any differential operator
on T yields a differential operator on A after composing with the splitting. On the
other hand, we have the notion of differentially extensible rings [13] in which we are
provided an “opposite” process, since in these rings, every differential operator on A
can be extended to a differential operator on T". This work combines both properties
in the class of direct summands of polynomial rings that are differentially extensible,
which contains many rings of interest, including:

e many cases of rings of invariants of finite groups (see Example B3)),
e toric rings (see Example B4 Lemma and Remark [36]), and
o determinantal rings (see Example B7]).

When we turn our attention to modules, we consider a slight generalization
of the category of differential direct summands [I] that allows us to consider
D 4k [s]-modules. Combining this with differential extensibility builds the notion
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of differentially extensible summand (see Defintion for details). In particular,
we show in Theorem B:ZI that the D 4x[s]-module MA[f*] is a differential direct
summand of the Drpx[s]-module MT[f*] and it is also a differentially extensible
summand (Theorem [B:22)).

This fact yields a direct proof of the existence of the formal Bernstein—Sato
polynomial for direct summands of a polynomial ring. More importantly, through
a slight generalization of a recent result of Mustata [59], we see that the Bernstein—
Sato polynomial of a sequence of elements only depends on the ideal generated by
these elements, thus extending previous results [I7] to this nonregular context.

In Sec. [ we develop the theory of V-filtrations for nonregular rings. We follow
the same ideas used in the smooth case, to axiomatically define the notion of a
V-filtration along an ideal of a Noetherian K-algebra. As in the smooth case, we
begin by assuming that the ideal defines a smooth subvariety, and it is generated
by a collection of variables (see Definitions 1] and 3] for details).

A main result of this paper is the existence of V-filtrations for differentially
extensible summands.

Theorem B (Corollary [L1T)). Let R be a polynomial ring over a field K of
characteristic zero. Let A be a K-subalgebra of R such that A is a direct summand
of R, and for which the inclusion A C R is differentially extensible. Let I be an
ideal of A, and M a D g jx-module that is a differentially extensible summand of a
regular holonomic D gig-module N that has quasi-unipotent monodromy. Then M
admits a V -filtration along I.

This result applies, in particular, when M is A itself, or any local cohomology
module of A.

As a consequence, we are able to define Hodge ideals in this singular ambient
setting. We also extend known relations of Hodge ideals to minimal exponents in

Sec. £31

Corollary C (Corollary [A.T4l). Suppose that K has characteristic zero and R be
a polynomial ring over K. Let A be a K-subalgebra that is a direct summand of R,
for which the inclusion A C R is differentially extensible. Then for all f € A and
A € Q>o, I;;‘(f)‘) exists. Furthermore,

LA =8 N A

We also use this new theory of V-filtrations in Sec. [B] to study multiplier ideals
in differentially extensible summands. In particular, we extend results previously
obtained only for smooth varieties [I'7, 1§].

Theorem D (Theorem [B.3)). Let R be a polynomial ring over K, and let A C R
be a differentially extensible inclusion of finitely generated K-algebras, such that A
is a direct summand of R. For every ideal I of A, and real number A > 0, the
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following ideals coincide:

(1) Jr(IR)*) N A,
(2) Uasr VYA, where the V -filtration is taken along I, and
(3) {ge A:y> A ifbfg(—’y) =0}.

We study whether the equality Ja(I*) = Jr((IR)*) N A holds, and appeal
to positive characteristic methods to address this question. It is known that via
reduction to positive characteristic, multiplier ideals reduce to test ideals when A
has KLT singularities [19]. We replace the notion of differential extensibility with
the parallel notion of Cartier extensibility (see Definition 7)) for rings of positive
characteristic, and obtain the following comparison results.

Theorem E (Proposition 5.9, Theorem [5.15]).

(1) Let A C R be an extension of rings of positive characteristic, such that R is
a reqular F-finite domain and A is a Cartier extensible direct summand of R.
Then for every ideal I of A, and every real number \ > 0,

TA(IY) =T (IR)) N A.

(2) Let R be a polynomial ring over a field K of characteristic zero, and let A C R
be a differentially extensible inclusion, such that A is a direct summand of R
and that A is finitely generated over K with KLT singularities. Suppose that
the reduction modulo p is also Cartier extensible for each prime p > 0. Then
for every ideal I of A and every real number A > 0,

Ja(I*) = Jr((IR)*) N A,
(3) Under the hypotheses of part 2 above, one has equalities
TJa() = |J VA ={ge A:y > X if b (=) = 0},
a>A

where the V -filtration is taken along I.

In particular, this partially answers an open question regarding jumping num-
bers‘[I, Question 4.15] for the rings considered here. Moreover, in Theorem [(.19]
we relate jumping numbers with the roots of the Bernstein—Sato polynomials, thus
extending results in smooth varieties [17, [I8] [26] to this nonregular setting.

The hypothesis of Cartier extensibility after reduction modulo a prime may not
be necessary, as Example[5.I6shows. Finally, we point out that a similar comparison
result |25, Theorem 1.1] was shown for V-filtrations and multiplier ideals in the case
of an inclusion of a smooth divisor in a smooth variety. There are also analogous
results to Proposition 5.9 for test ideals in special cases [12 [73].

Setup 1.1. Throughout the paper, we generally use the following notation.

e K is a field,

2150083-7
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e A and T denote Noetherian commutative rings containing K, and
e R is a polynomial ring over K in indeterminates x1, ..., zq.

For the most part, the statements of lemmas, propositions, and theorems are
self-contained, and do not rely on the conventions above, besides the fact that K
always denotes a field.

2. The Bernstein—Sato Functional Equation
2.1. Rings of differential operators

We start this section recalling some notions from the theory of rings of differential
operators, as introduced by Grothendieck [27) §16.8].

A differential operator of order zero on a ring T is defined by the multiplication
by an element s € T'. Given an integer m > 1, a differential operator of order at most
m is an additive map ¢ € Homyz(T,T) such that the commutator [d, s] = ds — s0 is
a differential operator of order at most m — 1 for each s € T'. The set consisting of
all differential operators of order at most m is denoted by D7’

Sums and compositions of differential operators are themselves differential op-
erators, hence the differential operators form a subring Dy of Homy(T,T) that
admits a filtration

Dy CDpC---C | J Dy =Dr.

meN

We also consider the subring Dpx € Dr of K-linear differential operators.
For a polynomial or power series ring R in the variables x1, ..., x4 over a field
K, one has equalities [27] §16.11.2]

a a
n :R 8Ii...8ms~a +...+a <n
RIK ap! ad!' ! 4= ’

aq
z

where the operator Z! is characterized by rule

@
893: by bay\ __ b; by bi—a; ba
Tt (gbr L ghe) = bt g b

ai! a;

If K has characteristic zero, this agrees with the familiar description

%‘K:R<8§i---8gj:a1+~~+ad <n),
where 0g¢ = a;! (Z:: is the usual iterated partial derivative operator.
Let R be a polynomial ring over a field K, and A = R/I for some ideal I of
R. The ring of K-linear differential operators of A has been described in terms of
the K-linear differentials operators in R [48, Theorem 15.5.13] (see also [51] [52]).
Namely, we have

Dy = K= (2.1)

2150083-8
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where Dpg(—logl) = {0 € Dpjg:0+1 C I} and the map in the “left” direction
corresponds to restriction. The same results also hold when R is a formal power
series ring. We point out that the order of the differential operators is preserved;
that is, if D% .(—logl) = {6 € D% :d I C I}, then we have

R|K RIK
Dpye(~log 1)

Dy

Dk = (2.2)

When K has characteristic p > 0, every additive map is Z/pZ-linear, and thus
Dr = Dryyz/pz)- Moreover, let TP° C T be the subring consisting of the p°th powers
of all elements of T, and set D(Te) = Homqwe (T, T'). In this case,

Drx € Dr C U D(Te)~
eeN

We have Dpjg = Dr whenever K is a perfect field. On the other hand Dy =

Ueen Dgf ) when T is F-finite, that is, when T is finitely generated as a T? -module
for some (equivalently, all) e > 0; see [78, Theorem 2.7; 85, Theorem 1.4.9].

The ring structure and module theory of rings of differential operators is well
understood when T is either a polynomial ring or a formal power series ring over a
field, but much less is known when 7T is not a regular ring. As usual, a module over
a ring of differential operators will mean a left module.

2.2. The Bernstein—Sato functional equation for polynomial and
power series Tings

In this section, we retain Setup [[LI] with the additional assumption that K has
characteristic zero.

Consider Dpgjk[s], the polynomial ring in a new variable s over the ring of
K-linear differential operators Dgjk. For every f € R, there exist 6(s) € Dgjk|s]
and a nonzero polynomial b(s) € K[s] such that the following functional equation
is satisfied:

5(s)+ FF° = bs)f*. (2.3)

We note that this equation can be interpreted in two different senses. First, we
may view it as a family of equations inside the module Ry, indexed by s € Z; that
is, one has d(t) « fiT1 = b(t)f in Ry for all ¢t € Z. We temporarily say that the
polynomial b(s) satisfies the specialized functional equation in this case. Later on,
in Corollary 216 we prove that this interpretation is equivalent to the a priori
stronger interpretation of (Z3]) as an equality in a D-module

MP([f%] = Ryls] f*,

which is the free rank-one R¢[s]-module generated by the formal symbol f*. We
say that the polynomial b(s) satisfies the functional equation formally in this case.

2150083-9
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A key point is that MT[f*] has a Dpk[s]-module structure given by the action of
the partial derivatives as follows: for h € Ry[s], we have

Oh | shf‘la—f> e

ox, ox,

Henceforth in this section, we consider the functional equation formally. The col-
lection of all polynomials b(s) satisfying a functional equation as in (23]), for some
d(s) € Drykls], is an ideal in K[s], and the unique monic generator of this ideal
is known as the Bernstein—Sato polynomial associated to f; we denote this poly-
nomial as bff(s). Alternatively, the Bernstein-Sato polynomial bf(s) is the monic
polynomial of smallest degree among those polynomials b(s) such that b(s)f* lies
in the D g k[s]-submodule of M%[f*] generated by ff*.

The existence of b?(s) in the case that R is a polynomial ring is due to
Bernstein [3], and this polynomial coincides with the b-function in the theory of
prehomogeneous vector spaces developed by Sato [69] [70]. Bjork established the ex-
istence of b?(s) when R is a power series ring [6] [7]. A fundamental property of the
Bernstein—Sato polynomial is that its roots are rational numbers, and consequently
b?(s) € Q[s], in the case that R is either a polynomial ring or a ring of convergent
power series. This was proved by Malgrange for elements f such that R/fR has an
isolated singularity [44] 45], and by Kashiwara in general [39].

Budur et al. extended the notion of a Bernstein—Sato polynomial to be asso-
ciated to an ideal in a polynomial ring R [I7], and we work in this more general
framework. We point out that recent work of Mustatd [59] implies that this con-
struction is also valid for formal power series rings.

Oz, shf® = (

Definition 2.1 (The module M#?[f®]). Fix f = fi,...,fr € R. Now, given
indeterminates s = sq,. .., s¢, we define the free rank-one Ry, ...f, [s]-module

MR[_f§] = Rfl"'f£[§] fiSl Zs£7
sp

where f7*--- f;* is a formal symbol for the generator.
The Ry,...s,[s]-module M [f#] has a natural Dgx[s]-module structure (and so
also a Dpg-module structure), defined as follows: for h € Ry, ...y, set

¢
Ooh afi
S Se _ el G S1.,.. fS
8{Er.h.f11"' gz_ (axr+h;81fi 8{ET> 11 ee- (24)
Since Dgk[s] is generated by R, s1, ..., s¢, and the partial derivatives 0z, ..., 0x,,

this gives a recipe for an action by any element of Dgx|s].

Definition 2.2 (The exponent specialization map ¢; on MR[_f§]). The ex-
ponent specialization map on ME[f2] associated to t = (t1,...,t,) € Z* is the

Ry, ...p,-linear map
Pt MR[_f§] = Ry,
given by @i (f1* -+ f2%) = 1 -+ [i*, and @i(s) = ti.

2150083-10
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For each t € Z*, § € Dpg[s], and v € MT[f?] we have

pr(0ev) = 5(t) o i (v), (2.5)

showing, in particular, that ¢; is Djk-linear. Indeed, the verification of this equality
reduces to the case of = 9y, in which case it follows from (2.4]).

Definition 2.3 (Bernstein—Sato functional equation for polynomial rings).
Fix follow this style globally f = f1,..., f; € R. For an integer m > 0, let (%)
denote s;(s; — 1)---(s; — m + 1)/m! € K[s]. There exists a nonzero polynomial
b(s) € Q[s] for which b(sy 4 --- + s¢) fr* -+~ f7* is in the Dpjg[s]-submodule of

M™[f?] generated by the elements
e ¢ J1 €
i€nsupp(c) ¢

where ¢ = (c1, ..., ;) runs over the elements of Z¢ for which |c| == c; +---+¢c, = 1,
and nsupp(c) := {i : ¢; < 0}. Equivalently, there exists d. € Dgjk[s], with 6. = 0
for all but finitely many ¢, for which the following functional equation holds:

Si c c S
See ] (_) L g g
cez®  i€nsupp(c) ’
le[=1

=b(s1+---+so)fir--- fr5 (2.6)

Definition 2.4 (Bernstein—Sato polynomial associated to an ideal in a
polynomial ring). Let I denote the ideal generated by f = fi,..., fr € R. The
Bernstein-Sato polynomial b¥(s) is the unique monic polynomial b(s) € QI[s] of
smallest degree satisfying the functional equation (Z8]), for some d. € Dpyk/[s].

The Bernstein—Sato polynomial of I does not depend on the choice of generators
of I [I7, Theorem 2.5]. For a principal ideal I = (f), bf(s) agrees with b(s), and
in general, like b(s), all roots of bff(s) are negative rational numbers [17].

Example 2.5. Let R = C[z,y, 2], fi = zy, and f2 = zz. There is a functional
equation for f = fi, fo involving the generators corresponding to the vectors ¢ =
(1,0) and (0,1). Namely,

8w8y 'flfflfzsz + 0,0, °f2f131 232 = (81 + 59+ 1)(81 + 59 + 2) 131 232,

so the Bernstein—Sato polynomial b@ gz divides (s+1)(s+2). Using the methods
from [I7), Sec. 4.3], one can show that equality holds here.

Example 2.6. Let R = Clz,y,z2], fi = xz%, and fo = yz3. There is a functional
equation for f = fi, fo using the vectors ¢ = (0, 1), (1,0), (2,—1), and (3, —2):

8 - S1 £S2 s — S1 S2
0o fof 7 F5% + Ga e L 052 4 0a 0 COVEE P F57 4 bae () ILS £ 65
=b(s1 + s2) f1* f32,

2150083-11
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where
1 2 4
- 1) 2 5 2 3
b(s) = (s +1)%(s + )<3+ 2) (3+3> (”3)’
1
5 = m(—66 — 6651 + 315y + 7957159 +965§)8ya§v

1
B2 = 255 (1350 + 3300s) + 239257 + 64857 + 331555 + 5128552

+ 19445255 + 268452 4 21145152 + 91553) 0,02,

1
03 = %(—156 — 13257 + 5959 + 1585155 + 19253) y 920,

1
0y = —(3— 293,
Using the methods from [I7, Sec. 4.3], one can show that b(s) is the Bernstein—Sato

polynomial of f = fi, fo.

The following generalization of Definition [Z4] is useful for applications to bira-
tional geometry.

Definition 2.7 (Relative Bernstein—Sato polynomial in a polynomial
ring). Fix an ideal I generated by f1,...,f; € R, and an element g € R. The
Bernstein—-Sato polynomial of I relative to g, denoted bfg(s), is the unique monic
polynomial b(s) of the smallest degree satisfying the equation obtained from (26,
after replacing fr*--- f;¢ with gft*--- f;° on both sides.

As with Definition 2] it is a fact that this notion is well-defined (see [16,
Remark 2.3;[I7 Sec. 2.10]). Moreover, if g = 1, then bﬁg(s) = bi(s).

2.3. The Bernstein—Sato functional equation for nonregular rings

We now proceed to define a module analogous to the one considered in Defini-
tion 2.I] and functional equations as considered in Definition [2.4] for more general
rings. Again, we may consider functional equations either in the specialized or for-
mal sense, as in the previous section. The papers [I] and [35] study Bernstein—Sato
polynomials in the specialized sense; that is, the monic polynomial of smallest
degree among those polynomials b(s) for which there exists §(s) € Dpjk[s] such
that 6(¢) « fi™' = b(t)f* for all t € Z. Here, we develop a framework for for-
mal Bernstein—Sato polynomials. The following object plays a central role in this
theory.

Definition 2.8 (M*[f?] as an Ay, ...;,[s]-module). Let A be a K-algebra. Given
f=/fi,-..,fe € A, we define

MAFE] = Ay, g, [s]F52 - £
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as an Ay,...f, [s]-module. Moreover, for t = (t1,...,t¢) € Z*, we define the exponent
specialization map ¢, : M4[f*] — Ay, ..y, in the manner directly analogous to that
defined in Definition

We want to endow M#[f?] with a D 4x[s]-module structure that is compatible
with the D 4g-module structure on Ay, ..., via the exponent specialization maps.
In general, this allows for at most one such structure, as Theorem shows. The
following lemma is a key observation in establishing this. Although this is likely a
well-known result, we include its simple proof, for its centrality in our constructions,
and for lack of an appropriate reference.

Lemma 2.9. Let T be an algebra over a field of characteristic zero, and let h €
T[s1,...,8¢. Suppose h has degree at most m in each variable. Then h vanishes on
the set A=1{0,1,...,m}" if and only if h = 0.

Proof. We prove the “only if” implication, starting with polynomials in one vari-
able. The result is clear for m = 0, so suppose m is positive and the result holds
for one-variable polynomials of degree strictly less than m. Suppose h € T[s] has
degree at most m and vanishes on {0, ..., m}. Then h = (s—m)g, for some g € T'[s]
of degree strictly less than m. Since h(a) = 0 and a —m is a unit in T for each
a€{0,...,m—1},1it follows that g(a) = 0 for all such a. By our induction hypoth-
esis, g = 0, and consequently h = 0.

Now suppose the result holds for polynomials in £ — 1 variables, and suppose
h € T[s1,...,s¢] is nonzero and has degree at most m in each variable. Without
loss of generality, we assume that m is positive and the indeterminate s, effectively
appears in h, and write

h=ho+hise+ -+ hysy,

with h; € T'[s1,...,8¢-1], for i =0,...,n, and h, # 0. By our induction hypothesis,
there exists ay,...,a,—1 € {0,...,m} such that hy(ai,...,ar—1) # 0. We conclude
that h(aq,...,as—1,8¢) is a nonzero polynomial, and there exists a; € {0,...,m}
such that h(aq,...,ae—1,a¢) # 0. O

Corollary 2.10. Under the assumptions of Lemma 29] the polynomial h has co-
efficients in Q[h(A)] C Q[h(Z")].

Proof. This follows from the identity
¢

h=3S"ha) [] 0<]1 p—

acA i=1

<j<m

Jj#a;

which is obtained by applying Lemma to the difference between the left- and
the right-hand sides. O
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The following technical lemma deals with the behavior of differential operators
with respect to localization. We remark that, given 6 € Dk and g € T, there is a
unique d, € Dr, | that extends ¢ [47, Theorem 2.2.10].

Lemma 2.11. Given a K-algebra T, fit ¢ € T and an ideal I of T. Then the
image of any element of DT|K(— logI) in Dr, |k under the localization map lies in
DTQ\K(_ log ITg)
Proof. First observe that if h € T and § € D%K(— logI) for some n > 1, then for
allae I, [0,h]ea =09 (ha) —hdeais again in I. Thus, [§,h] € D%—Kl(— log I).
For elements of Dyg(—logI) of order zero, the statement clearly holds. Pro-
ceeding by induction on the order of a differential operator, fix n > 1 and § €
D;EHK(— log I'), and suppose that the claim holds for all operators in D;ﬁﬁKl (—logI).

Since § o g* = g 0 § + [4, ¢'], it follows that for a € T and ¢ > 0,
5-a=5°<gt-%) =gt5'§+[5,gt]°

eq — e 2
S0 6-%:—5 ¢ [529] %~
g g
Note that [d, g'] is in D;[Kl(— log I) by our initial observation, so that it is also in
Dr,x(—log ITy) by the inductive hypothesis. Finally, since 6 » @ € I by our choice
of §, we conclude that § « g% € IT,. O

a
P
g

Theorem 2.12. Let A be an algebra over a field K of characteristic zero. Suppose
that either A is finitely generated over K, or that A is local and complete. Given
f=Ffi,..., fe € A, there is a unique D q|x[s]-module structure on MA[I'§] with the
following property: for all v € MA[I§], 6 € Dyls],, and t € 7t

pir(dev) = 0(t) * pi(v).

Proof. First write A = R/I for some polynomial or power series ring R over K,
and [ an ideal in R. We claim that if § € Dgg(—1logI)[s], then

5« IMP[£2) € IMP[£). (2.7)

Toward Z7), fix a € IRy, ... f,[s], so that af® € IMT[f?]. Observe that for ¢ € Z°,
d(t) € Drig(—1logI) and a(t) € IRy, ...s,, so that 6(t) € DRfl_,_fz‘K(—logIRfl...fZ)
by Lemma [ZTT] Therefore, (5« af?) = 6(t)ea(t)fi* -+ f;* is in IRy,...;,. Writing
deaf® = bf* for some b € Ry, ..z, [s], consider the image of b in the polynomial
ring over the K-algebra Ay,...;, = (R/I)f,...s,. As a polynomial over this ring, our
work thus far shows that b takes the value zero for all t € Z¢, and hence is the zero
polynomial by Lemma Z9 That is, 6 « af? € IRy, ...5,[s] f#, proving (7).

Note also that if 6 € IDgk, then § « ME[f*] C IM®[f2]. Now, using (ZI)),
we obtain a D 4k[s]-module structure on ME[f2]/IMPE[f%] = MA[f*] that is
compatible with the specialization maps.
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To see the uniqueness of this structure, let « and & denote two D A‘K[§]—actions
that satisfy the given property. Fix v and ¢ as in the statement, and then fix
a,be Ay, .. 5,]s] for which

54.@:afls1... lse and 6‘v:bff1._. ;e'
Since, by our hypothesis,

a(t) fi* -+ [ = @e(680) = 8(1) e i (v) = @u(6 4 0) = D) f1" -+ fy*
for every t = (t1,...,t;) € Z*, we have that a(t) = b(t) for every t € Z*. Lemma 21
then allows us to conclude that a = b, and the claim follows. O

Convention 2.13. When referring to a D 4jx[s]-module structure on M#[f?], we
use the unique D 4k [s]-module structure compatible with specialization described
in Theorem [2.12]

From Theorem [2.12] we obtain a suitable D-module in which to judge the ex-
istence of a Bernstein—Sato polynomial in the formal sense. We show now that the
notions of formal and specialized Bernstein—Sato polynomials are equivalent.

Proposition 2.14. Let A be an algebra over a field K of characteristic zero. Sup-
pose that A is either finitely generated over K, or that A is local and complete.
Then for f € A, the equality 6 o ff = b(s)f® holds in MA[f?] if and only if
§(t) e fT1 =b(t)ft for allt € Z.

Proof. If 5« f£5 = b(s) f* holds in M4[f*], we can apply the map ¢; to both sides
to obtain §(t) s fiT1 = b(t) f* for any t. Conversely, suppose that §(t) e fi+1 = b(t) f*
for all t. We then have p;(def £°) = 1 (b(s) f°) for all t. Writing (6 f—b(s))ef° = af*®
for some a € Ay[s], we have a(t) = pi(a) = 0 for all ¢, so a = 0 by Lemma 2.0] Tt
follows that 0« f£* = b(s)f® in MA[f?]. |

An analogous (omitted) proof also holds for the general case we present in the
following.

Proposition 2.15. Let A be an algebra over a field K of characteristic zero. Sup-
pose that A is either finitely generated over K, or that A is local and complete. Fix
[ =/ ,...,fe € A. The equality

3;
250. H (_;) UL fOfS e = b(sy A s I f

cezZt i€nsupp(c)
le|]=1

holds in MA[£?] if and only if
t; c c
OLIURS | G G F R e R AHRAO AR

cezt i€nsupp(c)
le|=1

for all t = (ty,...,t;) € Z*.
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Corollary 2.16. Let A be an algebra over a field K of characteristic zero. Suppose
that A is either finitely gemerated over K, or that A is local and complete. Fix
f=rfi,-.., fe € A. Then there exists a formal Bernstein—-Sato polynomial for f if
and only if there exists a specialized Bernstein—-Sato polynomial for f, and in this
case, these two polynomials agree.

The existence of the specialized Bernstein—Sato polynomial for direct summands
of polynomial rings was recently proven [I]. Thus, we can extend their result to the
formal setting.

Theorem 2.17 ([1I, Theorem 3.14]). Let A be a finitely generated K-subalgebra
of a polynomial ring R, such that A is a direct summand of R. Then the Bernstein—
Sato polynomial b?(s) exists for any f = f1,...,fe € A. Moreover b?(s) divides

b}%(s).

The question whether the Bernstein—Sato polynomial b? (s) only depends on the

ideal generated by f was not considered in the initial work on direct summands [J.
We address this issue in Sec. 33

2.4. Some existence results and examples of Bernstein—Sato
polynomials

A sufficient condition for the existence of Bernstein—Sato polynomials in the poly-
nomial ring case is the fact that M?[f*] @, K(s) is a D-module of finite length.
This result was extended to the case of differentiably admissible K-algebras [50, [60].
In general, for the case of K-algebras, we provide necessary and sufficient conditions
for the existence of Bernstein—Sato polynomials.

Proposition 2.18. Let A be an algebra over a field K of characteristic zero. Sup-
pose that A is either finitely generated over K, or that A is local and complete. Fix
an element f € A. Then, the following are equivalent:

(1) There exists a Bernstein—Sato polynomial for f.
(2) MA[f*] @5 K(s) is a finitely-generated D 4x[s] @k (s K(s)-module.
(3) MA[f*] @xs) K(s) is generated by f* as a D zx[s] @5 K(s)-module.

Proof. We observe first that for §(s) € D 4x[s] and b(s) € K[s] and for any integer
4, the equality 6(s)e f £ = b(s) £ holds in MA[f*] if and only if (s +j)e fIH1f5 =
b(s + 7)f7 f%; this is a straightforward application of Lemma Z] as in the results
of the previous section.

Now, assume that M [f*] @y K(s) is finitely generated over D 4k [s] @5 K(s),
and take generators ai f* f5, ... a, f7" f° with a; € A and j; € Z. We can replace
each j; by j = min{j;}. Then, there exist operators d1,...,0d, € Dak(s) such that
S 8ie (aifi f5) = fi71 . We can rewrite this as (3, d;a;) ¢ f2f* = fI71 . The

element ), d;a; can be written as a quotient of an element §(s) € D4k[s] and an
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element b(s) € K[s]. We then have the equality 6(s)e f7 £ = b(s) f7=1 £ in MA[f?].
By our observation above, there exists a Bernstein—-Sato polynomial for f.

On the other hand, if there exists a Bernstein—Sato polynomial b(s) for f, then
d(s) s ff® =b(s)f?, for some 6(s) € D4k[s], and by the observation above, d(s +
J) s NS = b(s + j)f7 £* for any integer j. We then have 34« fi+lfs —
f7f* for any integer j. Since MA[f?] k(5] K(s) is generated as an A-module by
{f7f%:j € Z}, we conclude that M4 [f?] ®k[s] K(s) is generated by f* as a module
over D 4k [s] ®k[s K(s). |

In the following, we show that for nonregular rings we have examples where the
roots of the Bernstein—Sato polynomial may be zero or positive rational numbers.

Example 2.19. Let A = C[z,y]/(zy) and f = . The operator 6 = 202 € Dy 4)|c
is easily seen to stabilize the ideal (zy), and hence descends to a differential operator
on A. The equation § e 2'*! = (¢ + 1)ta? holds for all nonnegative integers ¢t € N,
and thus, by Proposition 2T4] the functional equation § » x2® = (s 4+ 1)sa*® holds
in MA[x*]. Thus, b2(s) divides s(s + 1).

In fact, the equality b2 (s) = s(s + 1) holds here. To see this, it suffices to show
that if 6_1 ¢ 2% = c_127! and g » 2! = cpa® with §_1,60 € D yic and c_1, ¢ € C,
then c_; = ¢o = 0. Observe that A is a D 4)c-module, that (x) and (y) are D 4c-
submodules of A [13] Lemma 3.3], and thus the sum (z,y) C Ais a D 4c-submodule.
The claim then follows.

Example 2.20. Let A = C[z?,2%] and f = 2%. Consider the endomorphism of 4
given by
6= (20, —1)0d20 (20, —1)7 1,
where (28, — 1)7! is the inverse function of 28, — 1 on A (i.e. the linear operator
sending z" to ﬁx" for all n # 1). One can verify by the definition that ¢ € D?‘\IC;
alternatively, see [77,[79]. The equation § e 22+ = (2¢ 4+ 2)(2t — 1)z holds for all
nonnegative integers ¢t € N, and thus, by Proposition [Z14] the functional equation
§ea?(x?)® = (25 +2)(2s — 1)(z?)®

holds in M#[(2?)?]. Thus, b%, (s) divides (s — 3)(s + 1).

In fact, the equality b (s) = (s — 1)(s + 1) holds here. By the same argument
as in the previous example, s = —1 is a root of bfg(s). By a specific description
of D¢ [T7, [79], every differential operator of degree —2 on A can be written as
(20, —1) 0920 o (20, — 1)~ !, for some Y € C[xd,]. Since MA[(2?)?] is a graded
module we can decompose the functional equation as a sum of homogeneous pieces,
and thus there exists a functional equation of the form

P(s) =2 (2%)° = bya(s)(2?)°,

where bfz (s) is the Bernstein—Sato polynomial, and P(s) is a polynomial expression
in s with coefficients consisting of differentials operator of degree —2 on A. Using
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the description of such operators given above, it is clear that s = % must be a root
of b4, (s).
Finally we remark that we can find rings where the Bernstein—-Sato polynomial

does not exist. The ring A = C[z,y, z]/(x® + y> + 23) is such an example (see
[1, Example 3.19] for details).

3. Differential Direct Summands and Differential Extensibility
3.1. Differential extensibility

In this section, we introduce the class of rings at the focal point of this paper, the
differentially extensible subrings of polynomial rings. This notion was formalized to
study differential signature [13], but was implicitly used earlier by Levasseur and
Stafford [43] and Schwarz [71].

Definition 3.1 (Differential extensibility [13, Definition 6.1]). Consider a
K-algebra homomorphism ¢: A — T.

(1) If 0 € D4k, we say that a differential operator se Dk extends ¢ (or call 5
an extension of §) if w0 d = § o ; i.e. the following diagram commutes.

AT

A—2oT

If ¢ is simply an inclusion map, this is equivalent to the condition that g| A=0.

(2) The map ¢ is differentially extensible if for every § € D4k, there exists b e
Drx that extends 9.

(3) The map ¢ is differentially extensible with respect to the order filtration, or
order-differentially extensible, if for every nonnegative integer n, if § € DZUK’
then there exists 6 € Dk that extends J.

(4) If K has positive characteristic, we say that ¢ is differentially extensible with
respect to the level filtration, or level-differentially extensible, if for every non-
negative integer e, given § € D,(:\)H@ there exists 6 € Dg,fﬁK that extends 6.

Remark 3.2. If ¢: 14 — T is as above, and s = s1,..., S are indeterminates, we
say that an element § € Dpk[s] ertends an element § € D 4k |s] if

(o @x Kls]) 0§ = b o (¢ @ K[s]).

We observe that an element § € Drpk(s] extends § € D4k (s] if and only if each of
its coeflicients is an extension of the corresponding coefficient of 4.

Several maps of interest are differentially extensible.

Example 3.3 (37; 13, Proposition 6.4, Theorem 7.1). Let R be a polynomial
ring over K, and let G be a finite group acting by degree-preserving automorphisms
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on R such that

(1) |G| is a unit in K, and
(2) No element of G fixes a hyperplane in [R];.

Then the inclusion R C R is order-differentially extensible. Moreover, if K has
positive characteristic, then the inclusion is also level-differentially extensible.

Example 3.4 (35, Proof of Theorem 3.4, 53; 13, Lemma 7.3). Let A be
a pointed normal affine semigroup ring over a field K of characteristic zero. Then
there is an embedding of A into a polynomial ring R as a monomial subalgebra, such
that A is a direct summand of R, and for which the embedding is order-differentially
extensible.

Lemma 3.5. Suppose that K has characteristic p > 0, and d is a positive integer.
Let V C R? be a rational linear subspace, and L C Z% be a lattice of finite index.
Suppose that p does not divide the index [Z%: L], and that L surjects onto Z via each
coordinate map. Then the inclusion of normal semigroup rings KIN?NVNL] C K[N9]
is level-differentially extensible.

Proof. We briefly describe our plan: First, we show that K[N¢NV NL] C K[NYNL]
and K[NYN L] C K[N9] are each level-differentially extensible inclusions. From here,
it follows that the composition is also level-differentially extensible.

It can be shown that the inclusion K[NYNVNL] C K[N?NL] is level-differentially
extensible by the same argument used to compute differential signature [I3, Propo-
sition 6.6]. By our assumptions on L, K[N¢ N L] C K[N9] is the inclusion of a ring
of invariants of a finite diagonal abelian group. Any diagonal element ¢ that fixes
a hyperplane in the space of one-forms must fix every variable except one, say x1,
and multiply that element by a tth root of unity. The invariants of g must then
be contained in the subring K[z}, o, ..., 24, contradicting the assumption that L
surjects onto Z via the first coordinate map. Thus, the inclusion K[N¢N L] C K[N9|
is level-differentially extensible by Example O

Remark 3.6. An embedding defined by Hsiao and Matusevich [35, Notation 1.2]
satisfies the hypotheses of the previous lemma for all but finitely many character-
istics p, and as a consequence, every normal affine semigroup ring of characteristic
zero can be realized as a direct summand of a polynomial ring by a map that is
order-differentially extensible, and such that the reduction modulo p of this map
for all but finitely many p is level-differentially extensible (see Sec. [l for details).

Example 3.7 ([43]). Suppose that K has characteristic zero. The generic deter-
minantal, symmetric determinantal, and skew-symmetric determinantal rings are
order-differentially extensible summands of polynomial rings.

In the lemmas that follow, we focus on studying whether a differential operator
can be extended to the ring of differential operators of a localization.
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Remark 3.8. Let A be an algebra over K. Then for every element f of A, the
localization map A — Ay is differentially extensible with respect to the order
filtration. Moreover, as we mentioned in the paragraph preceding Lemma [2.1T]
given § € D |k, there is a unique 0y € D4,k that extends ¢ [47, Theorem 2.2.10].

We remark that the usual D 4g-module structure on Ay (see, e.g., [I, p. 303])
agrees with the rule § e v = d5 ¢ v, where the right-hand side is the tautological
D 4, k-action.

Notation 3.9. Take A and f as in Remark B.8 Given 0 € Dk, we retain the
notation from the remark, using d¢ to denote the unique extension of § in D,k
corresponding to the localization map A — Ay.

Lemma 3.10. Let ¢p: A — T be a K-algebra homomorphism, and consider dif-
ferential operators 6,n € Dyx. If 6 and 1 are differential operators in Dpx that

extend 0 and 1), respectively, then [6,7] € Dy estends [0,7] € D ak.

Proof. Since pod = do ¢ and pon =1nop, it is a brief and routine computation
to verify that ¢ o [d,1] = [§,7] o ¢. O

Lemma 3.11. Let A C T be K-algebras. For f € A, ifge Drx extends § € D gk,
then gf extends dy.

Proof. We proceed by induction on the order, n, of §. If n = 0, then § is given by
multiplication by an element of A, and an extension is given by multiplication by
the same element.

Assume the claim for operators with order less than n, and consider 6 € D 4k
with order n. For a nonnegative integer ¢, set p = [4, f*] € D4k, and note that its
order is strictly less than n. Let p = [5~, f*] € Dk, which by Lemma BI0is an
extension of p. Then for any h € A, it is straightforward to check that

Seh—ppel . Seh—rppel
§f'%=# and 5f'%=#.
By our inductive hypothesis, py ¢ % pre %, while §eh =6deh by assumption;
. O

<=

thus, we conclude that 5 e % =0y

Applying Lemma [B.17] to the zero differential operator, we obtain the following.

Corollary 3.12. Let A C T be K-algebras. If 6 € Dyjx vanishes on A, then for
every f € A, 0y € Dr;x vanishes on Ay.

3.2. Differential direct summands and differentially extensible
summands

Let A C T be an extension of Noetherian K-algebras such that A is a direct sum-
mand of T, with A-linear splitting 8: T' — A. A theory of differential direct sum-
mands was previously developed to study the structure of D-modules over A [I].
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The definition that we give here is slightly more general than the original, since we
also consider D 4k [s]-modules, though the idea is the same.

Definition 3.13 (Differential direct summand [I, Definition 3.2]). Let A C
T be an inclusion of K-algebras with A-linear splitting 5: T — A. Let s be a
sequence of indeterminates (which may be empty). Recall that, for ¢ € Dy, the
map Bo(la: A— Ais an element of D 4. By abuse of notation, for § € Dpk[s],
we write o 6|4 for the element of D 4k[s] obtained from ¢ by applying 8o —|a
coefficientwise as a polynomial in s.

We say that a D 4x[s]-module M is a differential direct summand of a Dpjk|[s]-
module N if M C N and there exists an A-linear splitting ©: N — M, called a
differential splitting, such that

@((50’[}):(50(”‘4)-’[}

for every 0 € Dp[s] and v € M, where the action on the left-hand side is the
DT‘KL@]—aCtiOIL considering v as an element of IV, and the action on the right-hand
side is the D 4k [s]-action.

Definition 3.14 (Morphism of differential direct summands [I, Defini-
tion 3.5]). Let A C T be K-algebras such that A is a direct summand of 7.
Fix D4 [s]-modules M; and Mo that are differential direct summands of Dz |s]-
modules N7 and Nj, respectively, with differential splittings ©1: Ny — M; and
Os: Ny — My. We call ¢: N; — Ny a morphism of differential direct summands
if ¢ € HomDT‘K[Ls](vaNZ)) ¢(M1) C Mo, ¢|]y]1 S HomDA‘K[§](M17M2)7 and the
following diagram commutes:

M, = Ny O M,

l¢|M1 lqﬁ l¢|M1
- ]

Ms ;>N2—2>M2

For simplicity of notation, we often write ¢ instead of @|a, .

Further, a complex M, of D A|K[§]—modules is called a differential direct sum-
mand of a complex Nq of Dy g[s]-modules if each M; is a differential direct sum-
mand of N;, and each differential is a morphism of differential direct summands.

Remark 3.15. It is known that the property of being a differential direct summand
is preserved under localization, taking kernels, and taking cokernels [T, Proposi-
tion 3.6, Lemma 3.7].

We now move on to develop the notion of differential extension in this context,
which is an essential ingredient in the study of V-filtrations and multiplier ideals
in later sections.

Definition 3.16 (Differentially extensible summand). Let A C T be a dif-
ferentially extensible inclusion of K-algebras, making A a direct summand of T'. We
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say that a Dyk[s]-module M is a differentially extensible summand of a Drpg|s]-
module N (or that M C N is a differentially extensible summand) if the following
conditions hold:

(1) M is a differential direct summand of N. N
(2) For any 6 € Dyk[s] and any § € Dpg[s] that extends 0, one has §em = dem
for all m € M.

Now we study the properties of differentially extensible summands. In particular,
we see that the operations of localization, taking kernels, and taking cokernels all
preserve the property of being a differentially extensible summand. This is impor-
tant, due to our desire to work with local cohomology, which we use to investigate
V-filtrations.

Lemma 3.17. Let A C T be a differentially extensible inclusion of K-algebras,
with A a direct summand of T. If a D gx-module M is a differentially extensi-
ble summand of a Drx-module N, then for any f € A, the localization My is
a differentially extensible summand of Ny. Furthermore, the localization map is a
morphism of differential direct summands.

Proof. It has already been established that My is a differential direct summand
of Ny [Il Proposition 3.6]. Given an extension § € Dy of § € Dyjg, we have
that 0 « ﬁ =0 % for all v € M, and all integers ¢t > 0, by an argument directly
analogous to the proof of Lemma [B.I1] but with v € M replacing h € A. O

Lemma 3.18. Let A C T be a differentially extensible inclusion of K-algebras, with
A a direct summand of T'. Consider D 4jx-modules My and M that are differentially
extensible summands of DT|K—modules Ny and Ns. If ¢: Ny — N3 is a morphism
of differential direct summands, then Ker(¢|nr, ) C Ker(¢), Im(¢|ar, ) C Im(¢), and
Coker(¢|ar,) C Coker(¢) are also differentially extensible summands.

Proof. It is known that Ker(¢|a,) <€ Ker(¢), Im(éd|la,) < Im(¢4), and
Coker(¢|ar, ) C Coker(¢), and that, moreover, each is a differential direct summand
[, Lemma 3.7].

Take an extension § € Drk of 6 € Dyk. Since Sev=23evforalove My, this
holds for all v € ker(¢[ar, ) € Mi, and Seu = deuforallu € Coker(¢|ar, ). Moreover,

since § e w = § e w for all w € Ms, the same holds for all w € Im(¢|pr,) C Ma. O

Proposition 3.19. Let A C T be a differentially extensible inclusion of K-algebras,
with A a direct summand of T. Let M be a D 5jx-module, and N a Dpx-module,
with M a differentially extensible summand of N. Then for any ideal I of A, and
any integer i, Hi(M) is a differentially extensible summand of Hip(N).

Proof. Fix generators f = fi,..., fr € A for I. The Cech-like complex C'(f; M)
defining the local cohomology modules of M with support in [ is a differentially
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extensible summand of the complex C*( f3 N) defining the local cohomology of N
with support in IT: It is apparent that CJ (fi M) C C7 (f; N) for all integers j, and
each is a differentially extensible summand by Lemma [3T7 moreover, the fact that
each differential is a morphism of differentially extensible summand holds by this
same lemma, since each localization is such a morphism. Therefore, by Lemma [3.18]
the inclusion of cokernels Hi(M) C Hip(N) is a differentially extensible summand.

O

We now study the notions of differentiable direct summands and differentially
extensible summands in the context of the modules M4 [f2] introduced in Sec. 231

Setup 3.20. In the remainder of this section, K is a field of characteristic zero,
and A C T are Noetherian K-algebras such that A is a direct summand of T'. We fix
elements f = f1,..., fr € A, and assume that M*[f*] and MT[f?] have D-module
structures compatible with specialization, as in Theorem Recall that such a
structure, if it exists, is unique, by the argument used in the proof of Theorem 212
moreover, that structure does exist for K-algebras that are either finitely generated

or local and complete.

Theorem 3.21. In the context of SetupB20, if B: T — A is an A-linear splitting,
the D 5x[s]-module MA[f2] is a differential direct summand of the Dy |[s]-module
MT[f2), with differential splitting

© = MA[f*] @4 B: MT[f2] — MA[f].

Proof. Given n € Dypk[s|] we consider the differential operator 6 = B onla €
D ak[s]. Then, for any v € M*[f*] we have to check that § e v = O(n s v). By
Lemma [Z7] it suffices to show that ¢;(©(n s v)) = ¢;(5 +v) for all t € Z*. Indeed,
for each such t we have

pi(O(n*v)) = B g (pr(nev)) = (Bon(t)]a) « @i (v)
=0(t) » 1(v) = p1(d *v),

where we have used, in turn, the definition of ©, the fact that Ay, ...y, is a differential
direct summand of T, ...5, with differential splitting 8y, ...s, [IL Proposition 3.6] and
the definition of §. O

Theorem 3.22. Under SetupB20, if A C T is a differentially extensible inclusion,
then the D px[s]-module MA[f?] is a differentially extensible summand of the
Drx[s]-module MT[f?].

Proof. We proved in Theorem 2T that MA[f2] is a differential direct summand of

MT[f2]. To prove the second condition of differential extensibility, fix v € M*[f?]

and 6 € D k[s], and suppose 5 € Dyig[s] extends 6. Write d e v = gfy* --- f*
and 0sv = hff - f5¢, with g € Af,...;,[s] and h € T}, ..;,[s]. Since the D-module
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structures on MA[f?] and M7[f*] are compatible with specialization, for each
t € Z* we have

G 1 = (6 00) = 5(1) » () = (1) + 1 v)
= Gu(Fev) = hOSL o S

where the central equality follows from Lemma B.II} This shows that g(t) = h(t),
for all t € Z*, so g = h by Lemma[Z39 and §ev = § » v. O

3.3. Bernstein—Sato functional equation for direct summands

As we have done in Theorem [2I7 the existence of the formal Bernstein—Sato
polynomial for direct summands can be proved by invoking the existence of the
specialized version [I]. However we can provide a direct proof using the D-module
structure of the module M4 [f?] described in Theorem 12 and following the ideas
used for the specialized version [I]. For completeness we work out the details in this
section in full generality. Moreover, we address the issue of whether the Bernstein—
Sato polynomial associated to a sequence of elements only depends on the ideal
generated by these elements.

From now on we consider the following setup but we point out that all the

results also hold for direct summands of formal power series rings.

Setup 3.23. In the remainder of this section, K is a field of characteristic zero,
R is a polynomial ring over K, and A is a K-subalgebra of R, such that A is a
direct summand of R and that A is finitely generated over K. Moreover, following
Convention 2.T3] given f = fi,..., fo € A, when referring to the D 4x[s]-module

structure on MA[f2], we use the structure described in Theorem Z12]

For the sake of clarity, we first present the more familiar case of principal ideals.

Theorem 3.24. Under SetupB.23] given f,g € A, there exists 6 € D gx[s], and a
nonzero polynomial b(s) € Qls], such that the functional equation

oo fgf® =0b(s)gf*
holds in MA[f?].

Proof. There exist € Dpjk[s] and a nonzero polynomial b(s) € Q[s] such that

ne fgf® =0b(s)gf*

in ME[f?], as in Definition 271 By applying the splitting ©: ME[f5] — MA[f?]
induced by the splitting 5 making A a direct summand of R, we obtain that

b(s)gf® =0O(b(s)gf®) =Oms fgf?) = (Bonla)e fgf®
in MA[f¢]. Taking § = Bon|a € Dajk[s], we obtain the desired equation. O
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Example 3.25. Let A = % We determine a functional equation for the
element uv € A. To do this, we realize A C R = C[z,y] via the inclusion given
by f(u) = xy, f(v) = 23, f(w) = y3. Observe that the image of A under f is the
ring of polynomials invariant under the action of the cyclic group G generated by
g, where g(z) = e*™/3z and g(y) = e~ ?™/3y. Since g does not fix any one-forms in
R, the inclusion map f is differentially extensible by Example 3.3l From here we
find a functional equation for f(uv) = z*y in R, namely

41_43;13@} e ty(zty)® = (s + 1)? (s + %) (s + %) (s + i) (z'y)*.

The existence of such an operator comes from the standard theory of Bernstein—
Sato polynomials. We then observe that the differential operator 4% 010, € D ricls]
sends G-invariant polynomials to G-invariant polynomials, and is thus a differential
operator on A. This yields the functional equation we seek.

Thanks to Theorem [3.24] the following definition is well founded for a direct
summand of a polynomial ring.

Definition 3.26 (Relative Bernstein—Sato polynomial of an element of
a direct summand of a polynomial ring). Given A C R and f,g € A as
in Theorem [3.24] we call the monic polynomial of smallest degree satisfying the
conclusion of this theorem the Bernstein—Sato polynomial of f relative to g, which
we denote bﬁ 4(8). If g =1, we call this polynomial the Bernstein-Sato polynomial
of f, and denote it b?(s).

We now present the Bernstein—Sato polynomial bﬁ g(s) associated to a set of
nonzero generators f = f1,..., f; of an ideal I of A, relative to an element g € A.

Theorem 3.27. Under Setup B.23, given f = fi,...,fe € A and g € A, there
exists a nonzero polynomial b(s) € Q[s] such that

b(Sl _|_ ...+S£)gffl e ;l
is in the D gx[s]-submodule of MA[f?] generated by all
i
11 {—2) (RN VAR R i
i€nsupp(¢) v
where ¢ = (cy,...,ce) Tuns over the elements of Z* such that |c| = ¢y +---+c¢ = 1,

and nsupp(c) = {i:¢; < 0}.

Proof. Let N denote the D 4k[s]-submodule of M#[f?] described in the statement
of the theorem. By the existence results given for Bernstein—Sato polynomials for
varieties in smooth varieties [I7} Sec. 2.10] (see also [16], Definition 2.2]), there exists

Se

a nonzero polynomial b(s) € Q[s] such that b(sy + --- + s¢)gfi* -+ f,* is in the
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D gy [s]-submodule of ME[f?] generated by all

|| (_‘91) UL feg I fee
ci
(c)

1Ensupp

where ¢ = (c1, .. .,c¢) runs over the elements of Z¢ such that |¢| = 1. Now, applying
the splitting ©: ME[f2] — MA[f2], we obtain that

b(si+---+s0)gfit---fot € N. O

As in the case of a single element f, we have justified the following definition
in the case of a direct summand of a polynomial ring over a field of characteristic
zZero.

Definition 3.28 (Relative Bernstein—Sato polynomial of a sequence of ele-
ments in a direct summand of a polynomial ring). We call the unique monic
polynomial b(s) € Q[s] of smallest degree satisfying the conclusion of Theorem [3.27]
the Bernstein—Sato polynomial of f relative to g, and we denote it bﬁg(s). Ifg=1,

we call this the Bernstein-Sato polynomial of f, and we denote it b?(s).

It follows from the proof of Theorem that, for a direct summand A C R,
the Bernstein—Sato polynomial b;{ 4(8) divides b?;g(s) (see [, Theorem 3.14] for
the specialized version). Under the extra condition that A C R is differentially

extensible, these two polynomials coincide as it was shown for the specialized version
[13, Theorem 6.11].

Theorem 3.29. Consider Setup B.23 under the extra condition that the inclusion
A C R is differentially extensible. Given f = f1,...,fo € A and g € A, we have
that bﬁg(s) = bﬁg(s).

Proof. From the proof of Theorem [3.27] we obtain that bﬁg(s) divides bjlffg(s). We
now prove that bfg(s) divides b‘ﬁg(s). Choose 6. € D gx[s] for which

bﬁg(sl _|_ [P +8£)gff1 ‘e Zsl

§ : Sq c1 co s Sp
= 600 H{_C,)l ...ngll... a
cez’  i€nsupp(®)
le]=1

The above equation remains true after replacing each d. € D 4x[s] with an extension

5e € Dpjk|[s], justifying our claim. O

Using a mild generalization of a recent result by Mustata [59] we can prove that
the Bernstein—Sato polynomial does not depend on the choice of generators for an
ideal I C A, justifying the notation b7 (s), or bf'(s) if g = 1.
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Theorem 3.30 (Mustata). Let A be an algebra over a field K of characteristic
zero, that is finitely generated over K. Assume that A is a direct summand of a
polynomial ring over K. Given nonzero f = fi,...,fr € A and g € A, set h =
vifi+ -+ yefe € Alya, ..., ye), where y1,...,ye are indeterminates. Then

bA[yl""’y[](s)

A _ _hg
b0(8) = =

Furthermore, bﬁg (s) only depends on the ideal generated by f.

The proof of this result is essentially the same as the one presented in work
previously mentioned [59, Theorem 1.1 and Remark 2.1}, so we omit it. We only note
that the hypothesis that A (and hence also Aly1,...,y¢]) is a direct summand of a
polynomial ring guarantees the existence of the relative Bernstein—Sato polynomial
b,’?’%’l""’yd (s), and that (s + 1) is a factor of this polynomial, since h involves some
variables that g does not.

Theorems and allow us to define the (relative) Bernstein—Sato poly-

nomial of an ideal in a direct summand of a polynomial ring.

Definition 3.31 (Relative Bernstein—Sato polynomial in a direct sum-
mand of a polynomial ring). Let A be an algebra over a field K of character-
istic zero that is finitely generated over K. Assume that A is a direct summand
of a polynomial ring over K. Let I and g be an ideal and an element of A. Given
generators f = fi,..., fy for I, we call the polynomial bﬁg € QIs] the Bernstein—

Sato polynomial of I relative to g, and denote it bfg(s). If g = 1, we call this the
Bernstein—Sato polynomial of I, and denote it b7 (s).

4. V-Filtrations

The theory of the V -filtration, originally defined by Malgrange [46] and Kashiwara
[40], is a central object in the study of D-modules over a smooth variety. Our goal in
this section is to extend this theory to the setting of a differentially extensible sum-
mand of a polynomial ring. In the following section, we apply this newly-developed
theory to the study of multiplier ideals.

Suppose that K has characteristic zero. Let R = K[z] = K[z1,...,24] be a
polynomial ring over K and set X = Spec(R). Let I C R be an ideal generated by
f=ri,..., fe € R. We may assume that I defines a smooth subvariety, by consid-
ering the graph embedding iy : X — X x A® mapping « — (z, f1(2),..., fe(z)), and
then replacing X by X x A’ and each f; by the projection onto the ith coordinate
of A%, Therefore, if t = t1,...,t; is a system of coordinates of Af, we may simply
assume that I is (t) = (t1,...,te) C R[t1,...,te].

The V-filtration along () on the ring of K-linear differential operators D gk is
obtained by assigning degree 0 to the elements of Dk, degree 1 to the indetermi-
nates t1,...,t¢, and degree —1 to the partial derivatives 0y, , ..., 0. Equivalently,
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a differential operator 4 lies in VD gk if and only if §« (£)7 C ()77 for all j € Z,
where we use the convention that (t)/ = R[t] for negative exponents j.

For a given Dpg-module N, one considers its direct image with respect to the
graph embedding

Zf*(N) =N QK K[@tw ey 8”]7
which is a D gy x-module isomorphic to the local cohomology module
Hé—f}(N[t])v

where (t— f) denotes the ideal (t,— f1,...,t¢— f¢) of R[t]. If N is a regular holonomic
Dpx-module with quasi-unipotent monodromy, then there exists a V-filtration
along (t) on if*(N), which is a decreasing filtration Vi§iy (N) indexed over the
rational numbers satisfying certain conditions (see Definition [£3)). The existence of
such a filtration is a result of Malgrange [46] and Kashiwara [40], and is essentially
equivalent to the existence of relative Bernstein—Sato polynomials in a generalized
sense. We do not go into detail on the definition of regular holonomic modules with
quasi-unipotent monodromy, so we encourage the interested reader to take a look
at [46] and [40]; we only point out that the ring R itself, and the local cohomology
modules of the form H}(R), satisfy this property.
Finally, one defines the V-filtration along f of the Dgx-module N as

V&)N = V{;if*(N) N N.

It is known that the V-filtration only depends on the ideal generated by f, and not
on the choice of generators [17, Proposition 2.6].

4.1. V-filtrations for nonregular rings

In order to develop a theory of V-filtrations for a not-necessarily-regular ring, we
follow the same ideas as in the smooth case and define them using a set of axioms.

Definition 4.1 (V-filtration on Dy k). Suppose that K has characteristic zero.
Let T be a Noetherian commutative K-algebra, and let T[t] = T[t1,...,ts] be a
polynomial ring over 7. The V-filtration along the ideal (t) = (t1,...,ts) on the
ring of differential operators Dy is the filtration indexed by integers i € Z
defined by

Viy Do = {0 € Drpg : 0+ ()7 C (8)7* for all j € Z},
where we use the convention that (t)/ = T[t] for integers j < 0.

Remark 4.2. As a graded Dy jg-module, we have the following description:

VigDrgk = € Drg-t4* -0 - 97,

a,bENZ
la|—[b] >

where, given u = (u1,...,us) € N, we denote |u| = uy + -+ + uy.
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The V-filtration along the ideal (£) = (t1,...,%;) on a Dyyg-module M is
defined axiomatically as follows.

Definition 4.3 (V-filtration on a Dy g-module along indeterminates).
Let M be a Drppyg-module. A V-filtration on M along the ideal (t) = (t1,...,ts) is
a decreasing filtration {Vé‘>M }o on M, indexed by a € Q, satisfying the following
conditions.

(1) For all @ € Q, V3 M is a Noetherian V), Drjyx-submodule of M.

(2) The union of the Viy M, over alla € Q, is M.

(3) The filtration is left-semicontinuous and discrete. More precisely, there exists
some m € N such that for every n € Z and all o« € ("T’l, L], V<‘z‘>M = ‘/ZZ)/mM

(4) ForallaeQand all 1 <i </,

tie VM CVETIM  and 9y, « VM C V™ M,

i.e. the filtration is compatible with the V-filtration on Dy k-
(5) Forall a0, 30, (ti« Vi M) = Vit M.
(6) For all a € Q,

14
Z 8titi —
i=1

acts nilpotently on V3§ M/(U, 5 Vg)M ).

As in the case of polynomial rings, the V-filtration is unique in this broader
context, provided it exists. The proof of this fact is analogous to that of the original
result in the case that T is a polynomial ring over K (see [I5, Proposition 1.3]), so
we omit it.

Proposition 4.4. Let M be a finitely generated Dy x-module. If a 'V -filtration
on M along (t) exists, then it is unique.

Our goal is to prove the existence of the V-filtration for differentially extensible
summands of polynomial rings. For this reason, we introduce certain auxiliary Rees
algebras that lead to an equivalent way of defining V-filtrations.

Definition 4.5. Suppose that K has characteristic zero. Let T" be a Noetherian
commutative K-algebra, and let T[t] = T[t1,...,ts] be a polynomial ring over T.
Given an auxiliary indeterminate w, we define the following Rees algebras:

By Drigx = (Vi D) v’

iz
= DT“K[tlw, .o tew, 8t1w*1, R 8”’[1}71]
‘BQDT[;”K = @(V& Drygx)w’ & @(V& Drpgx)w’
i>0 i<0

= DT|]K[w717tiwvatitj | 1< 27.7 < []
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Moreover, given a Drpx-module M, for a € Q,
o — a+i i
M = @D (VM) w'.
iz
In the polynomial ring case, these algebras are Noetherian.
Lemma 4.6. Suppose that K has characteristic zero. Let R = K[z] = K[z1, ..., z4],

and consider the polynomial ring R[t] = R[t1,...,t¢] over R. Then 1/<2>DR[15]|K,
By DRk, and SBZ:)-DR[;]\K are Noetherian rings.

Proof. We aim to show that each ring admits a filtration for which the associated
graded ring is commutative and Noetherian. Let F denote the order filtration on
DR[;]\K» so that

gr]:(DR[ﬂUK) = K[$7 y7t7 u]7

where y = y1,...,yq¢ and u = u1,...,ug correspond to the images of the partial
derivatives Oy,,...,0;, and O,,...,0,. Let G, = (V&DR[;]\K) N Fy, and consider
the ring inclusion

1 816(Viyy Drigic) — g1z (Drigw)-
Set a = (a1,...,a¢) and b = (b1, ...,bp). We have that
g1 (Vi Drig )
= Tm(p) 2 Kz, y, 15 - 15Ul -1l a5 ol

~ Kz, y, 1, tiuj] (i3

which is a finitely generated K-algebra, and so, a Noetherian ring. We conclude
that V&D Rk is left- and right-Noetherian since Fo = R][t].

Now, consider the subring Uy Dgyx of Dgpyjrlw], which is Z-graded as a
polynomial ring in w. We refine this to a Z x N grading by taking the filtration

G; =1{0 € V) Drpyjjx : 0 € Fj @Dy Drpggjxlw]}-

We obtain an inclusion ¢: grg/ (U Drygx) — err(Drpygx)[w]. With the same
coordinates that we used for grz(Dgpx) above

grg (Vi) Driyix)
~Y ~ a a b b j
= Im(p) = Kz, y, 17" - 15 uq" - - wg ]l > b 45}
= Klz,y, tiw, . .. ctow, upw ™ L wew T,

which is again a finitely generated K-algebra, and hence Noetherian. We conclude
that Uy Dy x is left- and right-Noetherian.
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Finally, consider ‘BaDR[ﬁ”K C Uy Drpggix S Drjgx[w]. We have that
g1 (V" Dy )
= Kz, y, 17 g u) g 0 o) 2 ol +max(0})
= Klz,y, tiw, ..., tyw, wl, tivgl i

and by the same argument above, we are done. O

Using the algebras introduced in Definition 5] we can give another characteri-
zation of the stabilization conditions appearing in the definition of the V-filtration.

Lemma 4.7. Suppose that K has characteristic zero. Let T be a commutative
Noetherian K-algebra, and let T[t] = T[t1,...,te] be a polynomial ring over T.
Given a Dy x-module M, a decreasing filtration {V&M}a on M indexed by o € Q
satisfies conditions (1) and (5) of Definition [L3 if

(a) VM is a Noetherian %&DT[l]‘K-module for allaoe QNJ0,1).

Proof. We first show that (a) implies (1). Let {M;} an ascending chain of
V& Dy x-submodules of Vg)M . We consider the induced chain {‘B@DT[;HKMJ-}.
By (a), there exists an integer a such that for every j > a, we have %& DryxM; =
%?;>DT[;]|KM¢1~ By the grading, we obtain that M; = M, as V<2>DT[§HK—modules.
We conclude that V<‘2‘>M is a Noetherian left V&DT[;HK—submodule of M.

We now show that (a) implies (5). Let VoM = ZleﬁszT[t”Kmiwdi as

above. For d > max{dy, ..., ds}, using the previous equation, we obtain that

a+d+1 d—d;+1
Vi M= Z Vi Drpgirmi

=D (1) Vi " Dy = (1) » VigHM. m

4.2. V-filtrations for differentially extensible summands

The main result of this section is the existence of V-filtrations for differentially
extensible summands.

Theorem 4.8. Let T be a commutative Noetherian ring containing a field K of
characteristic zero. Let A be a K-subalgebra of T such that A is a direct summand
of T, and for which the inclusion A C T is differentially extensible. Let M be a
D 4p4jx-module that is a differentially extensible summand of a Dppyx-module N.
If V&N is a V-filtration on N along the ideal (t) = (t1,...,ts) over T[t], then
WM = VNN M is aV-filtration on M along (t) over Alt].

Proof. We show that W&M is a V-filtration for M by verifying Conditions (2),
(3), (4), and (6) of Definition €3] and Condition (a) of Lemma 71
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The fact that Condition (2) holds follows from the fact that V*N is exhaustive.

To see that Condition (3) holds, observe that since Vi N is a V-iltration for

N, there exists some m € N for which Vé‘>N is constant on each interval of the
n—=1 n a [

form (2=*, 2], where n € Z. Consequently, WM = VigN N M is constant on

each such interval.
Toward verifying Condition (4), we first show that Wg M is a V&D Alt][K-
submodule of M. Let . i

5= bast"d € VY Dayx,
|al>[b]

where 0,5 € D gjg, t = t1" - ", o = 8,{’11 . -8?5, and the sum is taken over finitely
many a,b € N¢. For each da,p, there exists dqp € Dpjg such that 64p[4 = dap; set
gz Z ga,btaab.
la>10]
Given w € W&M , we have jew = g-w7 as M is a differentially extensible summand
of N. Since 6 € V) Dryyjx, we obtain that 6 «w € VN, hence 6w € W M.
To conclude that Condition (4) holds, it suffices to show that 29 WaM <

W<ot‘>Jr lal=1% , but this follows from the string of containments

90" s Wi M = 0"« (VAN N M) C (t°0" s VG N) N M

a-tlal—b| _ potlal=Ibl
<V N)NM =W, M.

From the definition, it is clear that Condition (6) holds, since

weM o VANNM Vi N

= —
5 5 5
Ussa Wiy M Upsa Vig NOM Upso Vig N

)

and Y., 9;,t; — a acts nilpotently on the module on the right-hand side.
Finally, to verify that Condition (a) holds, we show that the following stronger
condition holds: QB%M is a left-Noetherian U+t D Algjk-module. Tt suffices to show

that if My, My C QH?bM are ‘1]?2>DA[15]|K—modules such that

((Bé)DTLt]\K)Ml = (mz;>DT[1t]|K)M27

then M; = M, because QT‘@N is a left-Noetherian QT&DT[IHK—moduIe. We de-

note by ©: N — M a differential splitting. Let w € M;. Since (BZ‘;)DT[jHKMl =
mZt)DT[IHKMQ, there exists &,...,& € Drx and wy,...,ws € My such that
w=~& ew; + -+ & *ws. We apply O to both sides to obtain

wl:G(wl):@(51.W1+...+58.w8)
:9(§l'wl)+"'+@(fs'ws):5'w1+"'+55'w57
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where the last equality follows from the fact that © is a differential splitting com-
patible with 3. Thus, w' € m@D Ak Mz = Ma. Hence, My C Ms. Similarly, one
can show that My C M. O

Corollary 4.9. Suppose that K has characteristic zero. Let R be a polynomial ring
over K, and let A be a K-subalgebra that is a direct summand of R, and such that
the inclusion A C R is differentially extensible. Let M be a D g[x-module that is
a differentially extensible summand of a regular holonomic D gy x-module N with
quasi-unipotent monodromy. Then there exists a V -filtration on M along the ideal

{t) = (t1,.... ).

Finally, we aim to define a V-filtration on a D4-module M along f =
fi,..., fe € A, where M is a differential direct summand of a Dgjx-module N.
The direct image of N under the graph embedding i is the local cohomology mod-
ule Hé_ﬁ (NT[t]), where (t — f) = (t1 — f1,...,te — fe). This Dppjx-module has
H (1) (M]t]) as a differential direct summand by Proposition [3.19] and we use this
fact in defining our desired V-filtration. In Theorem EII, we show that the V-
filtration depends on the ideal generated by f, but not on the particular choice of
its generators.

Definition 4.10 (V-filtration on a D jg-module along f). Suppose that K
has characteristic zero. Let A be a commutative Noetherian K-algebra. Given in-
determinates t = tq,...,ts, and f = f1,..., fr € A, consider the ideal (¢t — f) of the

polynomial ring A[t] generated by ¢y — fi,...,t¢ — fs. For a D 4g-module M, let
M’ denote the D gpx-module H{, . (M[t]), and identify M with the isomorphic

module 0 :p (¢ — f) € M'. Suppose that M’ admits a V-filtration along (¢) over

Alt]. Then the V-filtration on M along f is defined, for o € Q, as
VM = VHM' N M = (0 v, M t—1f))-

Using the proof of the previous theorem, we show that a V-filtration over A along
f only depends on the ideal I = (fi,..., f¢) and not on the generators chosen.

Corollary 4.11. Suppose that K has characteristic zero. Let R be a polynomial
ring over K, and let A be a K-subalgebra that is a direct summand of R, for which
the inclusion A C R is differentially extensible. Let M be a D g x-module that
is a differentially extensible summand of a regular holonomic D gy x-module N
with quasi-unipotent monodromy. Suppose that f = fi,...,fr and g = g1,...,9m
both generate an ideal I C A. Set M' = Hé_ﬂ (Mt]) and M" = Hp, .\ (M[u]),
for another sequence of indeterminates u = uy, ..., un. We identify M with both
0 (¢t = f) and 0 :apr (u — g). Then VEM' N M =V M" N M. In particular,

the V-filtration of M along f depends only on the ideal I.

Proof. Let N' = Hj, (N[t]) and N" = H@_  (N[u]). We observe that M’ is

a differentially extensible summand of N/, and M” is a differentially extensible
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summand of N” by Proposition Since both N’ and N” have V-filtrations
(along t and u), so do M’ and M" by Theorem[d.8 We have that N is identified with
0:n/ (t—f) and 0 :xv (u—g). Then VEN'NN =V N"NN [17, Proposition 2.6],
and thus we have the equalities

VM nM = (VaN' nM)NnM=ViN' nM nNNM
=(VaN'NN)NnM'nM = (Vo N"nN)nM"nM
= (VG N" N M) M = Vi M" 0 M. .

4.3. Hodge ideals

Given f € R = Clz1, ..., zq4], the Dg|c-module of regular functions on X = Spec(R)
with poles along the divisor Y = div(f) is given by Ox (*Y) = Ry. This module
is equipped with the Hodge filtration Fo(Ox (xY")) [506} [66], which is an invariant
measuring the singularities of Y. Mustatd and Popa [56] defined a sequence of
ideals, the Hodge ideals of f, that encode data of the Hodge filtration. Later on,
they extended this notion to Q-divisors [57, 58]. In this framework, they considered
a filtration FoOx (*Y)- f1=* on the free D pjc-module of rank one Ox (xY)- f17* =
Ry - f=A, where \ € Q>0. If we denote the support of Y as Z = Yjcq, then the
sequence of Hodge ideals of f*, which we denote as It (f*), k > 0, is defined by the
equations:

FrOx(xY) - f2 = L(\Y) @ Ox (kZ +Y) - f17

We point out that Hodge ideals can be also defined for ideals of R, and A € (0,1]NQ
[54]. This description boils down to the computation of Hodge ideals of Q-divisors.

An interesting feature is that Hodge ideals of Q-divisors are characterized com-
pletely in terms of V-filtrations. For simplicity we will just consider the case where
the divisor is reduced. Set Q;(z) :=x(x +1)---(x +j — 1) € Z[z].

Theorem 4.12 ([58]). Let Y be a reduced divisor defined by f € R. Then for all
A€ Qx> and k > 0, we have

B Jho,...,hkER s.t.
L) = g_ZQJ Nf¥9h; e R haO eV His_,, (R[t])

tf—t (t)
We refer to the work of Mustatd and Popa [55H58] for properties of these ideals.
Theorem [M.I7] allows us to define Hodge ideals whenever V-filtrations are
defined.

Definition 4.13. Suppose that K has characteristic zero. Let T" be a K-algebra
that admits a V-filtration along a reduced f € T. For any A € Q>¢, and every
k > 0, the kth Hodge ideal of f* is defined by

)\ [ Jho,....,h €T s.t.
Li(fN=149= ZQ Thi €T | s pol eV HY, , (T[H)

tF_t (t)
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If the ring T is clear from the context, we write I (f) instead of I (f).

From our results on V-filtrations, we can show that Hodge ideals exist for ex-
tensible direct summands of polynomial rings.

Corollary 4.14. Suppose that K has characteristic zero. Let R be a polynomial
ring over K, and let A be a K-subalgebra that is a direct summand of R, for which
the inclusion A C R is differentially extensible. Then I,f(fA) exists for oll f € A
and A € Q>¢. Furthermore,

IE(F = LAY N A (4.1)

Proof. The existence of Hodge ideals follows from Corollary[£9l We prove (@I]) by
showing both containments. First take g € I;*(f*). There exists hg,...,hy € AC R
such that g = Z?:o Q;j(N) f*9h; and

k
1
Zhjagﬁ € ViyH s (Alt])) € ViyH;_y (R[H)

J=0

so that g € IE(f*).
On the other hand, for g € If(f*) N A, there exist ho,...,h; € R such that
9= 350 QNS h; and

Zh atj—ev (e t)(A[])C‘/() (o (BI]).

Let B: R — A a splitting, and 6 : H<f o (R[t]) — H<1f_t> (A]t]) a differentiable

splitting. Then
1
Jj
0 (h o+ t)

1
F—t

I

Il
o

k

o1
St
= It

J

(B0 h;d])7—

I
E

<.
Il
o

1
4 tf-t

Since B(ho), - .., B(hi) € A, we conclude that g € I{*(f*). 0

I
™M=

(Bh;)0}

Il
o

We now recall a definition related to the log canonical threshold.

Definition 4.15. Suppose that K has characteristic zero. Let T be a K-algebra
such that b}r(s) exists for every f € T. The minimal exponent of f, ay, is the
negative of the largest root of b¢(s)/(s + 1).
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As a consequence of Corollary [£.14] we can relate Hodge ideals and minimal
exponent.

Theorem 4.16. Suppose that K has characteristic zero. Let R be a polynomial
ring over K, and let A be a K-subalgebra that is a direct summand of R, for which
the inclusion A C R is differentially extensible. Given X € (0,1]1NQ, I{*(f*) =0 if
and only if k < ay — A.

Proof. Since this equivalence is known for polynomial rings [68, Theorem C], the
result follows from Theorem and 14 O

5. Multiplier Ideals

Given a field K of characteristic zero, let R be a polynomial ring over K and
X = Spec(R). To any ideal I C R, we associate a family of multiplier ideals Jr(I*)
parametrized by nonnegative real numbers \. There exists a discrete sequence of
rational numbers

O=X < A <A<+

called the jumping numbers of I, for which JR(IA) is constant for A; < A < Ajyq,
and Jr(I*) 2 Jr(I*+1). The first nonzero jumping number, A, is known as the
log canonical threshold of I, denoted lctg(I).

We begin this section by recalling the definition of the multiplier ideals in this
setting, and we refer to [42] for details, and any unexplained terminology.

Definition 5.1 (Multiplier ideals over a polynomial ring). Let R be a poly-
nomial ring over a field K of characteristic zero, let I be an ideal of R, and let
X = Spec(R). Let m: Y — X be a log resolution of I such that /10y = Oy (—Fr),
where Fr = Y riE;, and Ky,x = ) b;E; is the relative canonical divisor. The
multiplier ideal of I with exponent A € R>¢ is defined by

Tr(I*) = m.0y ([Ky)x — AFy])
={h € R: ordg, (7*h) > |Ar; — b;] Vi}.

In our setting, there is a characterization of multiplier ideals in terms of the V-
filtration that, roughly speaking, says that the chain of multiplier ideals is essentially
the V-filtration of R along the ideal I [I7, [I8]. In fact, this relation has been used
to develop algorithms to compute multiplier ideals, based on existent algorithms
for computing the Bernstein—Sato polynomial that use Grobner bases over the ring
of differential operators [2] [74].

Theorem 5.2 ([17, Theorem 1, Corollary 2]). Let R be a polynomial ring
over a field K of characteristic zero, and let I be an ideal of R. Given a real number
A >0, the following ideals coincide:

(1) Tr(I?),
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(2) Uasa VYR, where the V-filtration is taken along I, and
(3) {g.€ Riv > X if b (—) = O}.

The definition of the multiplier ideals can be easily extended to the case that
X is Q-Gorenstein, where it is possible to construct the relative canonical divisor.
A version of multiplier ideals in normal varieties was defined by de Fernex and
Hacon [21], and later extended by Chiecchio et al. to include a boundary divisor
term [19].

Our aim in this section is to study multiplier ideals for direct summands of
coordinate rings of smooth varieties, and to extend Theorem to this setting.
Our most general result in this direction is the following.

Theorem 5.3. Let R be a polynomial ring over a field K of characteristic zero, and
let A C R be a differentially extensible inclusion of finitely generated K-algebras,
such that A is a direct summand of R. Then for every ideal I of A, and every real
number X\ > 0, the following ideals coincide:

(1) TJr((IR)*) N A,
(2) Upsr V*A, where the V-filtration is taken along I, and
3) {g€ Ary> X if b (=) = 0}.

Proof. From the equality b7 (s) = bf ,(s) given in Theorem B2, we deduce
{geA:y> A ifbﬁg(—’y) =0}
={geR:y>\if b?Rg(—W) =0} NA.

Moreover, [ J,~, V*A is the intersection (|, V*R) N A, where the V-filtrations
are taken along I in A, and along IR in R. The claim then follows from Theo-
rem [5.2

O

Of course, it would be desirable if Jr((IR)) N A were equal to Ja(I*), and
we show this, under certain conditions, in Theorem [5.15l To prove this result, we
make a detour through positive characteristic methods, relying on the well-known
relation between multiplier ideals and test ideals [29] B0, [76].

5.1. Test ideals and Cartier extensibility

Throughout this section, 7" denotes a commutative Noetherian ring of prime char-
acteristic p. The eth iteration of the Frobenius endomorphism F¢ on T, given by
r— rP°, yields a new T-module structure on T' by restriction of scalars. We denote
this module action on T by F£T, so that for r € T and Ffx € F£T,

r-Fex =F(rP z) € FCT.

We say that T is F'-finite if FET is a finitely generated T-module for some (equiv-
alently, all) e > 0.
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The iterated Frobenius endomorphism can be used to classify singularities.
Definition 5.4. Let T be an F-finite Noetherian domain of prime characteristic.

(1) We call T F-pure if the inclusion map T — F£T splits for some (equivalently,
all) e > 0.

(2) We call T strongly F-regular if for every r € T, there exists e € N such that
the T-linear map T' — F{T sending 1 to Fr splits.

A regular ring is strongly F-regular, and a direct summand of a strongly
F-regular ring is itself strongly F-regular [31, Theorem 3.1].

Definition 5.5. Let T be an F-finite Noetherian domain of prime characteristic p.
An additive map : T — T is a p~°-linear map if ¥ (r?" f) = rp(f). Such a map
is also referred to as a Cartier operator. The set of all the p~¢-linear maps on T is
denoted C%; in the notation of Definition 5.5 C$ = Homp (FST,T).

Test ideals first appeared in the theory of tight closure developed by Hochster
and Huneke [32] 33]. Hara and Yoshida subsequently defined test ideals associated
to pairs (T, 1), where I is an ideal of a regular ring 7', and \ is a nonnegative real
parameter [30]. A tight closure-free version of test ideals was developed by Blickle
et al. using Cartier operators over regular rings [I0] [IT]. This new approach was
extended to nonregular rings [8, [, [72]. For strongly F-regular rings, we have the
following description (see [82]).

Definition 5.6. Let T be an F-finite Noetherian domain of prime characteristic p
that is strongly F-regular. The test ideal of an ideal I of T with respect to a real
parameter A > 0 is defined by

() =J | Do e

e>0 \ypels

Cartier operators are closely related to differential operators, so it is natural to
consider our condition of differentiable extensibility in this context, as well.

Definition 5.7 (Cartier extensibility). Consider a ring homomorphism ¢: A —
T, and fix a Cartier operator 1 € C. We say that

(1) A Cartier operator zz € Ct extends ¢ if poyp = {/;o ; i.e. the following diagram
commutes:

AT
o
AT

If  is simply an inclusion, then this is equivalent to the condition that zz |a = .
(2) The map ¢ is Cartier extensible if for every ¢ € Cq, there exists ¢ € CS that
extends .
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Lemma 5.8. An inclusion A CT of F-finite F-pure domains of prime character-
istic p > 0 that is differentially extensible with respect to the level filtration is also
Cartier extensible.

Proof. Let ip: T — FET be the inclusion map, and wp: FT — T a T-linear
splitting. Likewise, let i4: A — F¢A be the inclusion map, and 74 an A-splitting.
Given an A-linear map v¢: FfA — A, we obtain an A-linear map i4 ot on FfA.
Note that ¢ = w4 0 (i4 01)). By assumption, there is a T-linear map S on FfT such
that fB|pea = ia 0. Then since im(B|pca) € A and (77)|a is the identity map,
mr o B € Cf extends . O

Proposition 5.9. Let R be a reqular F'-finite domain of prime characteristic p > 0.
Let A C R be an extension of Noetherian rings, such that A is a Cartier extensible
direct summand of R. Then for every ideal I of A, and every real number A > 0.

T.(IY) =1 (IR)) N A.

Proof. Since A is a direct summand of R, 7,((IR)*) N A C 7,(I*) [1, Propo-
sition 4.9], and we focus on the other containment. For any f € 7,(I*), there
exists e € N for which f € Cjﬂpe”. Then there exist g1,...,g9¢ € I and
Wi,...,¢%e € CG such that f =191 + - + Yege. Given extensions Ji € Cg of 1,

f=tv1g1+ - +ege = rg1 + - +hege € CHIT AN C 7 (IR)™)
so that 7,(I") C 7p((IR)*) N A. m|

5.2. Multiplier ideals and reduction modulo p

The relationship between multiplier ideals and test ideals using reduction to prime
characteristic p was originally observed in work of Smith [75] [76] and Hara [29]. For
the case of pairs, we refer to work of Hara and Yoshida [30], to that of Takagi [80]
for Q-Gorenstein varieties, and to that of de Fernex et al. for the extension to the
numerically Q-Gorenstein case [20]. Herein, we call upon a result of Chiechio et
al. that states that multiplier ideals reduce to test ideals via reduction to prime
characteristic for a large class of rings [19].

Before explaining the result in [19], we recall the basics on reduction to prime
characteristic. For more details, we refer to Hochster and Huneke’s notes on tight
closure in characteristic zero [34].

Definition 5.10 (Model for an ideal in a finitely generated K-algebra).
Suppose that A is a finitely generated K-algebra, where K has characteristic zero,
and fix an ideal I of A. Fix a finitely generated Z-subalgebra B of K, and a B-
subalgebra Ap of A of finite type over B, that satisfy the following conditions: Apg
is flat over B, A  p K =2 A, and IgA = I, where Iz = I N Ag C Ap. For every
closed point s € Spec(B), we set A, = Ap ®p k(s) and I, = IpA; C A, where
k(s) denotes the residue field of s. We say that (B, Ag, Ip) is a model for (K, A, I).
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If, additionally, R is another finitely generated K-algebra, and ¢: A — R is
a K-algebra homomorphism, then we say that (B, Ag,Ig, Rp,pp) is a model for
(K,A,I,R,p) if (B,Ap,Ip) is a model for (K, A,I), (B,Rp,0) is a model for
(K, R,0), and pp: Agp — Rp satisfies p = pp ®p K. We write ps = pp Qp k(s)
for s € Spec(B) closed.

Remark 5.11. Note that if A is a subalgebra of a polynomial ring R over a field K
of characteristic zero, and A is generated by polynomials with integer coefficients,
then one can take B = Z in a model for A, and Ay the Z-algebra with the same
generators. In this case, a condition on Ay, for all s in a dense open subset of
Spec(Z) is equivalent to this condition on Az/pAz, for all p > 0. We write A, to
denote Az/pAz in this case.

Definition 5.12 (Anticanonical cover). Let A be a normal ring that is either
local and complete, or N-graded and finitely generated over its zeroth graded com-
ponent. The anticanonical cover of A is the symbolic Rees algebra

R(~wa) = P,

n>0
where w4 is the canonical module of A.

By recent results in the minimal model program [5, Corollary 1.1.9], we know
that for varieties with KLT singularities, R(—wa) is finitely generated.

Theorem 5.13 ([19, Theorem DJ]). Suppose that A is a finitely generated K-
algebra over an algebraically closed field of characteristic zero such that the an-

ticanonical cover R(—wa) is finitely generated. Let I be an ideal of A, and fix
A € Rxg. Let (B, Ag,Ig) be a model for (K, A,I). Then

[Ta(IM)]s =74, (12)
for every closed point s in a dense open subset of Spec(B).

Consider the following setup.

Setup 5.14. Let R be a polynomial ring with coefficients in an algebraically closed
field K of characteristic zero. Suppose that A C R is differentially extensible, that
the inclusion map ¢ makes A a direct summand of R, and that A is finitely gen-
erated over K with KLT singularities. Moreover, let I be an ideal of A, and let
(B,Ap,Ip,Rp,pp) be amodel for (K, A, I, R, »). Suppose that for all s in a dense
open subset U of Spec(B), A, is a direct summand of R, and the inclusion ¢ of
A, into Ry is also Cartier extensible.

In this setting, we fully understand the relationship between the multiplier ideals

Ja(I*) and Jr(IR).
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Theorem 5.15. In the context of Setup 514l for every real number A > 0,
Ja(I*) = Jr((IR)™) N A.

Proof. Take f € J4(I*), and for s € Spec(B), let f, denote the image of f in A,.
Then f, € [Ja(I*)]; for every s, so f, € 7, (I2) for s € U by Theorem B.I3 Thus,
fs € T ((IRs)*) N Ay by Proposition 5.9 In particular, f € 7, ((IRs)*), so that
fs € [TrR((IR))]s for s € U, and f € Jr((IR)*) N A.

Now take f € Jr((IR)*)NA, so that fs € [Jr(I*)]sN A for every s. Then f, €
Tr, (IR)*)NAg = 7, (1) for all s in the dense open set described in Theorem [5.13]
and Proposition 5.9l Then fs € [Ja(I?)]s for such s, and so f € Ja(I). O

The hypotheses that the inclusion A C R is differentially extensible, and split
as A-modules, are essential for Theorem .15 as the following example shows.

Example 5.16. Given A = C[z?,y?] C R = C[z,y|, and I = (22,y?) C A, then
Ja(I) = A, whereas Jr(IR) = (z,y). In particular, Jr(IR) N A # Ja(I).

The following example indicates that the assumption in Theorem [B.15] that,
after reduction to prime characteristic, A, C R, is a direct summand that is also
Cartier extensible for p > 0, might not be necessary.

Example 5.17. Let XY, Z be 3 x 3, 3 x 2, and 2 x 3 matrices of indeterminates,
respectively. Let T' = C[X], A = T/(det(X)), and R = C[Y, Z]. Then the C-algebra
map sending z;; in A to the (7, j)-entry of the matrix product Y Z realizes A as an
extensible direct summand of R [43] IV 1.9]. Let I C A be the ideal generated by
the 2 x 2 minors of X.

Using the methods of Johnson [36] Chaps. 4 and 5] along with techniques
of Takagi [8I, Theorem 3.1], one can compute Ja(I*) = ml2A=5 n rA-1
where m is the ideal generated by the entries of X. We have that Jr(IR*) =
(L(Y)(2)PM=5 0 (L(Y)(2)) M= using [36, Theorem 5.4; 23, Variant 2.5],
where I;(—) denotes the ideal of ¢ X i-minors of a matrix. It is then easy to verify
that jR(IRA) NA= jA(I)‘).

However, for p prime, the inclusion 4, C R, is not a direct summand. Indeed,
suppose it were. Then there would be an injection Hip (Ap) — HipRp(Rp). How-
ever, Hﬁp (Ap) # 0 by Grothendieck nonvanishing, and since pdgp (m,R,) = 7,
we know that H‘ip r,(Bp) = 0 by Peskine-Szpiro vanishing [64) Proposition 4.1],
yielding a contradiction.

We note that we do not know whether the inclusions A, C R, are Cartier
extensible or differentially extensible.

Motivated by Theorems and 5.5 and Example [5.17, we wonder whether is
it possible to drop the condition of Cartier extensibility after reduction to prime
characteristic. Namely, we pose the following question:

Question 5.18. Let A be a differentially extensible summand of a polynomial ring
over a field of characteristic zero. Given an ideal I of A, and a real number A > 0,
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do the following ideals coincide?

(1) Ja(l?),
(2) Uasa VYA, where the V-filtration is taken along I, and
(3) {ge A:y>Aif b‘;‘,g(—v) = 0}.

The following is an extension to our setting of results for smooth varieties that
relate the jumping numbers of multiplier ideals with the roots of Bernstein—Sato
polynomials [17] [26].

Theorem 5.19. Under Setup B.14l the log canonical threshold of I in A is the
smallest root ar of by(—s), and every jumping number of I in [ay,ar +1) is a root

of br(—s).

Proof. Since J4(I*) = Jr((IR))) N A, we have that Ja(I*) = A if and only if
Jr((IR))) = R. As a consequence, lct4(I) = letg(IR). Since b (—s) = bl (—s)
by Theorem B:29] the first claim follows. Furthermore, every jumping number of I
in A is also a jumping number of IR in R. Then the second claim follows again
from Theorem O

The above results apply to pointed normal affine toric varieties. Recall that
by Example B.4] Lemma B8] and Remark [B.6] there is an embedding of A into a
polynomial ring R over K such that, A C R is order-differentially extensible, and
Ap € R, is level-differentially extensible for p > 0. The ring R in the following
theorem is chosen in this way.

Corollary 5.20. Let I be an ideal of A, the coordinate ring of a pointed normal
affine toric variety over a field K of characteristic zero. Then there exists an em-
bedding of A into a polynomial ring R over K such that Ja(I*) = Jr((IR))) N A
for all real numbers \ > 0.

Proof. With R chosen as in the discussion before the statement, A4, C R, is Cartier
extensible for p > 0 by Lemma [5.8] so we can apply Theorem 515l O

The following result is already established for monomial ideals I [35].

Corollary 5.21. Let I C A be an ideal in an affine normal toric ring over an
algebraically closed field K of characteristic zero. Then the log canonical threshold
of I in A coincides with the smallest root ay of the Bernstein—Sato polynomial
br(—s), and any jumping numbers of I in [ar,ay + 1) are roots of br(—s).

We obtain similar results for rings of invariants under the action of a finite
group.

Corollary 5.22. Let K be a field of characteristic zero, and G a finite group acting
linearly on a polynomial ring R over K. Suppose that G contains no element that
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fizes a hyperplane in the space of one-forms [R]1. Let A = RS denote the ring of
invariants. Then the log canonical threshold of I in A coincides with the smallest
root ar of by(—s), and every jumping number of I in [ay, ar+1) is a root of by(—s).

In the polynomial ring setting, we can understand Hodge ideals as a generaliza-
tion of multiplier ideals. Indeed,

I'(F) = Tr(f7)

for € > 0 small enough [57, Proposition 9.1]. In the case of ideals I C R, the same
statement holds when A € (0,1] N Q [54]. As a consequence of Theorem 515, we
have the same property for extensible direct summands of polynomial rings.

Proposition 5.23. In the context of Setup 14l for every A € Q> and ¢ > 0
small enough, we have

LN = Ta(f9).
Proof. Using Corollary 414l and Theorem 515 we have
I = I 0 A= Ta(P5) 0 A= Tal0). 0
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