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Abstract

We derive stretching and bending energies for isotropic elastic plates and shells. Through
the dimensional reduction of a bulk elastic energy quadratic in Biot strains, we obtain two-
dimensional bending energies quadratic in bending measures featuring a bilinear coupling
of stretches and geometric curvatures. For plates, the bending measure is invariant under
spatial dilations and naturally extends primitive bending strains for straight rods. For shells
or naturally-curved rods, the measure is not dilation invariant, and contrasts with previous
ad hoc postulated forms. The corresponding field equations and boundary conditions fea-
ture moments linear in the bending measures, and a decoupling of stretching and bending
such that application of a pure moment results in isometric deformation of a unique neutral
surface, primitive behaviors in agreement with classical linear response but not displayed
by commonly used analytical models. We briefly comment on relations between our ener-
gies, those derived from a neo-Hookean bulk energy, and a commonly used discrete model
for flat membranes. Although the derivation requires consideration of stretch and rotation
fields, the resulting energy and field equations can be expressed entirely in terms of metric
and curvature components of deformed and reference surfaces.

Keywords Plates - Shells - Nonlinear elasticity - Stretch

Mathematics Subject Classification 74B20 - 74K20 - 74K25

1 Introduction

This paper provides a detailed derivation of bending measures and energies for elastic plates
and shells that were proposed in a companion paper [1] through physical arguments re-
lated to a sensible definition of “pure stretching” of a surface, and whose properties and
advantages were discussed therein. The present results follow from dimensional reduction
of a general isotropic bulk elastic energy quadratic in Biot strains [2—4]. The use of such
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strains as primitive quantities in elasticity emerged in the field of rod mechanics [5], and
its advantages for small-strain elasticity theories in soft matter were recently discussed in
great detail by Oshri and Diamant [6] and subsequently by Wood and Hanna [7], both in
the context of thin bodies. These advantages may be summarized as follows. A bending
energy quadratic in an appropriate primitive measure will give rise to a moment linear in
the measure and a tangential force without extra bending contributions, which aside from
its appealing simplicity has the important consequence that pure moments will not induce
stretching or compression of a neutral surface; for a plate, this is the mid-surface. A choice
of energy is a choice of constitutive relations, with the potential to couple the stretching
and bending response of a structure in a variety of simple settings; induction of stretch-
ing by moments may occlude fundamental questions regarding the geometric coupling of
stretching and bending, particularly as may occur in elastic singularities. The present pa-
per and its companion [1] offer an extension of primitive bending measures for straight
rods and axisymmetric plates to classes of thin elastic bodies including general isotropic
plates, curved rods, and shells. These measures may serve as ideal building blocks for the-
ories of thin structures. The plate measure can be seen as a symmetrized form of a tensor
suggested by Atluri [8], while those for curved rods and shells that we derive here, and
also physically justify in [1], differ from the many ad hoc postulated forms in the litera-
ture.

The basis of the present derivation is a bulk elasticity theory formed by systematic expan-
sion in Biot strains or similar quantities linear in stretch [4], including low-order terms not
present in neo-Hookean elasticity or theories constructed from metric differences (Green-
Lagrange or Euler-Almansi strains). The use of stretch tensors requires consideration of a
rotation tensor or tensor square root operations, and in three dimensions these introduce
significant complications not present when using metric components. However, simplifica-
tions are possible in the setting of a two-dimensional surface, with all the relevant quantities
eventually related to metric and curvature components such that the rotations need never be
explicitly found.

The dimensional reduction we follow employs a generalized Kirchhoff-Love kinematics
[9, 10] that avoids the internal inconsistencies of the classical assumptions, while retain-
ing the flexibility to not presuppose any particular scaling of stretching or bending with
thickness, as has been done in more rigorous mathematical approaches. We combine this
with an approach to constructing effective shell field theories from a series of papers by
Steigmann [11-14], while taking care to compute through-thickness derivatives of stretches
in a manifestly symmetric way.

The structure of the paper is as follows. Notation, the basic kinematics of plates and
shells, and important tensors such as stretches and curvatures, are introduced in Section
2. Quadratic-stretch elasticity and its associated energy are reviewed in Section 3. Sec-
tion 4 applies a dimensional reduction procedure to this energy. Section 5 presents the
resulting two-dimensional stretching and bending energies for shells, the latter based on
a new tensor measure of bending. Plates, whose bending energy is dilation-invariant, and
curved rods are discussed as special cases. Comparison is made with a commonly used dis-
crete bending energy. Field equations and boundary conditions are presented in Section 6.
The linearity of the force and moment and the consequences for deformation under sim-
ple loadings are demonstrated, including recovery of the unique neutral surface of classi-
cal linear elasticity. Finally, Section 7 replaces the description in terms of stretches and
rotations with another in terms of deformed and referential metric and curvature compo-
nents.
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2 Notation, Kinematics, Stretch, Rotation, and Curvature

We adopt the following notation. TrD and DetD are the trace and determinant of a tensor D,
whereas det[D;;] is the determinant of a matrix with entries D;;. symD = %(D +D7) is the
symmetric part of a second order tensor D whose transpose is DT. ||D|| is an (unspecified)
tensor norm. We will employ the shorthands Trz() =[Tr ()]2, Tr()?=Tr [()2], and sym?() =
[sym O], sym 0% = sym[(*].

An elastic body B of reference thickness 4 is parameterized by a system of material
coordinates {n“, ¢}, where —h/2 < ¢ < h/2 is a coordinate indicating distance from a
mid-surface S; in the kinematics we consider, it will be a normal coordinate and & will
be presumed small with respect to other relevant length scales. Latin indices run over
all three material coordinates, while Greek indices run over the two lateral coordinates
n“. We consider deformations between a referential (rest) embedding R(n®, ¢) with mid-
surface X(n“) = R(n*, 0) and a present (deformed) embedding r(n*, ¢) with mid-surface
x(n*) = r(n%,0), all in E*>. We denote (non-covariant) material derivatives with a sub-
scripted d, however, following common practice and ensuring compactness of derivations,
we will often denote the through-thickness ¢ -derivatives with a prime '. The embeddings R
and r have, respectively, coordinate bases in the form of tangents G, =d;Rand g =d,;r and
reciprocal tangents defined through the relations G' - G; =g - g; = 8’ The mid-surfaces
X and x have, respectively, unit normals N and n, tangents A, = d, X and a, = d,X, and
reciprocal tangents defined through the relations A* - Ag = a“ - ag = §. Metric and inverse
metric components on the referential and present bodies and mid-surfaces follow naturally:
Gij=Gi-G;,G'=G -G/, g; =g -8;.8" =g -8/, Aup =Au - Ap, A7 = A - AP,
aup = a, - ag, a®¥ = a® - a?. These can be applied to raise or lower indices only on those
objects corresponding to the same manifold as the metric in question. We define referen-
tial and present surface metric determinants A = det[A, ;1 and a = det[a;;], surface covari-
ant derivatives V,, and V,, and surface gradients V = d,()A® and V = d,()a®. The sym-
metric curvature tensors of the referential and present surfaces are b = b,sA“Af = —VN
and b = b,pa” a? = —Vn, where baﬁ =dpA, - N = —A, - dgN and baﬁ =dga, - n =

« - dgn. The surfaces’ mean and GauBian curvatures are invariants, H = 1Trb = 1p

2%
12 = Deth = } (B4B] — bgb! ). H = 4Trb = 1b¢, K =Detb = § (bib] - bgbg), where
of course b_g = A%b,5 and by =a""byg.
The reference and deformed configurations are taken to be of the form

R(®*, &) =X(n") +¢N®”), ey
r(n®, 0) =x(*) + ¢ (", HHnn%), (@)

with N constant for plates. Defining these forms is equivalent to prescribing a deformation
mapping that maps the reference position R of any material particle to a deformed position
r. The classical Kirchhoff-Love hypotheses assume ¢ = ¢, and thus do not allow changes in
thickness whose associated stretching energetics need to be accounted for through another
step in the calculation that is inconsistent with the kinematics. The generalized kinematics
(2) maintains the assumption that material fibers normal to the reference surface remain
so under deformation, but allows for changes in thickness. One of the first appearances of
this generalized theory in the nonlinear deformations of shells may be found in Biricikoglu
and Kalnins [15], who considered the function ¢ to be linear in ¢. Later, Chernykh [16] as
well as Stumpf and Makowski [9] explored quadratic and more general dependence of ¢
on ¢, arguing that the distribution of normal strains in the normal direction is essential for
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modeling large rotations and deformations of shells. While the complexity of the resulting
field equations increases with the polynomial order of ¢, its coefficients can be easily de-
termined when constraints on strains (or stresses), such as incompressibility, are imposed.
Recently, Ozenda and Virga [10] revisited the generalized Kirchhoff-Love theory, propos-
ing that the leading coefficients of an expanded ¢ in ¢ for compressible materials can be
obtained by minimization of stretching and bending energies. Following this work, we ex-
pand

%, &) =) + (1) + 0L, 3

with classical Kirchhoff-Love having «; = 1 and all other coefficients zero. For compress-
ible materials, the coefficients o (n*) can be determined either by energy minimization [10]
or by applying three-dimensional field equations and boundary conditions on the top and
bottom of the shell [14]; in either case, the form of ¢ will be material-dependent. For
incompressible materials, the coefficients are determined directly by the kinematic con-
straint, and ¢ is material-agnostic. We further assume that ¢’(n%, 0) = «; (%) > 0; recall
that a prime ' denotes differentiation with respect to ¢. As shown in [10] in the con-
text of plates, this assumption means that for sufficiently small thickness /, the through-
thickness derivatives dominate the surface derivatives of ¢, so that |dgep(n*, ¢ )GP| «
¢’ (n*, ¢) everywhere. This allows a simplifying approximation of the deformation gradi-
ent,

dirG' =g,G' ~Vx+¢Vn+ ¢'nN, )

where Vx = d, X A* = a,A® can be thought of as a two-dimensional deformation gradient
for the mid-surface. These “two-point” tensors are elements of the tensor product between
the tangent spaces of the referential and present manifolds.

The polar decomposition of the deformation gradient is

2G'=Q-U=V.-Q, &)

where the two-point rotation tensor Q € SO(3) and the symmetric positive-definite right
(referential) U and left (present) V stretch tensors are three-dimensional. These tensors
encode the ratio of deformed length to rest length, reducing to the identity I in an unstrained
body. Through a justifiable abuse of notation, it is also possible [17] to decompose the two-
dimensional deformation gradient using

a,A°=Q-U=V.Q, (6)

where U and V are two-dimensional, respectively restricted to the reference and present
mid-surfaces where ¢ = 0, and the three-dimensional rotation Q is evaluated on the mid-
surface. The rotation transforms unit normals according to Q - N =N-QT =n and
Q"-n=n-Q=N.Thus, Q -N=N-(Q") =(Q") n=n-Q =0. In keeping with
a generalized Kirchhoff-Love kinematics in which normals remain normal, we will further
assume that the rotation does not vary significantly through the thickness, so that ||Q'|||;=o
is at most quadratic in a suitably normalized thickness and, thus, the ¢-derivative of the
deformation gradient, used later to derive the bending energy, has the form (g;G')|;—o ~
Q- U'|;=o [18]. This is in line with the assumptions on ||Q’|| adopted in [19, 20].

While, throughout this paper, we will be making use of the stretch tensors rather than the
more familiar right C and left B Cauchy-Green deformation tensors, calculation of the latter

@ Springer



Energies for Elastic Plates and Shells from Quadratic-Stretch Elasticity

lends insight into the form of the former. Using the approximation (4) of the deformation
gradient and partially adopting the notation of [10], we find

C=(@gG)" &G =g;G'G' =Cy+ (¢')°’NN, ©)
Cy=C+¢(Vx' -Vn+Vn'-Vx)+¢’Vn'-Vn, (8)
C=Vx' . Vx=a,uA"A*, Q)
B=gG - (gG)" =G"gg; =B, + (¢)’mn, (10)
B;=B+¢(Vx-Vn' +Vn-Vx')+¢?Vn-Vn', (11)
B=Vx-Vx' =A"a,ag, (12)

where Cy, C, By, B are two-dimensional tensors. The subscript ¢ on C, and B, indicates
their dependence on the normal coordinate ¢ through the function ¢, whereas C and B are
respectively equal to Cy and By at £ = 0. We may rewrite (8) and (11) in terms of the
curvature tensor of the deformed surface

Cy=C—2¢Vx' -b-Vx+¢’Vx' -b*.Vx, (13)
B;,=B—¢®B-b+b-B)+¢’b-B-b. (14)

As QT -Q=I=0Q-QT is the three-dimensional identity, from (5) we see that C = U?
and B = V2. Then (7) and (10) imply that the right and left stretches are of the similar form

U=U,+¢NN, (15)
V=V, +¢nn, (16)

with U and V from (6) respectively equal to Uy and V4 at £ =0.

3 Quadratic-Biot Elastic Theory

The Cauchy-Green deformation tensors and their associated (Green-Lagrange or Euler-
Almansi) strains involving metric differences are already quadratic in stretch, meaning that
an energy quadratic in these strains will be quartic in stretch. In order to construct our prim-
itive bending energy, we will instead employ a strain measure linear in stretch, guided by
previous works [4—7]. This measure is the Biot strain Eg = U — I, a referential tensor whose
present counterpart, with the same eigenvalues, is the Bell strain V —1I. Note that these three-
dimensional quantities, which we will evaluate on the surface, should not be confused with
the corresponding surface Biot and Bell strains U — A,A* and V — a,a” that will appear
later in our reduced energy. Our use of Biot rather than Bell is an arbitrary choice that makes
use of prior derivations [4], however, when we wish to use the curvature tensor of the de-
formed surface in our description of bending, we will find that the left surface stretch V
appears naturally.
The principal invariants of Eg are
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if® = TrEg = A1+ Ar+ As,

1
i? = 5 (TPEs — TrE) = AtAg + AaAs + ArAs, (17)
l.EB = DetEB :A1A2A3,

where the eigenvalues A, are the principal Biot strains. The most general isotropic quadratic
energy density in terms of the symmetric strain Eg is [4]

W(Ep) = c1(i®)* + 20y ® . (18)

also known as a “semilinear” material [3] or, in two dimensions, a “harmonic” material
[2]. For ‘W to be positive definite, the constant material parameters satisfy ¢; > —c,/3 and
¢, <0." The conjugate quantity to the Biot strain is the symmetric Biot stress

ow
o = ——— = (2¢1 + ¢2)i} "1 — 2B (19)
oEg
From (15) we may see that on the mid-surface (¢ = 0), the Biot strain is U 4+ ;NN — L.
Expanding the three-dimensional Biot strain in ¢,

Eg = (U+aNN-D+cU| _ +350°U"|,_ + 00, (20)

where we interpret h as being the thickness suitably normalized by a length scale related to
the derivative of the stretch, a quantity that does not in general coincide with the geometric
curvature. The first term in (20) is of the order of a characteristic Biot strain A. The result-
ing quadratic energy density we obtain will neglect terms of O (A3, hA% h2A, h?). Note
that integration over the thickness will result in a factor of (non-normalized) 4 multiplying
everything, and the volume form for a shell will multiply by additional terms containing
h normalized by rest curvatures, which are related to the relative shallowness of the shell
rather than the bending deformations affecting h.

4 Reduction

Our descent into two dimensions will be ferried by Steigmann [11-14], whose procedure
we employ throughout the present section. However, we provide certain twists leading to
new results. In particular, the treatment of the through-thickness derivative of the stretch
is delicate and requires care to avoid introducing artificial asymmetries into the resulting
bending measures.”

The total elastic energy of the body B is

h/2 B B
&= [avwiEaer o= [ [ dcan' s VAQ =20+ R WG )
B _

h/2

z/dAw(n”‘), (21)
S

INote that the bounds on these coefficients mentioned in [4] were overly conservative.

2We don’t want to end up with “odd bending elasticity”.
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where dV = d¢dA (1 — 2¢H + ¢2K) is the referential volume form of the body and
dA = +/Adn'dn? is the referential area form of its mid-surface. For three-dimensional en-
ergy densities ‘W explicitly written in terms of the embeddings, one may straightforwardly
integrate over ¢ to obtain the two-dimensional energy density w. However, our ‘W in terms
of Biot strains is only implicitly related to the embeddings, either through tensor square root
operations or simultaneous consideration of rotation fields. As we only require a low-order
approximation of w, these difficulties can be avoided by expanding the integrand [11, 12].
Defining

Z=(0-20H+2K)W. (22)

The two-dimensional energy density w is, at the order we consider, a sum of stretching w;
and bending wj, terms,

w/h=w, +h>w, + O(A3, hA2, hHA?, i A, hHhA R K A, B?), (23)
Wy :Z|;—:05
Wp = % //|;=0'

We will find later that to this order, the shell terms in the geometric prefactor in (22) will not
appear in any of our energies. From here onwards, we will refrain from writing long lists of
higher-order terms when writing expressions.

The bending term contains through-thickness derivatives of Z. Recalling the definition
(19) of the Biot stress, and using the chain rule and the fact that derivatives of Eg and U are
the same, we may write, to the relevant order,

Z'le=0 = Zgiot : U'lc=0 = (Tpior : Uy + pior : #"NN) |z =0,
Z"e=0= (Bgio : U + Zgiot : UM |0
= (E%iot : U;) + E;Siot 1 ¢"NN + Zgior U; + XBiot - ¢/”NN)|;:0 . 24)

However, further simplification is possible using boundary conditions on the top and bottom
of the shell, and the three-dimensional balance of linear momentum [13, 14]. In our specific
case, simple informal arguments may be made as follows. As there are no normal stresses on
the top and bottom of the thin shell, the corresponding normal stresses and their derivatives
evaluated at the mid-surface will be small. Additionally, the tangential stresses will be of the
order of the mid-surface strain, although their ¢-derivatives are still significant. Therefore,
the only term to retain in (24) is

20 T Uy, 5)

=[2e1 + ) (TrUj + ") Tr U, — ¢ Tr (U,)?] L:O : (26)

using (i ,EB)’ = [Tr(U;)) + ¢"1ls=0. Note that ¢"|,—o = 20». The requirement that the nor-
mal stress and its first derivative are effectively zero will later determine the values of the
coefficients «; and «,.

To compute the ¢-derivative of the lateral stretch in (25), we recall the assumption pre-
sented in Section 2 on the smallness of the ¢-derivative of the rotation, which implies that
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(8 G¥) | g =0 & Q-U;,I(:o and (G“gy) =0 & U;b -Q"|;=o. Building the deformation gradient
requires the basis vectors [21]

Gy =Aq +Cd,N= (AgA? —¢b) - A,, 27)
G* = (AgA? 4 ¢b) - A* + O(h*D?), (28)
g, = a, + ¢d,n = (aga” —¢b)-a,. (29)

As ¢ depends on ¢ through (3), while all the vectors are only defined on the mid-surface,
we obtain

(8G") |c=0 = —a1b - 3,A% +2,A” - b. (30)
‘We now take care to write the derivative in a manifestly symmetric way,
Uyl _,=3[Q" - (&G + (G g) - Q]|,_,=—sym[(@Q"-b-Q~b)-U]. (3D

This expression is worthy of comment for two reasons, whose consequences will both prop-
agate forward into our final bending measure. One is that we have avoided deriving an
unsymmetric quantity such as Atluri’s [8] QT - b - Q - U. The other is that the referential
curvature tensor appears dotted with the stretch, in contrast to its solitary uncoupled appear-
ance in the entirely ad hoc postulated forms for curved rods and shells in [8, 17, 22-25].
We note also that in independent-rotation shell theories [18-20], it is useful to consider both
symmetric and antisymmetric parts of a “relaxed” deformation measure Q" - g;G’ and its
derivatives. When constraining such a theory to conventional elasticity, the symmetric part
naturally recovers the right stretch tensor.

While the appearance of the rotations in (31) may appear complex and intimidating, we
will eventually see that no explicit use of rotation will be required to compute energies,
forces, or torques in a shell. The presence of some sort of two-point tensor is necessary to
meaningfully relate the present and referential curvatures b and b. Note that our notation is
not equivalent to that employed in, for example, [26] and [27], in which two tensors living
in the same tangent space are directly subtracted from each other and only one of them is
actually a curvature tensor.

The traces appearing in (26) are

TrUy|,_o = U, : AuA”|, = ~Trsym[@Q" -b-Q ~b) -]
=-Trsym[V-(@;b—Q-b-Q")]

= —a;Trsym(V - b) 4+ Trsym(b - U), (32)
Tr(U;)z‘{zo =U,: U:b‘;:o =Trsym’ [(;Q"-b-Q—b) U]

=Trsym* [V (@b—Q-b-QN]. (33)

The symmetrization in (32) is redundant but retained for emphasis. It remains to determine
the coefficients «; and o, appearing in (26) and (32-33) for this isotropic quadratic-Biot
material. In the classical Kirchhoff-Love treatment, they are taken as unity and zero, respec-
tively.
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4.1 Coefficients of ¢

The first coefficient is determined by the requirement that Xg;o - N|;—o = 0. From (19) and
(20) we have iFB l¢=0 =Tr (U+ oyNN —1I) and

ay=1—BTr(U—A,A%), (34
B=1+c2/2¢r, 35)

where U — A, A% is the surface Biot strain whose invariants are identical to those
of the surface Bell strain V — a,a“. (Note that TrI = 3, TrNN = Trnn = 1, and
TrA, A% = Tra,a® = 2.) This is equivalent to minimizing w; with respect to «;. Recall that
¢ can only vanish if ¢, vanishes, which combination implies no elastic energy whatsoever.

Note that while the full form (34) will be used in the stretching energy, when incorpo-
rating o into the bending energy the B term proportional to the surface strain provides a
higher-order correction that we neglect. One way to express this is that the Poisson effect
makes an important correction to the stretching content but not to the bending, which is
why it was acceptable to ignore it in the physical argument associated with Figure 2 of the
companion paper [1].

The second coefficient, which appears only in the bending content, is determined by the
requirement that X5, , - N|,—o = 0. From the derivative of (19) and (32) we have

Biot
_B b
o = 5 [oelTrsym(V -b) — Trsym(b - U)] ,
B -
~3 [Trsym(V - b) — Trsym(b - U)] . (36)
Arguments from [28] may be used to show that this is equivalent to minimizing the X5, : U’

term from w,, with respect to «, as in [10].

At this point we observe that the generalized Kirchhoff-Love derivation has, to the order
we consider, simply reproduced the coefficients we would have obtained through the clas-
sical Kirchhoff-Love derivation with its inconsistent assumptions combining plane stress
force balance and plane strain kinematics.

5 Energies for Shells
5.1 Stretching Energy

As expected, the stretching content w; takes a simple form in terms of the mid-surface Biot
strain U — A, A% or Bell strain V — a,a”. Begin with

wy = [e1G) + eais?]|,_y = e [ﬂ Te’Eg + (1 — ﬁ)TrEg] L . 37)

and recall from (35) that 8 =1 4 ¢,/2c¢;. Using
TrEB|{:O =Tr(U+aNN—D) = (1-8)Tr(U—A,A%), (38)

TrEG|,_o = Tr ([U — AA°F + [(a) — DNNP) = Tr (U — A,A)” + B Tr* (U — A,AY)
(39)
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we obtain
w, = _Tcz [,3 T (U — AgA%) + Tr (U — AaA“)z]
- _TCZ [,3 T2 (V — aga®) + Tr (V — aaa‘”)z] : (40)

For an incompressible neo-Hookean material with ‘W, ;; o« Tr € = Tr U2, only Tr U? would
appear in the energy.

5.2 Bending Energies

The same tensor measures of bending appear in all of the quantities computed in (32), (33),
and (36) that form the building blocks of plate and shell bending energies. Setting oy = 1 at
our order of approximation of the bending terms, these present and referential measures are

I = sym[V-(b—Q-b-Q")], 41)
gpen =sym[(Q" -b-Q —b) - U]. (42)

These share the same invariants. They are objective, in that under a superimposed rotation
Q of the present configuration the present tensor JIgey — QT - JIghen - Q and JIge; does not

change, while under a superimposed rotation Q of the reference configuration the present

tensor JIg,; does not change while the referential tensor Tl — QT  TLghen - Q As men-
tioned previously, the appearance of the rotation Q and its inverse QT in (41-42) allows
both curvature tensors to be properly represented in either a present or referential setting.
The same relations hold between the stretches, namely V=Q-U-QT andU=Q" - V. Q,
as these are present and referential representations of the strain. Note that, for example, the
referential representation of the curvature tensor of the present surface Q" - b - Q is an en-
tirely different tensor than both the curvature tensor of the referential surface b as well as
the tensor b(,(ﬁA"‘A’g used by ESK [29], although it coincides with the latter in the special
case of a mid-surface isometry.

The unsymmetric tensor Q' - b - Q - U was suggested by Atluri [8] based on calcula-
tions related to the derivation of stress and strain measures for variational formulations of
shells. However, both Atluri [8] and Pietraszkiewicz [17] propose subtracting the referen-
tial curvature in an ad hoc shell bending measure of the form Q' -b- Q- U — b. The new
measures (41-42) arise naturally from the derivatives of stretch whose computation is nec-
essary for the reduction of a quadratic-Biot energy, generalizing the one-dimensional and
axisymmetric derivations in [5] and [6].

Employing (32), (33), and (36) to evaluate (26), we obtain the bending content in the
simple form

—C —C = =2

wp = 2—42 [ﬁ Tr* gnen + Tr ‘thell] = 2—42 [,3 Tr* ghen + Tr 'Hshen] 43)
= 22 [(1 + BT I g — 2DetLgpen] = = [(1 + AT — 2DetTgan] . (44)
=21 shell e Lghen | = = B)Tr" Jlgpen etdLgpen | -

. . . =2 .

For an incompressible neo-Hookean material, only Tr JI; ,, would appear in the energy.
Any deformation that leaves the bending measure Jl, invariant may be defined as a

“pure stretching” deformation that affects only w;. By contrast, isometric deformations of
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the mid-surface are “pure bending” that affects only wy,. For such deformations, U= A,A*%,
V =a,a®, and Trilge = 2(H — H). However, as will be seen in Section 6, this definition
of pure bending is not the expected response of a curved shell to a pure applied moment.

Consider the one-dimensional case of the energy (43), corresponding to either unidirec-
tional curvature of a shell, or a naturally-curved rod (beam), with rest mid-line curvature
Trb =Tr(Q -b - Q") = &, deformed so as to have mid-line curvature Trb = « and mid-line
stretch TrV = TrU = A. The invariants in the energy reduce to a single quantity

TrdIgen = A (k — k) . (45)

The bending measure Ax for a naturally-straight rod has been employed for over half a
century, beginning with the work of Antman [22-24]. However, these authors and others
[25] propose the one-dimensional or axisymmetric measures Ax — i, which is the one-
dimensional form of the measures proposed by Atluri [8] and Pietraszkiewicz [17]. Another
common choice is the difference in curvatures k — . The difference between these quantities
is illustrated in their corresponding definitions of “pure stretching”. As discussed in the
companion paper [1], the measure (45) does not change when a naturally-curved body is
extended along itself in its reference configuration, such that k = k and the tangential stretch
is uniform across the thickness of the body.

5.2.1 Plate Bending Energy

Certain things simplify when b = 0. The measures JLpen and JIge reduce to
JI =sym(V-b), (46)
Jd=sym(@Q" -b-Q-U). (47)

The apparent asymmetry in these expressions is a purely notational issue arising from our
use of the present curvature b in both, rather than designating a symbol for the referential
version of this tensor QT - b - Q.

The plate bending measures (46-47) are invariant under spatial dilations x — D (x — X,),
D and x, constant, which transform a, — Da,, a* — D~ 'a%, and conserve n — n,
the unit normal perpendicular to these. Thus, the rotation Q — Q is conserved while
V=a,A*-Q" > DVandU=Q" -a,A* — DU, and b = dga, - na“a’ — D~'b, so that
any bilinear product of stretch and curvature is conserved. Thus, any plate bending energy
constructed from invariants of (46) or (47) will be dilation-invariant, with dilations super-
imposed on any deformed surface constituting purely stretching contributions to the elastic
energy. This generalizes the observations in [7] on the energy of plate-like rings and the
one-dimensional measure Ak corresponding to the plate case of (45).

Under isometric deformations of the mid-surface, we have JI = b and thus the geometric
quantities TrJI = 2H and DetJI = K = 0 will appear in the energy density obtained from
the special case of (44) for isometric plates. In general, DetJT = DetV Detb = JK where
the Jacobian determinant J = \/a/A and da = \/a dn'dn? is the present area form. Thus,
part of the plate bending energy is a purely geometric quantity, f dA DetJI = f dAJK =
[da K, which is equal to a boundary term plus a topological invariant.

5.2.2 Comparison with the Discrete SN Energy

Numerical implementation of energies such as (40) and (43) may be achieved either through
finite element or molecular dynamics methods, the latter offering an easier route if a simple
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algorithm is available. While we do not offer such an algorithm here, we observe first that
the computation of stretches in the stretching energy may be easily obtained from interbead
distances, and second that a discrete model commonly used in soft matter applications ac-
tually generates part of the plate bending energy. The latter is a fortunate surprise, as the
model was never proposed as a discretization of a dilation-invariant plate energy but rather
incorrectly put forward, and is often employed, as a discretization of an energy based on
squared curvature.
Seung and Nelson [30] and many subsequent authors employ an energy of the form

Esnp o Y (g =), (48)
(a,b)

which sum of normals is taken over nearest-neighbor facets in a triangular lattice. As the
bonds of this lattice have unit reference length || X, — X, || = 1, the summand in (48) repre-
sents the square of (1/ «/5) (m, —ny)/ (X, —X,), whichis (1/ \/§) times the discretization of
the projection of the referential gradient of the normal Vn on a unit vector in the direction
between the triangle centers. This should be contrasted with (n, — n;)/(X, — X;), the same
operation on the gradient Vn, which is the relevant quantity for generating geometric cur-
vature terms. Note the analogous distinction whereby differences in positions x (with unit
referential distance) are discretizations of components of the referential gradient of displace-
ment, rather than of the present gradient of displacement, which is just the identity tensor.
The authors [30] mistakenly assume that n, — n,, is the discretization of the present gradient
of the normal Vn rather than the referential Vn, and thus claim that (48) is the discretiza-
tion of a Helfrich energy o« &y = |, sda CH 2 — K). This conclusion is erroneous, both for
the misconception about the gradient, as well as the fact that the sum over triangles is not
an area-weighted integral ['da but a referential (mass-weighted) integral [dA = [J~'da.
Other related issues were discussed in [31].

Following similar lines as in [30] to interpret the sum over a triangular lattice, the con-
tinuum limit of the SN energy is actually

limEgyp / dATr(Vn-Vn') = / dATr(V?-b?). (49)
S S

This is one of the dilation-invariant terms appearing in the plate form of the energy derived
in this paper. The term Vn' - Vn, recently proposed by Virga [32] as a measure of pure
bending, would provide the same trace. A reduction of an incompressible neo-Hookean
energy provides a single term of the form Tr(V? - b?) + Tr(V - b - V - b). Any of these are
single-term dilation-invariant plate energies, lacking one of the two parameters available in
a general isotropic quadratic energy.

Finally, we should emphasize that a naive extension of (48) to include referential normals
will not produce a shell energy with the properties of that derived in this paper.

6 Field Equations and Boundary Conditions

To derive field equations and boundary conditions, we modify the approach found in
Wisniewski [18] that separates the variation into pieces associated with the variation of
position §x, and a pseudovector 6@ that characterizes variation of rotation through the re-
lation —Q - 8QT - ) =8Q - QT - () =86 x (). However, we do not employ his kinematic
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assumption to perform the variation of curvature, which appears to have led to neglect of the
normal component of the resulting force in [18].
We evaluate the variation of the energy

8:/dA (hw, + R wp) , (50)
S

using the referential forms (40) and (43),

héw, =h 38% :sU =T:5U = —hoo[B(TrU—2) A, A% + (U—A,AY)]: U,
(5D

15wy =~ Ty =M : 80 = BT L) A" + L] : 8T
shell (52)

It can be shown [5, 18] that T = /"7, d Zpior and M = ["}7, d¢ ¢ Zpier. Clearly T is linear

in the surface Biot strain U — A,A* and M is linear in the bending measure JL0 but,
as briefly explained in the companion paper [1], the important property of linearity in the
resulting field equations depends on whether the variations §U and 8JI themselves intro-
duce any additional nonlinearities. Energies based on invariants of geometric curvature or
Green-Lagrange strain, for example, will result in nonlinear coupled field equations, while
an energy built from Biot strains will lead to forces and moments linear in the stretching and
bending measures derived therefrom [5-7].

Using U= Q" -a,A and the fact that §a, = 8d,x = d,5x, the variation of the stretching
content (51) may be written

hw, =T :(5Q" -a,A* + Q" - 8a,A%)
=—Q-T-A%-80 xa,+Q-T-A%:da,
=—a, x (Q-T-A%-80 +V,(6x-Q -T-A% — V,(Q-T-A%) - 8x. (53)

Noting that JT = sym(Q" - by a,A? —b - U), the variation of the bending content (52) may
be written

h*sw, =M :sym[8Q" - b§a,A” + QT - (8b5a,A” +bjsa,AP) —b-sU].  (54)

Using the Gauss-Weingarten relations Vga, = b,gn and bgam = —dgn, and defining the
two-point tensor

r=Q-M, (55)

such that u”?a, = Q-M-A” and n# =a” - Q- M- AP, the term in (54) involving variation
of the rotation becomes

M:sym(3Q" - b a,A”) = (Q-M- AP) - (860 x dyn)
=[a, x VeuPn+ Vs x u’a,)]-86. (56)

Using 8a® = —a®aP"8a,, and 8bs = Vgd,8x - n (this relation is nontrivial and holds
even though the variation doesn’t pass through the covariant derivative in general [33]),
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along with the Piola identities V,, [J‘1 ()"‘] =J"1V,0% or V, [JO¥] = JV,()?, the middle
terms in (54) become

/ dAM :sym[Q" - (85 a,A” + b 5a,A)]
S
= / dA (na” b5 + P bja, - da,)

S

= /dA [%(%mﬂn) 8%+ Vo (= Vau*n- 8x+ pu“n - Baﬂ)] : (57)
S

The final term in (54) involving the referential curvature tensor is treated in a similar manner
as the stretching terms, becoming

M :sym(—b-8U) =a, x (Q-sym(M-b) - A%) - 80 — V,(6x - Q - sym(M - b) - A%)
+ Vo (Q-sym(M - b) - A%) - 6x. (58)
Combining everything, we obtain the variation of the energy
58 = /dA (Vo P - Sag) — Vol - 5x— [ x £ + Vo (P2 x m) | - 56)
’ (59)
where the conserved force is
f*=Q- [T —sym(M-b)]-A” — Vzu*n, (60)

with T and M defined in (51-53) and p in (55). The field equation conjugate to the variation
of position is the balance of linear momentum

V [ =0, (61)

which is accompanied by conditions on a boundary dS with tangent normal v,
Uf* =0, (62)
Depfn=0. (63)

Note that the boundary condition conjugate to the derivative of the variation of position is
not strictly for the moment, although the latter could be derived from it. The piece of the
variation (59) conjugate to 50 directly provides the balance of angular momentum in the
traditional form for shells,

@a(uﬁ“aﬁ xmn)+a, xf*=0, (64)
while the conserved torque can be identified either by using the balances (61) and (64), or
by inserting a small rotation §x = €@ X X, €@ constant, into the total boundary term in (59).

Either way one obtains

m"‘:p,ﬁ“aﬁxn—l—xxf", (65)

@ Springer



Energies for Elastic Plates and Shells from Quadratic-Stretch Elasticity

such that

Vom® =0. (66)

The quantity ;#*ag is linear in the bending measure JIgen, just as the tangential force is
linear in the surface Biot strain.

Consider applying a pure moment to the surface. For a plate, b = 0 and it is clear from
the form of the tangential part of f* = 0 that the surface Biot strain will vanish, so that the
response will be a mid-plane isometry. For a shell, however, the term containing b indi-
cates that the mid-surface will be strained. We find that this strain recovers the uniquely
defined neutral surface of a naturally-curved beam from classical linear elasticity. This sur-
face is a property of the structure that does not depend on the magnitude of the applied
moment. For a plate, by symmetry, this must be the mid-surface. This result contrasts with
those arising from models based on squared curvature or the bending measures derived from
Green-Lagrange strains, for which a symmetric plate’s midsurface is not neutral, and thus
no unique neutral surface exists independently of the applied moment. For shells, models in
which a referential curvature is subtracted from a plate bending measure similar to ours also
fail to reproduce the classical neutral surface.

For a thin, curved beam with rectangular cross section, the neutral line is displaced
towards the concave side of the beam by a distance ¢, = h(%/? + O(h*k?)) from the
centerline [34]. Consider the tangential stretch A(¢) parallel to the mid-surface; on the
neutral line A(¢,) = 1. In one dimension, a pure moment yields T = M - b and thus
20 —1= %A(O)(K — i)k . Similarly to (20), we may expand A(¢) ~ A(0)(1 — ¢(k —k))
and set this equal to unity to find the neutral line at &, ~ %E.

Given that this neutral surface is a property of the structure, it should be possible to
reformulate everything in terms of its embedding rather than that of the mid-surface.

7 Expressions in Terms of Metrics and Curvatures

While formulations of three-dimensional elasticity in terms of stretches and rotations can
be difficult or require approximations [4], certain simplifications are possible for two-
dimensional bodies that allow us to express the energy purely in terms of the components
of the present and referential metric and curvature tensors, which are easily computed from
derivatives of position.

The following relations can be obtained either through U-U = C and V-V =B or the
Cayley-Hamilton theorem in two dimensions [17, 35]:

1 1
U=— |:U - U+ (DetU) AO,A"‘j| , V=— |:V -V 4 (DetV) aaa"‘:| , 67)

T TrU TrV
where
DetU=DetV=J=./a/A, (68)
TrU=TrV=/a,,A" +2a/A, (69)
and thus

Aop + /a] A Agg Ve _ AP + Ja[Aa"

\ayn A" +2/a/A ayy A" +24/a/A

Uas = (70)
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making use of curious identities between components in different bases, such as Ugg Uf =
doy and VPV) = A®Y. Recall that U§ = A*7U,4 and V§ = ag, V?*, so care should be
taken when operating on indices in mixed expressions.

The terms in the stretching content (40) are

T2 (U — A A%) = (UY —2)? = (V¥ =2 =Tr*(V — a,a%), (71)
Tr(U — A, A“) = USUS =208 +2=VV/ —2VZ +2=Tr(V — a,a%)*, (72)

with UZ = V& = \/a,, A" +2/a[A and USUf = ViV = a,p AP

To obtain the terms in the bending content (43) we first recognize that the rotations are
acting on surface tensors, so that we need only invert their surface projections. Using Q! =
Q" and (6), we may write Q" -b-Q = Uy, b""U,s A*A# and Q-b-Q" = V’b,, V" a,ag,
being careful to remember that the reference metric operates on the indices of the U and b
components while the present metric operates on V and b (another notational option is to
use capitalization on referential indices, as in [4]). Then the bending measures (41-42) are

Tgen = L% (20" + a’a,) , (73)
Lo =V (byg — V)b Vi) = V7 byg — b3V, (74)
TLgpent = %Z‘aﬁ(AaAﬂ +A%A,), (75)
Lo = (USb"U) —b")Uyp = Usby — b7 Uy, (76)

so that the quantities in the bending content (43) are T gy = L% LP g and
T2, = %L“ﬁ (Laﬂ + Lﬂa) or the equivalent referential forms, with the same caveats
on index manipulation.

Quantities appearing in the field equations include

w? =a*ru,,M" (77)
£ =a Uy, [T7 — 3(M7"bY + b) M"™)] + Vg, (78)

where the components of the referential tensors T and M can be inferred from (51-52)
and other expressions in the current section. During manipulations, it should be kept in
mind that 4*# are components of a two-point tensor of the same character as the rotation or
deformation gradient, with a left present index and a right referential index.

8 Conclusions

We have derived stretching and bending energies for isotropic elastic plates and shells by
dimensional reduction of a bulk elastic energy quadratic in Biot strains. A generalized
Kirchhoff-Love kinematics, which reproduces the classical results to low order in stretching
and bending, naturally generates new symmetric measures of bending bilinear in stretches
and geometric curvatures, through which the bending energy adopts a simple form. This
extends primitive measures for straight rods to plates and naturally-curved rods and shells,
and reveals problems with assumed forms for shells in prior literature. The bending energy
shares properties with both neo-Hookean and discrete SN energies but is fully general at
quadratic order in stretch. The plate form is dilation-invariant. Field equations and boundary

@ Springer



Energies for Elastic Plates and Shells from Quadratic-Stretch Elasticity

conditions demonstrate the linearity of force and moment in the resulting measures, and the
consequence that the response to a pure moment is a neutral-surface isometry in agreement
with classical linear results. For these two-dimensional elastic bodies, it is possible to repre-
sent all the relevant quantities in terms of derivatives of position, although such expressions
are not simple.

Acknowledgements This work was supported by U.S. National Science Foundation grant CMMI-2001262.
We thank E.G. Virga for extensive detailed discussions and for sharing notes on related work. We also ac-
knowledge helpful discussions with S. Cheng, P. Plucinsky, and E. Vouga.

References

16.
17.
18.
19.
20.

21.
. Antman, S.: General solutions for plane extensible elasticae having nonlinear stress-strain laws. Q. Appl.

23.

. Vitral, E., Hanna, J.A.: Dilation-invariant bending of elastic plates, and broken symmetry in shells. J.

Elast. (2022). https://doi.org/10.1007/s10659-022-09894-4, 2111.01349

. John, F.: Plane strain problems for a perfectly elastic material of harmonic type. Commun. Pure Appl.

Math. 13(2), 239-296 (1960)

. Lur’e, A.L: Theory of elasticity for a semilinear material. J. Appl. Math. Mech. 32(6), 1068—1085 (1968)
. Vitral, E., Hanna, J.A.: Quadratic-stretch elasticity. Math. Mech. Solids (2021). https://doi.org/10.1177/

10812865211022417

. Irschik, H., Gerstmayr, J.: A continuum mechanics based derivation of Reissner’s large-displacement

finite-strain beam theory: the case of plane deformations of originally straight Bernoulli-Euler beams.
Acta Mech. 206, 1-21 (2009)

. Oshri, O., Diamant, H.: Strain tensor selection and the elastic theory of incompatible thin sheets. Phys.

Rev. E 95, 053003 (2017)

. Wood, H.G., Hanna, J.A.: Contrasting bending energies from bulk elastic theories. Soft Matter 15,

2411-2417 (2019)

. Atluri, S.N.: Alternate stress and conjugate strain measures, and mixed variational formulations involving

rigid rotations, for computational analyses of finitely deformed solids, with application to plates and
shells—I: Theory. Comput. Struct. 18(1), 93116 (1984)

. Stumpf, H., Makowski, J.: On large strain deformations of shells. Acta Mech. 65, 153-168 (1986)
. Ozenda, O., Virga, E.G.: On the Kirchhoff-Love hypothesis (revised and vindicated). J. Elast. 143,

359-384 (2021)

. Steigmann, D.J.: Thin-plate theory for large elastic deformations. Int. J. Non-Linear Mech. 42(2),

233-240 (2007)

. Steigmann, D.J.: Two-dimensional models for the combined bending and stretching of plates and shells

based on three-dimensional linear elasticity. Int. J. Eng. Sci. 46(7), 654—676 (2008)

. Steigmann, D.J.: Extension of Koiter’s linear shell theory to materials exhibiting arbitrary symmetry. Int.

J. Eng. Sci. 51, 216-232 (2012)

. Steigmann, D.J.: Koiter’s shell theory from the perspective of three-dimensional nonlinear elasticity. J.

Elast. 111(1), 91-107 (2013)

. Biricikoglu, V., Kalnins, A.: Large elastic deformations of shells with the inclusion of transverse normal

strain. Int. J. Solids Struct. 7(5), 431-444 (1971)

Chernykh, K.F.: Nonlinear theory of isotropically elastic thin shells. Mech. Solids 15(2), 118-127 (1980)
Pietraszkiewicz, W., Szwabowicz, M.L., Vallée, C.: Determination of the midsurface of a deformed shell
from prescribed surface strains and bendings via the polar decomposition. Int. J. Non-Linear Mech.
43(7), 579-587 (2008)

Wisniewski, K.: A shell theory with independent rotations for relaxed Biot stress and right stretch strain.
Comput. Mech. 21(2), 101-122 (1998)

Sansour, C., Bufler, H.: An exact finite rotation shell theory, its mixed variational formulation and its
finite element implementation. Int. J. Numer. Methods Eng. 34(1), 73-115 (1992)

Wisniewski, K.: Finite Rotation Shells: Basic Equations and Finite Elements for Reissner Kinematics.
Springer, Berlin (2010)

Fliigge, W.: Tensor Analysis and Continuum Mechanics. Springer, New York (1972)

Math. 26(1), 35-47 (1968)

Reissner, E.: On one-dimensional finite-strain beam theory: the plane problem. Z. Angew. Math. Phys.
23, 795-804 (1972)

@ Springer


https://doi.org/10.1007/s10659-022-09894-4
http://arxiv.org/abs/2111.01349
https://doi.org/10.1177/10812865211022417
https://doi.org/10.1177/10812865211022417

E. Vitral, J.A. Hanna

24.

25.
26.

27.

28.

29.
30.
31.

32.
. Hanna, J.A.: Some observations on variational elasticity and its application to plates and membranes. Z.

34.

35.

Whitman, A.B., DeSilva, C.N.: An exact solution in a nonlinear theory of rods. J. Elast. 4(4), 265-280
(1974)

Knoche, S., Kierfeld, J.: Buckling of spherical capsules. Phys. Rev. E 84, 046608 (2011)

Armon, S., Efrati, E., Kupferman, R., Sharon, E.: Geometry and mechanics in the opening of chiral seed
pods. Science 333, 1726-1730 (2011)

Pezzulla, M., Stoop, N., Jiang, X., Holmes, D.P.: Curvature-driven morphing of non-Euclidean shells.
Proc. R. Soc. A 473, 20170087 (2017)

Steigmann, D.J.: Applications of polyconvexity and strong ellipticity to nonlinear elasticity and elastic
plate theory. In: Schroder, J., Neff, P. (eds.) Poly-, Quasi- and Rank-One Convexity in Applied Mechan-
ics, pp. 265-299. Springer, Berlin (2010)

Efrati, E., Sharon, E., Kupferman, R.: Elastic theory of unconstrained non-Euclidean plates. J. Mech.
Phys. Solids 57(4), 762-775 (2009)

Seung, H.S., Nelson, D.R.: Defects in flexible membranes with crystalline order. Phys. Rev. A 38(2),
1005 (1988)

Schmidt, B., Fraternali, F.: Universal formulae for the limiting elastic energy of membrane networks. J.
Mech. Phys. Solids 60(1), 172-180 (2012)

Virga, E.G.: A pure measure of bending for plates. Unpublished note (2021)

Angew. Math. Phys. 70, 76 (2019)

Ugural, A.C., Fenster, S.K.: Advanced Strength and Applied Elasticity. Prentice Hall, Upper Saddle
River (2003)

Hoger, A., Carlson, D.E.: Determination of the stretch and rotation in the polar decomposition of the
deformation gradient. Q. Appl. Math. 42(1), 113-117 (1984)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer



	Energies for Elastic Plates and Shells from Quadratic-Stretch Elasticity
	Abstract
	Introduction
	Notation, Kinematics, Stretch, Rotation, and Curvature
	Quadratic-Biot Elastic Theory
	Reduction
	Coefficients of φ

	Energies for Shells
	Stretching Energy
	Bending Energies
	Plate Bending Energy
	Comparison with the Discrete SN Energy


	Field Equations and Boundary Conditions
	Expressions in Terms of Metrics and Curvatures
	Conclusions
	Acknowledgements
	References


