PHYSICAL REVIEW FLUIDS 7, 013602 (2022)

Size and speed of jet drops are robust to initial perturbations

Alexis Berny,"? Luc Deike ®,%* Stéphane Popinet ®,' and Thomas Séon'

LSorbonne Université, CNRS, UMR 7190, Institut Jean le Rond 0’Alembert, F-75005 Paris, France
2Department of Mechanical and Aerospace Engineering, Princeton University,
Princeton, New Jersey 08544 USA
3High Meadows Environmental Institute, Princeton University, Princeton, New Jersey 08544, USA

@™ (Received 27 May 2021; accepted 13 December 2021; published 11 January 2022)

Bubbles bursting at the ocean surface are an important source of sea-spray aerosol.
Indeed, a bubble bursting at the surface of a liquid produces a jet that then breaks up
leading to several droplets. Here we simulate the bursting of a single bubble by numer-
ical simulation of the axisymmetric two-phases air-water Navier-Stokes equations in the
presence of small initial perturbations in the liquid phase. We describe the impact of this
random noise on the size and velocity of the drops for a wide range of control parameters.
We then demonstrate how the process of jet drop production is robust to perturbations
in the initial conditions, which allows an accurate prediction of the size and speed of jet
droplets over the entire parameter space. We propose a mechanism to explain why the
existence of some droplets, called “primary droplets,” are robust to initial conditions and
discuss why the generation of secondary droplets, much smaller than the primary ones,
are sensitive to the same initial conditions. The production of these secondary droplets is
sensitive to perturbations in the initial conditions through a mechanism of pinch-off escape.
This can explain previously published experimental observations of bimodal distributions
of jet drops.

DOI: 10.1103/PhysRevFluids.7.013602

I. INTRODUCTION

Ocean spray, carbonated drinks, and many other industrial processes lead to liquid drops pro-
duced by bursting bubbles [1,2]. This very small and rapid event was first observed in a geophysical
context with the pioneering studies of Woodcock and Blanchard [3-5]. The importance of bursting
bubbles for the exchanges between the ocean and the atmosphere was underlined in subsequent
articles from Blanchard et al. [6,7]. Twenty years later Spiel obtained important statistical results
on the size and number of ejected droplets from bursting bubbles in pure water [8] and in salt
water [9]. More recently, more experiments have been carried out [10-12] and high-speed cameras
now allow to produce very detailed and accurate data on the size and velocity of the first drop as a
function of the control parameters [10,13,14]. These experimental results have then helped to derive
a theoretical framework and scaling laws predicting the drop dynamics [15-19].

Duchemin et al. carried out the first numerical simulation of an axisymmetric bursting bub-
ble [20]. They revealed that the main parameter controlling the size and the velocity of the
first-ejected droplet is the Laplace number (or equivalently the Ohnesorge number), i.e., the ratio
between the surface tension and viscous forces. They also identified a resonance phenomenon for a
particular value of this dimensionless number where the jet produced the smallest and fastest drops
(a few hundreds of meter per second for air in water). Using highly resolved numerical simulations,
recent studies have complemented experimental results [12,21], thus improving our understanding
of the bursting bubble process. In particular, Lai et al. [22] proposed a self-similar description of the
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jetting process history from cavity collapse to droplet formation. Recently, extending the usual first
drop description, we characterized the size and the velocity of all the jet drops produced by bursting
bubbles [23,24]. We demonstrated that they all have to be considered as they can all contribute
to the exchanges between the liquid and the gas. Moreover, we observed that if the description of
the first drop, in term of size and velocity, is quite robust, then the following droplets seemed to
present some variability. This supported an observation first made by Spiel [8,9] that the drop size
distribution might be bimodal, with two different selected sizes for droplets following the first one.

The primary aim of the present article is to use numerical simulations to statistically estimate the
sensitivity to initial conditions of the size and speed of droplets. In a first section we briefly present
the numerical methods used in our simulations (Sec. IT). We then select three representative cases
and describe their drop ejection dynamics (Sec. III A). In particular, we show on a jet sequence
(Sec. III B) how sometimes the jet can generate a smaller droplet between two larger drops. We
propose a mechanism to explain this sensitivity to the initial conditions. We then statistically
explore each case by running a large ensemble of simulations with the same value of the control
parameters but with a small perturbation in the initial velocity field. We show that the values of
the couple size-speed of each droplet are, most of the time, very robust to perturbations in the
initial conditions, making the prediction of size and speed of the jet droplets very reliable. We also
highlight the existence of two families of drop populations: large “primary” droplets and smaller
“secondary” droplets (Sec. III C). These two families can explain the bimodal distributions observed
in experiments. Finally, the relative proportion of these two populations is estimated as a function
of the control parameters (Sec. III D).

II. NUMERICAL SETUP

We consider two immiscible Newtonian fluids, separated by an interface with constant surface
tension. We note w; and p;, respectively, the viscosity and the density of fluid i. y is the surface
tension coefficient and g stands for the acceleration of gravity. Last, we note R the radius of the
bursting bubble. All the parameters are summarized in Fig. 1(a). We need four dimensionless
numbers to fully describe the problem. We set the viscosity and density ratios to ftiq/tgea, = 55 and
Plig/ Peaz = 998, which are close to the values for air and water. For the two remaining numbers, we
consider the Bond number Bo, which compares gravitational and capillary forces, and the Laplace
number La (=1/+4/Oh, with Oh the Ohnesorge number), which compares capillary forces with
viscous forces. They are defined as:
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The initial shape at rest is fully determined by the Bond number. We show an example of an initial
shape in Fig. 1(a). This equilibrium shape is described by the Young-Laplace equation [13,25], and
we solve it numerically [26]. The shape shown on Fig. 1(a) corresponds to a Bond number of 0.01.
Note that the thin liquid film that separates the bubble from the atmosphere is not considered here,
which is justified by the very short time of film retraction compared to the characteristic time of
bubble bursting. Indeed, Ghabache et al. [10] observed that the retraction time of the liquid film
lasts for only approximately 100 ws, whereas it takes 1 to 2 ms to produce at least one jet drop.

We perform two-dimensional (2D) axisymmetric simulations with the free software Basilisk
library [27]. This software solves the two-phase incompressible Navier-Stokes equations with
surface tension. Our numerical method, associated with this initial shape, was already used in a
previous work on bubble bursting [23] and are similar to previous work [21,22,28-30]. The adaptive
mesh of Basilisk is critical to the success of our simulations as it allows fast solutions for high
resolutions equivalent to up to 1638 grid points per bubble diameter.
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FIG. 1. (a) Initial geometry for a Bond number of 0.01. The initial shape is axisymmetric. We remove the
spherical cap of the bubble. We note p; the density of phase i, u; its viscosity, g the acceleration of gravity, y
the surface tension between the two phases, and R the radius of the bubble. [(b)—(d)] Evolution of three cases.
The Bond number is 0.01 for the three cases. The Laplace numbers are 2000 (b), 10 000 (c), and 100 000 (d).
We plot the evolution of the jet and drop positions along the axis of symmetry. The full line shows the jet
position. The dashed lines indicate the positions of the drops. For each case, we display three snapshots showing
the state of the simulation. The drops are colored with the color used in the graph to show their position.

We initialize the gas and liquid fields with the initial shape of a bubble at rest on a Cartesian
mesh with 4° grid points which correspond to a resolution of 102 grid points per bubble diameter.
In order to study the impact of an initial perturbation, we add an initial noise to the liquid velocity
field. For each liquid cell, we impose an initial random velocity Vi, using an uniform distribution
such that —V,; /100 < Vi < V;/100, where V; is the ejection velocity of the first drop as described
in previous studies [21,23] such that:

Vd% = ky(1 + aBo)/*La~"/*(La;'* — La™/%)7'12, ®

In this equation, k, and « are fitting parameters equal respectively to 19 and 2.2. La, corresponds
to the critical Laplace number below which no jet drops are produced and is equal to 500. This
corresponds to a white noise, with a mean value centered on zero and a noise amplitude of 1%.
Other methods to introduce noise or perturbations were tested, either through a small change of the
initial Laplace and Bond numbers or modifying the mesh adaptation criteria. All these methods give
similar results on the jet drop velocities and sizes. The noise on the velocity field has been selected
since its amplitude can be tuned easily. We verified that the statistical results are not sensitive to the
amplitude of the perturbation provided it is smaller than a few percentages of the first drop velocity.
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Different methods to produce noise in the simulation are shown in the Appendix. In summary, we
have verified that the various noise configurations give similar results in terms of the final drop
velocities and sizes. In a recent paper focusing on the statistics of jet drops, we have compared the
results from these ensembles of simulations with an initial noise set at 1% of the first drop velocity
(see Ref. [24]) with the experimental data from Spiel [8]. We have observed a good agreement
between the experimental and the numerical jet drop size distribution. Therefore, we consider here
an initial random velocity noise with an amplitude of 1% of the first jet drop velocity.

III. DROP PRODUCTION RESULTS

A. Three typical examples of bubble bursting

Figures 1(b)-1(d) show the evolution of three different simulations, representative of the diversity
of drop production dynamics; namely a Bond number of 0.01 and three Laplace numbers: 2000,
10000, and 100000 (which correspond to air bubbles in water of respectively 0.027, 0.14, and
1.4 mm). These three Laplace numbers were chosen to cover a range representative of the different
typical regimes described for individual realizations in terms of number, sizes and velocities of
ejected droplets. The Laplace number at 2000 is close to the optimal singularity with the most
numerous, fastest, and smallest drops and is expected to be the most sensitive to perturbations. The
Laplace numbers at 10 000 and 100 000 correspond to regimes where fewer drops will be produced,
respectively 5 to 10 and 1 to 5, with capillary focusing being less effective. These parameters cover
the full range of bubble sizes typically encountered in water, from about 20 um to 2 mm, with
associated variations in drop sizes (ranging from 1 to 200 pwm), ejection velocities (ranging from 0.7
to 144 m/s), and number of ejected drops (from 1 to 15). As a consequence, these three ensembles
allow us to probe the role of perturbations on various jet dynamics from bubble bursting and discuss
the role of perturbations in the initial conditions.

For each simulation, the position of the jet and drops along the axis of symmetry, normalized
by the bubble radius R, is presented as a function of time, normalized by the capillary timescale
t. = \/piigR? /. The top jet position is represented with a black curve, and the colored dashed lines
display the position of the center of mass of the ejected drops. For the three Laplace numbers, three
snapshots at different times show the shape of the interface; the main liquid phase is black and the
drops are colored with the same color as the one used for the dashed lines.

As mentioned previously, there is an optimum Laplace number where the jet drops are the
smallest and the fastest [12,20,21,23]. For sufficiently small bubbles (Bo < 0.01) this optimal
Laplace number is around 1000. Figure 1(b) presents a simulation for La = 2000, just above this
optimal value: We observe six small and fast drops. Their velocities are similar and their sizes also
seem to be close, as can be seen on the first two snapshots. We observe the production of a small
droplet between two larger drops (snapshot at¢/f. = 0.72 and 0.91). Such small droplets can also be
found at larger La numbers as can be seen in the snapshots at 7 /z. = 0.65 (green drop) and 1 (purple
drop) for La = 10 000. Their trajectory is plotted with dotted lines. The formation of these smaller
drops probably explains the bimodal distribution previously observed in the literature [8] and
confirmed in recent studies [24]. One objective of this study is to look at the physical mechanisms
that produce the shape of the size distribution and in particular this bimodality.

For intermediate (c) and high Laplace numbers (d), the number of drops decreases with the La
number [23]; moreover, the initial train of drops no longer exists, the velocity of the drops decreases
as they are ejected and the variation of the size is difficult to interpret without a quantitative study. In
the following, the production of drops in these cases will be studied quantitatively and, in particular,
the sensitivity to perturbations of the initial conditions will be examined.

B. The “fork” phenomenology

We now focus on the drop production of Fig. 1(c): La = 10000, Bo = 0.01, and in particular
the formation of the small (green) droplet with a trajectory indicated by a dotted line. Figure 2(a)
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FIG. 2. Two simulations at La = 10000 and Bo = 0.01 [Fig. 3(b)]. The two simulations only differ in the
initial velocity field (randomly perturbed). The top sequence (a) shows the fork mechanism with a first drop in
the primary cluster B, then a smaller one in cluster C, before going back to the main path with a drop in cluster
D (see Fig. 3 and Sec. III C for a definition of the clusters). The bottom sequence (b) shows the main path,
without fork, and the production of a drop in cluster D following the one in cluster B. The process leading to
drop D is the same for the two simulations, despite the formation of drop C in the top simulation.

presents the details of the evolution of the jet and the formation of the first four drops. The color
code of this sequence corresponds to the vorticity. Drop A is the first to be ejected, followed by B.
The third image shows the jet pinch-off that creates the smaller drop C, corresponding to the dotted
line trajectory in Fig. 1(c). The fourth drop D is larger than C.

Figure 2(b) presents the jet sequence generated with the same control parameters, only the noise
in the initial velocity field is different. Consequently, this second sequence is very similar to the
first one. In particular, after the detachment of drops A and B, a blob is forming at the top of the
jet (second image). However, between the second and the third image, the pinch-off that took place
in sequence (a) is avoided and the jet escapes the break up. The exact reason for this difference is
not clear; it seems to be linked to the vorticity at the neck of the blob, similarly to the mechanism
described by Hoepffner and Paré [31]. In their studies, they observed how a liquid cylinder can or
cannot break up as a function of the cylinder radius. They show that behind the bulb, a few instants
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after this escape is observed, a vorticity jet can form, similar to the one that appears in the dotted
square on the sixth image.

The intriguing result here is not really the production of the small droplet C but the fact that
the formation of this drop does not change the remaining jet dynamics. Indeed, the rest of the two
sequences is very similar: A neck is forming (image 4), its radius decreases, it is about to pinch-off
(image 6), it escapes from pinch-off, and a new neck is forming below and pinches-off to form
drop D.

We call this configuration where the system can form a small droplet or not, depending on
the noise in the initial conditions, a “fork.” It will be rigorously defined in the next section. In
the following this intermediate case [Fig. 1(b)] case and the two others presented on the Fig. 1,
are studied by varying the noise in the initial conditions in order to see whether the phenomenon
observed here can be generalized or not.

C. Statistical study of typical examples and bubble bursting robustness

We consider the three cases highlighted in Fig. 1: Bo = 0.01 and La = 2000, 10000, 100 000,
and for each case we run, respectively, 118, 115, and 119 simulations with a different random noise
in the initial conditions. Figure 3 presents the dimensionless radius of each ejected drop R;/R as a
function of its capillary velocity Ca = M, with V; the drop velocity. The three graphs stand for
the three cases. For each graph, the drops are represented by a colored dot. The color code, given in
the insert of Fig. 3(a), corresponds to the ejection number of the drops. We observe different regions
in the Ca-R; /R phase space where drops from different simulations gather. Most of the regions are
encircled in the graphs, with a line when they are well defined and a dotted line when they are more
diffuse. We called these regions “clusters” in the rest of the paper. We name them with a letter (A,
B, etc.), or a couple of letters (GA, GB, etc.), indicated in the graphs. The existence of these clusters
is important as it means that the drop radius and velocity are not selected independently.

Figure 3(a), presents a bubble bursting event close to the singular case, occurring at La =
2000 [20,21,23]. In this case, as expected, many drops are produced, up to 17. As already observed
in Fig. 1(a), the first six to eight drops are ejected very close to one another, and they all have
a similar small size (R; >~ 0.02R) and a high velocity that slowly decreases as the drop number
increases [23]. In this region, the drop velocity is significantly sensitive to the initial conditions, as
seen on the velocity of the first drop, for instance, which ranges approximately from Ca = 0.9 to
1.4. Consequently, no clear clusters are formed. We thus define eight areas A, using the drop number
in the label: A1, A2, up to A8. The following drops then form six different clusters, with much less
noise in the velocity, labeled from B to G. For higher Laplace numbers [Figs. 3(b) and 3(c)], except
GE and GF in Fig. 3(b) and B in Fig. 3(c), most of the clusters are well defined: the drops are
gathered in a small zone of the phase space, indicating that their couple size-speed is selected quite
precisely by the system, with a weak sensitivity to initial conditions.

In 2017, Gafidn-Calvo built two scaling laws that describe the size and the velocity of the first
drops [15]. We recombine these two scaling laws so that an ejection size R;/R corresponds to a
given ejection velocity Ca. By adding 20% error to the ejection size, in order to take into account
the dispersion he observed in determining his fitting parameters, we represented his predictions by
the gray area in the three graphs. The clusters of the first drop (A) show a good agreement with the
scaling laws. As these scaling are built for the first drop, the following drops are not expected to fall
into the gray area.

The clusters are linked by arrows. These arrows represent the history of the drop production.
For example, in Fig. 3(b), the radius and velocity of the 115 first drops that are produced vary such
that they form cluster A. After this first drop, every second drop that is formed falls unequivocally
in region B. But it is often not as simple and two different scenarios are possible. This is the case
after this second drop in cluster B, from which the third drop can be in cluster C or in cluster D.
This bifurcation in the history of drop production is called a “fork.” This particular fork is the one
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FIG. 3. Dimensionless size of all the drops as a function of their dimensionless velocities. The color code
is shown in the insert of panel (a), corresponding to the case La = 2000. We identify the different clusters of
drops. For each cluster, we indicate the path to the next one. The starting and end points of each arrow are
the average speed and sizes of the corresponding clusters. The main path, connecting the “primary clusters,” is
indicated in red. For each primary cluster, we indicate the percentage of drops following the main path and the
percentage of drops following the other paths. The color code shown in insert remains the same for the three
cases.
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detailed in Fig. 2, where the only difference between both sequences is the random initial noise. We
note that this example is not unique.

It is interesting to note that none of the possible paths cross the gray zone; all the clusters are
below. These scaling laws mark a maximum for the droplet size and velocity that the system cannot
exceed. Among every paths possible in the graphs, the one that links the biggest drops, the closest
to the scaling laws of Gafidn-Calvo, is displayed in red and defined as the “main path.” The clusters
on the main path are called the “primary clusters” and each branch of the main path is called a
“main direction.” For each fork the percentage of cases following one path is written beside the
corresponding arrow.

One of the most interesting point of this graph is that every primary clusters will be visited by
the drop production process, which is not the case for the secondary clusters that are below the main
path. In other words, if at some point the system ejects a small drop belonging to a secondary cluster,
then the following droplet will be bigger and included in the next primary cluster. For example,
when a drop is in the primary cluster B of Fig. 3(a) and the following is in C, the next drop will
necessarily be in cluster D (a primary cluster). This demonstrates the astonishing robustness of
the bursting bubble process. Despite an initial random noise, the drops in the primary clusters will
always be produced and their ejection velocity and size can be predicted. These primary clusters
form attractors for the drops in the Ca-R;/R phase space.

To go further in this analysis, the arrows are plotted such that they link the average size and
velocity of the drops in the starting and the arrival clusters. Consequently, the arrival points of the
different paths in the same primary clusters are not exactly at the same place. However, we observe
that they are very close to one another (clusters B, D, and F at La = 2000; clusters D, E, and F at
La = 10000; and cluster C for La = 100 000). This means that, for a given bubble bursting event,
producing a small droplet included in a secondary cluster does not impact the size and the ejection
velocity of the drop in the next primary cluster. This seems to remain true for the entire range of
Laplace numbers. This shows again the robustness of the bursting bubble process, in particular the
robustness of the main path in the size-speed phase space.

Our only counterexample to the attraction of the main path is in Fig. 3(c), at the end of the drop
production history. Here a swerve from the main path (E) does not come back on the main path to
end up in a secondary cluster (G). It seems that, in this particular case, when the jet produced a drop
in E, it still had enough energy to produce a small drop but not enough to produce the last one in the
primary cluster F.

Finally, by looking at the probabilities of escaping the main path, we remark that they seem to
decrease as the Laplace number increases. However, it is hard to say how the number of drops in
secondary clusters evolves. The next section will be devoted to the proportion of secondary droplets
and, in particular, to its evolution with the control parameters: Laplace and Bond numbers.

D. Evolution of the fork probability with the control parameters

The variability of the droplet production process is characterized mainly by the frequency of
formation of drops belonging to the secondary clusters. Consequently, we quantify the probability
of formation of these droplets and how this probability evolves with the control parameters. In a set
of simulations, n droplets are produced, and among those droplets 7y, are in the primary cluster.
The proportion of droplets that are not in a primary cluster is then defined as:

glout) = 1 — an (4)

In Fig. 4, the evolution of g(out) is plotted with a color scale as a function of the Bond
and Laplace numbers. In the whole phase diagram the proportion of drops in a secondary clus-
ter varies between 0 and 45%. As observed in the previous section there is no clear effect
of the Laplace number on the sensitivity to the initial condition. In particular the maximum
production of secondary droplets does not correspond to the optimal Laplace number but a
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FIG. 4. Probability to observe the production of at least one drop in a secondary cluster in the La-Bo phase
space.

slightly higher value. As we observed in Fig. 3, this can probably be explained by the im-
possibility to define clusters for the first ejected drops due to an important variability in their
velocity.

The main result we observe in this figure is the strong decrease in secondary drop production
when the Bond number increases. Indeed, for Bo ~ 0.1, we observe between 20 and 45% of drops
in the secondary clusters, and for Bo >0.1 most of the experiments do not form any secondary drop.
In a previous paper we showed that an increase in the Bond number is accompanied by a decrease
in drop production (see Fig. 5(a) in Ref. [23]); here we add that this decrease of drop production
is accompanied by a decrease in secondary drop production. When the drops are less numerous
the primary clusters are populated first. The results at high Bond number, with few drops being
produced, are very robust to initial perturbations.

IV. CONCLUSION AND PERSPECTIVES

Using axisymmetric numerical simulations of the two-phases Navier-Stokes equations, we have
studied the sensitivity of the jet drop production by bubble bursting to random perturbations in the
initial conditions. The size and speed of the ejected droplets is characterized statistically for a range
of control parameters, the Laplace and Bond numbers. Using three particular cases, we highlight that
all the drops gather in different but clearly delimited regions in the velocity (Ca) and size (R;/R)
phase diagram. These regions are of two types: primary clusters which contain droplets produced
in all cases and secondary clusters which are not systematically visited by the drop production
process. The noise in the initial conditions affects droplet production in the secondary clusters. The
parametric study highlights how the probability of droplet production in these secondary clusters is
controlled by the Laplace and Bond numbers.

The sensitivity of the secondary droplet production to perturbations in the initial conditions can
be discussed in terms of the “pinch-off escape mechanism” highlighted by Hoepffner and Paré [31].
Finally, the existence of these secondary droplets, sensitive to perturbations in the jet dynamics can
explain the bimodal drop size distributions observed in laboratory experiments by Spiel [8,9] and
Ghabache [32].

The robustness of the primary clusters demonstrated in this article, as well as the detailed
probabilistic characterization of secondary droplets, give confidence that practical statistical models
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TABLE I. Number of simulations for different types of perturbation.

Noise 0.06/100 x Vy, 1/100 x Vg, 2/100 x Vy, Change on Laplace number

Number of simulations 104 200 119 79

of ocean-atmosphere transfers mediated by bursting bubbles can be proposed, as outlined in our
recent paper [24] and in Ref. [33].
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APPENDIX: COMPARISON OF DIFFERENT KIND OF NOISE

We discuss in the present Appendix the various types of perturbations or noise introduced in the
initial conditions to understand their impact on drop sizes and velocities. All types of perturbations
tested led to similar results in the final jet drop size and velocity distributions.

We tested the following two types of noise:

(1) The first type of perturbation we consider consists of a small change in one of the initial input
parameters in terms of La and Bo number. For example, the Bond number is fixed and we consider
a random value for the Laplace number in a range +5% around the desired value. For example, if
the Laplace number is set at 25 100, then we randomly select a Laplace number between 23 845
and 26355. A large ensemble of simulations is then performed and leads to an ensemble of the
corresponding (La,Bo).

(i) The second type of noise is the one that is used in the present article: a noise on the velocity.
We initialize the velocity field with a small random velocity, which is equally distributed and
centered on zero, to ensure that the mean value of the injected velocity is equal to zero. We do
that on the original Cartesian mesh before the adaptation process of the mesh. We set the maximal
absolute value of this initial injected velocity at only a few percentages of the velocity of the first
drop V;,. This ejection velocity V;, is computed according to the scaling of Gafidn-Calvo with the
correction of Deike er al. Eq. (5) [21]. We tested different amplitudes for the noise: 0.06%, 1%,
and 2% of the first drop velocity V;,. This is done on the two dimensions of the 2D axisymmetric
simulation

The number of simulations for each noise is summarized in Table I and a comparison of all these
results is displayed in Fig. 5 for a simulation at a Laplace number of 25 100 and a Bond number
of 0.017. On the left panel, we compare the number of ejected droplets for each type of noise.
For each ensemble of simulations we plot the probability to observe the ith drop. We observe that
the probability of existence of each drop is approximately the same for the different ensembles of
simulations, demonstrating that the various noises in the initial conditions lead to similar variations
in the number of ejected droplets.

On the right panel of Fig. 5, we plot the probability density function of the size of all the drops
compared to the size of the first one (namely f, /&, ) for each ensemble of simulations. The red
bar, centered on 1 corresponds to the size of the first drop. All distributions, for the various types of
perturbations in the initial conditions, lead to similar distributions.

The highest one (shown in red) corresponds to the radius of the first drop compared with itself,
giving this high and very narrow peak. The second one is located around 0.7. Then the spread of the
data is similar among each distribution. The simulation with an initial noise of 2% of the first drop
velocity shows a biggest spread than the other data, but if we look closely, this spread is captured by
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FIG. 5. Left: Comparison of the number of ejected droplets for four different noises. Three configurations
correspond to an initial velocity perturbation with maximum amplitude of 0.06, 1, and 2% of the velocity of
the first drop. The fourth ensemble corresponds to small variations of the Laplace number. We plot for each
set of simulations the probability to observe the ith drop. The error bar correspond to the confidence interval
according to a binomial distribution. All the ensembles give similar results. Right: Comparison of the size of
the ejected droplets with the size of the first one for four different perturbations. We plot the probability density
function fz, /& i with on each bin, 80 samples. Again, the simulations sets give similar results, with similar
spread and mean values.

only one bin. The simulation set with the noise on the input parameters follow the same trend than
the other simulation sets: same peak at 1 and 0.7, and a similar trend than the simulation set with a
noise with an amplitude of 0.01/100 x V.

We have shown that the different types of noise give similar results. In a recent paper, we have
compared the simulation set with an initial noise set at 1% (see Ref. [24]) of the first drop velocity
with an experimental dataset and obtained a good agreement. Therefore, we choose an initial random
velocity noise with an amplitude of 1% of the initial velocity.
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