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ABSTRACT

Magneto-intersubband resistance oscillations (MISOs) of highly mobile 2D electrons in symmetric GaAs quantum wells with two populated
subbands are studied in magnetic fields B ¼ (B?, Bk) tilted from the normal to the 2D electron layer at different temperatures T . The in-
plane component (Bk) of the field B induces magnetic entanglement between subbands, leading to beating in oscillating density of states
(DOS) and to MISO suppression. Model of the MISO suppression is proposed. Within the model, a comparison of MISO amplitude in the
entangled and disentangled (Bk ¼ 0) 2D systems yields both difference frequency of DOS oscillations, df , and strength of the electron–elec-
tron interaction, described by parameter ε*F , in the 2D system. These properties are analyzed using two methods, yielding consistent but not
identical results for both df and ε*F . The analysis reveals an additional angular dependent factor of MISO suppression. The factor is related
to spin splitting of quantum levels in magnetic fields.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0127286

I. INTRODUCTION

The orbital quantization of electron trajectories and spectrum
in magnetic fields significantly affects the electron transport in con-
densed materials.1–3 Shubnikov–de Haas (SdH) resistance oscilla-
tions1 and quantum Hall effect (QHE)4 are remarkable effects of
the orbital quantization. These effects occur at a temperature, T ,
which is less than the cyclotron energy, Δc ¼ �hωc, separating
Landau levels. Here, ωc is the cyclotron frequency. At high temper-
atures, kT . �hωc, both SdH oscillations and QHE are absent due
to spectral averaging of the oscillating density of states (DOS) in
the energy interval, δε � kT , in the vicinity of Fermi energy, εF .

At high temperatures, kT . �hωc, electron systems with multiple
populated subbands continue to exhibit quantum resistance
oscillations.5–10 These magneto-inter-subband oscillations (MISOs) of
the resistance are due to an alignment between Landau levels from
different subbands i and j with corresponding energies Ei and Ej at
the bottom of the subbands. Resistance maxima occur at magnetic
fields in which the gap between the bottoms of the subbands,
Δij ¼ Ei � Ej, is a multiple of the Landau level spacing: Δij ¼ k � �hωc,
where k is an integer.11–15 At this condition, Landau levels of two

subbands overlap, and the electron elastic scattering on impurities is
enhanced due to the possibility of electron transitions between the
overlapped quantum levels of ith and jth subbands. At magnetic
fields corresponding to the condition Δij ¼ (kþ 1=2) � �hωc, the inter-
subband electron scattering is suppressed since the quantum levels of
two subbands are misaligned. The spectral overlap between two sub-
bands oscillates with the magnetic field and leads to MISO, which are
periodic in the inverse magnetic field.

Recently, we have studied transport properties of high quality
GaAs quantum wells with two populated subbands in tilted mag-

netic fields.16,17 We have found a strong reduction of the MISO

amplitude with the in-plane magnetic field16 and the temperature.17

The effect was studied in a broad range of angles θ between
the magnetic field, B, and the normal to the 2D layer. At small
angles, the MISO temperature dependence is controlled by varia-
tions of the electron quantum lifetime due to the temperature
dependence of electron–electron scattering. At large angles θ, the
temperature damping of MISO amplitude increases and demon-
strates an additional, exponentially strong decrease of the MISO
magnitude with the temperature.17
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A proposed model relates this additional MISO suppression to
an entanglement between subbands, which is induced by the
in-plane magnetic field. The magnetic entanglement leads to a dif-
ference in the electron cyclotron masses and, thus, to a misalign-
ment between spectra in two subbands, which results in the
suppression of MISO magnitude. For the free electron systems, the
effect of the magnetic entanglement on the MISO magnitude is
described by an universal MISO damping factor:
AMISO(T) ¼ X= sinh (X), where X ¼ 2π2kTδf and δf is the differ-
ence frequency of oscillations of density of states in two subbands.17

A comparison with the experiment demonstrates the adequacy
of the model. In addition, the comparison reveals enhancement of
the MISO magnitude. Surprisingly, this enhancement is found to
be reasonably described by the Fermi-liquid theory, taking into
account that the quantum lifetime of 2D electrons depends on the
electron energy. Thus, the observed enhancement of MISO ampli-
tude provides an access to the energy dependence of the electron
quantum lifetime.

In this paper, we investigate the relation between observed
enhancement of MISO amplitude and the energy dependence of the
electron quantum lifetime within the Fermi-liquid theory. Using
two different approaches, we extract the Fermi-liquid parameter, ε*F ,
which describes the energy dependent contributions of the elec-
tron–electron interaction to the quantum lifetime. We find that
both methods yield consistent but not the identical results for both
ε*F and df . The results suggest also that the spin splitting of Landau
levels is an important factor in the suppression of MISO magnitude.

II. EXPERIMENTAL SETUP

Studied GaAs quantum wells were grown by molecular beam
epitaxy on a semi-insulating (001) GaAs substrate. The material

was fabricated from a selectively doped GaAs single quantum well
of width d ¼ 26 nm sandwiched between AlAs/GaAs superlattice
screening barriers.18–22 The studied samples were etched in the
shape of a Hall bar. The width and the length of the measured part
of the samples are W ¼ 50 μm and L ¼ 250 μm. AuGe eutectic was
used to provide electric contacts to the 2D electron gas. Samples
were studied at different temperatures, from 5.5 to 12 K in magnetic
fields up to 7 T applied at different angle θ relative to the normal to
2D layers and perpendicular to the applied current. The angle θ is
evaluated using Hall voltage VH ¼ B?=(enT ), which is proportional
to the perpendicular component, B? ¼ Bcos(θ), of the total mag-
netic field B.

The total electron density of sample S1, nT ¼ (8:0
+0:03)� 1011 cm�2, was evaluated from the Hall measurements
taken in classically strong magnetic fields.2 An average electron
mobility μ � 72m2=Vs was obtained from nT and the zero-field
resistivity. An analysis of the periodicity of MISO in the inverse
magnetic field yields the gap Δ12 ¼ 15:15 meV between bottoms of
the conducting subbands, Fermi energy EF ¼ 21:83 meV, and elec-
tron densities n1 ¼ 6:12� 1011 cm�2 and n2 ¼ 1:87� 1011 cm�2

in the two populated subbands. Sample S2 has density
nT � 8:66� 1011 cm�2, mobility μ � 96:5� m2=Vs, the gap
Δ12 ¼ 16 meV, Fermi energy EF ¼ 23:5 meV and electron densities
n1 ¼ 6:57� 1011 cm�2 and n2 ¼ 2:09� 1011 cm�2. Both samples
have demonstrated similar behavior in magnetic fields.

Sample resistance was measured using the four-point probe
method. We applied 133Hz ac excitation Iac ¼ 1 μA through the
current contacts and measured the longitudinal (in the direction of
the electric current, x-direction) and Hall ac (along y-direction) volt-
ages (Vac

xx and Vac
H ) using two lock-in amplifiers with 10MΩ input

impedance. The measurements were done in the linear regime in
which the voltages are proportional to the applied current.

III. EXPERIMENTAL RESULTS

Figure 1 shows dependencies of the dissipative resistivity of
2D electrons on the perpendicular magnetic field B?, taken at dif-
ferent temperatures T and the angle θ ¼ 00 between the direction
of the magnetic field B and the normal to the 2D layer. At θ ¼ 00,
two subbands are disentangled. At small magnetic fields
(B? , 0:05 T), the curves demonstrate an increase related to the
classical magnetoresistivity.2,16 At higher magnetic fields,
B? . 0:08 T, the resistivity starts to oscillate with a progressively
larger magnitude at higher fields. These are MIS-oscillations. MISO
maxima correspond to the condition

Eg ¼ k�hωc, (1)

where Eg ¼ E2 � E1 is the energy difference between bottoms of
two occupied subbands and the index k is a positive integer.13,15

The temperature significantly affects the MISO magnitude. At
temperature T ¼ 12 K, the MISO magnitude is substantially smaller
than the one at T ¼ 5:75 K. Furthermore, at a higher temperature,
the MIS-oscillations start at a higher magnetic field. Both effects
result from an increase of the quantum scattering rate of electrons at
a higher temperature due to the enhancement of electron–electron
scattering.8,9,23 This rate enters the Dingle factor, affecting strongly

FIG. 1. Dependencies of the dissipative resistivity of 2D electrons, ρxx , on the
perpendicular magnetic field taken at different temperatures as labeled. Angle
θ ¼ 0�. Sample S2.
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MISO magnitude [see Eq. (6)]. The experiment indicates that the
Hall resistivity and, thus, the total electron density in the system are
not affected by the temperature (not shown).

To facilitate the analysis of the oscillating content, the mono-
tonic background ρbxx , obtained by averaging of the oscillations in
reciprocal perpendicular magnetic fields, is removed from the mag-
netoresistivity ρxx(B?). Figure 2 presents the remaining oscillating
content of the magnetoresistivity, ρMISO ¼ ρxx � ρbxx , as a function
of the reciprocal perpendicular magnetic field B�1

? for two tempera-
tures as labeled. The thin solid lines indicate envelopes of the oscil-
lations used in the analysis below.

In Fig. 2, panel (a) presents data taken at angle θ ¼ 0� and
corresponding to disentangled subbands. Panel (a) demonstrates
that at a high temperature T ¼ 12 K, the MISO magnitude is
smaller than the one at T ¼ 5:75 K. An analysis of the MISO enve-
lope indicates that the MISO magnitude decreases exponentially
with 1=B? at a small 1=B?. The rate of the exponential decrease is
stronger at the higher temperature. Both the thermal suppression of
MISO and the increase of the MISO decay with 1=B? are a result
of the increase of the quantum scattering rate of 2D electrons,
1=τq, due to the increase of electron–electron scattering at high
temperatures.

In Fig. 2, panel (b) demonstrates the dependence of MISO on
1=B? for the magnetically entangled subbands at θ ¼ 85:7�. The
decrease of MISO magnitude with 1=B? is different from the expo-
nential decrease of the disentangled subbands. The magnetic field
dependence tends to saturate at small 1=B? in contrast to the one
shown in panel (a). For the entangled subbands, the MISO magni-
tude is significantly reduced. Furthermore, rough analysis indicates
that the relative decrease of the MISO magnitude with the tempera-
ture is substantially stronger than the one for disentangled sub-
bands. In particular, at 1=B? ¼ 3 (1/T) for the disentangled
subbands, the ratio between MISO magnitudes at T1 ¼ 5:75 K and

T2 ¼ 12 K is close to 3, while for the entangled subbands, this ratio
is larger and close to 10.17

Figure 3 presents the ratio of MISO magnitude of magnetically
entangled subbands, obtained at angle θ ¼ 85:7� to the MISO mag-
nitude of disentangled subbands at θ ¼ 0�. This ratio is used to
extract the Fermi-liquid parameter ε*F . Below we recall the model
describing MIS-oscillations in magnetically entangled subbands.17

IV. MODEL OF MISO IN MAGNETICALLY ENTANGLED
SUBBANDS

We consider a 2D electron system with two populated para-
bolic subbands placed in a small quantizing perpendicular mag-
netic field B? and an in-plane magnetic field Bk: B ¼ (B?, Bk). At
Bk ¼ 0 T, the cyclotron masses in two subbands are the same,
mc1 ¼ mc2 ¼ m0, and an application of the perpendicular magnetic
field B? leads to equidistant Landau levels with separation
�hωc0 ¼ �heB?=m0 in both subbands. Due to the energy gap between
the bottoms of the subbands, Δ12, the Landau levels in the second
subband are shifted up by Δ12 with respect to the energy levels in
the first subband. At the condition, corresponding to Eq. (1), two
sets of the levels are aligned with each other, producing a MISO
maximum.

An application of the in-plane magnetic field destroys the
alignment.16,17 In accordance with numerical analysis of the elec-
tron spectrum, a non-zero in-plane magnetic field, Bk, makes the
cyclotron masses, mc1 . mc2, and the cyclotron frequencies,
ωc1 , ωc2, to be different.17 This difference leads to beating in the
density of states (DOS), oscillating at different frequencies, fi, in
different subbands: fi ¼ 1=�hωci, where index i ¼ 1(2) corresponds
to the first (second) subband.

At small quantizing magnetic fields ωciτq , 1, the main con-
tribution to MISO comes from the fundamental harmonics of DOS

FIG. 2. Oscillating content of magnetoresistivity ρxx at two different tempera-
tures as labeled. (a) Disentangled subbands at angle θ ¼ 0� and (b) entangled
subbands at angle θ ¼ 85:7�. Sample S2.

FIG. 3. Magnetic field dependence of the ratio ¼ ρMISO(θ ¼ 85:7�)=ρMISO(θ
¼ 0�) between the MISO amplitude in magnetically entangled subbands at
θ ¼ 85:7� to the one in disentangled subbands at θ ¼ 0� (Bk ¼ 0 T ) at differ-
ent temperatures as labeled. Sample S2.
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oscillations. The DOS of the ith spatial subband, νi(ε), reads
3,24

ν1(ε�0)
ν01

¼ 1� 2δ1cos(2πf1ε),

ν2(ε� Eg )

ν02
¼ 1� 2δ2cos(2πf2(ε� Eg)),

(2)

where ν0i represents DOS at zero perpendicular magnetic field,
δi ¼ exp(�π=ωciτ

(i)
q ) is the Dingle factor, and τ(i)q is the quantum

scattering time in ith subbands. The parameters ν0i describe DOS
in the kT vicinity of the Fermi energy. Within the kT interval, the
energy dependence of these parameters in a weakly non-parabolic
spectrum of 2D electrons, induced by the in-plane magnetic field,
is neglected. The parameter Eg is the energy gap between bottoms
of two subbands.

The 2D conductivity σ is obtained from the following relation:

σ(B) ¼

ð

dεσ(ε) �
@fT
@ε

� �

¼ hσ(ε)i: (3)

The integral is an average of the conductivity σ(ε) taken essentially
for energies ε inside the temperature interval kT near Fermi
energy, where fT(ε) is the electron distribution function at a tem-
perature T .2,3 The brackets h� � �i represent this integral below. We
consider the regime of high temperatures: fikT � 1. In this regime,
Shubnikov–de Haas oscillations are suppressed, but MISO survive.

The conductivity σ(ε) is proportional to square of the total
density of states: σ(ε) � (ν1(ε)þ ν2(ε))

2.24,25 This relation yields
the following term leading to MISO at small quantizing magnetic
fields:13,15

σMISO(ε) ¼ σ(12)
D ~ν1(ε) ~ν2(ε), (4)

where ~νi(ε) ¼ νi(ε)=ν0i are the normalized density of states in each
spatial subband. The parameter σ(12)

D (B?) is Drude like conductiv-
ity, accounting for inter-subband scattering.13,15

A substitution of Eqs. (4) and (2) into Eq. (3) yields the fol-
lowing expression for the MISO of conductivity:

σMISO(B) ¼ 4σ(12)
D δ1δ2hcos(2πf1ε)cos(2πf2(ε� Eg))i: (5)

Energy integration yields the final result,17

σMISO(B) ¼ 2σ(12)
D δ1δ2

X

sinh (X)
cos(2πf2Eg þ 2πδf εF), (6)

where parameter X ¼ 2π2kTδf and δf ¼ f1 � f2 is a difference
frequency.

Entangled subbands δf .0 and the temperature damping
factor AMISO(T) ¼ X= sinh (X) decrease the MISO amplitude. This
temperature decrease becomes exponential for X .1 since
sinh (X) � exp(X) for X .1. The parameter X is proportional to
the temperature and the difference frequency δf ¼ f1 � f2. Within
the order of B6

k, the difference frequency is evaluated as

δf ¼
m0

e�h
χ(1� ξB2

k þ ηB4
k) tan

2 (θ)B?, (7)

where χ, ξ, and η are constants. The constants χ and ξ are com-
puted analytically for the magnetically entangled subbands.17

Below, we use the relation (7) to compare experiments with the
expression (6).

In many respects, the MISO temperature damping factor
AMISO(T) is similar to the one for Shubnikov–de Haas oscillations,
ASdH(T) ¼ XSdH= sinh (XSdH), where XSdH ¼ 2π2kT=(�hωci).

1 The
main difference is that the factor AMISO depends on the difference
frequency δf , whereas ASdH depends on the frequency fi ¼ 1=�hωci.
For parabolic subbands with the same masses δf ¼ 0 and the
MISO damping factor AMISO ¼ 1 is irrelevant. The MISO damping
factor is important for non-parabolic spectra or parabolic spectra
with different cyclotron masses in two subbands.

Experimental data presented below suggest that in addition to
the MISO temperature damping factor AMISO(T), there is an impor-
tant effect of the electron–electron interaction on the MISO magni-
tude. To analyze this Fermi-liquid effect, we use several approaches.

V. COMPARISON WITH THE EXPERIMENT

A. Method 1

To reveal the temperature damping factor AMISO(X)
¼ X= sinh (X), we compare experimental data with the analytical
expression (6) containing this factor. There are other factors
(δi, σ

(12)
D ) entering the expression. A comparison with numerically

computed MISO as well as analytical considerations indicate that
the product of these factors varies weakly with the entanglement
between subbands.17 Below, we neglect these variations. To sup-
press effects of these factors in the comparison between Eq. (6) and
experiment, for each temperature, we divide a MISO envelope for
the entangled subbands, such as presented in Fig. 2(b) for T = 5.75
and T = 12 K, by the envelope for the disentangled subbands, taken
at the same temperature presented in Fig. 2(a). This experimental
ratio Rexp ¼ ρMISO(θ)=ρMISO(0), shown in Fig. 3, is compared with
the corresponding model ratio, Rmod ¼ ρMISO(θ)=ρMISO(0)
¼ σMISO(θ)=σMISO(0) obtained from Eq. (6).

In accordance with Eq. (6) at τ(1)q ¼ τ(2)q , the ratio of the MISO
magnitudes Rmod ¼ X= sinh (X) and depends only on the parame-
ter X. Thus, plotted vs X, the ratio Rexp(X) should follow
AMISO(X) ¼ X= sinh (X). To facilitate the comparison at X .1,
both ratios are divided by X, yielding y ¼ Rmod=X � 2exp(�X) at
X .1. At large X, the function ln (Rmod=X) vs X is, thus, a straight
line with a unity slope intersecting y-axis at y0 ¼ 2.

Experiments indicated that at large angles, the ratio Rexp=X is
indeed following an exponential reduction with parameter X at a
unity slope.17 However, the ratio does not intersect the y axis
exactly at y0 ¼ 2 but rather is distributed in its vicinity. Accounted
below by a normalizing factor Kee, these deviations depend on the
angle θ and the temperature T . In method 1, the factor Kee normal-
izes the ratio Rexp=X and makes each curve intersect the y-axis at
value 2. The procedure leads to collapse of all experimental depen-
dencies with the model dependence 1= sinh (X). This collapse is
presented in Fig. 4.

Figure 4 shows the ratio Rexp=X, normalized by factor Kee, as
a function of the parameter X for dependencies Rexp ¼ ρMISO(θ
¼ 87:05�)=ρMISO(θ ¼ 0�) obtained for sample S1 at angle
θ ¼ 87:05� and temperatures T = 5.5, 6.14, 6.93, 7.74, 8.54, 9.34,
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10.13, and 10.93 K (see Fig. 8 in Ref. 17). The parameter X is
computed from Eq. (7), using χ ¼ 1:12� 10�5 [d(nm)]2,
ξ ¼ 1:91� 10�5 [d(nm)]2, which are evaluated analytically,17 and
η ¼ 4� 10�10 [d(nm)]4 found from the fit with the model. The pre-
sented comparison indicates a good agreement between the model and
the experiment in a broad range of temperatures and magnetic fields.

The origin of the scaling coefficient Kee is related to effects of
electron–electron interaction on the quantum scattering rate.17

Within the Fermi-liquid theory, the electron–electron collision rate
for an electron at energy ε counted from the Fermi energy εF is

1

τee(ε, T)
¼

ε2 þ π2(kT)2

4π�hεF
ln

qsvF

max (kT , �hωc(ωcτtr)
1=2)

, (8)

where vF is the Fermi velocity, τtr is the transport scattering time,
and qs ¼ 2πe2ν is the inversion screening length.25,28

The energy dependence of the electron scattering rate makes
the Dingle factors δi to be energy dependent parameters,

δi(ε, T) ¼ exp �
τ�1
im þ τ�1

ee (ε, T)

ωci=π

� �

, (9)

where τ im is the quantum scattering time due to impurity scatter-
ing. The time τ im does not depend on the temperature, while the
electron–electron scattering time τee is temperature dependent. The
time τee provides the T2 contribution to the quantum scattering
rate observed in the experiments (see the inset to Fig. 7 in Ref. 17).

In the presented above computations of the ratio
Rmod ¼ σMISO(θ)=σMISO(0

0), the energy dependence of the Dingle
factors δi in Eq. (6) was ignored canceling out these factors. The
effect of the energy dependence of the e� e scattering rate on
the relative MISO magnitude: Rmod ¼ ρMISO(θ)=ρMISO(0

0)
¼ σMISO(θ)=σMISO(0

0) is evaluated below. Substitution of the rela-
tions (4), (2), and (9) into Eq. (3) leads to the following expression
for the relative MISO magnitude:

Rmod ¼
ρMISO(θ)

ρMISO(0
0)

¼
hexp(�ε2=ε20)cos(2πδf ε)i

hexp(�ε2=ε20)i
, (10)

where ε0 ¼ (2ε*F�hωc)
1=2

. In the estimation, a possible difference in
the e–e scattering rate in two subbands and the temperature/
magnetic field dependencies of the logarithmic factor in Eq. (8) are
ignored. As a result in Eq. (10), the only fitting parameter is

ε*F � ε(i)F = ln (qsv
(i)
F =max (kT , �hωc(ωcτtr)

1=2) [see Eq. (8)]. The

parameter ε*F describes quantitatively the strength of the energy
dependence of the electron quantum lifetime. It is extracted below
from a comparison with the experiment. The energy dependence of
the electron quantum lifetime is an important physical property of
interacting electrons. The proportionality of the electron–electron

scattering rate to ε2 [see Eq. (8)] as well as its strength are the
corner stone of the Fermi-liquid theory, describing interacting elec-
tron systems as a gas of quasiparticles.

FIG. 4. Dependence of the ratio Rexp of MISO magnitude, obtained at angle
θ ¼ 87:05� to the one at θ ¼ 0� and normalized by X and Kee on parameter
X at different temperatures T = 5.5, 6.14, 6.93, 7.74, 8.54, 9.34, 10.13,
and 10.9 K. The parameter X is computed from Eq. (7), using

χ ¼ 1:12� 10�5 [d(nm)]2, ξ ¼ 1:91� 10�5 [d(nm)]2, evaluated analytically,17

and η ¼ 4� 10�10 [d(nm)]4, found from the fit with the model, at d = 26 nm.
The dashed line presents the dependence 1/ sinh(X) expected from Eq. (6).
The thin straight line presents the linear approximation of the dependence
ln (Rmod=X ) � ln (2)� X with a unity slope and intersect y0 ¼ 2, expected
from Eq. (6) at X . 1. Sample S1.

FIG. 5. Dependence of the transition function Ftr on parameter X at different
temperatures as labeled. The function Ftr is numerically computed from Eq. (11)
at ε	F ¼ 8 meV, using parameter X evaluated numerically from Eq. (7) at
χ¼ 1:12�10�5 [d(nm)]2, ξ¼ 1:91� 10�5 [d(nm)]2, η¼ 4� 10�10 [d(nm)]4,
and d = 26 nm at angle θ¼ 87:05�. Dashed lines show approximation of the
transition function by a constant in the interval X relevant to the experiment
shown in Fig. 4.
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A comparison with the free electron case suggests that the
ratio Rmod can be presented as a product of X= sinh (X), corre-
sponding to free electrons, and a transition function Ftr(X, θ, T),
describing an enhancement of the MISO magnitude by the elec-
tron–electron interaction,

Rmod ¼ Ftr(X, θ, T)
X

sinh (X)
: (11)

Figure 5 shows an example of the numerically evaluated func-
tion Ftr(X, θ, T) using the relation (11) at different temperature T
as labeled. At a fixed temperature, the MISO enhancement (func-
tion Ftr) progresses with the parameter X. At X , 1, corresponding
to a small entanglement between subbands, the function Ftr tends
to unity, and thus, the ratio Rmod approaches the free electron
response, X= sinh (X). At this condition, the MISO enhancement is
small. At larger X, the MISO enhancement increases and eventually
reaches a maximum. In the vicinity of the maximum, the transi-
tional function Ftr is approximated by a constant value. Dashed
lines are examples of these approximations for T ¼ 5:5 and 10.9 K
demonstrating also the range of the parameters X relevant to the
experiments shown in Fig. 4. The approximation of the function
Ftr by a constant agrees with the unity slope of the experimental
dependencies presented in Fig. 4 and yields the model scaling coef-
ficient Kmod

ee . Within Method 1, this approximation is used to
compare the experiment and the model.

Shown in Fig. 5 an increase of the function Ftr(X, θ, T) with
X from the unity at small X to a temperature dependent maximum

is a result of the electron–electron interaction and is a Fermi-liquid
effect. The electron–electron interaction leads to a decrease of the
quantum lifetime of quasiparticles with the energy ε away from
the Fermi energy.26,27 Equations (8) and (9) take into account
this lifetime reduction resulting in the Gaussian exp(�ε2=ε20) in
Eq. (10). The Gaussian function enhances the MISO amplitude.
Mathematically, the effect is due to a reduction of the range of the
energy integration in Eq. (10) from (�kT , kT), settled by the distri-
bution function fT for free electrons, to a smaller range, which for
the interacting electrons is additionally affected by the range nar-
rowing factor exp(�ε2=ε20). The energy averaging of the oscillating
content [cos(2πδf ε)] in a narrower energy interval leads to sup-
pression of the averaging and results in a larger value of the integral
and, thus, the function Ftr(X, θ, T).

28

Figure 6 presents a comparison between the experiment and
the model using Method 1. In Fig. 6, the open circles present the
scaling coefficient, Kee, obtained via the collapse of the experimen-
tal data on the free electron result shown in Fig. 4. The filled circles
and squares present a result of the numerical computations of the
transition function Ftr at ε

*
F ¼ 5:9 meV and ε*F ¼ 8 meV and sub-

sequent approximation of the function by constant Kmod
ee as shown

in Fig. 5. The numerical computations indicate that the
Fermi-liquid enhancement of the MISO magnitude is stronger at
smaller ε*F . This is related to a narrower Gaussian function in
Eq. (10) at smaller ε*F , leading to smaller ε0.

Figure 6 indicates that similar to the numerically obtained
Kmod
ee , the scaling coefficient Kee increases with the temperatures.

However, at low temperature T ¼ 5:5 K, in contrast to Kmod
ee , the

coefficient Kee is less than unity. This property progresses with the
increasing angle and is consistent for all studied samples. This
property suggests the presence of an angular dependent factor,
reducing additionally the MISO magnitude in magnetic fields. We
related this factor to spin splitting of Landau levels.

For SdH oscillations, the spin splitting decreases the oscillation
magnitude for angles less than a critical angle.3 The reduction is a
result of the decrease of the magnitude of the DOS oscillations
with the spin splitting of Landau levels. Recently, we have observed
a reduction of the magnitude of the quantum positive magnetore-
sistance (QPMR)24 and MISO16 at large angles θ. For QPMR, the
spin splitting is found to be the dominant mechanism leading to
the decrease of the magnetoresistance. The spin splitting also leads
to MISO reduction but is found to be a subdominant effect in com-
parison with the effect of the magnetic entanglement of subbands
presented above. For MISO, the spin factor reads16

Ksp ¼ cos2
πΔZ

�hωc

� �

, (12)

where ΔZ ¼ μgB is the Zeeman energy, μ is the Bohr magneton,
and g is the g-factor. In the relation (12), we assume that the
Zeeman splitting in both subbands is the same. The ratio
ΔZ=(�hωc) � g=cos(θ) and, thus, the spin factor Ksp depend on g
and the angle θ. For experiments at a fixed angle, the spin factor is
a constant affecting the ratio Rexp: Rexp ¼ (Ksp(θ)=Ksp(0))Rmod

� Ksp(θ)Rmod since for GaAs at g � 1 and θ ¼ 0 deg, the spin
factor is close to one: Ksp(θ ¼ 0) � 1.

FIG. 6. Open circles present temperature dependence of scaling coefficient Kee
obtained from a collapse of experimental data on a free electron response,
shown in Fig. 4. Open squares present coefficient Kee, normalized by spin
factor Ksp ¼ 0:67. Filled squares present temperature dependence of scaling
coefficient Kmod

ee evaluated numerically as shown in Fig. 5 at ε	F ¼ 8 meV, pro-
viding the best fit within method 1. Filled circles present coefficient Kmod

ee evalu-
ated numerically as shown in Fig. 5 but at ε	F ¼ 5:9 meV, which corresponds to
the observed temperatures dependence of MISO amplitude (not shown). Angle
θ ¼ 87:05�. Sample S1.

Journal of
Applied Physics

ARTICLE scitation.org/journal/jap

J. Appl. Phys. 132, 234302 (2022); doi: 10.1063/5.0127286 132, 234302-6

Published under an exclusive license by AIP Publishing



To find the spin factor, we divide the scaling coefficient Kee,
describing Rexp, by the Ksp to find the best fit with Kmod

ee , describing
Rmod computed from Eq. (10) at a ε*F . An example of the fit is
shown in Fig. 6: the normalized experimental data, labeled by
EXPER=Ksp, correlate well with the model computations Kmod

ee at
ε*F ¼ 8 meV.

The obtained spin factor Ksp ¼ 0:67 yields g-factor g � 0:3.
This factor is in agreement with the one obtained before.16 Other
angles and samples demonstrate spin factors, which are consistent
with Eq. (12) at g � 0:2� 0:4. In Fig. 7, open symbols present the
spin factors obtained at different angles θ, while the solid line pre-
sents the computation of the spin factor in accordance with
Eq. (12), using g-factor g ¼ 0:31. We note that the obtained
g-factor is close to the bare g-factor g ¼ 0:4 in GaAs but is consid-
erably smaller than the one obtained from the angular dependence
of SdH oscillations and QPMR in GaAs quantum wells with only
single band populated (g � 1).24

In accordance with Eq. (8), the temperature and the energy
dependencies of the e–e scattering rate are controlled by the same
parameter ε*F . This should lead to a correlation between Fermi-liquid
enhancement of the MISO amplitude and the temperature depen-
dence of MISO. The temperature dependence yields ε*F ¼ 5:9 meV.17

Shown in Fig. 6 the model evaluation of Kmod
ee at ε*F ¼ 5 demonstrates

MISO enhancement, which is quite comparable but still stronger than
the one obtained in the experiments.

B. Method 2

One of the disadvantages of method 1 is the requirement to
compute parameter X using a model for the difference frequency

df . Within a given shape of the quantum well, the computations
(numerical or analytical) of the difference frequency are possible.
However, if the shape of the quantum well is not well known, the
computation of the difference frequency presents a challenge. Thus,
it is beneficial to develop a method in which the computation of
the difference frequency is not required. Below, we present such a
method and call it method 2.

The main idea of method 2 is to use the same ratio
Rexp ¼ ρMISO(θ)=ρMISO(0)(B, T) but, in contrast to method 1, to
use this ratio at a fixed magnetic field B. At a fixed magnetic field,
the entanglement between subbands and, thus, the difference fre-
quency df is also fixed. This allows one to consider the difference
frequency as a fitting parameter and to obtain its value from
the fit.

Figure 8 presents the fit using method 2. In the figure, open
circles present the ratio Rexp ¼ ρMISO(θ)=ρMISO(0) obtained at a
fixed magnetic field. The perpendicular component of the field
labels each experimental set. Each data set is obtained from a verti-
cal cross section of the dependencies Rexp(B) plotted vs B? at dif-
ferent temperatures similar to the plot shown in Fig. 3. The solid
lines present computations of the ratio Rmod using Eq. (10) with df
and ε*F as two fitting parameters. The fit is done neglecting the
spin splitting at Ksp=1. The obtained fitting parameters df and ε*F
are shown by open circles in Figs. 10 and 11 correspondingly.
Values of the difference frequency df are found to be consistently
higher than the one obtained from the numerical computations for
a rectangular quantum well and shown by the dashed line in
Fig. 10. Variations of both df s with Bk look quite similar. In
Fig. 11, values of the parameter ε*F at Ksp ¼ 1 are found to be con-
siderably smaller than the one obtained via method 1 at

FIG. 7. Angular dependence of spin factor Ksp. Open symbols present spin
factor Ksp extracted from the comparison between the enhancement of the
MISO amplitude and the model presented in Fig. 6 for θ ¼ 87:05 deg. The
solid line shows spin factor Ksp following from relation (12) using g-factor
g ¼ 0:31.

FIG. 8. Temperature dependence of ratio ρMISO(θ)=ρMISO(0) at different perpen-
dicular magnetic fields as labeled. Open circles present experimental data. Solid
lines present computation of the ratio Rmod , using Eq. (10) with df and ε	F as
fitting parameters. Spin splitting is neglected: Ksp ¼ 1. Angle θ ¼ 87:05�.
Sample S1.
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ε*F ¼ 8 meV and demonstrate a tendency to increase from 2 to
4 meV with the increase in the magnetic field.

Figure 9 presents the fit using method 2 at spin splitting
Ksp ¼ 0:67. In the figure, open circles present the same ratio
Rexp ¼ ρMISO(θ)=ρMISO(0) as in Fig. 8. The solid lines present com-
putations of the product RmodKsp using Eq. (10) with df and ε*F as
two fitting parameters. The accuracy of this fit is quite comparable
with the accuracy of the fit at Ksp ¼ 1. Obtained in this fit values of
df and ε*F are shown by filled squares in Figs. 10 and 11 corre-
spondingly. The values for the difference frequency df =f are found
to be almost identical to the difference frequency df =f , used in
method 1 and shown by the dashed line in Fig. 10. In Fig. 11, the
filled squares, presenting the parameter ε*F , are slightly higher than
the value of ε*F found in method 1 (8 meV) and shown by the solid
line in Fig. 11.

Finally, in Figs. 10 and 11, filled circles present fitting parame-
ters df and ε*F obtained in the fit using method 2 at Ksp ¼ 0:8. The
data, shown in these figures, indicate a consistent decrease
(increase) of the fitting parameter df (ε*F) with the decrease of the
spin factor Ksp. It leads to an uncertainty of the obtained fitting
parameters in method 2.

VI. SUMMARY

Electron–electron interaction induced enhancement of the
amplitude of magneto-intersubband quantum oscillations of dissi-
pative resistivity is observed in GaAs quantum wells with two pop-
ulated subbands, placed in tilted magnetic fields at different
temperatures T . The enhancement is related to a progressive
decrease of the quantum lifetime of electrons with the energy away
from the Fermi energy. The effect is studied by two methods,

FIG. 11. Magnetic field dependence of the parameter ε	F. Open (filled) circles
present ε	F obtained in the fit using method 2 at Ksp ¼ 1(=0.8). Filled squares
present ε	F obtained in the fit using method 2 at Ksp ¼ 0:67. The solid line indi-
cates ε	F ¼ 8 meV obtained in the fit using method 1. The dashed line indicates
ε	F ¼ 5:9 meV obtained from the temperature dependence of MISO amplitude.

FIG. 10. Dependence of relative difference frequency, df=f , on the square of
the in-plane magnetic field. The dashed line presents df=f , numerically com-
puted for a rectangular quantum well using Eq. (7) at
χ ¼ 1:12� 10�5 [d(nm)]2, ξ ¼ 1:91� 10�5 [d(nm)]2, η ¼ 4� 10�10 [d(nm)]4

and d = 26 nm. Open (filled) circles present df=f obtained in the fit using
method 2 at Ksp ¼ 1 (=0.8). Filled squares present df=f , obtained in the fit at
Ksp ¼ 0:67. Angle θ ¼ 87:05�. Sample S1.

FIG. 9. Temperature dependence of ratio ρMISO(θ)=ρMISO(0) at different perpen-
dicular magnetic fields as labeled. Open circles present experimental data. Solid
lines present computation of the product RmodKsp using Eq. (10) with df and ε	F
as fitting parameters. Spin splitting factor Ksp ¼ 0:67. Angle θ ¼ 87:05�.
Sample S1.
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yielding effective energy parameter, ε*F , controlling the energy
dependence of the quantum electron lifetime, and the difference
frequency, df ¼ f1 � f2, of DOS oscillations with frequency f1 and
f2 in two subbands.

In method 1, the difference frequency is computed within a
model of a rectangular quantum well of width d. The energy
parameter, ε*F , is obtained, then, as a fitting parameter in a compar-
ison between the experiment and the proposed MISO model,
taking into account the energy dependence of the quantum elec-
tron lifetime within Fermi-liquid theory. A good agreement is
found between the experiment and the model in a broad range of
magnetic fields and temperatures. The obtained value of the
parameter ε*F ¼ 8 meV is found to be quite close to the one
obtained from the temperature dependence of the MISO amplitude
ε*F ¼ 5:9 meV. This correlation is expected within the existing
theory, describing quantum lifetime of interacting electrons.
Within method 1, the comparison between the experiment and the
model indicates also the presence of an additional factor, reducing
the MISO amplitude. This factor is related to spin splitting of the
Landau levels and yields the g-factor: g � 0:3. This g-factor value is
close to the one obtained in other experiments in two subband
systems.

In method 2, the energy parameter, ε*F , and the difference fre-
quency, df , are considered two fitting parameters in the compari-
son between the experiment and the model. The comparison is
done for data sets obtained at a fixed magnetic field and different
temperatures for different values of the spin splitting characterized
by spin factor Ksp. At Ksp ¼ 1, corresponding to the absence of the
spit splitting, method 2 yields ε*F varying from 2 to 4 meV. These
values are smaller than the one obtained both in method 1 and via
temperature dependence of the MISO amplitude. At Ksp ¼ 1, the
relative difference frequency df =f is found to be consistently larger
than the one obtained in method 1. The frequency demonstrates
the same variations with the in-plane magnetic field. The consider-
able deviations between outputs of method 1 and method 2 suggest
the importance of the spin factor.

At Ksp ¼ 0:67, the obtained relative difference frequency df =f
is almost the same as the one used in method 1. The parameter ε*F
is found to be quite close but not identical to the one obtained in
method 1. This parameter ε*F is larger than the one obtained via
temperature dependence of the MISO amplitude. These inconsis-
tencies call for further improvements of the used approaches.
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