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ABSTRACT: Particles interacting via isotropic, multiwell pair
potentials have been shown to self-assemble into a range of
crystal structures, yet how the characteristics of the underlying
interaction potential give rise to the resultant structure remains
largely unknown. We have thus developed a functional form for
the interaction potential in which all features can be tuned
independently. We perform continuous parameter space searches
by systematically changing pairs of parameters, controlling the
various features of the interaction potential. By enforcing a
repulsive first well (controlling particle interactions of the first
neighbor shell), we stimulate the formation of low-coordinated
assemblies. We report the self-assembly of 20 previously
unknown crystal structure types, 14 of which have low
coordination numbers. Despite limiting the search to a small region of the vast parameter space of possible particle
interactions, a wealth of complexity and symmetry is apparent within these crystal structures, which include clathrates with
empty cages and low-symmetry structures. Our findings suggest that an unknown number of previously undiscovered crystal
structure configurations are possible through self-assembly, which can serve as interesting design targets for soft condensed
matter synthesis.
KEYWORDS: molecular dynamics, self-assembly, crystal structure, interaction potential, forward design

INTRODUCTION
The spontaneous self-assembly of molecular building blocks
into ordered structures on the mesoscale has increasingly been
used to engineer metamaterials with advanced properties.
Numerous soft matter building blocks�e.g., surfactants,1

dendrimers,2,3 block copolymers,4,5 and metallic nanopar-
ticles6�have been shown to self-assemble into crystal
structures on the mesoscale (frequently called “superlattices”)
that are isostructural to atomic systems, from simple sphere
packings to complex aperiodic structures. Unlike atomic-scale
ordering, which is limited by chemical makeup and bonding
rules, structures that form at larger length scales are not bound
by the same constraints, and particles are free to explore a
much larger space of possible configurations.7 It is therefore
possible to observe not only soft materials that order into
familiar patterns4,8,9 but also structures without atomic
equivalents.10,11

To design self-assembled crystals, it is important to know
which structures are feasible as well as the interparticle
interactions that will form that structure. For instance, it is
well-known that the Lennard-Jones interaction potential,

consisting of a steep repulsive interaction followed by a single
attractive well, will reliably form high-coordinated, sphere-
packing structures such as the face-centered cubic close
packing (ccp).12,13 Interaction potentials encoded with
longer-range interactions beyond the first neighbor shell,
however, are much less predictable and have been shown to
produce a diverse range of structures with varying complexity
and coordination environments, including a number of
previously unknown crystal structures with intermediate
coordination numbers14 (rare in atomic systems) and even a
one-component icosahedral quasicrystal.15

Of particular interest is the self-assembly of particles into
open, low-coordinated crystal structures, notably within the
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fields of catalysis16,17 in which porous framework structures
such as clathrates, zeolites, and metal−organic frameworks can
host guest species, as well as photonics,18 where self-assembled
structures are of technological interest as photonic crystals.
The tetrahedrally coordinated diamond structure, for instance,
has gained wide attention as an interesting candidate for self-
assembly after it was theoretically determined to possess a large
omnidirectional photonic bandgap,19 and it was recently
experimentally realized using tetrahedral clusters with sticky
patches.9 In simulation, it was previously believed that such
low-coordinated structures would be difficult to model due to
their anisotropic bonding environments and thus require
complex, multibody, and angle dependent interactions.20−22

Subsequent studies, however, have proven that known low-
coordinated structures such as simple cubic,23 diamond, and
wurtzite24 can in fact be simulated using relatively simple,
multiwell isotropic pair potentials. More recently, similar pair
potentials were used to assemble much more complex, known
low-coordinated structures, including several clathrates.15 Due
to the high variability of possible particle interactions on the
mesoscale, a remaining question is whether, and to what
extent, we can observe low-coordinated structures that have
not been observed before and could be of potential
technological interest. An exciting possibility is that such
structures may be interesting candidates for photonic crystals,
since recent literature suggests that the parameter space of
spherical particle assemblies that can serve as viable photonic
crystals is much larger than previously imagined.25

Previously, Dshemuchadse et al. performed comprehensive
searches of the two-dimensional parameter spaces of two
interaction potentials: the oscillating pair potential (OPP) and
the Lennard-Jones−Gauss potential (LJGP).14 The self-
assembled crystal structures comprised 16 known structure

types and 15 that have not been observed before, spanning a
diverse range of coordination environments (with average
coordination numbers of ⟨CN⟩ = 4−14). The majority of the
previously unknown structures had intermediate coordination
numbers ranging from 7 to 11 nearest neighbors, and were
mostly present in the LJGP phase diagram, whereas the
majority of the low-coordinated structures were only present in
the OPP phase diagram. A distinguishing feature between the
OPP and LJGP is that the OPP can exhibit a repulsive first
well, which we believe to stimulate the formation of low-
coordinated structures, while the LJGP is characterized by its
flexible shape due to its functional form. In this work, we build
on these findings by creating an interaction potential that
possesses the repulsive first well of the OPP while still
preserving the tunability of the features, as was the case for the
LJGP. We use this interaction potential design to conduct a
targeted search for previously unknown low-coordinated
assemblies within the vast parameter space spanned by
particles interacting via isotropic pair potentials. Within a few
thousand simulations, we observe a diverse pool of self-
assembled crystal structures, including several low-coordinated
structures without atomic equivalents. We report the self-
assembly of 20 crystal structure types as well as a quasicrystal,
none of which had been observed previously. Additionally, our
interaction potential design is both flexible and intuitive, and
thus serves as an important step toward connecting the shape
of the interaction potential to the resulting structure.

MODEL
In developing a functional form for interaction potentials, we
preserve the simplicity of the pair potential shape while at the
same time adding flexibility to tune all of its features
independently and in an intuitive manner. As demonstrated

Figure 1. Construction of the Y2G5P using a linear combination of (a) two Yukawa functions and (b) five alternating attractive and repulsive
Gaussians. (c) Agreement between the OPP and Y2G5P functions (red and black lines, respectively) leads to the assembly of the same
resulting cP54-K4Si23 structure type in the simulation. The features of the Y2G5P are tunable: the minimum and maximum variations in
parameters for the depths of the first and third well (ϵ1 and ϵ5), between hump heights (ϵ2 and ϵ4), and positions of the first and third well
(μ3 and μ5) are shown in (d), (e), and (f), respectively.
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previously by Dshemuchadse et al., introducing multiple
competing length scales via two attractive wells is necessary
to assemble a variety of crystal structures beyond dense sphere
packings (which only require a single attractive well).14 The
assembly of low-coordinated structures is found to emerge
when a repulsive first well is enforced, and the lowest-
coordinated structures were only possible with a repulsive
hump between the first (repulsive) and second (attractive)
well. To enable the search for low-coordinated structures, we
therefore construct an interaction potential functional form in
which the shape of the interaction potential consists of a
repulsive first well and two attractive wells, with each of these
wells separated by repulsive humps. Our chosen design
consists of a linear combination of two Yukawa potentials
and five alternating positive and negative Gaussians (Y2G5P):
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The first term in the equation is a summation of two Yukawa
potentials. The Yukawa potential V(r) = −g2 exp[−αmr]/r was
originally designed to be used in particle physics to model
interactions between protons and neutrons, with m represent-
ing particle mass and g and α as scaling factors.26 Here, we use
its mathematical function to control the steepness of the
Y2G5P at a lower interparticle distance r, where the function
approaches infinity, while adding a μ term to control the
position of the potentials relative to r. All parameter values of
the Yukawa potentials are fixed. We use two Yukawa potentials
in order to enforce a positive (i.e., net repulsive) first well: one
Yukawa potential serves to create sufficient repulsion at low r,
while the other less steep one serves as the “background” on
which the first Gaussian sits (see Figure 1a).
The five Gaussians are combined to form a three-well

potential with repulsive humps between them, with well
depths/hump heights ϵ, widths σ, and positions μ (see Figure
1b). The second well (i.e., third Gaussian) is scaled to a global
minimum of −1, and the third well (i.e., fifth Gaussian)
smoothly converges to zero at higher r values. This potential
design is advantageous because the Gaussians can be changed
intuitively: changing ϵ1, σ1, and μ1, for instance, changes the
depth, width, and position of the first well, respectively. In

addition, the Yukawa potentials have a minimal effect on these
parameter changes. We can easily change the well-depth
parameters ϵ1, ϵ2, ϵ4, and ϵ5�the first four free parameters (ϵ3
being scaled to −1)�in an intuitive manner. The other two
free parameters are the well positions, μ3 and μ5, which control
the positions of the second and third wells, respectively (μ1 is
kept constant at r = 1). All other parameters are coupled to the
two well position parameters. Varying μ3 by an arbitrary value,
δ, is reflected in the μ2, σ1, and σ2 terms where μ2 is shifted by
δ/2, σ1 = (μ2 − μ1)2, and σ2 = [(μ3 − μ1)/2]2 to center the
wells. Similarly, when varying μ5, μ4 is shifted by δ/2, σ3 = [(μ4
− μ2) /2]2, σ4 = [(μ5 − μ3) /2]2, and σ5 = (μ5 − μ4)2.
Boundary conditions for these parameters are shown in Figure
1d−f. These boundary conditions were set after initial testing
to avoid singularities and strongly asymmetrical functional
forms.
To initiate the search for previously unknown self-assembled

structures, we chose to survey the parameter space surrounding
known, low-coordinated structures using our Y2G5P. Due to
the flexibility and intuitiveness of our interaction potential
design, we can easily fit the Y2G5P to other functional forms,
for instance, the three-well OPP previously used to discover
the first self-assembled icosahedral quasicrystal found in
simulation.15 Whereas the OPP is only controlled by two
parameters k and ϕ�the oscillation’s wavenumber and phase
shift, respectively, which translate to changes in the shape of
the oscillation in a nontrivial way�the Y2G5P can mimic the
functional form of the OPP and can also access a higher-
dimensional parameter space.
We fitted the Y2G5P to the shape of three-well OPPs that

can simulate the self-assembly of the clathrate I structure type,
cP54-K4Si23 (see Figure 1c), and the clathrate II structure type
cF160-Na24Si136.

15 Structures are labeled using Pearson
symbols, where the first letter indicates the crystal system
and the second letter indicates the lattice centering type
(together specifying the Bravais lattice), followed by the
number of particles within a unit cell and the prototypical
compound exhibiting such an arrangement of atoms. We use X
to denote theoretical structures that have already been
determined previously in the literature,14 and we use α and
β to denote structures that, to our knowledge, had not been
observed previously.

Figure 2. Twenty previously unknown crystal structures found using Y2G5Ps. Structures are labeled using Pearson symbols, which are
composed of the Bravais lattice, the number of particles contained in a unit cell, typically followed by the prototypical compound exhibiting
such an arrangement of atoms. Here, we use α and β to indicate that these structures have no known atomic equivalents.
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Fitted Y2G5Ps are used as starting points to systematically
explore the surrounding parameter space. The two clathrates
were chosen for their complexity and low coordination
numbers ⟨CN⟩ ≈ 4; all clathrates contain particles that are
0- and 4-coordinated, with 0-coordinated particles located at
the centers of cages formed by a network of tetrahedrally
coordinated particles. While the clathrate IV structure type,
hP47-X, has also been observed in simulation,15 we were only
able to isolate small grains from crystallized droplets where the
majority phase was still either cP54-K4Si23 or cF160-Na24Si136.
We thus chose to exclude hP47-X as a starting point in our
parameter space exploration. We also surveyed the parameter
space surrounding tI32-α, a structure found during our studies
that possesses local environments of 3- and 4-coordinated
particles.

RESULTS
We sample the parameter space surrounding cP54-K4Si23,
cF160-Na24Si136, and tI32-α by taking two-dimensional cuts of
the six-dimensional parameter space of Y2G5Ps, visualizing in

phase diagrams which self-assembled crystal structures are
observed. We report the simulation of 20 previously
unreported crystal structures, 14 of which are low-coordinated
with local coordination numbers (CNs) ranging from 0 to 7,
and 6 of which are high-coordinated with CNs ranging from 10
to 14. The CNs are determined using a crystal structure’s radial
distribution function (RDF), a histogram of the distances
between pairs of particles, in which the first peak corresponds
to the closest distances between particles. Particles that lie
within a distance cutoff after the first peak in the RDF are
considered to be within the first coordination shell. For
clathrates, the first coordination shell denotes the tetrahedral
network that forms the cages and excludes cage centers whose
distances to neighboring network-forming particles are larger.
We therefore consider these cage centers to be 0-coordinated.
A visualization of previously unknown crystal structures is
shown in Figure 2 and a list of all crystal structures, known and
previously unknown, with their space groups, CNs, and average
coordination numbers ⟨CN⟩ is shown in Table 1. Additional
crystallographic information is detailed in the Supporting
Information.

Table 1. Crystal Structures Observed by Surveying the Phase Space of Y2G5Psa

aStructures are split into four sections: known crystal structures, previously unknown low- and high-coordinated crystal structures, and aperiodic
crystal structures and disorder. Within each section, structures are listed in order of their average coordination numbers, ⟨CN⟩.
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All previously unknown crystal structures can be observed
within the phase diagrams shown in Figure 3. Previously
unknown crystal structures are displayed in different colors,
while crystal structures that have been simulated previously are
shaded in gray. While we investigated other regions of
parameter space (reported in the Supporting Information),
these regions yielded no additional structure types. Observed
known crystal structures have local coordination numbers that
range from 0 to 8 and from 12 to 15. Three of the known
structures have been observed only in simulation and do not
have atomic equivalents: cI16-X, hP1-X, and hP2-X. The cI16-
X structure closely resembles that of cI16-Si, a high-pressure
silicon phase, and has previously been observed in simulation
using a harmonic-repulsive pair potential.27 Both hP1-X and
hP2-X were observed previously using LJGPs and OPPs.14,15

The largest explored phase diagram (see Figure 3a) surveys
the parameter space surrounding cP54-K4Si23 by varying the
depth of the first well (ϵ1) and position of the second well (μ3)
of the Y2G5P. Increasing ϵ1 values correspond to a deeper first
well, and increasing μ3 values correspond to moving the
position of the second well such that the distance between the
first and second well increases. We ran a finer grid of state
points at lower ϵ1 and higher μ3 values, where we found the
highest degree of structural diversity. A coarser grid was used
for the rest of the phase diagram, which is dominated by
known structures.

In total, the phase diagram consists of 650 individual state
points with nine previously unknown crystal structures. Two of
these previously unknown crystal structures, hP44-α and cI52-
α, are found in the parameter space surrounded by two known
clathrates cP54-K4Si23 and cF160-Na24Si136, as well as an
intermediate-density icosahedral quasicrystal,15 and hP2-X.
The hP44-α structure has the same framework as hP47-X
(clathrate IV; see Figure 4), with a unit cell containing three
20-vertex pentagonal dodecahedron-, two 24-vertex tetrakai-
decahedron-, and two 26-vertex pentakaidecahedron-shaped
cages. However, the hP44-α structure is missing one set of cage
centers at Wyckoff site 3f corresponding to the (smallest) cage
centers of the pentagonal dodecahedron.
The cI52-α structure bears a key similarity to the clathrate I

structure type cP54-K4Si23. Both structures contain two
dodecahedron-shaped cages centered at (0,0,0) and (1/2, 1/
2, 1/2) within their unit cells. Unlike cP54-K4Si23, however,
these cages are empty for cI52-α. Additionally, whereas the
cP54-K4Si23 unit cell contains another six tetrakaidodecahe-
dron-shaped cages with cage centers, cI52-α contains no
additional cages. Instead, the dodecahedron-shaped cages are
linked through 2-coordinated particles. As a result of these
differences, the cI52-α structure has space group Im3̅ with
fewer symmetry elements than cP54-K4Si23, which exhibits
space group Pm3̅n. These space groups are connected by space

Figure 3. Phase diagrams surveying the parameter space surrounding cP54-K4Si23, cF160-Na24Si136, and tI32-α using Y2G5Ps. (a) Variation
of the depth of the first well (ϵ1) and position of the second well (μ3) starting at cP54-K4Si23. (b,c) Variation of the height of the hump
between the first and second wells (ϵ2) and μ3 and the height of the hump between the second and third wells (ϵ4) and μ3 starting at cF160-
Na24Si136. (d−f) Variation of ϵ2 and ϵ5, ϵ4 and μ3, and ϵ4 and position of the third well (μ5) starting at tI32-α. Previously unknown crystal
structures are displayed in different colors, while known structures are shaded in gray.
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group Pm3̅, which is a maximal translationengleiche subgroup of
Pm3̅n and a maximal klassengleiche subgroup of Im3̅.
The other seven previously unknown crystal structures

found in the ϵ1−μ3 parameter space (Figure 3a) are clustered
where the Y2G5P has a shallow first well (low ϵ1 values) and
larger spacing between the first and second well (high μ3
values). Five of these structures�hP22-α, hR3-α, mC32-β,
tI32-α, and cP8-α�are low-coordinated, and the other two�
hP3-α and mC16-α�are high-coordinated. The hP22-α
structure consists of a series of hexagonally linked distorted
octahedra, forming flat layers that are stacked along the c-axis.
hR3-α is one of the lowest-coordinated structures found in this
study and is a 2-coordinated columnar structure where
particles are hexagonally arranged and have nearest neighbors
only within these columns, arranged along the c-axis. This
structure seems to correspond to another structure found in a
previous computational study investigating the pressure-
induced structures of a diamond-type phase.11 Here, we find
that the structure can be simulated without applying an
elevated pressure.
We find similarities among the mC32-β, tI32-α, and cP8-α

structures, which all contain layers of tetrahedrally bonded
particles. In the x−y plane, the mC32-β structure displays
layers of tetrahedrally bonded particles that are alternated with
layers of 3- and 5-coordinated particles. Similarly, the tI32-α
structure has layers of tetrahedrally bonded particles in the x−y
plane, but these are separated by layers of 3-coordinated
particles. Most of the low-ϵ1−high-μ3 (“bottom right”) region
of the phase diagram is dominated by cP8-α, which consists
solely of AB-stacked layers of tetrahedra. The tetrahedra are
interconnected equivalently to a double-diamond structure,

which in turn corresponds to cF16-NaTl (here, tetrahedra of
two different orientations are located in the positions
corresponding to Na and Tl).
The highly coordinated structures hP3-α and mC16-α

border the large region of cP8-α, as well as hP1-X, hP2-X,
and cI2-W. The hP3-α structure has high symmetry and
consists of alternating layers of 11-coordinated polyhedra with
14-coordinated polyhedra, whereas the mC16-α structure has
low symmetry and consists of alternating layers of 10-
coordinated polyhedra with 13-coordinated polyhedra.
Within the parameter space surrounding cF160-Na24Si136,

seven additional previously unknown structures can be
observed: cF144-Na8Si136, oI4-α, mC12-α, mC32-α, cI48-α,
oI20-α, and hP14-α (Figure 3b,c). The cF144-Na8Si136
structure has been observed experimentally28,29 and corre-
sponds to the clathrate II structure cF160-Na24Si136 (Figure 4)
with missing cage centers. While both unit cells consist of 16
pentagonal dodecahedron- and 8 hexakaidecahedron-shaped
cages, the cF144-Na8Si136 structure is missing cage centers
sitting within the pentagonal dodecahedra. This is in
agreement with experimental studies where there is a
preference for guest species to sit in the larger 28-vertex
hexakaidecahedron rather than the smaller 20-vertex pentag-
onal dodecahedron.30

Both the oI4-α and mC32-α structures have low symmetry
and coordination numbers. The oI4-α structure consists of
buckled chains of 2-coordinated particles along the b-axis,
whereas the mC32-α structure forms a series of buckled chains
along the c-axis that are also sometimes interconnected by 3-
coordinated particles. The mC12-α structure is also low
symmetry but consists of 4- and 5-coordinated particles. The
cI48-α structure has space group I4̅3d and consists solely of 7-
coordinated particles sitting at Wyckoff position 48e. Both
oI20-α and hP14-α structures have similarities with Frank−
Kasper phases: the oI20-α structure contains four 12-
coordinated, eight 14-coordinated, and eight 15-coordinated
polyhedra in the unit cell but does not correspond to a Frank−
Kasper phase,31 and the hP14-α structure consists of 14-
coordinated Frank−Kasper polyhedra but also contains 13-
coordinated polyhedra.
Within the parameter space surrounding tI32-α, another

four periodic crystal structures can be observed (hP47-α, oI24-
α, tI16-α, and hP14-β), as well as what appears to be a
previously unknown quasicrystal structure (Figure 3d−f).
hP47-α corresponds to hP47-X with half-occupied, off-center
particles in the 20-vertex dodecahedron-shaped cages. These
off-center cage centers are close enough to the framework to be
located in the first neighbor shell of neighboring framework-
building particles, which changes their coordination numbers
from 0 and 4 to 2 and 5.5, respectively.
The oI24-α structure consists of 12-, 13-, and 14-

coordinated polyhedra but, similar to oI20-α, does not
correspond to a Frank−Kasper phase. The tI16-α structure is
composed of distorted flat hexagons that are linked in layers by
7-coordinated particles. hP14-β is a superstructure of hP7-
Zr4Al3, with exactly double the number of 12-, 14-, and 15-
coordinated polyhedra; however, the 12-coordinated polyhedra
are distorted. Whereas hP7-Zr4Al3 has space group P6/mmm,
hP14-α has space group P63/mmc, which is a maximal
klassengleiche subgroup of index 2, with the unit cell parameter
c′ = 2c.
The quasicrystal structure observed in the ϵ2−μ3 parameter

space seems to be icosahedral, with characteristic 5-, 3-, and 2-

Figure 4. Unit cells of (a) clathrate I structure cP54-K4Si23, (b)
clathrate II structure cF160-Na24Si136, and (c) clathrate IV
structure hP47-X. Polyhedral cages, including the cage centers,
are colored according to their respective shapes, shown on the
bottom right.
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fold axes (Figure 5). The coordination number histogram (see
Figure 5h) indicates that the first neighbor shell contains an
⟨CN⟩ = 0.91 with coordination numbers ranging from 0 to 4
and a second neighbor shell with ⟨CN⟩ = 12.7. Within this
plot, we correct for surface particles, which are missing nearest
neighbors compared with bulk particles, in order to get an
accurate representation of the quasicrystalline structure’s
coordination numbers. We remove surface particles within
3× the distance cutoff of the first neighbor shell determined
using the RDF (here, we use a distance cutoff of 1.36) from
consideration, thereby only counting the nearest neighbors of
the bulk. Because the coordination environments differ from
those reported in previous studies,15,32 we believe this to be a
previously unknown quasicrystal. More in-depth structural
analysis will be carried out in future work.

DISCUSSION
In addition to finding previously unknown crystal structure
types, our intuitively tunable Y2G5P design and systematic

searches in parameter space offer insight into the relation of
the shape of the interaction potential to the resulting structure.
Such relationships are necessary to determine the impact of
specific features of the interaction potential on the self-
assembly of various crystal structures and can lead to a
predictive design. One quantifiable parameter that we
investigated is the average number of nearest neighbors within
the first neighbor shell per simulation state point. We replot
the phase diagrams in Figure 3 by replacing state point labels
related to the resulting structure with a color map representing
the average coordination number ⟨CN⟩ extracted from the
final frame of the simulated trajectory at each state point (see
Figure 6). As detailed for the previously unknown quasicrystal,
we remove surface particles from consideration in calculating
the ⟨CN⟩ of the simulated droplets in order to obtain values
that more accurately reflect the ⟨CN⟩ of the unit cell of each
underlying structure. Similar analyses for other cuts through
parameter space are reported in the Supporting Information.

Figure 5. Self-assembled crystal structure that appears to be aperiodic. (a−c) Simulated crystallized droplets viewed along characteristic 5-,
3-, and 2-fold axes, respectively. (d−f) Corresponding bond-orientational order diagrams (BOODs), spherical projections of relative particle
positions, along each of the main axes. (g) Crystal droplet’s interaction potential (black) and corresponding RDF (blue). (h) Coordination
numbers of the first (black) and second (gray) neighbor shells.
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The largest phase diagram shown in Figure 6 displays the
most visible trend, where there is a fairly continuous transition
from low- to high-coordinated structures (bottom middle to
top right), which depends on both the depth of the first well
and the position of the second well. As both parameters
increase, the ⟨CN⟩ value generally also increases. A few notable
anomalies are located in the lower left corner, in which the
majority of the resulting crystallite is cP8-Cr3Si with a small
grain of hP7-Zr4Al3, and in the upper right corner, where a few
state points self-assemble into tI4-Sn. The corresponding

interaction potentials that self-assemble these structures, as
well as the RDFs of the simulated droplet and extracted unit
cell, are shown in Figures 6g−h. Both cases represent turning
points where the definition of the RDF distance cutoff to
determine nearest neighbors of the simulated droplet becomes
ambiguous. For the simulation state point that self-assembles
into mostly cP8-Cr3Si, the interaction potential has a
sufficiently shallow first energy well (low ϵ1 parameter value)
such that very few particles sit within that distance, and most
particles preferentially sit at a distance corresponding to the

Figure 6. (a−f) Phase diagrams from Figure 3 where state points are now colored according to the average coordination number values
⟨CN⟩ of simulated crystallized droplets. Low-, mid-, and high-coordinated structures are colored in shades of green, yellow, and red,
respectively. (g−l) Interaction potentials (black) and RDFs of the simulated crystallized droplets (blue) and extracted unit cells (red) for
selected state points.
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deep second energy well. In this case, the RDF of the full
simulated droplet shows only a minor peak at the first energy
well due to the close nearest neighbors of the small hP7-Zr4Al3
grain. If we were to consider only nearest neighbors within a
distance of this first peak, the ⟨CN⟩ value would be much
lower (∼0.55), consistent with the low coordination numbers
of surrounding state points. Similarly, the cutoff location for
the first neighbor shell of tI4-Sn is generally ambiguous. The
corresponding interaction potential has a deep and wide first
energy well (high ϵ1 parameter value), stimulating the
formation of highly coordinated structures, and the position
of the second well has been tuned so far such that it merges
with the third energy well. Many particle−particle distances of
the tI4-Sn structure fall within the first energy well; however,
the small variations in particle−particle distances (multiple
peaks) contribute to an ambiguous RDF distance cutoff. While
we use the distance after the first staggered peak to calculate
the ⟨CN⟩ value, ⟨CN⟩ would be considerably higher,
consistent with the high coordination numbers of surrounding
state points, had we chosen a larger distance cutoff value.
In other cuts through the parameter space, differing trends

emerge. Changing the ϵ2 and μ3 parameters in the parameter
space surrounding cF160-Na24Si136, for instance, results in
⟨CN⟩ values that seem to depend more on the μ3 parameter
(see Figure 6b). At low μ3 values, high-coordinated cP8-Cr3Si
dominates across all ϵ2 values, in which the first-shell particle−
particle distances lie within the second energy well. As μ3 is
increased, increasing the distance between the first and second
wells of the interaction potential, a sharp transition to low-
coordinated structures occurs, as it seemingly becomes more
favorable for particles to sit in the first energy well. At high ϵ2
and μ3 values, we observe a transition back to high-coordinated
structures, namely, oI20-α, cP20-Mn, and hP2-Mg. For these
structures, the particles again sit at a distance corresponding to
the second energy well, most likely due to the high ϵ2
parameter, which enforces a high barrier between the first
and second wells of the interaction potential. An example of
the interaction potential and RDFs of the simulated droplet
and extracted unit cell of an oI20-α-forming state point is
shown in Figure 6i.
A similar and interesting progression appears as we vary the

ϵ2 and ϵ5 parameters surrounding the tI32-α structure (Figure
6d). Within this phase diagram, we observe two versions of the

hP2-Mg structure: one in which the interparticle distances
correspond to the second energy well (Figure 6j) and another
in which the interparticle distances correspond to the first
energy well (Figure 6k). Curiously, this effect can occur by
tuning the ϵ5 parameter, which changes the depth of the third
well of the interaction potential. Thus, while it may seem
intuitive that changing the features at lower interparticle
distances would have the most impact on the resulting self-
assembled crystal structure, we still find differences in ⟨CN⟩
value as well as structural diversity when tuning features at
higher interparticle distances. This observation is further
exemplified in Figure 6f, where the ⟨CN⟩ value changes
when only ϵ4 and ϵ5 parameters are varied, even resulting in
several previously unknown crystal structure types.
In general, we find that it is difficult to identify trends

between the parameters controlling the features of the
interaction potential and the ⟨CN⟩ value. In most cuts
through parameter space, the ⟨CN⟩ depends on both
parameters, suggesting that the resulting structures depend
on the shape of the interaction potential as a whole rather than
on individual features. A further exemplification of this is
shown in Figure 6c,e, in which tuning the same parameters (ϵ4
and μ3) but with different starting interaction potential shapes
results in contrasting heatmaps. Additionally, while we
specifically targeted the self-assembly of low-coordinated
structures by enforcing a first repulsive well, we observed
high-coordinated structures within every cut through param-
eter space. High-coordinated structures typically emerge when
there is a deep and sufficiently wide first well, or otherwise a
sufficiently shallow first well, so that particles preferentially sit
at the second energy well. Intriguingly, while simulated
droplets with intermediate ⟨CN⟩ values are also ubiquitous,
these droplets are mainly disordered or else form hP1-α or
hP2-α, and we find no additional previously unknown crystal
structure types with intermediate coordination numbers. We
do, however, observe “intermediate”-type structures such as
oI24-α (Figure 6l), where the first neighbor shell includes
mostly interparticle distances at the second energy well but
also a few interparticle distances at the first energy well, still a
physically meaningful distance away from neighboring
particles. Such structures typically occur between sharp
transitions from low- to high-coordinated regions of parameter
space.

Figure 7. (a) Relationship between the relative area of the first well and the ⟨CN⟩ of the resulting crystallized droplets when the depth of the
first well (ϵ1) and the position of the second well (μ3) are tuned, colored by the number of wells of the underlying interaction potentials. (b)
Relationship between the relative area of the first well and the ⟨CN⟩ of the resulting crystallized droplet for three-well interaction potentials,
colored by ϵ1. (c) Relationship between the relative area of the first well and the ⟨CN⟩ for two-well interaction potentials, also colored by ϵ1.
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While generalizations across parameter space are difficult, we
observe predictive trends between the relative areas of the
wells and humps, which are normalized by the total area of the
interaction potential features, and the ⟨CN⟩ of the resulting
crystallized droplets. Here, we use the position of the hump
maximum between the first and second wells (μ2) as the radial
cutoff value to determine ⟨CN⟩. Figure 7a illustrates the
relationship between the relative area of the first well and the
⟨CN⟩ as we tune the depth of the first well and the position of
the second well within the largest cut through parameter space
that we examined. We observe that the relative area of the net-
repulsive first well is linearly correlated with the ⟨CN⟩ when
the interaction potential possesses three wells (black): the
smallest relative areas of the first well correspond to low ⟨CN⟩
values. When colored by the depth of the first well (ϵ1), as
shown in Figure 7b, it becomes clear that the width of the first
well, which is tied to the position of the second well (μ3), plays
a critical role in determining the range of ⟨CN⟩ values that the
resulting structures adopt. At the lowest ϵ1 value (purple),
corresponding to a small well depth, there is a limited range of
relative areas of the first well as μ3 is increased and the lowest
⟨CN⟩ values (less than 4) are achieved. With each successively
deeper first well, the range of ⟨CN⟩ values is expanded. At the
highest ϵ1 value (red), ⟨CN⟩ values as low as 5.1 and as high as
12 are observed as the relative area of the first well is increased.
Thus, in the case of three-well interaction potentials, a net-
repulsive first well with a small relative area can enforce low
coordination; however, low coordination can still be achieved
with slightly larger relative areas given a narrow, deep first well.
The relative area of the first well is also predictive of the

⟨CN⟩ when the interaction potential possesses two wells
(gray), as shown in Figure 7a. The two-well interaction
potentials, which occur once the position of the second well is
tuned so far that it merges with the third well, appear to follow
an S-shaped curve rather than a linear trend, which the three-
well interaction potentials exhibit (Figure 7c). The smaller
relative areas of the first well (0.0 to 0.15) are associated with
low ⟨CN⟩ values, high relative areas (0.2 to 0.3) are associated
with high ⟨CN⟩ values, and the transition from low to high
coordination occurs steeply in between (with relative areas
ranging from 0.15 to 0.2). This predictive trend appears to be
strongly related to the parameter values of the depth of the first
well (ϵ1), where a shallow first well corresponds to low ⟨CN⟩
values and smaller relative areas of the first well and a deep first
well corresponds to high ⟨CN⟩ values and larger relative areas
of the first well. Depictions of corresponding example
interaction potential shapes can be found in the Supporting
Information.

CONCLUSION
The previously unknown crystal structures reported here
represent a taste of the potentially infinite undiscovered and
exotic configurations of materials possible through self-
assembly with controlled particle interactions. Several of the
previously unknown structures we reported have local
environments that are rare on the atomic scale, for instance
the 2-coordinated environments present in oI4-α, hR3-α,
mC32-α, and cI52-α, as well as the atypical 11- and 13-
coordinated environments present in hP3-α, mC16-β, oI24-α,
and hP14-α. We also observe previously unknown structures
with low symmetry, namely, mC32-α, mC32-β, mC12-α and
mC16-α. Such low-symmetry structures, while seemingly
ubiquitous in experiments (approximately 20% of the entries

in ICSD report structures with space groups no. 15 or lower),
go beyond those previously achieved in self-assembly
simulations.33

The search for undiscovered materials hinges on our
knowledge of the exact interactions that enable the self-
assembly of different crystal structures, and thus, an under-
standing of how individual features can impact the resulting
structure is useful to both computationalists and experimen-
talists in establishing design rules and guiding future studies.
We push the boundaries of this area of research by
intentionally designing a versatile and intuitively tunable
isotropic particle pair potential�the Y2G5P. By relating the
parameters controlling the individual features of the interaction
potential to the resulting crystal droplets ⟨CN⟩, however, we
observe a complicated relationship. This may partially be due
to the vast parameter space, whose exploration we have begun
to attempt with investigating dedicated regions and low-
dimensional sweeps rather than a random sampling of the full
search space. We find that the relative areas of the interaction
potential wells and humps is a more predictive measure for
⟨CN⟩, in which trends can be further teased apart by the
number of wells and parameter values that control the shape of
the interaction potential. We show that low ⟨CN⟩ values can
be enforced by small relative areas of the first well for both
two- and three-well interaction potentials. We also uncover
two differing predictive trends: a linear relationship between
⟨CN⟩ values and the relative area of the first well when the
interaction potential possesses three wells and an S-shaped
interdependence when the interaction potential possesses two
wells. Such trends, however, are less conclusive when applied
to a variety of interaction potential shapes.
We have shown that by narrowing our search to target low-

coordinated structures, we observe a number of previously
unknown crystal structure types by sampling the parameter
space surrounding known low-coordinated assemblies. Yet, we
did not observe such structures as diamond, which was
previously observed using a similar pair potential,24 or the 3-
coordinated gyroid structure type, which should be realistic
target structures with our interaction potential ansatz. Such
gaps suggest that there are many more crystal structure
configurations yet to be explored in the realm of isotropic pair
potentials, which leaves exciting areas to investigate in future
work.
Finally, we emphasize that these pair potentials program

particles using ef fective interactions with multiple competing
length scales, a proxy for the complex interplay between a
variety of interactions from, e.g., solvents or charge. Our
current study can therefore be viewed as an abstract approach
to exploring the theoretical parameter space of such systems.
While recreating pair interactions in experiments that exactly
correspond to multiwell potentials is currently challenging,
studies have already begun to establish the connection between
pair interactions in experiments and their effective pair
potentials in systems of DNA-functionalized colloids,34

polymer-functionalized nanoparticles35,36 and star poly-
mers.37−39 Some studies have even disentangled the competing
interactions that result in the shape of effective interaction
potentials with multiple features.40 Additionally, several inverse
design approaches that optimize thermodynamic proper-
ties41,42 such as energy23,24 or relative entropy,43−45 have
been developed to target simpler interaction potentials given
prior knowledge of the crystal structure. While in the present
work we use forward design in order to uncover the
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interactions that will assemble unexpected crystal structure
configurations, inverse design may be a key step in turning
these interaction potentials into a form that is easier to recreate
in experiments.

METHODS
Self-assembly molecular dynamics (MD) simulations are carried out
using HOOMD-blue, a versatile open-source simulation package.46−48

Systems containing N = 4096 particles are initialized in the gas phase
at high temperature and are linearly cooled in the NVT ensemble
using the Nose−́Hoover thermostat over the course of 108 time steps
with step size dτ = 0.005. Particles are initialized on a regular grid at
large interparticle distances and, due to the high starting temperature,
are automatically randomized within the first several MD steps. Upon
cooling, the particles condense into a liquid droplet and later solidify
spontaneously, usually ordering into a crystalline assembly. We
visualize the simulation trajectories using plato,49 perform structural
analysis using f reud,50 and use signac51,52 for data and workflow
management.

Crystal structures formed by particles in simulations are
characterized by first extracting the unit cell from the final frame of
simulation trajectories. We start by isolating a single grain since the
majority of the simulations do not result in single crystals. We then
plot the radial distribution functions (RDFs), which map the density
of neighboring particles from a central particle across different radial
distances, in order to determine the numbers of nearest neighbors,
which often unambiguously correspond to a distance cutoff after the
first peak. Bond-orientational order diagrams (BOODs), which
project all particle positions relative to each other onto a sphere in
a global coordinate system, are used to determine the orientation of
the main directions of the crystal. We then use cylindrical BOODs,
which map the frequency of particle distances along the main
directions determined in the previous step, to determine periodicity,
i.e., the unit cell dimensions. The vectors that are extracted are used to
cluster particle positions in a unit cell, and we use SPGLIB53 to
determine the space group and thus the Wyckoff sites of the particle
positions in the resulting unit cell. We confirm that the crystal
structures reported here have not been observed previously by
comparing our simulation results to reported structures in the
Inorganic Crystal Structure Database.54
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