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The coupled-trajectory mixed quantum classical method (CTMQC), derived from the exact factorization approach, has 
successfully predicted photo-chemical dynamics in a number of interesting molecules, capturing population transfer and 
decoherence from first-principles. However, due to the approximations made, CTMQC does not guarantee energy con­
servation. We propose a modified algorithm, CTMQC-E, which redefines the integrated force in the coupled-trajectory 
term so to restore energy conservation, and demonstrate its accuracy on scattering in Tully’s extended coupling region 
model and photoisomerization in a retinal chromophore model.

The first law of thermodynamics states that the energy of a 
closed system must be conserved. For molecular systems, this 
means energy exchange must occur between the nuclei and 
electrons in such a way that the total energy of the molecule 
is invariant. To simulate the dynamics of complex molecules 
approximations are inevitably required, and when energy con­
servation does not arise naturally in a given approximation, 
it is usually imposed as an extra condition. In some cases, 
the energy non-conservation is a consequence of simplifica­
tions made in the numerical implementation of the method, 
e.g. in the independent-trajectory version of the multiconhg- 
urational Ehrenfest method in finite-Gaussian basis set imple­
mentations1’2. Justified by the large nuclear-electron mass ra­
tio, mixed quantum-classical (MQC) schemes are the basis for 
many approximations for coupled electron-nuclear dynamics, 
where one propagates an ensemble of classical nuclear trajec­
tories, each associated with a set of quantum electronic coef­
ficients of, typically, a Bom-Oppenheimer (BO) basis. Ehren­
fest dynamics (EH) and surface-hopping (SII)’ 4 are the most 
widely-used MQC methods, with SH generally preferred due 
to its ability to capture wavepacket splitting after regions of 
coupling between BO surfaces are encountered. Both con­
serve energy, albeit in different ways. Both involve a nuclear 
force that is the gradient of an electronic expectation value, 
with the electronic equations having a Hamiltonian evolution. 
But while the consistency in the electronic and nuclear equa­
tions in Ehrenfest yields energy conservation on an individ­
ual trajectory level, the inconsistency in having coherent elec­
tronic evolution while each nuclear trajectory is collapsed on 
a given surface at any time, means energy conservation in SH 
is a more subtle issue.

SH imposes energy conservation on each individual trajec­
tory by rescaling the velocities after a hop has occurred such 
that the gain or loss in potential energy is compensated by a 
loss or gain in kinetic energy. Not only is there no unique 
way to do this5 7, but the notion itself lacks proper physical 
justification since it is the energy of the ensemble of trajec­
tories that mimics the underlying quantum wavepacket that 
should be conserved, not the energy of an individual trajec­
tory, and this too tight constraint leads to inaccuracies. One 
example is the so-called frustrated hop, where strict energy 
conservation precludes dynamical pathways that are accessi­
ble in the full quantum mechanical treatment. Furthermore,

frustrated hops exacerbate the difference between electronic 
populations predicted from the electronic coefficient evolu­
tion and those predicted by the fraction of nuclear trajecto­
ries on the corresponding electronic state, which is known as 
the internal consistency problem of SH. More sophisticated 
SH schemes that do conserve energy over the ensemble rather 
than for individual trajectories8’9 have not been applied be­
yond model systems so far. But even aside from the incorrect 
imposition of individual trajectory energy conservation and 
its ad hoc manner of imposition, there is a third issue: if the 
electronic populations in the definition of the energy were ob­
tained from the coherent electronic evolution instead of the 
fraction of trajectories, then SH methods would in fact not 
conserve total energy. Although SH schemes that include a 
decoherence correction1013 ameliorate the internal inconsis­
tency (albeit in an ad hoc way), the other issues remain.

The exact factorization approach (XF)14-23 paved the way 
for the development of new MQC methods that tackle the 
issues of standard MQC schemes. The coupled-trajectory 
mixed quantum classical algorithm (CTMQC)24-26 was de­
rived by taking the classical limit of the XF equations and 
approximating some of the terms in ways justified by exact 
studies27. Electronic decoherence and nuclear wavepacket­
splitting emerge naturally, and CTMQC has been success­
fully applied to a number of interesting photo-induced dynam­
ics26’28-32. The XF terms introduce new mechanisms of popu­
lation transfer driven by nuclear quantum momentum, shown 
to be crucial in capturing dynamics of multi-state intersec­
tions23 in an algorithm where the electronic equation was used 
in a SH scheme23,33-39.

However, due to the approximations made to the XF equa­
tions, the ensemble of coupled trajectories in CTMQC is not 
guaranteed to conserve the total energy. In this work, we 
analyze why, and propose and demonstrate a modification, 
CTMQC-E, that restores energy conservation.

The CTMQC electronic coefficients and nuclear force 
evolve via

FMf)=F%,(f)+F%r(f) (2)
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where the first terms in the electronic and nuclear equations 
are Ehrenfest-like terms:

M;
Aa) _ ,-P(«)r(«) v Vr(o:)ci,Eh~~iei Li ~LLKv 'av,ikLk (3)

-Ep/AA+Ep/^ASA^ (4)
/ /,*

Atomic units (h = me = e2 = 1) are used throughout this letter 
and the shorthand notation /(“) = /fR' "-(/j j denotes evalu­
ation at the position of trajectory a. Here and henceforth we 
drop the f-dependences of the quantities in writing the equa­
tions, to avoid notational clutter. The sum over v is a sum 
over all Nn nuclei. The electronic density-matrix elements are 
Pik! = is the nonadiabatic coupling vector
(NAC) along the v nuclear coordinate between BO states 1 and 
k and Aej^ the BO energy difference between states 1 and k; 
the sums over Latin indices go over the electronic states. The 
second terms in Eqs (1) and (2) are the corrections coming 
from XF

F l,k Mu
;jpirp^Kj (6)

with Af|,“], = l'1^/ -fwhere t"/k is the time-integrated adia­
batic force on nucleus v accumulated on the Z-th surface along 
the trajectory a

fg) = -^VyE^T, (7)

and Qy0^ the nuclear quantum momentum evaluated at the po­
sition of the trajectory if)

(8)

Variations of the CTMQC algorithm have been explored, 
for example, using the electronic equation Eq.(l) within a SH 
or Ehrenfest scheme33,40,41. A central term in the XF-based 
MQC methods is the nuclear quantum momentum Eq. (8). 
Although the SH scheme of Ref.33 computes this with aux­
iliary trajectories in order to yield an independent-trajectory 
method, and the corresponding independent-trajectory ver­
sion of CTMQC was recently implemented41, a key feature 
of the original CTMQC algorithm is the coupling of trajecto­
ries through this term. The nuclear quantum momentum can 
be computed in two different ways. The original definition 
(Qo) implies using expression Eq.(8) reconstructing the nu­
clear density as a sum of gaussians centered at the position of 
the classical trajectories. However, this definition was found

2

to sometimes yield an unphysical net population transfer in re­
gions of vanishing NAC. Instead, the modified definition (Q,„) 
was constructed by requiring zero net population transfer in 
regions of zero NAC25,26. The condition is imposed pairwise, 
and separately for each degree of freedom, resulting in

Mr

Ia M,,
0 (9)

and this is what has been used in the CTMQC calculations on 
photo-induced molecular dynamics26’28 31. A deeper analysis 
on the different ways of computing Q^1 and its impact on the 
dynamics of model systems was studied on Ref42.

The condition of zero net population transfer in regions of 
zero NAC may be viewed as an exact condition, much like en­
ergy conservation. The total energy of the molecule is the 
expectation value of H, i.e, the sum of the nuclear kinetic 
energy and the BO Hamiltonian, H = 7„ I HW). For MQC 
methods, the expectation value involves a nuclear-trajectory 
average, and leads to the following definition of the trajectory- 
averaged energy in CTMQC

(ect) = J-E(kE«A“,2+Ep/W“>) no)
4Vfr a \z y / /

We note that, compared to a fully quantum scheme, this def­
inition misses a contribution to the nuclear kinetic energy 
from the second-derivative of the nuclear density, which is 
higher order in a semiclassical expansion and, along with 
other second-derivative terms43 43, neglected in deriving the 
CTMQC equations of motion for the trajectories25, however 
the definition Eq. (10) is consistent with the MQC framework.

Taking the time-derivative of the energy yields

(ECt) v|lF:(a)

V,XF KV -M,XF°l

1 Mr ori-Eii^-Eptrti’^Ntr a jj M^ j . Id,Ik

EKiA' + Ee,
(«)

Ik (ID

Eq. (11) shows that, in general, energy-conservation is not 
guaranteed in CTMQC, which may lead to unphysical dynam­
ics of electronic and/or nuclear observables.

Inspired by how the quantum momentum was modified to 
impose the exact condition of zero net population transfer in 
regions of zero NAC25,26 (Eq. 9), here we propose a modified 
definition of the accumulated force f^/1 that satisfies energy 
conservation. Applying the energy condition through redefin­
ing was inspired by Ref.41 which fixed the energy conser­
vation in the independent-trajectory version of CTMQC that 
uses auxiliary trajectories. As noted earlier, this concept of 
energy-conservation is likely too strict, and it should instead 
be the energy of the ensemble that is conserved. First, in the
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framework of the modified definition of the quantum momen­
tum Eq. (9), we see from Eq. (11) that energy will be con­
served in situations where the quantity in the square brackets 
in the last line,

(12)

is trajectory-independent. We enforce this by setting Eq. (12) 
equal to its trajectory average. For one degree of freedom this 
means

+AgW) (13)
i\tr a x 7

That is, for one degree of freedom, the accumulated force is 
redefined as

m = _L w. —y (14)

For multiple degrees of freedom, we require

if:V,/

1
c/

(«) . R(«) c W
V,/ c/ (15)

which can be satisfied by choosing

m
V,

1 r f(a) b(a) I c(K)
N,r Dav Iv,/ ’ Kv T tj

(P) *03)Iv«v -R
(16)

where is an arbitrary vector defining the direction of /. 

While any direction for n(,j3) in Eq. (16) will guarantee en­
ergy conservation, we choose here ^ = MVR^\ with the 
reasoning that the accumulated force is represents a momen­
tum along the trajectory, and further that this choice was also 
used in fixing the energy-conservation in the independent- 
trajectory version of CTMQC in Ref41:

m
V,

— y f*-0^ • r
N,.. Lav lv l IXav *v,/ («) _i_ g(o)

6(f)
2E^)/My

R (17)

Future work will explore different choices for this direction. 
We note that the choice of direction in Eq. (17) results in the 
XF-contribution to the nuclear force in Eq. (6) being parallel 
to the trajectory’s momentum1. Eq. (17) is the main result of 
this paper, and when this is used in the CTMQC algorithm, we

1 Although this might be reminiscent of momentum-rescaling along the 
momentum-direction in surface-hopping methods, this is quite distinct 
for several reasons: namely, (i) the underlying surface in CTMQC and 
CTMQC-E is not BO, but rather an approximation to the TOPES, (ii) the 
contribution of Eq (17) to the force driving the nuclei in Eq (6) is contin­
uous rather than instantaneous and involves a sum over contributions from 
all trajectories, surfaces, and the quantum momentum, and (hi) use of Eq 
(17) in Eq (6) does not lead to energy conservation for an individual trajec­
tory, unlike in surface-hopping, but rather for the ensemble of trajectories.

call the resulting method CTMQC-E. CTMQC-E is relatively 
straightforward to implement on top of an existing CTMQC 
code, such as g-CTMQC32, which we have used in the fol­
lowing work to test CTMQC-E on two different systems.

Our first example is the one-dimensional Tully’s extended 
coupling region (ECR) model3, illustrated in the inset of 
Fig. 1. We study two situations where a Gaussian nuclear 
wavepacket centered at -15 a.u. is incoming on the lower 
surface from the left with a high (ko = 32 a.u.) and a low 
(ko = 26 a.u.) initial momentum; the variance of the gaussian 
wavepacket at time zero 20 times the inverse of the initial mo­
mentum. These two scenarios were studied with independent- 
trajectory XF-based methods in Ref.41. For the higher ini­
tial momentum case after passing through the NAC region 
where some population is transferred to the upper surface, the 
wavepacket component on the lower surface moves faster sep­
arating in nuclear space from the part that has transferred to 
the upper state and the branches decohere. For the lower ini­
tial momentum, much of the wavepacket transmitted to the 
upper surface reflects back and recrosses the NAC region lead­
ing to a second splitting event. In our MQC simulations 1000 
Wigner-distributed trajectories with a fixed initial momentum 
ko were run starting on the lower surface and the time-step 
used in the calculations was 0.1 a.u. Fig. 1 and Fig. 2 show the 
excited state population pffi, the fraction of trajectories on
the active state for SH W(t)/Mr, the coherence |Pi?l2> 
and energy from Eq. (10) for k = 32a.u. and k = 26 a.u. re­
spectively.

3

CTMQC-E --------
CTMQC --------

SH - -
SH FT --------
Exact --------

t/a.u.

FIG. 1. Total energy deviation (E(t) — £(0)) inmiliatomic units (up­
per panel), coherences (middle panel) and excited state populations 
(lower panel) as a function of time for ECR model with kq=32 a.u. 
The inset in the upper panel shows the two BO surfaces in solid lines 
and the NAC in dashed, as a function of R.

Fig. 1 shows that for ko = 32a.u. momentum all MQC 
methods closely reproduce the exact populations. CTMQC 
and CTMQC-E give identical coherences that decay faster 
than the exact, whereas SH and EH do not decohere. The 
top panel shows that CTMQC-E conserves the total classical 
energy, curing the increase in CTMQC between 500 and 1000 
a.u. where the quantum momentum is active. SH and EH con­
serve energy so are not shown in the top panel. After 1000 a.u.
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CTMQC-E --------
CTMQC --------

SH - -
SH FT --------
Exact--------

0 500 1000 1500 2000 2500 3000 3500
t/a.u.

FIG. 2. Total energy deviation in miliatomic units (upper panel), co­
herences (middle panel) and excited state populations (lower panel) 
as a function of time for BCR model with ko=26 a.u.

the trajectories fully decohere and energy thereafter remains 
constant in both methods. These results could be compared 
with the independent trajectory XF-based schemes shown in 
Fig. 5 of Ref.41. There, the populations and coherences are 
also closely reproduced, but there are some variations, de­
pending on the way the width parameter of the auxiliary tra­
jectory is computed, and the equations are integrated.

Fig. 2 shows the ko = 26a.u. case. Consider first the stan­
dard MQC schemes. EH does not capture any reflection or de­
coherence after the first passage through the NAC region. On 
the other hand, the fraction of trajectories population measure 
of SH predicts almost complete reflection of all trajectories 
on the upper surface distinct from the behavior of its elec­
tronic populations, displaying poor internal consistency. As 
discussed earlier, if we were to take the electronic populations 
as the population observable, SH would not conserve energy. 
Now let’s turn to the XF-based MQC methods. CTMQC-E 
gives an improvement over CTMQC in the populations, co­
herence, and total energy. We note that to avoid numerical 
instabilities occurring when the velocity becomes too small in 
the denominator of Eq. (14) (an issue for reflecting trajecto­
ries), we apply a velocity threshold such that the new defini­
tion of accumulated force from Eq. (14) is used only above 
a small threshold (1CT5), and otherwise the original defini­
tion Eq. (7) is used. This procedure can lead to small dis­
continuities in the energy, as seen in the red curve in Fig 2 at 
around 2000 a.u. when the energy jumps up a little above 
the initial value. Further work will involve stabilizing the 
algorithm, but we see already the improvement in energy- 
conservation in CTMQC-E over CTMQC. Further, the pop­
ulations are slightly improved, and also the coherence. These 
results may again be compared with the independent trajec­
tory XF-based schemes in Fig. 4 of Ref.41, where the results 
were quite sensitive to details in the algorithm, and a time- 
dependent auxiliary-trajectory width was needed to capture 
the exact dynamics in the energy-conserving scheme.

Our second example is a three-dimensional model of 
the photo-induced isomerization of the 2-cis-penta-2,4-

dieniminium cation (PSB3), which in turn is a model of the 
retinal cromophore of Rhodopsin (rPSBll), responsible for 
dim-light vision in vertebrates. This was extensively studied 
in Ref.29, by means of quantum and mixed quantum-classical 
dynamics. The reduced-dimensionality model is based on 3 
degrees of freedom Gy,-, 0/ , ©//) developed in Ref46. These are 
the bond-length-altemation stretching (BLA) defined as the 
average length difference between single and double bonds

_ dClCo + dvci + dCoCa + (4% ,, o,
rB - 2 3 ’ (18)

the torsional deformation around the double reactive bond 
C2=Ca (TORS)

4

0t = dihedral(C1C2C3C4), (19)

and the hydrogen-out-of-plane wagging (HOOP) defined as 
the difference between the TORS and H2C2C3H3 dihedral an- 
gles

<pH = 0r — dihedral(D2C2C}li}) (20)

These three modes which drive the ultrafast cis-trans iso­
merization of rPSB 1147-50 also drive the isomerization of cis- 
PSB3 after photo-excitation from the ground (So) to the first 
singlet excited state (Si)51’52. We propagated 600 Wigner- 
distributed trajectories starting in the Si state, with centers at 
0.154449 a.u. for the BLA coordinate and at zero angle for 
TORS and HOOP, all with zero center momentum. The vari­
ances were 0.154449 a.u. for BLA, 0.183302 for TORS, and 
0.406143 for HOOP. We used a time-step of O.Ola.u; a larger 
time-step gave qualitatively similar results but, for this system, 
led to larger energy-conservation violation in CTMQC and 
also larger jumps in CTMQC-E. Note that Ref.29 dealt with 
the energy non-conservation simply by reverting to Ehrenfest 
dynamics after 120 fs.

Fig. 3 shows the quantum yield of the photo-isomerization 
process, defined as the ratio between the trans and all reaction 
products, as indicated in the figure. All methods overestimate 
the quantum yield at short times; Ref.29 attributed this to the 
lack of nuclear quantum effects. After about 120 fs CTMQC- 
E results oscillate around the exact quantum yield, giving a 
small improvement over CTMQC which shows an underesti­
mate, and over EH and SH.

The top panel in Fig. 4 shows the trajectory-averaged to­
tal energy as well as the nuclear kinetic energies along the 
BLA , TORS and HOOP modes, as compared with EH and 
SH dynamics and exact calculations. Although not entirely, 
CTMQC-E strikingly reduces the total energy violation of 
CTMQC. The residual deviation from constant energy in 
CTMQC-E is caused by two effects. First, for trajectories 
for which the denominator in Eq. (17) becomes smaller than 
a fixed threshold, the accumulated force reverts to its orig­
inal definition, which does not conserve energy. Second, 
even when the new definition is used, the quantum momen­
tum computation may revert to the original quantum momen­
tum Qo definition when a denominator involved in imposing 
Eq. (9) becomes too small26,42; our redefined force is guaran­
teed to conserve energy only when used in conjunction with
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CTMQC-E --------
CTMQC --------

EH --------
SH --------

8F(f) = p cis _|_ p trans _|_ p trans

FIG. 3. Quantum yield of the PBS3 photo-isomerization as a function 
of time.

the modified definition Q,„. Considering now the kinetic en­
ergy along BLA (lowest panel), in the exact system it oscil­
lates around an average that increases in a monotonic way due 
to the wavepacket moving through the conical intersections 
towards So, while the oscillations decrease in amplitude as 
a result of a loss in vibrational coherence as the wavepacket 
spreads along the TORS degree of freedom. CTMQC cap­
tures the initial behavior well but starts increasing at around 
80 fs and deviating significantly from the exact calculations; 
EH and SH, in contrast, over-damp the BLA oscillations and 
average. On the other hand, CTMQC-E reproduces the exact 
kinetic energy along BLA reasonably. For the torsional ki­
netic energy all MQC schemes yield an overestimate of the 
kinetic energy from around 40 fs. In CTMQC-E, EH and 
SH, this gain in TORS kinetic energy is compensated by a 
loss in HOOP kinetic energy and a loss in potential energy 
(not shown here) compared with the exact results. On the 
other hand in CTMQC, the kinetic energies of all three de­
grees of freedom increase simultaneously after 120 fs as a 
consequence of energy violation. This example appears to be 
among the most challenging so far for CTMQC for energy 
conservation, and further work is underway to study this in 
more detail.

In summary, we have presented a modification of 
the CTMQC algorithm, CTMQC-E, that imposes energy- 
conservation over the ensemble of nuclear trajectories through 
a redefinition of the accumulated force. Much like the mod­
ified definition of the quantum momentum that imposes the 
exact condition of zero population transfer in regions of zero 
NAC, the new definition involves all trajectories in its com­
putation. It has similarities in form to that used in the 
independent-trajectory version of CTMQC, but results in a 
more physical condition, being imposed on the ensemble of 
trajectories rather than on the individual trajectories. Future 
work includes refinement of the algorithmic implementation 
to better deal with instabilities arising from small velocities 
in the denominator of the new definition of the accumulated 
force and to reduce the jumps occurring in the energy with­
out going to very small time-steps which may be untenable 
for larger systems. Generally, for many of the systems where

CTMQC-E
CTMQC

EH
SH

Exact

0 50 100 150 200
t/fs

FIG. 4. Trajectory-averaged total energy deviation for PSB3 as a 
function of time (top panel); kinetic energy along the TORS (sec­
ond from top panel). HOOP (third panel), and BLA (lowest panel) 
degrees of freedom.

CTMQC has been applied energy violation is often too small 
to have much of an effect on its dynamics or physical ob­
servables. However as shown here, this is not guaranteed, 
and future work will also attempt to characterize situations 
where CTMQC is expected to yield significant energy non­
conservation, for which the use of CTMQC-E gives signifi­
cant improvement.

We thank Dr. Federica Agostini, Dr. David Lauvergnat and 
Dr. Lea M. Ibele for helpful discussions. Financial support 
from the National Science Foundation Award CHE-2154829 
and from the Department of Energy, Office of Basic Energy 
Sciences, Division of Chemical Sciences, Geosciences and 
Biosciences under Award No. DESC0020044 and the Com­
putational Chemistry Center: Chemistry in Solution and at In­
terfaces funded by the U.S. Department of Energy, Office of 
Science Basic Energy Sciences, under Award DE-SC0019394



idiaosnN
vw aaidaoov 

"'%
%

%
%

! 
"“'"dw

 ¥

Accepted to J. Chem. Phys. 10.1063/5.0149116

6

CD
Q_

a_

8
C
CD

O
£
CD

OW
CDO

ll
O LU
5 d15
0 I— 
<D LUtu
g LU
5 (/)
1 s

Q_

CD1
a3
CDa_

03
CD

<S)

cn

as part of the Computational Chemical Sciences Program is 
gratefully acknowledged.

*R. Martinazzo and I. Burghardt, "Local-in-time error in variational quantum 
dynamics," Phys. Rev. Lett. 124, 150601 (2020).

2M. Asaad, L. Joubert-Doriol, and A. F. Izmaylov, "Controlling energy con­
servation in quantum dynamics with independently moving basis functions: 
Application to multi-configuration ehrenfest," J. Chem. Phys. 156, 204121 
(2022).

3J. C. fully, "Molecular dynamics with electronic transitions," J. Chem. 
Phys. 93, 1061 (1990).

4J. C. fully, "Mixed quantum-classical dynamics," Faraday Discuss. 110, 
407 (1998).

5A. Carof, S. Giannini, and J. Blumberger, "Detailed balance, internal con­
sistency, and energy conservation in fragment orbital-based surface hop­
ping," J. Chem. Phys. 147, 214113 (2017).

6M. Barbatti, "Velocity adjustment in surface hopping: Ethylene as a case 
study of the maximum error caused by direction choice," J. Chem. fheor. 
Comput. 17, 3010-3018 (2021).

7D. fang, L. Shen, and W.-h. Fang, "Evaluation of mixed quantum-classical 
molecular dynamics on cis-azobenzene photoisomerization," Phys. Chem. 
Chem. Phys. 23, 13951-13964 (2021).

8C. C. Martens, "Surface hopping by consensus," The Journal of Physical 
Chemistry Letters 7, 2610-2615 (2016).

9C. C. Martens, "Surface hopping without momentum jumps: A quantum- 
trajectory-based approach to nonadiabatic dynamics," J. Phys. Chem. A 
123, 1110-1128 (2019).

10G. Granucci and M. Persico, "Critical appraisal of the fewest switches al­
gorithm for surface hopping," J. Chem. Phys. 126, 134114 (2007).

nL. Wang, A. Akimov, and O. V. Prezhdo, "Recent progress in surface hop­
ping: 2011-2015," J. Phys. Chem. Lett. 7, 2100 (2016).

12R. Crespo-Otero and M. Barbatti, "Recent advances and perspectives on 
nonadiabatic mixed quantum-classical dynamics," Chem. Rev. 118, 7026- 
7068 (2018).

13J. E. Subotnik, A. Jain, B. Landry, A. Petit, W. Ouyang, and N. Bellonzi, 
"Understanding the surface hopping view of electronic transitions and de­
coherence," Ann. Rev. Phys. Chem. 67, 387-417 (2016).

14G. Hunter, "Conditional probability amplitudes in wave mechanics," Int. J. 
Quantum Chem. 9, 237 (1975).

15G. Hunter, "Ionization potentials and conditional amplitudes," Int. J. Quan­
tum Chem. 9, 311 (1975).

16G. Hunter, "Modeless wave function quantum theory," Int. J. Quantum 
Chem. 9, 133 (1980).

17G. Hunter, "Modeless wave functions and spiky potentials," Int. J. Quantum 
Chem. 19, 755 (1981).

1SG. Hunter and C. C. Tai, "Variational marginal amplitudes," Int. J. Quantum 
Chem. 21, 1041 (1982).

19N. I. Gidopoulos and E. K. U. Gross, "Electronic non-adiabatic states: to­
wards a density functional theory beyond the born-oppenheimer approx­
imation," Philosophical Transactions of the Royal Society of London A: 
Mathematical, Physical and Engineering Sciences 372 (2014).

20A. Abedi, N. T. Maitra, and E. K. U. Gross, "Exact factorization of 
the time-dependent electron-nuclear wave function," Phys. Rev. Lett. 105, 
123002 (2010).

21A. Abedi, N. T. Maitra, and E. K. U. Gross, "Correlated electron-nuclear 
dynamics: Exact factorization of the molecular wavefunction," J. Chem. 
Phys. 137, 22A530 (2012).

22F. Agostini and E. K. U. Gross, "Ultrafast dynamics with the exact factor­
ization," Eur. Phys. J. B 94, 179 (2021).

23P. Vindel-Zandbergen, S. Matsika, and N. T. Maitra, "Exact-factorization- 
based surface hopping for multistate dynamics," The Journal of 
Physical Chemistry Letters 13, 1785-1790 (2022), pMID: 35170972, 
https://doi.org/10.1021/acs.jpclett.lc04132.

24S. K. Min, F. Agostini, and E. K. U. Gross, "Coupled-trajectory quantum- 
classical approach to electronic decoherence in nonadiabatic processes," 
Phys. Rev. Lett. 115, 073001 (2015).

25F. Agostini, S. K. Min, A. Abedi, and E. K. U. Gross, "Quantum-classical 
nonadiabatic dynamics: Coupled- vs independent-trajectory methods," J. 
Chem. Theory Comput. 12, 2127-2143 (2016).

26S. K. Min, F. Agostini, I. Tavernelli, and E. K. U. Gross, "Ab initio nonadi­

abatic dynamics with coupled trajectories: A rigorous approach to quantum 
(deCoherence," J. Phys. Chem. Lett. 8, 3048-3055 (2017).

27F. Agostini, A. Abedi, Y. Suzuki, S. K. Min, N. T. Maitra, and E. K. U. 
Gross, "The exact forces on classical nuclei in non-adiabatic charge trans­
fer," J. Chem. Phys. 142, 084303 (2015).

28B. F. E. Curchod, F. Agostini, and I. Tavernelli, "CT-MQC - A coupled- 
trajectory mixed quantum/classical method including nonadiabatic quan­
tum coherence effects," Euro. Phys. J. B 91, 168 (2018).

29E. Marsili, M. Olivucci, D. Lauvergnat, and F. Agostini, "Quantum 
and quantum-classical studies of the photoisomerization of a retinal chro- 
mophore model," J. Chem. Theory Comput. 16, 6032-6048 (2020).

30C. Pieroni, E. Marsili, D. Lauvergnat, and F. Agostini, "Relaxation dynam­
ics through a conical intersection: Quantum and quantum-classical stud­
ies," J. Chem. Phys. 154, 034104 (2021).

31F. Talotta, D. Lauvergnat, and F. Agostini, "Describing the photo­
isomerization of a retinal chromophore model with coupled and quantum 
trajectories," J. Chem. Phys. 156, 184104 (2022).

32F. Agostini, E. Marsili, and F. Talotta, "G-CTMQC," (2021), 
gitlab.com/agostini.work/g-ctmqc.

33J.-K. Ha, I. S. Lee, and S. K. Min, "Surface hopping dynamics beyond 
nonadiabatic couplings for quantum coherence," J. Phys. Chem. Lett. 9, 
1097-1104 (2018).

34I. S. Lee, J.-K. Ha, D. Han, T. I. Kim, S. W. Moon, and S. K. Min, 
"Pyunixmd: A python-based excited state molecular dynamics package," 
J. Comput. Chem. 42, 1755-1766 (2021).

35M. Filatov, S. K. Min, and K. S. Kim, "Non-adiabatic dynamics of 
ring opening in cyclohexa-1,3-diene described by an ensemble density- 
functional theory method," Mol. Phys. 117, 1128-1141 (2019).

36M. Filatov, M. Paolino, S. K. Min, and K. S. Kim, "Fulgides as light-driven 
molecular rotary motors: Computational design of a prototype compound," 
J. Phys. Chem. Lett. 9, 4995-5001 (2018).

37M. Filatov, M. Paolino, S. K. Min, and C. H. Choi, "Design and photoi­
somerization dynamics of a new family of synthetic 2-stroke light driven 
molecular rotary motors," Chem. Commun. 55, 5247-5250 (2019).

38M. Filatov, S. K. Min, and C. H. Choi, "Theoretical modelling of the dy­
namics of primary photoprocess of cyclopropanone," Phys. Chem. Chem. 
Phys. 21, 2489-2498 (2019).

39P. Vindel-Zandbergen, L. M. Ibele, J.-K. Ha, S. K. Min, B. F. E. Curchod, 
and N. T. Maitra, "Study of the decoherence correction derived from the ex­
act factorization approach for nonadiabatic dynamics," Journal of Chemical 
Theory and Computation 17, 3852-3862 (2021), pMID: 34138553.

40C. Pieroni and F. Agostini, "Nonadiabatic dynamics with coupled trajecto­
ries," J. Chem. Theory Comput. 17, 5969-5991 (2021).

41J.-K. Ha and S. K. Min, "Independent trajectory mixed quantum-classical 
approaches based on the exact factorization," The Journal of Chemical 
Physics (in press) 156, 174109 (2022).

42E. Villaseco Arribas, F. Agostini, and N. T. Maitra, "Exact factorization 
adventures: A promising approach for non-bound states," Molecules 27, 13 
(2022).

43F. G. Eich and F. Agostini, "The adiabatic limit of the exact factorization of 
the electron-nuclear wave function," J. Chem. Phys. 145, 054110 (2016).

44G. A. Meek and B. G. Levine, "Wave function continuity and the diagonal 
born-oppenheimer correction at conical intersections," J. Chem. Phys. 144, 
184109 (2016).

45S. J. Cotton, R. Liang, and W. H. Miller, "On the adiabatic representation 
of meyer-miller electronic-nuclear dynamics," J. Chem. Phys. 147, 064112 
(2017).

46E. Marsili, M. H. Farag, X. Yang, L. De Vico, and M. Olivucci, "Two- 
state, three-mode parametrization of the force held of a retinal chromophore 
model," The Journal of Physical Chemistry A 123, 1710-1719 (2019).

47I. Schapiro, M. N. Ryazantsev, L. M. Frutos, N. Ferre, R. Lindh, 
and M. Olivucci, "The ultrafast photoisomerizations of rhodopsin and 
bathorhodopsin are modulated by bond length alternation and hoop driven 
electronic effects," J. Am. Chem. Soc. 133, 3354-3364.

48N. Klaffki, O. Weingart, M. Garavelli, and E. Spohr, "Sampling excited 
state dynamics: influence of hoop mode excitations in a retinal model," 
Phys. Chem. Chem. Phys., 14299-14305.

49M. M. T. El-Tahawy, A. Nenov, O. Weingart, M. Olivucci, and M. Gar­
avelli, "Relationship between excited state lifetime and isomerization quan­
tum yield in animal rhodopsins: Beyond the one-dimensional landau-zener



Accepted to J. Chem. Phys. 10.1063/5.0149116

i

Dd
O
CO

<

oo<

3o
<u

COo
E
CD

HO

$1

CD
Q_

Q_

8
C
CD

O
£
CD

OW
CDO

0 I— 
CD LU

r-o
a LU
5 (/)
1 s

Q_5

CD

I
o5
CDQ.

ca
CD

cn
cn

model," J. Phys. Chem. Lett. 9, 3315-3322 (2018).
50M. H. Farag, T. L. C. Jansen, and J. Knoester, "The origin of absorptive fea­

tures in the two-dimensional electronic spectra of rhodopsin," Phys. Chem. 
Chem. Phys. 20, 12746-12754 (2018).

51S. Gozem, M. Huntress, I. Schapiro, R. Lindh, A. A. Granovsky, C. Angeli, 
and M. Olivucci, "Dynamic electron correlation effects on the ground state

potential energy surface of a retinal chromophore model," J. Chem. Theory 
Comput. 8, 4069-4080 (2012).

52S. Gozem, F. Melaccio, R. Lindh, A. I. Krylov, A. A. Granovsky, C. Angeli, 
and M. Olivucci, "Mapping the excited state potential energy surface of 
a retinal chromophore model with multireference and equation-of-motion 
coupled-cluster methods," J. Chem. Theory Comput., 4495-4506 (2013).



Ill
<

Q_

O
Q_

CTMQC-E
CTMQC

EH
0.4 -

0

0.2
o
o 0.1

0.5 -

0.3 ■

0.1 -

0

SH----
SH FT -----
Exact-----

500 1000
t/a.u.

0.25

05 o 
LU

-0.25
-15

di2(R)
Ei(R)
E2(R)

0
R/a.u.

15

1500 2000



PO
P COM AE

/m
-a

.u
. CTMQC' E ' ' '

CTMQC
EH
SH - -

SH FT
Exact

0



1

0.2

T T

s
ptrans _|_ ptrans

pcis i ptrans _i_ ptrans 
So S0 Si

CTMQC-E
CTMQC

EH
SH

- t

100 150
t/fs

200



E/
a.

u.
 

E/
a.

u.
 

E/
a.

u.
 

A
E/

a.
u.

CTMQC-E
CTMQC

EH
SH

Exact

50 100 150
t/fs

0 200


