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Abstract

The hydration structure of Na+ and K+ ions in solution is systematically investi-

gated using a hierarchy of molecular models that progressively include more accurate

representations of many-body interactions. We found that a conventional empirical

pairwise additive force �eld that is commonly used in biomolecular simulations is un-

able to reproduce the extended X-ray absorption �ne structure (EXAFS) spectra for

both ions. In contrast, progressive inclusion of many-body e�ects rigorously derived

from the many-body expansion of the energy allows the MB-nrg potential energy func-

tions (PEFs) to achieve nearly quantitative agreement with the experimental EXAFS

spectra, thus enabling the development of a molecular-level picture of the hydration

structure of both Na+ and K+ in solution. Since the MB-nrg PEFs have already

been shown to accurately describe isomeric equilibria and vibrational spectra of small

ion{water clusters in the gas phase, the present study demonstrates that the MB-nrg

PEFs e�ectively represent the long-sought-after models able to correctly predict the

properties of ionic aqueous systems from the gas to the liquid phase, which has so far

remained elusive.

INTRODUCTION

A microscopic characterization of the hydration properties of alkali-metal ions in solution is

key to understanding a wide range of chemical and biochemical processes.1,2 In this context,

aqueous solutions of sodium (Na+) and potassium (K+) ions are particularly relevant given

the central roles that these two ions play in several physiological functions.3 For example,

Na+/K+ pumps serve to maintain the cell membrane potential,4 provide a gradient to mod-

ulate Na+ transport,5 regulate the cell volume,6 function as signal transducers,7 and control

neuron activity states.8,9 In addition, sodium and potassium ion batteries have recently at-

tracted signi�cant interest as large-scale energy storage systems that are less expensive and

more environmentally friendly than current lithium-based technologies.10,11
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In general terms, the hydration structure of an ion depends on the subtle competition

between ion{water and water{water interactions, which is further modulated by entropic

e�ects and possibly nuclear quantum e�ects. Several molecular models have been developed

to describe the interactions of Na+ and K+ ions with water, including nonpolarizable and

polarizable force �elds, ab initio-based models, and data-driven many-body potentials, which

are then used in molecular dynamics (MD) and Monte Carlo (MC) simulations to investi-

gate structural, thermodynamic, and dynamical properties of various aqueous solutions. In

parallel, electronic structure calculations performed at di�erent levels of theory as well as

ab initio molecular dynamics (AIMD) simulations using various 
avors of density functional

theory (DFT) have been extensively used to model the hydration structure of Na+ and K+

in both aqueous clusters and solutions.

Polarizable and nonpolarizable force �elds derived from electronic structure calculations

were used to characterize the energetics of small K+(H2O)n clusters as well as the hydra-

tion properties of K+ in solution.12 Subsequent calculations carried out for Na+(H2O)n
13

and K+(H2O)n
14 clusters using nonpolarizable force �elds identi�ed n = 20 as a magic num-

ber. Electronic structure calculations performed for Na+(H2O)n and K+(H2O)n clusters with

up to 6 water molecules found appreciable di�erences between sequential binding energies

obtained at the DFT (with the B3LYP functional) and MP2 levels of theory.15 DFT calcula-

tions carried out with the B3LYP functional for K+(H2O)n clusters (n = 1− 8) in both gas

phase and dielectric media found that the stability and size of the clusters are very sensitive

to dielectric e�ects.16 Electronic structure calculations carried out for Na+(H2O)n clusters

at the MP2 level of theory, which were complemented with analyses performed using the

quantum theory of atoms in molecules (QTAIM), found that the average Na+{O distance

decreased as a function of the coordination number from small clusters to bulk solutions.17

From clusters to bulk solvation, several theoretical studies have focused on calculating

hydration free energies. Pioneering MC simulations carried out with ab initio-based force

�elds derived from con�guration interaction and self-consistent �eld calculations predicted
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hydration free energies that di�ered by 20-30% from the corresponding experimental values,

although the general trend was consistent with the measurements.18 Nonpolarizable force

�elds were used in MC simulations to determine hydration free energies of various ions,

including Na+ and K+.19 It was found that negative ions were solvated more strongly com-

pared to positive ions of equal size due to stronger interactions with the hydrogen atoms

of the water molecules. Absolute hydration free energies for Na+ and K+ calculated from

MD simulations carried out with the AMOEBA polarizable force �eld were found to be in

better agreement with the experimental data than the corresponding values obtained with

nonpolarizable force �elds.20 MD simulations with polarizable force �elds for Na+ and K+

in water, which explicitly included charge transfer, provided hydration free energies and dif-

fusion constants in good agreement with the experimental data.21 It was also found that,

due to charge transfer, water molecules in the �rst hydration shells of the two ions acquire

a partial negative charge.

Di�erent methods were used to study the hydration shell structure around Na+ and K+,

especially the transition between hydration shells. MC simulations were carried out using

a hybrid model where a single Na+ ion described quantum mechanically was solvated by

89 water molecules represented by a polarizable model, and the entire system was then im-

mersed in a dielectric continuum.22 These MC simulations found that the coupling between

exchange-repulsion and induction energy contributions played a negligible role in determin-

ing the hydration structure of Na+. Quantum mechanics/molecular mechanics (QM/MM)

simulations indicated that nonadditive forces signi�cantly a�ected the properties of the �rst

hydration shell around Na+ and K+ in solution, providing evidence for the structure-making

and structure-breaking behavior of Na+ and K+.23,24 AIMD simulations within the gener-

alized gradient approximation (GGA) were used to determine the hydration structure and

di�usion coe�cient of Na+ in water.25 Combining quasi-chemical theory (QCT) and AIMD

simulations, it was found that �6 water molecules resided in the �rst hydration shell of

K+, with the �rst four molecules forming an inner core and the remaining two molecules
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appearing as a shoulder in the calculated K+-O radial distribution function (RDF).26 The

hydration structure of K+ was also characterized using MD simulations carried out with both

nonpolarizable and polarizable force �elds as well as AIMD simulations performed with the

BLYP functional.27 All models were found to predict a similar hydration structure, display-

ing a �rst peak in the K+-O RDF at �2.7 �A. Interestingly, both AIMD and MD simulations

with the polarizable force �eld predicted the average induced dipole moment of the water

molecules in the �rst hydration shell to be smaller than the corresponding value calculated

for water molecules in the bulk. Subsequent AIMD simulations carried out with the BLYP

functional found that the dipole moment of the water molecules residing in the �rst hydra-

tion shell of K+ decreased with increasing number of molecules, which was explained by

considering that the additional water molecules e�ectively suppress the ion's electric �eld.28

Importantly, further addition of water molecules beyond the �rst hydration shell was found

to increase the dipole moment of the molecules in the �rst hydration shell due to polarization

e�ects associated with the formation of water{water hydrogen bonds.

It is established that the variation of the coordination number as a function of the dis-

tance from the ion provides direct insights into the local structure of individual hydration

shells. Nonpolarizable force �elds were used in MD simulations to characterize the kinetics

of water exchange in the �rst hydration shell of Na+,29 as well as in MC simulations to

investigate possible relationships between the hydration structure of Na+ and K+ in solution

and the observed ion speci�city of biological channels.30 MD simulations carried out with

polarizable force �elds found coordination numbers of 6.39 and 6.89 for Na+ and K+ in

solution, respectively.31 AIMD simulations carried out with the BLYP functional for K+ in

solution found that the coordination number increased from 6.24 at 300 K to 6.53 at 450 K.32

Subsequent DFT-based AIMD simulations carried out with various functionals found that

the addition of an empirical dispersion energy term improved the agreement with the mea-

sured coordination numbers for both Na+ and K+ in solution.33 The coordination number

of K+ in solution was predicted to be 7.0 and 6.3 from MD simulations carried out with a
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conventional QM/MM scheme and the ONIOM-XS method, respectively.34 QM/MM simu-

lations carried out using the 
exible inner region ensemble separator (FIRES) scheme where

the QM region was described at the RI-MP2 and DFT (with the PBE functional) levels

of theory, and the MM region described by the polarizable SWM4-NDP force �eld, found

that the coordination numbers for Na+ and K+ in solution were within the ranges of 5.7-5.8

and 6.9-7.0, respectively.35 Similar values for the coordination numbers of Na+ and K+ in

solution were obtained from QM/MM simulations where the ion was described quantum

mechanically using the B3LYP functional and the water molecules were represented by the

TIP3P model.36

More recently, nonpolarizable force �elds that e�ectively account for polarization e�ects

within the electronic continuum correction with rescaling (ECCR) scheme were developed

for Na+37 and K+.38 Building on these studies, a general nonpolarizable force �eld for ions in

water (denoted as Madrid-2019), which adopts scaled charges, was shown to provide a reliable

description of several thermodynamic properties of ionic aqueous solutions.39 A new set of

nonpolarizable force �elds developed for several ions, including Na+ and K+, using a global

optimization procedure, were shown to reproduce the concentration-dependent density, ionic

conductivity, and dielectric constant of various electrolyte solutions.40 Polarizable force �elds

compatible with the BK3 water model were recently shown to reproduce the thermodynamic

properties of both salt crystals and ionic aqueous solutions, although they predicted smaller

solution enthalpies and self-di�usion constants compared to the experimental values.41

Direct information about the hydration structure of ions in solution is obtained from

extended X-ray absorption �ne structure (EXAFS) spectra. A polarizable force �eld was

used in MD simulations to calculate the EXAFS spectrum of K+ in water, which was found to

be in qualitative agreement with the experimental results.42,43 Subsequent AIMD simulations

carried out with the revPBE and BLYP functionals for Na+ in solution predicted a Na+{

O distance that was too long with respect to the experimental estimate derived from the

EXAFS measurements.44 Interestingly, in the same study, it was also found that the addition

6



of an empirical dispersion energy term to the DFT models resulted in a worse agreement

with the experimental values, while a nonpolarizable force �eld predicted the correct Na+{O

distance but overestimated the overall hydration structure. Similar conclusions were reached

from analyses of the X-ray absorption near edge spectra (XANES) of Na+ in solution.45

Recent AIMD simulations carried out with the SCAN functional were found to accurately

describe the hydration structure of Na+ and K+ in solution, although SCAN provided a

relatively poorer description of liquid water.46 Recent analyses have shown that the di�erent

performance of a given density functional in describing pure water and ions in water can be

rationalized by considering the interplay between functional- and density-driven errors.47–52

Despite much progress in characterizing the hydration properties of ions in water, a

transferable molecular model capable of correctly predicting structural, thermodynamic,

and dynamical properties of hydrated ions from small aqueous clusters in the gas phase

to aqueous solutions and interfaces is still missing. In the past years, we introduced the

many-body energy (MB-nrg) theoretical/computational framework for data-driven many-

body potential energy functions (PEFs).53–56 The MB-nrg PEF of a molecular system is

rigorously developed from the corresponding many-body expansion (MBE) of the system's

energy that is generally calculated at the coupled cluster level of theory, including single,

double, and perturbative triple excitations, i.e., CCSD(T), which is currently considered as

the \gold standard" for chemical accuracy.57 A series of MB-nrg PEFs developed for alkali-

metal and halide ions was shown to accurately predict the structures, binding and interaction

energies, and vibrational spectra of small X−(H2O)N (with X = F, Cl, Br, and I)58–61 and

M+(H2O)N (with M = Li, Na, K, Rb, and Cs) clusters as well as the hydration structures

of Cl−, Br−, and I− in solution.62,63 In this study, we continue our analyses of the hydration

properties of ions in solution by presenting the results of MD simulations carried out with

the MB-nrg PEFs for single Na+ and K+ ions in solution.
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METHODS

MB-nrg potential energy functions

The MB-nrg PEF of a N -monomer system is derived from the MBE which allows for rigor-

ously calculating the system's energy, EN , as the sum of individual terms representing the

corresponding n-body energies, �nB, where n � N ,64

EN(1; ::; N) =
NX
i=1

�1B(i) +
NX
i<j

�2B(i; j) +
NX

i<j<k

�3B(i; j; k) + :::+ �NB(1; ::; N) (1)

In Eq. 1, �1B represents the 1-body (1B) energy corresponding to the distortion energy of an

isolated monomer, and the remaining n-body energies �nB are calculated recursively using

�nB = En(1; :::; n)−
NX
i=1

�1B(i)−
NX
i<j

�2B(i; j)−
NX

i<j<k

�3B(i; j; k)−: : :−�(n-1)B(1; 2; 3; :::; n−1) (2)

where En is the energy of a subsystem containing n monomers.

The MB-nrg PEFs for Na+ and K+ approximate Eq. 1 through an explicit sum of all 1B,

2B, and 3B terms which is supplemented with an implicit NB term representing classical

N -body polarization derived from the corresponding TTM-nrg PEFs.54 The functional form

of the MB-nrg PEF is thus expressed as

EN =
NX
i=1

�1B(i) +
NX
i>j

�2B(i; j) +
NX

i>j>k

�3B(i; j; k) + Vpol (3)

The 1B, 2B, and 3B terms that involve only the water molecules are described by the MB-pol

PEF.65–67 MB-pol has been shown to correctly reproduce the properties of water across all

phases,68,69 including gas-phase clusters70–81 liquid water at ambient conditions82–88 and in

the supercooled regime,89 the air/water interface,,90–94 and various ice phases.95–98 The 2B

and 3B ion{water terms were �tted to reproduce the corresponding 2B and 3B reference

energies that were calculated at the explicitly correlated coupled cluster and canonical cou-
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pled cluster levels of theory, respectively, including single, double, and perturbative triple

excitations, i.e., CCSD(T)-F12b for the 2-body energies, and CCSD(T) for the 3-body en-

ergies.99,100

The ion{water 2B terms of the MB-nrg PEFs were introduced in Ref. 54 and take the

following form:

�2B = V 2B
sr + Velec + Vdisp (4)

Here, V 2B
sr is represented by a permutationally invariant polynomial (PIP), V 2B

PIP,101 which

is smoothly switched to zero as the distance between the ion and the oxygen of the water

molecule is larger than a prede�ned cuto�. The cuto� is is set to 6.5 �A for Na+{H2O and

7.0 �A for K+{H2O.54 It has been shown that V 2B
PIP e�ectively recovers quantum-mechanical

short-range 2B interactions (e.g., exchange-repulsion, charge transfer, and charge penetra-

tion) that arise from the overlap of the electron densities associated with the ion and the

water molecule in a dimer.102,103 Velec describes permanent electrostatic interactions in the

ion{water dimer between the positive (+1e) charge of the alkali-metal ion and the MB-pol

Figure 1: 2-body energy correlation plots between the CCSD(T)-F12b reference values (x-
axis) and corresponding MB-nrg values (y-axis) for Na+{H2O (a) and K+{H2O (b).
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geometry-dependent point charges of the water molecule.65 The latter were �tted to repro-

duce the ab initio dipole moment of an isolated water molecule.104 The last term in Eq. 4,

Vdisp, describes the 2B dispersion energy.54

Fig. 1 shows the correlation between CCSD(T)-F12b and MB-nrg 2-body energies, which

results in root-mean-square errors (RMSEs) of 0.072 kcal/mol and 0.105 kcal/mol for Na+{

H2O and K+{H2O, respectively.

The ion{water{water 3B terms were derived following the same theoretical framework

adopted in the development of analogous MB-nrg PEFs for Cs+105 and Cl−.62 Brie
y, �3B

is represented by a PIP, V 3B
PIP,101 that e�ectively describes 3B quantum-mechanical energy

contributions that cannot be represented by classical polarization as well as short-range 3B

dispersion energy contributions,

�3B = [s3(RM+Oa
)s3(RM+Ob

) + s3(RM+Oa
)s3(ROaOb

) + s3(RM+Ob
)s3(ROaOb

)] � V 3B
PIP (5)

Here, M+ = Na+ or K+, and s3 is the same 3-body switching function used in Ref. 62

which depends on an inner (R3B
in ) and an outer (R3B

out) cuto� distance. R3B
in and R3B

out were

set to 0 �A and 4.5 �A, respectively, for both Na+{H2O{H2O and K+{H2O{H2O. V 3B
PIP is a

function of all 21 pairwise distances between the physical atoms (H, O, and M+ = Na+, K+)

and the lone-pair sites of the two water molecules (L1 and L2) in a M+{H2O{H2O trimer.

V 3B
PIP contains 1016 symmetrized monomials: 13 second-degree monomials, 150 third-degree

monomials, and 853 fourth-degree monomials.

The reference trimer con�gurations used in the parameterization of the M+{H2O{H2O

3B energy terms were extracted from MD simulations carried out at ambient conditions in

the isobaric-isothermal (NPT) ensemble using the (2B+NB)-MB-nrg PEFs of Ref. 54. The

corresponding 3B energies were calculated at the CCSD(T) level of theory using the cc-

pWCVTZ basis set106–109 with counterpoise correction.110 All CCSD(T) electronic structure

calculations of the 3B energies were carried out using MOLPRO (version 2020.1).111 V 3B
PIP
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Figure 2: 3-body energy correlation plots between the CCSD(T) reference values (x-axis)
and corresponding MB-nrg values (y-axis) for Na+{H2O{H2O (a) and K+{H2O{H2O (b).

was �tted following the same procedure adopted in the development of MB-pol65,66 and other

MB-nrg PEFs.53–56,62,112 Speci�cally, we applied the ridge regression algorithm (also known as

Tikhonov regularization),113 where the linear parameters were optimized using singular value

decomposition and the non-linear parameters were optimized using the simplex algorithm.

Fig. 2 shows that both MB-nrg PEFs are able to quantitatively reproduce the CCSD(T)

3B energies, resulting in RMSEs of 0.026 kcal/mol and 0.019 kcal/mol for Na+{H2O{H2O

and and K+{H2O{H2O, respectively.

MD simulations and analysis

All MD simulations were carried out in the NPT ensemble at 298 K and 1.0 atm for a box

containing a single ion and 277 water molecules, corresponding to an ionic solution of con-

centration of �0.2 M. The velocity-Verlet algorithm114 with a timestep of 0.2 fs was used

to propagate the equations of motion in the MD simulations with the TTM-nrg and MB-

nrg PEFs, in which the induced dipole moments were propagated according to the always
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stable predictor{corrector algorithm.115 Nos�e-Hoover chain thermostats of length 4 attached

to each degree of freedom were used to control the temperature while the pressure was con-

trolled using the algorithm described in Ref. 116. All MD simulations with the TTM-nrg

and MB-nrg PEFs were carried out with an in-house version of DL POLY 2.0.117 For com-

parison, MD simulations were also carried out using the Na+{H2O and K+{H2O empirical

parameterizations compatible with the TIP4P-Ew water model118 which were introduced by

Joung and Cheatham in Ref. 119. Hereafter, these force �elds are labeled as JC+TIP4P-Ew.

The JC+TIP4P-Ew simulations were carried out with LAMMPS120 where the temperature

and the pressure were maintained using a global Nos�e{Hoover chain of 3 thermostats with

a relaxation time of 1 ps, and a global Nos�e{Hoover barostat with a relaxation time of

1 ps which was thermosttated by a Nos�e{Hoove chain of three thermostats. After equili-

bration, all NPT simulations consisted of at least 1 ns of production. The TTM-nrg and

MB-nrg PEFs used in this study are available in our open-access MBX software that can be

downloaded from GitHub.121

The FEFF software was used to calculate the EXAFS spectra.122–124 Following Refs.

125 and 62, all FEFF calculations were performed using clusters containing the alkali-metal

ion and its 33 closest water molecules which were extracted from the corresponding MD

trajectories at intervals of 0.5 ps.

RESULTS AND DISCUSSION

In Fig. 3 the experimental K-edge EXAFS spectra measured for Na+ and K+ in solution

are compared with the corresponding spectra calculated with the JC+TIP4P-Ew force �eld,

and the TTM-nrg, (2B+NB)-MB-nrg, and (2B+3B+NB)-MB-nrg PEFs. Appreciable dif-

ferences exist among the four calculated spectra in the ability to reproduce both amplitudes

and phases of the oscillations measured experimentally. Speci�cally, the JC+TIP4P-Ew

force �eld overestimates the amplitude of the oscillations at all k. The agreement with the
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experimental spectrum improves with the TTM-nrg PEF, which includes an implicit repre-

sentation of many-body e�ects through classical polarization,126 and becomes progressively

quantitative upon including explicit representations of 2-body and 3-body interactions as

implemented in the (2B+NB)-MB-nrg and (2B+3B+NB)-MB-nrg PEFs, respectively.

The di�erences found in the EXAFS spectra directly translate into di�erent hydration

structures as predicted by the JC+TIP4P-Ew force �eld, and the TTM-nrg, (2B+NB)-MB-

nrg, and (2B+3B+NB)-MB-nrg PEFs for Na+ and K+ in solution. Fig. 4 compares the

calculated M+-O (panels a and c) and M+-H (panels b and d) radial distribution functions

(RDFs), with M+ = Na+ (top panels) and M+ = K+ (bottom panels), with the corresponding

RDFs derived from neutron di�raction experiments.127 In this regard, it should be noted

that, since individual atom-atom RDFs cannot directly be extracted from neutron di�raction

experiments, the experimentally-derived RDFs shown in Fig. 4 were obtained by using the

empirical potential structure re�nement (EPSR) method. In the EPSR process, empirical

pairwise additive ion-water force �elds were initially parameterized and used in combination

with the SPC/E water model128 to simulate the experimental di�raction patterns. The

initial ion-water force �elds were subsequently re�ned in an iterative way to improve the

Figure 3: Comparisons among K-edge EXAFS spectra, k2�(k), of Na+ (panels a-d) and K+

(panels e-h) calculated from MD simulations with the JC+TIP4P-Ew force �eld, TTM-nrg,
(2B+NB)-MB-nrg, and (2B+3B+NB)-MB-nrg PEFs. The experimental spectra are from
Refs. 46.
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agreement with the experimental data and then used to calculate all the atom-atom RDFs.

The comparisons shown in Fig. 4 indicate that the larger oscillations observed in the EXAFS

spectrum calculated with the JC+TIP4/Ew model are associated with more structured M+-

O and M+-H RDFs. In contrast, the TTM-nrg and (2B+NB)-MB-nrg PEFs predict the least

structured M+-O RDFs, which is particularly evident in the case of K+. The (2B+3B+NB)-

MB-nrg PEFs predict M+-O RDFs that are somewhat intermediate between those calculated

with the JC+TIP4/Ew force �elds and the TTM-nrg PEFs.

To summarize the results of the present MD simulations, Table 1 compares the �rst-shell

Figure 4: Top panels: Na+{O (a) and Na+{H (b) radial distribution functions calculated
from MD simulations carried out with the JC+TIP4P-Ew force �eld, and the TTM-nrg,
(2B+NB)-MB-nrg, and (2B+3B+NB)-MB-nrg PEFs. Bottom panels: Corresponding K+{O
(c) and K+{H (d) radial distribution functions. The EPSR-based RDFs derived from neutron
di�raction experiments are from Ref. 127.
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Table 1: First-shell peak positions (R1st
O ) and coordination numbers (CNM+−O)

derived from the Na+{O and K+{O RDFs calculated with the JC+TIP4P/Ew
force �eld, and the TTM-nrg, (2B+NB)-MB-nrg, and (2B+3B+NB)-MB-nrg
PEFs along with the corresponding experimental estimates determined from
EXAFS,44 X-ray di�raction,44 and neutron di�raction measurements.127

model R1st
O CNM+−O

Na+

JC+TIP4P-Ew 2.33 5.9
TTM-nrg 2.39 5.4
(2B+NB)-MB-nrg 2.39 5.4
(2B+3B+NB)-MB-nrg 2.35 5.8
EXAFS (6M NaCl)44 2.372(024) 5.4(1.3)
XRD (6M NaCl)44 2.384(003) 5.5(0.3)
XRD (2.5M NaCl)44 2.381(005) 5.9(0.6)
ND127 2.34 5

K+

JC+TIP4P-Ew 2.7 6.8
TTM-nrg 2.8 8.7
(2B+NB)-MB-nrg 2.8 7.7
(2B+3B+NB)-MB-nrg 2.7 6.7
ND127 2.7 6

peak positions (R1st
O ) and coordination numbers (CNM+−O) derived from the Na+{O and

K+{O RDFs calculated with the JC+TIP4P/Ew force �eld, and the TTM-nrg, (2B+NB)-

MB-nrg, and (2B+3B+NB)-MB-nrg PEFs with the corresponding experimental estimates

determined from EXAFS,44 X-ray di�raction,44 and neutron di�raction measurements.127

Figs. 4a and 4c show that none of the four ion{water models analyzed in this study are

able to reproduce the �rst peak of the EPSR-based Na+-O and K+-O RDFs derived from

neutron di�raction measurements. In particular, the �rst peaks of the M+-O and M+-H

RDFs calculated with the (2B+3B+NB)-MB-nrg PEFs, which provide the closest agreement

with the experimental EXAFS spectra for both Na+ and K+ (Fig. 3), are respectively higher

and lower than those predicted by the corresponding EPSR-based RDFs. Considering the

sensitivity of the EXAFS measurements to the local structure of the �rst hydration shell

and the di�culties in unambiguously separating individual atom-atom RDFs from neutron

di�raction patterns, the agreement with the experimental EXAFS spectra provided by the
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(2B+3B+NB)-MB-nrg PEF suggests that both the height and the position of the �rst peaks

in the EPSR-based M+-O and M+-H RDFs may possibly need further re�nement.

Additional insights into the local hydration structure of Na+ and K+ in solution is gained

from the analysis of the incremental radial distribution functions (iRDFs) describing indi-

vidual contributions to the corresponding M+-O RDFs which are associated with each water

molecule i as a function of its distance from the ion.125 Following Ref. 44, each iRDF was

�tted to a Gaussian function which allows for determining the location of the ith solvating

water molecule in terms of the associated average distance from the ion, hRM+Oi
i, and vari-

ance of the Gaussian function, �2
i . The analyses of the Na+-Oi and K+-Oi iRDFs are shown

in Figs. 5 and 6, respectively.

It is possible to qualitatively separate the four ion{water models in two subgroups, with

one subgroup including the JC+TIP4P-Ew force �eld and the (2B+3B+NB)-MB-nrg PEF

and the other group including the TTM-nrg and (2B+NB)-MB-nrg PEFs. In the case

of Na+, both the JC+TIP4P-Ew force �eld and the (2B+3B+NB)-MB-nrg PEF display

a well-de�ned transition between the �rst and second hydration shells, which takes place

Figure 5: a-d) Na+-Oi incremental radial distribution functions (iRDFs) for the �rst 16 water
molecules around the Na+ ion calculated from MD simulations with the JC+TIP4P-Ew force
�eld, and the TTM-nrg, (2B+NB)-MB-nrg, and (2B+3B+NB)-MB-nrg PEFs. e-h) Average
distances (x-axis) and variances (y-axis) associated with the Gaussian functions that were
�tted to the iRDFs shown in the corresponding top panels. The same color scheme is used
in the top and bottom panels.
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Figure 6: a-d) K+-Oi incremental radial distribution functions (iRDFs) for the �rst 16 water
molecules around the K+ ion calculated from MD simulations with the JC+TIP4P-Ew,
TTM-nrg, (2B+NB)-MB-nrg, and (2B+3B+NB)-MB-nrg models. e-h) Average distances
(x-axis) and variances (y-axis) associated with the Gaussian functions that were �tted to
the iRDFs shown in the corresponding top panels. The same color scheme was used in the
top and bottom panels.

between the 6th and the 7th solvating water molecule. However, the JC+TIP4P-Ew force

�eld predicts a more compact �rst hydration shell, which correlates with the overestimation

of the amplitudes in the corresponding EXAFS spectrum. In contrast, the TTM-nrg and

(2B+NB)-MB-nrg PEFs predict a softer �rst hydration shell, which is accompanied by a

nearly continuous transition from the �rst to the second hydration shell. Although similar

trends are also found in the iRDFs for K+ in solution, in this case, the transition between

the �rst and the second hydration shell is predicted to be less sharp by all models, including

the JC+TIP4P-Ew force �eld and the (2B+3B+NB)-MB-nrg PEF which show signi�cant

overlap between the spatial distributions associated with the 7th and 8th solvating water

molecules. The di�erences in the local hydration structure of Na+ and K+ in solution are

directly related to di�erences in the underlying many-body interactions as discussed in Ref.

103.

To place the results obtained in this study in context, Fig. 7 shows comparisons be-

tween the Na+-O and K+-O RDFs calculated using the (2B+3B+NB)-MB-nrg PEF with

the corresponding RDFs reported in the literature for various force �elds and DFT mod-
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Figure 7: Comparisons between the Na+{O (top panels) and K+{O (bottom panels) radial
distribution functions calculated from MD simulations carried out with the (2B+3B+NB)-
MB-nrg PEF and the corresponding RDFs reported in literature for various force �elds
(panels a and c)21,39,129 and DFT models (panels b and d).33,46

els. Interestingly, the force �eld and DFT predictions follow opposite trends relatively to

the (2B+3B+NB)-MB-nrg PEF results, which e�ectively re
ect the ability of the di�erent

models to better represent water{water and ion{water interactions. In particular, the force

�eld proposed by Soniat and Rick, which includes charge transfer, as well as the Madrid-

2019 force �eld, which empirically includes polarization e�ects and charge transfer through

scaled atomic charges, predict lower �rst peaks compared to the JC+TIP4P-Ew force �eld,

resulting in relatively closer agreement with the Na+-O and K+-O RDFs calculated with the

(2B+3B+NB)-MB-nrg PEF. In contrast, the coarse-grained Na+{H2O model by DeMille
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and Molinero, which is based on the single-site mW water model,129 predicts a more struc-

tured �rst hydration shell similar to that obtained with the JC+TIP4P-Ew force �eld but

shifted to shorter distances.

Regarding the DFT models, the simplest density functionals, such as BLYP-D3 and

revPBE-D3, which were developed within the generalized gradient approximation (GGA),

predict appreciably shallower �rst hydration shells that are shifted to larger distances (by

�0.25 �A) compared to the RDFs calculated with the (2B+3B+NB)-MB-nrg PEF. In con-

trast, DRSLL-opt88, which was optimized for van der Waals and hydrogen-bonding interac-

tions,130 and SCAN, which is a nonempirical functional that satis�es all 17 constraints known

for meta-GGA functionals,131 predict a more structured �rst hydration shell that is shifted

towards shorter distances, in better agreement with the (2B+3B+NB)-MB-nrg results. In

this context, it should be noted that recent studies demonstrated that several density func-

tionals su�er from both functional- and density-driven errors which signi�cantly a�ect their

performance when applied to aqueous systems.47–52 In particular, large density-driven errors

were found in SCAN calculations for pure water systems as well as for ions in water,48,51,52

which suggests that the apparent agreement between the RDFs calculated from MD simula-

tions with the SCAN functional and the (2B+3B+NB)-MB-nrg PEF may result from error

cancellation in the SCAN representation of water{water and ion{water interactions.

CONCLUSIONS

In this study, we systematically characterized the hydration structure of Na+ and K+ ions in

solution using a hierarchy of molecular models that di�er in how they represent many-body

e�ects in ion{water interactions. Our analyses demonstrate that, while the pairwise additive

JC+TIP4P-Ew force �eld, which is commonly used in biosimulations, is able to qualitatively

capture many-body e�ects through its empirical parameterization based on bulk properties,

it does not provide a correct description of the local hydration structure of both Na+ and
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K+ in solution. On the other hand, we found that the inclusion of classical polarization

improves the description of many-body e�ects at intermediate and long ranges as shown

by the closer agreement provided by the TTM-nrg models with the experimental EXAFS

spectra compared to the JC+TIP4P-Ew force �eld. Our analyses show that progressive

inclusion of explicit short-range 2-body and 3-body interactions as implemented in the MB-

nrg PEFs is required to systematically improves the agreement with the experimental EXAFS

spectra, which becomes nearly quantitative in the case of the (2B+3B+NB)-MB-nrg PEF.

Importantly, the (2B+3B+NB)-MB-nrg PEFs predict hydration structures for both Na+

and K+ in solution which are distinct from those predicted by both the JC+TIP4P-Ew force

�eld and the TTM-nrg PEF.

Comparisons with simulation results reported in the literature show that more recent em-

pirical force �elds, which either include an explicit charge transfer term or implicitly represent

polarization e�ects and charge transfer through scaled atomic charges, are in relatively better

agreement with the (2B+3B+NB)-MB-nrg PEF than the JC+TIP4P-Ew force �eld. On the

other hand, GGA functionals, which are commonly used in AIMD simulations of aqueous

systems, such as BLYP-D3 and revPBE-D3, provide a poor representation of the hydration

structure of both Na+ and K+ in solution. More recent functionals, which were either op-

timized for van der Waals and hydrogen-bonding interactions, such as DRSLL-optB88, or

rigorously derived to satisfy all the 17 constraints known for meta-GGA functionals, such as

SCAN, are in closer agreement with the (2B+3B+NB)-MB-nrg PEFs.

Considering that the (2B+3B+NB)-MB-nrg PEFs were already shown to correctly pre-

dict isomeric equilibria and vibrational spectra of both Na+(H2O)N and K+(H2O)N clusters,

the analyses presented in this study provide further evidence for the high accuracy and trans-

ferability of the (2B+3B+NB)-MB-nrg PEFs. Both accuracy and transferability are key to

predictive computer simulations of ionic aqueous systems across di�erent phases, which have

thus far remained elusive due to inherent limitations of existing ion{water molecular models,

including force �elds and density functionals. Future work with the (2B+3B+NB)-MB-nrg

20



PEFs will focus on investigating the role of nuclear quantum e�ects on the hydration proper-

ties of both halide and alkali-metal ions as well as on characterizing single-ion free energies of

hydration as well as structural, thermodynamic, and dynamical properties of ionic aqueous

solutions as a function of their composition.
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