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ABSTRACT. Transition states for Diels-Alder reactions are strongly correlated, 

as evidenced by high-to-very-high M diagnostics, and therefore they require 

treatment by multireference methods. Multiconfiguration pair-density functional theory 

(MC-PDFT) combines a multiconfiguration wave function with a functional of the electron 

density and the on-top pair density to calculate the electronic energy for strongly correlated 

systems at a much lower cost than wave function methods that do not employ density functionals. 

Here we apply MC-PDFT to the Diels-Alder cycloaddition reaction of 1,3-butadiene with 

ethylene, where two kinds of reaction paths have been widely studied: concerted synchronous 

paths and diradical stepwise paths. The lowest-energy reaction path is now known to be a 

concerted synchronous one, and a method’s ability to predict this is an important test. By 

comparison to the best available theoretical results in the literature, we test the accuracy of MC-

PDFT with several choices of on-top functional for geometries and enthalpies of stable structures 

along both paths and for the transition state geometries. We also calculate the Arrhenius activation 

energies for both paths and compare these to experiment. We also compare to Kohn-Sham density 

functional theory (KS-DFT) with delected exchange-correlation functionals. CAS-PDFT gives 

consistently good results for both the concerted and stepwise mechanisms, but none of the KS-

DFT functionals gives accurate activation energies for both. The stepwise transition state is very 

strongly correlated, and MC-PDFT can treat it, but KS-DFT (which involves a single-

configuration treatment) has larger errors in the activation energy. This confirms that using a 

multiconfigurational reference function for strongly correlated transition states can significantly 

improve the accuracy, and that MC-PDFT can provide this accuracy at a much lower 

computational cost than competing multireference methods. 



Introduction 
The Diels-Alder reaction of butadiene and ethylene was at the center of a long-flourishing debate 

in the chemical community.1–6 Experimental results were unable to distinguish whether the reaction 
takes place via a synchronous mechanism in which bonds rearrange simultaneously or by a two-step 
mechanism where one bond forms first, producing a diradical intermediate structure, and then the second 
bond forms.1–3,5,7–11 The controversy over the mechanism was heavily impacted by the increasing 
capability of quantum mechanical calculations; especially controversial was the contrast between the 
predictions of semiempirical and ab initio methods. Dewar et al. reported a step-wise diradical path 
which was supported by results from methods such as MINDO/2, MINDO/3, and the modified 
intermediate neglect of differential overlap.1,6,12–15 Houk et al. advocated for the concerted synchronous 
pathway based on restricted Hartree-Fock (RHF) and unrestricted Hartree-Fock (UHF) calculations 
using STO-3G and 3-21G basis sets.1,13–16 Each of these kinds of reaction path had computational support 
from later calculations. Consensus was finally reached in 1986 after Dewar’s newer model, Austin Model 
1 (AM1),17 and more complete ab initio studies1,3,16 converged in predicting a concerted synchronous 
transition state. 

Experimental rate constants from Rowley and Steiner, yielded an Arrhenius activation energy of 
27.5±0.5 kcal mol-1 at 800 K.18 The diradical transition state was later estimated to be 2-7 kcal mol-1 
2,3,8–10,19 higher than that of the concerted synchronous pathway based on thermochemical analysis and 
studies of the decomposition of vinylcyclobutane.5,20 In 2003, Guner et al. compared barrier heights 
determined from various experimental and theoretical studies. 21 Their compilation included many 
different theoretical methods, including Hartree-Fock (HF), Møller-Plesset second-order perturbation 
theory (MP2), complete active space self-consistent field theory (CASSCF), complete active space 
second-order perturbation theory (CASPT2), the CBS-Q3 composite method of Petersson,22,23 and a 
variety of Kohn- Sham density functionals (B3LYP, BPW91, MPW1K, and KMLYP), 21 and it also 
included a variety of basis sets. Shortly after this, an in-depth analysis with multireference averaged 
quadratic coupled cluster (MR-AQCC) theory was presented by Lischka et al., and their work is 
considered to be the most accurate study available and therefore suitable for testing other mehods.11 

Multiconfiguration pair-density functional theory (MC-PDFT) was introduced in 2014.24 The 
method is similar in form to Kohn-Sham density functional theory (KS-DFT) but differs by using a 
multiconfigurational wave function as the reference and replacing the exchange-correlation functional 
by an on-top pair-density functional.24–29 Many studies using MC-PDFT have been done, mainly focused 
on potential energy curves,30–32 excited states,26,33-39 and singlet-triplet splittings.26,40,41 There has also 
been research on the application of MC-PDFT to barrier heights28,40,42,43,44 but only one study44 included 
pericyclic reactions. We have recently added MC-PDFT analytic gradients to OpenMolcas.45,46 With 
these available, the present article investigates the performance of MC-PDFT for describing pericyclic 
reactions including MC-PDFT geometry optimization of critical structures. In particular, we study the 
Diels-Alder cycloaddition of ethylene to 1,3-butadiene. MC-PDFT geometry optimizations are done on 
all structures and compared to the best-estimate MR-AQCC calculations of Lischka et al.7,11  

Previous studies have shown that the concerted transition state is aromatic2,9,11,14 and can be well 
described by using Kohn-Sham density functional theory (KS-DFT), but KS-DFT has not been widely 
used to study the diradical path. Here, both MC-PDFT and KS-DFT are used on all the Diels–Alder 
transition states reported by Lischka et al. to show the difference between MC-PDFT calculations based 
on a multiconfiguration wave function and an on-top functional from KS-DFT calculations based on a 
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Slater determinant and an exchange-correlation functional. Our calculations test whether  density 
functional theory and pair-density functional theory correctly predict the concerted synchronous 
mechanism to be the lowest-energy path. 

Computational methods 
All MC-PDFT calculations in this article are CAS-PDFT, i.e., they use a CASSCF calculation as 

the MCSCF reference function. Starting structures for geometry optimizations were taken from the work 
of Lischka et al., where they were calculated with MR-AQCC and CASSCF with various Pople basis 
sets.11 For all structures, starting orbitals for CAS-PDFT came from an initial restricted Hartree-Fock 
(RHF) calculation.  

The geometries were then optimized with CAS-PDFT. The products and transition states employed 
an active space of 6 active electrons in 6 active orbitals, denoted (6,6), including the π and π∗ orbitals 
and the σ orbitals of the bonds forming during the reaction. Butadiene and ethylene (the reactants) were 
treated with (4,4) and (2,2) active spaces, respectively, including only π and π∗ orbitals. We employed 
C1 symmetry for all structures except butadiene which was computed with full C2h symmetry for  better 
convergence of the geometry. Many of the diradical transition states were optimized in two steps, starting 
with a constrained optimization with the bond formed between ethylene and butadiene frozen to provide 
a good starting geometry for the second unconstrained step.  

The on-top pair-density functional chosen for all MC-PDFT calculations was tPBE. We used six 
basis sets obtained from the Basis Set Exchange:47–49 6-31G**,50–52 6-311G(2d,p),53 6-31+G**,50–52,54 
cc-pVDZ,55 jun-cc-pVDZ,55,56 and jul-cc-pVDZ.55,56 All CAS-PDFT computations were done using 
OpenMolcas, version 18.09.57 

The M diagnostic58 was used to characterize the electronic structures at the optimized geometries. 
An M diagnostic uses the natural orbital occupation numbers to compute the degree of multireference 
character. Three ranges of multireference character are distinguished:34,58  small (M < 0.05), modest (0.05 
≤ M ≤ 0.10), and large (M > 0.10). We prefer the M diagnostic over other multireference diagnostics 
because it is size consistent and because it is a direct measure of the multiconfigurational character of 
the wave function. 

Zero-point energies and thermal rovibrational energies were computed using KS-DFT with 
Gaussian 1659 because analytic Hessians are not yet available for MC-PDFT. The MN15 exchange-
correlation functional60 with the ma-TZVP61,62 basis set was chosen for this purpose because it gave the 
smallest root-mean square deviation from the CAS-PDFT optimized structures. A vibrational scaling63.64 
factor of 0.97565 was used to improve the accuracy of the zero-point energies.  

Conventional transition state theory66–68 was used to calculate the rate constants as a function of 
temperature. The rate constants at 790, 800, and 810 K were used to calculate the slope of an Arrhenius 
plot at 800 K, and this was used to give an Arrhenius activation energy for comparison to experiment. 
To obtain the free energy of activation, CAS-PDFT electronic energies and MN15/ma-TZVP thermal 
rovibrational free energies were computed. All thermochemical energy corrections (zero-point energies, 
thermal rovibrational energies, and thermal rovibrational free energies) used a scale factor of 0.975 for 
vibrational frequencies and are presented in the Supplementary Information (SI). 

KS-DFT calculations with exchange-correlation functionals were also used for this system to 
compare the enthalpies of reaction and Arrhenius activation energies, both at 800 K. The KS-DFT 
geometry optimizations had starting structures from Lischka et al. The functionals used included one 
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local functional, PBE (restricted and unrestricted),69,70 and several hybrid functionals, MN15,60 
B3LYP,71,72 M06,71 revM06,72 and PBE0.75,76 For most of the hybrid functionals, we used the aug-cc-
pVTZ55,77 and ma-TZVP78 basis sets. The PBE, unrestricted PBE (UPBE), and PBE0 calculations were 
done only with aug-cc-pVTZ except for PBE which also used 6-31G**. PBE/6-31G** was included to 
provide a comparison to the on-top pair-density functional, tPBE, used for CAS-PDFT. All density 
functional calculations were done using either Gaussian 16 or Gaussian 09 with the Minnesota Gaussian 
Functional Module.59,78 

Geometries 
Figure 1 depicts various conformations in which a σ bond can be formed from the stepwise addition 

of ethylene to butadiene. The dihedral angle of C6 (ethylene) with respect to C2 (butadiene) along the 
C5–C1 bond (ethylene–butadiene), highlighted in Figure 1, is utilized to identify the isomers of the 
diradical transition states. The diradical geometries are thereby distinguished as anti, eclipsed-in, 
eclipsed-out, and gauche-out. Transition states are abbreviated TS with the dihedral angle identifier in 
parentheses, e.g., TS(anti), and intermediates are abbreviated INT with the dihedral identifier in 
parentheses, e.g., INT(eclipsed-in). 

 
Figure 1: Newman projection of the dihedral angle on the C1-C5 bond of the diradical transition 
states with the atoms and bonds off the dihedral not shown. C1 and C2 are a bond of the butadiene 
while C5 and C6 are atoms in the ethylene molecule. 

CAS-PDFT/cc-pVDZ optimized geometries are presented in Figure 2. Utilizing CAS-PDFT/cc-
pVDZ, one concerted transition state (CTS), four diradical transition states [TS(anti), TS(gauche-out), 
TS(eclipsed-in), and TS(eclipsed-out)], and two intermediates [INT(anti) and INT(gauche-out)] were 
located, where the natures of the stationary points are confirmed by the number of imaginary frequencies. 
With other basis sets, we were unable to converge at least one of the TS structures, in particular 
TS(gauche-out) [6-31G**, 6-311G(2d,p), 6-31+G**, and jun-cc-pVDZ] and the concerted transition 
state [6-31+G**, jun-cc-pVDZ, and jul-cc-pVDZ]. The concerted transition state could only be 
identified using non-diffuse basis sets. In comparison to CAS-PDFT, the KS-DFT calculations were 
only able to identify the concerted transition state and two diradical transition states [TS(anti) and 
TS(eclipsed-out)]. Cartesian coordinates for all optimized structures are presented in the SI.  

In their study, Lischka et al. determined that at the MR-AQCC level, the gauche-in intermediate 
and transition state did not exist; instead, they found a barrierless pathway to the product and the CTS, 
respectively. From the geometry optimizations, the only method that agrees with the investigation done 
by Lischka et al.11 is CAS-PDFT/cc-pVDZ.  
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Figure 2: CAS-PDFT/cc-pVDZ geometries with the dihedral angle of C2C1C5C6 shown for the 

diradical transition states. 
 
Table 1 presents the M values for the CASSCF calculations that serve as reference functions 

for CAS-PDFT/cc-pVDZ (those for other basis sets are presented in the SI). The M values of all 
diradical transition states and intermediates exhibit very large multireference character (M > 0.5), 
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and butadiene and the CTS also exhibit large multireference character (M > 0.1). Ethylene and 
cyclohexene would both be categorized as having modest multireference character (0.05 ≤ M ≤ 
0.1). The high M values associated with each geometry further reinforce the need for a 
multireference method, such as CAS-PDFT, to accurately describe the Diels-Alder reaction. 

Table 1: M diagnostics of reactants, transition states, and product of the Diels-Alder reaction 
calculated by CASSCF/cc-pVDZ. 

Molecule M HOMO occupation LUMO occupation 

1,3-butadiene 0.118 1.884 0.120 
ethylene 0.088 1.912 0.088 
CTS 0.135 1.865 0.136 
TS(anti) 0.994 1.006 0.994 
TS(eclipsed-in) 0.775 1.225 0.776 
TS(eclipsed-out) 0.808 1.193 0.808 
TS(gauche-out) 0.584 1.416 0.585 
INT(anti) 0.803 1.197 0.803 
INT(gauche-out) 0.862 1.138 0.862 
cyclohexene 0.082 1.918 0.082 

Lischka et al. used MR-AQCC to optimize the geometries of the Diels-Alder reaction. We found 
that CAS-PDFT was able to locate many of the same structures as MR-AQCC. To compare the two 
methods, the mean unsigned deviation (MUD) of each CAS-PDFT optimized internal coordinate relative 
to the associated MR-AQCC internal coordinate was calculated, and these MUDs are given in Tables 2 
and 3. In each case we compared to the MR-AQCC results for the largest basis set for which the 
particular structure was optimized; in particular that means we compared to MR-AQCC/6-311G(2d,1p) 
structures for reactants, product, and CTS, to MR-AQCC/6-31G** structures for TS(anti), INT(anti), 
TS(eclipsed-in), and TS(eclipsed-out), and to MR-AQCC/6-31G* structures for TS(gauche-out) and 
INT(gauche-out).  

Table 2: MUD of the dihedral angles for the CAS-PDFT transition states compared to the 
MR-AQCC geometries from Lischka et al.a 

Basis set for  
CAS-PDFT 

MUD of CTS  
(degrees) 

MUD of TS(anti) 
(degrees) 

6-31G** 1.00 1.00 
6-311G(2d,p) 0.99 1.69 
cc-pVDZ 1.00 20.01 

a The CTS dihedral angles included in this error calculation are: C4-C2-C1-C3, C6-C3-C1-C2, C5-C4-
C2-C1, H1-C6-C3-C1, H2-C5-C4-C2, H3-C3-C1-C2, H4-C4-C2-C1, H5-C3-C1-C2, H6-C4-C2-C1, H7-C1-C2-C3, 
H8-C2-C1-C3, H9-C1-C2-C3, and H10-C2-C1-C3. The TS(anti) dihedral angles included in this error 
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calculation are: C4-C3-C2-C1, C5-C1-C2-C3, C6-C5-C1-C2, H1-C1-C2-C3, H2-C1-C2-C3, H3-C2-C1-C3, H4-
C3-C2-C1, H5-C4-C3-C2, H6-C4-C3-C2, H7-C5-C1-C2, H8-C5-C1-C2, H9-C6-C5-C1, and H10-C6-C5-C1. 

 
Table 3: MUD of the dihedral angles for the KS-DFT transition states compared to the MR-AQCC 

geometries from Lischka et al. a 
Basis Set MUD of CTS 

(degree) 
MUD of TS(anti) (degree) 

PBE/6-31G** 1.22 13.6 
PBE/aug-cc-pVTZ 1.16 14.2 
PBE0/aug-cc-pVTZ 0.86 14.0 
MN15/ma-TZVP 0.37 15.0 
MN15/aug-cc-pVTZ 0.46 15.0 
B3LYP/ma-TZVP 0.81 15.4 
B3LYP/aug-cc-pVTZ 0.84 15.4 
M06/ma-TZVP 0.44 15.6 
M06/aug-cc-pVTZ 0.47 15.5 
M06-2X/ma-TZVP 0.44 15.0 
M06-2X/aug-cc-pVTZ 0.45 15.1 
revM06/ma-TZVP 0.33 14.7 
revM06/aug-cc-pVTZ 1.22 14.7 

a The CTS dihedral angles included in this error calculation are: C4-C2-C1-C3, C6-C3-C1-C2, C5-C4-
C2-C1, H1-C6-C3-C1, H2-C5-C4-C2, H3-C3-C1-C2, H4-C4-C2-C1, H5-C3-C1-C2, H6-C4-C2-C1, H7-C1-C2-C3, 
H8-C2-C1-C3, H9-C1-C2-C3, and H10-C2-C1-C3. The TS(anti) dihedral angles included in this error 
calculation are: C4-C3-C2-C1, C5-C1-C2-C3, C6-C5-C1-C2, H1-C1-C2-C3, H2-C1-C2-C3, H3-C2-C1-C3, H4-
C3-C2-C1, H5-C4-C3-C2, H6-C4-C3-C2, H7-C5-C1-C2, H8-C5-C1-C2, H9-C6-C5-C1, and H10-C6-C5-C1. 

 
The most important reaction paths for the Diels-Alder reaction were determined to pass through the 

CTS and TS(anti) transition states. We show the MUDs of the internuclear distances of these two 
pathways in Figures 3, 4, and 5. 

 



8 

 

 

8 

 
Figure 3: MUD of the internuclear distances (Å) for the CAS-PDFT geometries compared to the 
MR-AQCC geometries from Lischka et al. The butadiene internuclear distances included in this 
error calculation are: C2-C1, C3-C1, C4-C2, H1-C1, H2-C2, H3-C1, H4-C2, H5-C4, and H6-C3. The 
ethylene internuclear distances included in this error calculation are: C2-C1, H1-C1, H2-C2, H3-C2, 
and H4-C1. The cyclohexene internuclear distances included in this error calculation are: C2-C1, C3-
C1, C4-C2, C5-C3, C6-C5, H1-C5, H2-C6, H3-C3, H4-C4, H5-C3, H6-C4, H7-C1, H8-C2, H9-C1, and H10-
C2. 

 

 
Figure 4: MUD of the internuclear distances (Å) for the CAS-PDFT geometries compared to the 
MR-AQCC geometries from Lischka et al. The CTS internuclear distances included in this error 
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calculation are: C2-C1, C3-C1, C4-C2, C6-C3, C5-C4, H1-C6, H2-C5, H3-C3, H4-C4, H5-C3, H6-C4, 
H7-C1, H8-C2, H9-C1, and H10-C2. The TS(anti) and INT(anti) internuclear distances included in this 
error calculation are: C2-C1, C3-C2, C4-C3, C5-C1, C6-C5, H1-C1, H2-C1, H3-C2, H4-C3, H5-C4, H6-C4, 
H7-C5, H8-C5, H9-C6, and H10-C6.  

 

Figure 5: MUD of the internuclear distances (Å) for the KS-DFT geometries compared to the MR-
AQCC geometries from Lischka et al. The butadiene internuclear distances included in this error 
calculation are: C2-C1, C3-C1, C4-C2, H1-C1, H2-C2, H3-C1, H4-C2, H5-C4, and H6-C3. The ethylene 
internuclear distances included in this error calculation are: C2-C1, H1-C1, H2-C2, H3-C2, and H4-C1. 
The CTS internuclear distances include: C2-C1, C3-C1, C4-C2, C6-C3, C5-C4, H1-C6, H2-C5, H3-C3, 
H4-C4, H5-C3, H6-C4, H7-C1, H8-C2, H9-C1, and H10-C2. The TS(anti) and INT(anti) internuclear 
distances included in this error calculation are: C2-C1, C3-C2, C4-C3, C5-C1, C6-C5, H1-C1, H2-C1, 
H3-C2, H4-C3, H5-C4, H6-C4, H7-C5, H8-C5, H9-C6, and H10-C6. The cyclohexene internuclear 
distances included in this error calculation are: C2-C1, C3-C1, C4-C2, C5-C3, C6-C5, H1-C5, H2-C6, 
H3-C3, H4-C4, H5-C3, H6-C4, H7-C1, H8-C2, H9-C1, and H10-C2. 

 
In the SI, we show the MUD of the internuclear distances, bond angles, and dihedral angles for all 

geometries. In addition, basis sets in which the CAS-PDFT structures were not located are omitted in 
Figures 3 and 4 but included in the SI. 

Table 2 shows that for CTS, all three basis sets have an MUD for the  dihedral-angles of 1.0 deg. 
The TS(anti) structures have similar dihedral-angle MUDs except for the cc-pVDZ outlier. The largest 
difference of the CAS-PDFT/cc-pVDZ geometry from the others is that the dihedral angle of the 
hydrogens on the C6 atom is more parallel to the C1-C5 axis. 

In Figures 3 and 4, the MUDs of the internuclear distances for all species are under 0.05 Å. The 
reactants and product have the lowest MUD (< 0.015 Å). These species show little variance in their 
MUD with changes in the basis set on the scale of hundredths of an Angstrom. The transition states have 
slightly increased MUD values, but they still fall under 0.05 Å. This shows that CAS-PDFT performs 
similarly to MR-AQCC for critical geometries of these reactions. 

Table 3 displays the MUDs of the dihedral angles of our KS-DFT optimized structures with respect 
to the MR-AQCC geometries. All functionals have an MUD of the dihedrals that is ≤ 1.23 deg for the 
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CTS. We note that functionals using the fully augmented aug-cc-pVTZ basis set have a slightly higher 
MUD than those using the minimally augmented ma-TZVP basis set for CTS. For the TS(anti) structure, 
the MUD of the dihedral angles is much higher, with the average being 14.8 deg. The higher MUD for 
TS(anti) is attributed to the diradical nature of the transition state being poorly described by the single-
reference KS-DFT functionals.  

The MUDs of the KS-DFT bond distances are shown in Figure 5; they are all under 0.027 Å for the 
reactants, transition states, and product. The MUD of INT(anti) is, on average, 0.19 Å with the largest 
value being 0.34 Å and the smallest being 0.15 Å. The increased value for the MUD of the internuclear 
distances for the INT(anti) is due to bond between C1 and C5 (the σ bond forming). Lischka et al.’s 
MR-AQCC/6-31G** INT(anti) C1-C5 bond distance (1.60 Å) is much shorter than the computed bond 
distance for all the KS-DFT geometries, which is 3.91 Å on average. 

Arrhenius Energies of Activation and Reaction Enthalpies at 800 K 
There are numerous studies on the concerted synchronous path of the Diels-Alder reaction, but 

Rowley and Steiner’s measured Arrhenius activation energy (27.5±0.5 kcal mol−1 at 800 K)18 is 
generally taken as the most accurate. Figure 6 shows this value as a horizontal line and compares it to 
the calculated activation energies (calculated as described in the computational methods section) at 800 
K from the CAS-PDFT and KS-DFT calculations for reaction through the CTS.  

 

 
Figure 6: Calculated activation enthalpies of the CTS at various levels of theory. 
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The CAS-PDFT activation energies with all three basis sets shown agree with experiment within 3 
kcal/mol, with CAS-PDFT/6-311G(2d,p) being the most accurate (26.6 kcal mol−1) and within chemical 
accuracy. In contrast the KS-DFT results differ from experiment by up to 12 kcal/mol. It is encouraging 
that the multireference CAS-PDFT calculations agree with experiment better than many of the single-
reference KS-DFT ones. The performance of MC-PDFT with tPBE is much better than the performance 
of KS-DFT with PBE or PBE0, although the performance of KS-DFT with better functionals, such as 
revM06, is comparable to MC-PDFT with PBE. 

Much less research has focused on the stepwise path, and because of that, the energy of activation 
at 800 K is only estimated to be in a range of 2-7 kcal mol−1 2,3,8–10,19 above the Arrhenius activation 
energy measured by Rowley and Steiner for the concerted path, i.e., to be in the range 29.5-34.5 kcal 
mol−1. Figure 7 shows this range as a shaded area and compares it to calculated Arrhenius activation 
energies at 800 K (again calculated as described in the computational methods section). We consider 
any computed activation energy within the shaded area to be consistent with experiment. In contrast to 
the CTS activation energies, the hybrid functionals significantly overestimate the energy of activation – 
on average by 10 kcal mol−1. This failure of KS-DFT is consistent with the much larger M diagnostics 
for the TS(anti) state than for the CTS one in Table 1. A key finding is that CAS-PDFT is the only 
method of those examined that gives consistently good results for both mechanisms. 

 

 
Figure 7: Calculated activation enthalpies of the TS(anti) at various levels of theory. Experimental 
value is estimated to be 2-7 kcal mol−1 above the CTS.13  
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Figure 8 shows our calculations of the reaction enthalpy at 800 K. The experimental reaction 
enthalpy comes from neutral gas-phase thermodynamic data from the National Institute of Standards 
and Technology (NIST).79 The heats of formation from NIST for butadiene, ethylene, and cyclohexene 
at 298.15 K are 26.00, 12.52, and –1.03 kcal mol−1, respectively, and when adjusted for temperature, the 
enthalpy of reaction is −40.55 kcal mol−1 at 800 K. CAS-PDFT with the various basis sets disagrees with 
experiment by about 1 to 8 kcal mol−1, with an average error of 3.2 kcal mol−1. KS-DFT differs from the 
experiment values by about 0.1 to 10.3 kcal mol−1, with an average error of only 3.0 kcal mol−1. We see 
that, on average, KS-DFT provides slightly more accurate reaction enthalpies for this system. The most 
accurate Kohn-Sham functionals are MN15 and revM06. 

 

 

Figure 8: Calculated reaction enthalpies at 800 K at various levels of theory. 

Additional Comparisons 
As an additional set of comparisons, we calculated single-point energies by CAS-PDFT/jun-

cc-pVTZ and NEVPT2/6-311G(2d,p) at the at the geometries used for CAS-PDFT/6-311G(2d,p) 
in Figures 6 and 7. The results are in Table 4. 

As compared to the 6-311G(2d,p) basis set, the jun-c-pVTZ basis set includes diffuse s, p, and d 
basis functions on the carbon atoms, tight f functions on carbons, and tight d functions on hydrogens.81 
Table 4 shows that the use of this extended basis set raises the calculated enthalpies of activation, but 
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the 10 kcal/mol difference in the CTS and TS(anti) activation enthalpies falls with the range of 10–12 
kcal/mol range obtained with three listed non-diffuse basis sets. 

The NEVPT282 (n-electron valence states for multireference perturbation theory) calculations show 
the effect of using the much more expensive multireference perturbation theory instead of MC-PDFT. 
We used the 6-311G(2d,p) basis set because that basis set was used for the optimized geometries. When 
using the same basis set, MC-PDFT agrees with experiment better than NEVPT2 for the CTS transition 
state, but the opposite occurs for the TS(anti) transition state. 
 

Table 4: Enthalpies of activation at 800 K.  
 MC-PDFT/ NEVPT2/ Exp. 
 6-31G** 6-311G(2d,p) cc-pVDZ jun-cc-pVTZa 6-311G(2d,p)a  

CTSb 24.2 26.6 25.8 29.4 23.9     27.5 
TS(anti)c 33.9 36.9 37.4 39.7 36.4 29.5–34.5 

aThe jun-cc-pVTZ and NEVPT2 calculations use the geometry from MC-PDFT/6-311G(2d,p). The 
zero-point energy and thermal contributions to the enthalpy are calculated with MN15/ma-TZVP with a 
vibrational frequency scale factor of 0.975. 

b the concerted transition state 
c the stepwise transition state in the anti conformation 
 

Conclusions 
This study shows that CAS-PDFT predicts reliable geometries for both stable structures and 

transition state structures for the Diels-Alder reaction of butadiene and ethylene. We find that 
CAS- PDFT and KS-DFT provide similar structures as compared to MR-AQCC, but CAS-PDFT is more 
accurate at computing the structure of INT(anti) and possibly TS(anti).  

The Arrhenius energies of activation at 800 K were computed for the two main reaction paths. 
Although CAS-PDFT and KS-DFT provide similar geometries, only CAS-PDFT can provides an 
accurate energy of activation for both possible reaction paths.  The poor results for KS-PDFT can be 
traced to the large multireference character of the stepwise transition state. We therefore recommend 
MC-PDFT for calculating energies of strongly correlated transition states. 

The calculated enthalpies of reaction at 800 K show wide variations with basis set and functional, 
but they are slightly more accurate on average by KS-DFT than by MC-PDFT. 
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