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ABSTRACT ARTICLE HISTORY

This paper proposes an approach for thermal analysis of articulated systems sub- Received 28 September 2022
ject to boundary and motion constraints (BMC). The solution framework is Accepted 28 February 2023
designed to capture large temperature fluctuations, significant change in geom-
etry due to reference configuration and deformations, and geometric nonlinear-
ity due to articulated mechanical systems (AMS) large displacements and spinning oo -

. . - X : L elasticity; thermo-elasticity
motion. Thermal-expansmn cﬁsplacements, which do not cc?rjtrlbute .to rigid- multiplicative decompos-
body translations, are determined from thermal stretch of position-gradient vec- ition; finite-element thermal
tors using a new sweeping matrix technique designed to eliminate dependence analysis; articulated
on translational rigid-body modes. A new quadratic thermal-energy kinetic form is mechanical systems;
defined and used to formulate a dynamic force vector that accounts for thermal absolute nodal coordinate
transient and inertia effects. Nodal thermal displacements are used in formulating formulation
AMS differential/algebraic equations (DAEs), and consequently, thermal stresses
due to BMC equations are automatically accounted for based on integration of
thermal analysis and Lagrange-D’Alembert principle, which is the foundation of
computational multibody system (MBS) algorithms. The approach used in this
study for large-displacement constrained and unconstrained thermal expansions
is based on multiplicative decomposition of position-gradient matrix, instead of
strain additive decomposition, for solution of thermo-elasticity problems. Four
configurations are used to define continuum geometry and displacements:
straight configuration, reference configuration, thermal-expansion configuration,
and current configuration. The proposed approach allows applying thermal loads
during constrained large displacements, does not impose restrictions on the
choice of thermal coefficients, captures reference-configuration geometry and
change in inertia forces due to temperature fluctuations, accounts for thermal
displacement in formulating AMS nonlinear constraint equations, and allows for
integration with MBS algorithms for the study of a wide range of thermo-elasti-
city problems.
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1. Introduction

Change of continuum temperature due to heat energy input produces particle displacements. Heat energy,
however, does not produce rigid-body displacements, does not contribute to stress-producing elastic
strains (Cook 1981), and leads to thermal expansion, during which part of the thermal energy is converted
to kinetic energy. In case of constrained mechanical systems, displacement formulation of the thermal
expansion process becomes necessary to formulate correctly kinematic constraint equations imposed on
the system motion. Furthermore, definition of thermal-energy forces that produce the motion allows for
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properly capturing transient effects of the thermo-elasticity problem and eliminates the need for formulat-
ing thermal-stress forces as in the case of the conventional FE approach.

1.1. Displacement formulation thermal-energy forces

In the analysis of flexible articulated mechanical systems (AMS), algebraic constraint equations that impose
motion restrictions are formulated in terms of material-point displacements and/or vectors defined at the
material points. In absence of specified-motion trajectories, coordinates of material points are not explicit
functions of time, and in this case, global position vector r of arbitrary point of a system component can be
written as r = r(q(#)), where q is the vector of system generalized coordinates and ¢ is time. Because vector
r is not explicit function of time, Or/dt = 0 and the absolute velocity vector can be written as i =
(0r/9q)q. In the case of the thermo-elasticity, on the other hand, material-point position in the current
configuration can be written as r = r, + u; + ue, where r, = X is the position in the reference configur-
ation, u, is the displacement that includes rigid-body displacement and stress-producing deformation, and
ug is the thermal expansion displacement. Thermal-expansion displacement vector ug for a given tem-
perature profile is explicit function of time and needs to be defined properly to formulate correctly AMS
inertia forces and nonlinear boundary and motion constraints (BMC) that restrict thermal expansion and
lead to thermal loads and stresses.

Nonetheless, motion constraints are formulated in terms of the total displacements, which are
affected by the heat energy input. Consequently, if the thermal displacement can be determined,
the heat-energy input can be used to formulate thermal-energy forces that can be used with other
forces to solve for the total displacements. Thermal-energy forces, however, are distinguished
from other forces since they produce pure deformation and do not lead to rigid-body displace-
ments. Therefore, thermal-displacement vector ug, used to formulate thermal-energy forces, does
not have rigid-body modes and can be expressed as linear combination of deformation modes.
Consequently, thermal-energy forces excite only deformation modes.

1.2. Lagrange-D’Alembert principle

Despite the significance of the problem and the wide range of applications, the scientific literature
lacks a general approach to study effects of thermal-load variations on AMS dynamics and stabil-
ity. Properly accounting for the coupling between thermal expansion and nonlinear motion con-
straints in AMS applications with components that experience finite rotations is one of the main
challenges that will be addressed in this study by integrating Lagrange-D’Alembert principle and
large-displacement thermo-elasticity analysis. Articulated mechanical systems are subjected to
highly nonlinear motion constraints that must be enforced at position, velocity, and acceleration
levels during numerical integration of the equations of motion. AMS applications, governed by
Lagrange-D’Alembert principle, often operate in high-temperature environment, as in case of pis-
ton-crank mechanisms, commonly used in engines. Components of such articulated systems,
widely used in practice, undergo large displacements and can operate at high speeds.
Furthermore, thermal loads have significant effect on dynamics and precision of soft robots and
deployable space structures that may operate in high-temperature environment (Rus and Tolley
2015; Trivedi, Dienno, and Rahn 2008; Wu, Zhao, and Ren 2012). Nonetheless, there are no
approaches in the literature for solving AMS thermo-elasticity problems in case of large displace-
ments, significant temperature variations, and presence of joint constraints.

1.3. Thermal stresses due to motion constraints

Two different cases of thermal displacements can be considered: stress-free and stress-producing
thermal displacements. In case of unconstrained stress-free thermal displacements, thermal
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expansion is assumed uniform such that stretches are not restricted by loads or motion constraints.
This case, which does not require thermal-displacement formulation, can be solved by updating the
stress-free reference configuration geometry to account for the thermal expansion and properly
define the elastic strains. In this case, only thermally stretched gradients are sufficient to determine
updated reference configuration. In the second case, thermal displacements occur during system
motion and load application. This case requires displacement formulation of the thermo-elasticity
problem to account for the transient effects. In case of BMC restrictions, some gradients become
dependent variables and must be determined from the independent variables according to
Lagrange-D’Alembert principle.

1.4. Thermo-elasticity multiplicative decomposition

Accurate quantification of temperature effect contributes to developing credible virtual models,
particularly when such an effect cannot be ignored as evident by large number of investigations
in areas of solid and fluid mechanics as well as other areas of science and engineering (Biot 1956;
Perelman 1961; Helselhaus, Vogel, and Krain 1992; Chang et al. 1999; API MPMS 2004; Huang
and Tan 2004; Yin and Wang 2004; Roe, Haselbacher and Geubelle 2007; Roe et al. 2008;
Henshaw and Chand 2009; Dorfman and Renner 2009; Heidarpour and Bradford 2009; Dwaikat
and Kodur 2011; Errera and Chemin 2013; Eslami et al. 2013; Ojas and Penelope 2014; Cui, Yu,
and Lan 2019; Shen and Hu 2013; Shen et al. 2013, 2020; Abbas, Rui, and Marzocca 2015; Cepon
et al. 2017; Li, Wang, Ma, et al. 2019; Seibert and Rice 1973; Shabana 1986). In conventional FE
thermo-elasticity approaches, the strain additive decomposition is often used (Cook 1981). This
assumption, however, is not applicable to large-displacement thermal analysis of AMS applica-
tions. Additionally, multiplicative decomposition of matrix of position-gradient vectors, instead of
additive strain decomposition, must be used. Furthermore, reference-configuration geometry needs
to be accurately described using geometry concepts that play important role in formulation of
continuum governing equations (Goetz 1970; Kreyszig 1991; Piegl and Tiller 1997; Rogers 2001;
Farin 2002; Gallier 2011). Geometry change has significant effects on the dynamic behavior
(Chen, Zhang, and Li 2019), and consequently this change should be accurately captured. The
absolute nodal coordinate formulation (ANCEF), used recently in many applications, has the advan-
tage of using position-gradient vectors as nodal coordinates which allow describing conveniently
reference and thermal-expansion configurations (Orzechowski 2012; Orzechowski and Fraczek
2012; Khan and Anderson 2013; Laflin et al. 2014; Dmitrochenko and Pogorelov 2003; Yu et al.
2010; Yoo et al. 2004; Takahashi, Shimizu, and Suzuki 2005; Nachbagauer et al. 2011;
Nachbagauer 2013, 2014; Fotland, Haskins, and Relvag 2019; Hewlett 2019; Hewlett, Arbatani,
and Kovecses 2020; Sheng, Zhong, and Wang 2020; Tian et al. 2009; Wang and Wang 2020;
Yuan et al. 2020; Zhang, Zhu, and Zhang 2020; Yamano et al. 2020; Htun, Suzuki, and Garcia-
Vallejo 2020; Pan and Cao 2020; Gerstmayr and Shabana 2005).

2. Scope and contributions of this investigation

Due to the lack of computational approaches for solving AMS thermo-elasticity problems in case
of large displacements, significant temperature variations, and presence of joint constraints, new
AMS thermo-elasticity approach is proposed in this study for homogeneous materials and uni-
form temperature fields. AMS components, subjected to boundary and motion constraints, may
undergo arbitrarily large displacements. The proposed solution framework, which integrates
Lagrange-D’Alembert principle and large-displacement thermal analysis based on multiplicative
decomposition of the position-gradient matrix, allows formulating BMC equations in terms of
thermal expansion displacements. The specific objectives and contributions of this study are sum-
marized as follows:
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1. New formulation and solution procedure, referred to as thermal analysis of articulated sys-
tems (TAAS), is developed for AMS thermo-elasticity problems, in which system components
subjected to boundary and motion constraints may undergo arbitrarily large displacements
and temperature variations. The new approach lies at the intersection of thermal science,
computational design, and computational geometry. The resulting TAAS solution framework
is based on integrating Lagrange-D’Alembert principle and large-displacement multiplicative-
decomposition thermal analysis (MDTA).

2. The paper demonstrates the need for determining thermal-displacement vector ug due to
thermal expansion to formulate properly BMC conditions and equations of motion of AMS
applications. It is shown that definition of thermo-elasticity problem at strain levels is not
sufficient, and definition of thermal-displacement vector ug in terms of stretches of position
gradients is necessary in order to formulate properly AMS thermo-elasticity problem.

3. A new procedure is developed to determine thermal-displacement ug using general con-
tinuum mechanics description. Since thermal expansion and position gradients do not con-
tribute to rigid-body translations, a procedure similar to the sweeping matrix technique used
in vibration theory is developed and used to eliminate dependence of assumed thermal-dis-
placement field on rigid-body motion. To this end, new orthogonality conditions are intro-
duced and used to eliminate singularities of new coefficient-matrices used in the
development of the new approach.

4. A new quadratic form of the thermal energy, referred to as thermal-energy kinetic form Ey, is
developed using time derivatives of thermal-displacement vector ug. Thermal energy is
expressed as quadratic form in the velocities, leading to the definition of a new dynamic
force vector that accounts for the transient effect of the thermal process. The thermal-energy
kinetic form is used to define new thermal-energy forces that enter into the formulation of
the continuum equations of motion.

5. The new approach is integrated with new continuum-mechanics description based on multi-
plicative decomposition of the position-gradient matrix to allow for arbitrary temperature varia-
tions and large-displacement thermal analysis of MBS applications. Analysis of such systems
requires treatment of nonlinear algebraic motion constraint equations. To this end, four config-
urations are employed: straight configuration, reference configuration, thermal-expansion configur-
ation, and current configuration. Use of these configurations allows capturing temperature
fluctuations, complex reference-configuration geometry, and space-dependent thermal-expansion
and material coefficients. The multiplicative-decomposition approach is more suitable for use in
emerging fields such as soft robots subjected to large deformations and high temperatures (Rus
and Tolley 2015, Huang, Zou, and Gu 2021).

6. New computer algorithm for solving general AMS differential/algebraic equations (DAEs) is devel-
oped and used to demonstrate effect of BMC restrictions on AMS geometry and dynamics. Coupled
nonlinear motion and BMC differential/algebraic equations are formulated to properly account for
the thermal displacements and effects of BMC restrictions on constrained expansion and inertia
forces. Dependent gradients are identified and written in terms of independent system coordinates to
solve correctly the constrained thermo-elasticity problems.

7. Fundamental differences between proposed solution framework and conventional FE thermal-ana-
lysis approaches are highlighted throughout this study. Use of absolute nodal coordinate formulation
(ANCEF) position-gradient vectors as nodal coordinates allows describing conveniently reference and
thermal-expansion configurations by directly using nodal coordinates (Pappalardo, Yu, et al. 2016;
Pappalardo, Wallin, et al. 2016). Furthermore, fully parameterized ANCF elements capture Poisson
effect, required for accurate modeling of cross-section deformations during process of thermal expan-
sion. Examples are used in this study to demonstrate coupling between AMS large displacements,
BMC restrictions, and thermal expansion.
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Crucial for developing the TAAS approach introduced in this study is using ANCF position
gradients as FE nodal coordinates. ANCF position gradients allow defining thermal-displacement
vector using deformation modes as the basis and allow capturing complex reference-configuration
geometry (Omar et al. 2004).

3. Constrained thermal expansion

In case of AMS thermal analysis, BMC restrictions can significantly alter strain field and intro-
duce high-frequency inertia forces and high thermal stresses (Pournaghshbanda 2019). To capture
properly constrained thermal expansions, thermal displacements must be defined using thermal
stretch of position gradients.

3.1. Problem definition

Thermal displacements enter into definition of nonlinear BMC algebraic equations, which define
mechanical joints and specified trajectories. BMC equations impose restrictions on thermal expan-
sions since some gradients or strains become dependent variables and are determined using inde-
pendent coordinates. This AMS thermal expansion problem can be addressed in the framework of
Lagrange-D’Alembert principle, required for proper treatment of constrained dynamics problems.

Solution framework introduced in this paper is based on applying BMC conditions to AMS coordi-
nates, which may include reference coordinates for rigid bodies, modal coordinates for small-deformation
floating frame of reference (FFR) bodies, and position-gradients for soft ANCF bodies. Lagrange-
D’Alembert principle is used to express dependent variables in terms of independent variables or
degrees of freedom using velocity transformation. Large-deformation thermal expansion of soft materi-
als is accounted for using the matrix of position gradients. Using this geometric approach, time and
space variations of temperature profiles and spatial and temporal dependence of thermal and material
coefficients can be accounted for. Nonlinear BMC equations, which influence the geometry, can be
enforced at position, velocity, and acceleration levels to avoid violation of Lagrange-D’Alembert prin-
ciple and ensure using proper procedure for time integration of equations of motion.

3.2. Thermal effect on kinematics

Position vector of continuum material points can be written as r(X,¢) = X 4+ u(X, t), where X is
the vector of reference-configuration coordinates, u is the displacement vector, and ¢ is time. In
case of thermal expansion, the position vector, as previously discussed, can be written as r =
X + ug + u,, where displacement vector u is written as sum of two displacement vectors: ug
resulting from thermal expansion and u, which includes stress producing deformation and rigid-
body displacements. Thermal stresses can be attributed to BMC conditions that change definition
of elastic forces and can introduce high frequencies that directly influence the accelerations. In
presence of kinematic constraints, all forces including inertia forces must be properly projected
on space of degrees of freedom, and regardless of magnitude of ug, BMC conditions can signifi-
cantly change stresses and inertia forces. Thermal displacement vector ug can be determined
from thermally expanded gradients using the equation dug = J;odX, where J,g is the matrix of
displacement-gradient vectors due to thermal expansion.

3.3. AMS topology

AMS applications contain bodies with different degrees of flexibility. Bulky bodies are often mod-
eled as rigid bodies whose motion is described using reference coordinates q,, small-deformation
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flexible bodies modeled using approximation functions or low-frequency modal coordinates qy,
and soft and fluid bodies whose motion is described using ANCF coordinates e. Use of these
three different types of coordinates allows solving accurately AMS applications that may include
large number of components with varied degree of flexibility. Therefore, general AMS algorithms

T
are designed to have coordinate vector q = [q,T qu eT] . In MBS dynamics, joint constraints

and specified motion trajectories are described using nonlinear algebraic equations that can be
written as C(q, ) = C(q,,qye,t) = 0. MBS algorithms are designed to solve DAE system accord-
ing to Lagrange-D’Alembert principle.

Effect of BMC restrictions on accuracy of thermal-expansion solution can be explained using
the simple example shown in Fig. 1, which depicts a beam subjected to thermal load. For this sys-
tem, two clamped-joint types can be applied at first beam end. In first type, referred to as par-
tially clamped, position coordinates and rotations at the fixed end are constrained, with no
constraints imposed on strains, and therefore, thermal expansion is homogeneous throughout the
beam. In second constraint type, referred to as fully clamped, additional boundary constraints are
imposed on position gradients, resulting in the tapered shape shown in the figure. This simple
example demonstrates effect of boundary constraints on geometry and displacement of material
points and need for proper treatment of the algebraic equations during thermal expansion
process.

3.4. Stretch of gradient vectors

In case of fully parameterized ANCF elements, position gradients at a node are defined by r,, =

Or/0xy, k = 1,2,3, where x = [xl X x3]T = [x y Z}T is vector of element spatial coordinates.
For such fully parameterized ANCF elements, for example, coordinates at a node are defined by
node position vector r and three gradient vectors r, = dr/0x;, k = 1,2,3. Stretch of gradient
vector due to thermal expansion is do(1 + 0exA®), k = 1,2, 3, where d, is the magnitude of the
gradient vector before thermal expansion, aex is coefficient of thermal expansion, and A® is vari-
ation in temperature. In case of unconstrained thermal expansion of homogeneous and isotropic
materials, all gradient at all material points stretch by dyrxerA®, k = 1,2, 3. This is not, however,
the case of constrained thermal expansion as demonstrated by the simple beam example of Fig. 1

0.06 —— — ———
0.05 e ———— ———— - — - — - -

0.025

-0.025

Height (m)
L]

20,05 S e e e e e e e e )

-0.06 I—M

0 0.2 0.4 0.6 0.8 1 1.2
Length (m)
Figure 1. Geometry for different end conditions (——— Initial configuration, — Fully clamped under thermal load, —— Partially
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in which fully clamped joint leads to tapered geometry. Some gradients, not necessarily all, can
be subjected to BMC restrictions due to enforcing constraints C(q,t) = C(q,. gy, e,t) = 0. That is,

stretch of a gradient coordinate can be restricted if such a coordinate is not a degree of freedom.
The planar example of Fig. 1 has simple gradient boundary constraints at the fixed end. These
constraints imply that gradient vectors remain orthogonal unit vectors, and consequently, the
cross section at the fixed end does not stretch since position and rotation constraints only do not
restrict cross-section stretch. According to Lagrange-D’Alembert principle, system velocity vector q
which includes position-gradient coordinates can be written in terms of independent velocities q;
as q = B4q;, where By is velocity transformation defined using nonlinear BMC algebraic equa-
tions. It follows that ¢ = B4q; + v, where y,; is the vector that absorbs terms which are not linear
in accelerations. Using this Lagrange-D’Alembert procedure and using iterative Newton-Raphson
algorithm at every time step to determine dependent coordinates from constraint equations
C(q,t) = C(q,,qye,t) = 0 ensures that all BMC algebraic equations are satisfied at the position
level. BMC restrictions on thermal stretch can be properly accounted for at all solution steps (pos-
ition, velocity, and acceleration). This procedure for treatment of algebraic equations demonstrates
that thermal expansion of redundant gradients should be distinguished from thermal expansion
associated with gradients identified as independent coordinates; that is, dependent-gradient stretch
is determined from independent gradients using BMC algebraic equations, which are nonlinear
functions of AMS coordinates.

4. Mechanism of thermal expansion

In the formulation used in this investigation, it is assumed that the reference configuration before

displacement is defined by the coordinate vector X = [X; X; X; | " Therefore, the displacement
change due to thermal load can be written as

due = JedX (1)

where J o = Oue/0X is matrix of thermal-expansion displacement-gradient vectors. Reference-
configuration geometry is defined by the constant position-gradient matrix J, = 0X/0x, where

x =[x % x3] "is FE spatial coordinates in the straight configurations. Using the equation dX =
J,dx, one can also write dug = (JyeJ,)dx. For homogeneous materials and constant temperature
field, the equation dug = J,edX leads to

ue(X) — ue(X,) = Juo (X — X,) )

In this equation, x, and X, = X(x,) define reference points in the straight and reference configu-
rations, respectively. If the coordinate system is located at x,, one can assume x, = 0.

Definition of the matrix J;g can be obtained by writing dr = dX + du, 4 dug. It follows from
this equation that dr = [I 4 (Ou,/9X) + (Jue/0X)]dX. Assuming volumetric thermal change, the
matrix J e = Oug/0X, which represents thermal stretches in directions of coordinate lines X, can
be defined as J;9 = Jue/0X = A@[Oﬁ@lﬁl @24, rx@32'i3], where 41, 4,, and 43 are three unit vec-

tors along the tangents to the coordinate lines X = [Xl X, X5 ] T, where agr, k = 1,2,3, are coef-
ficients of thermal expansion and A® is the change in temperature.

Using the definition of ANCF displacement field r = S(x)e(t), where r is the position vector,
S is the element shape function matrix, and e is the vector of nodal coordinates; one can write
(Li, Wang, Ma, et al. 2019, Nachbagauer et al. 2011; Olshevskiy, Dmitrochenko, and Kim 2014;
Shabana 2018)

up(x) = S(x)eso, U (X,) = S(xo)ed@,} )

X(x) = S(x)es,  X(X,) = S(%0)e,
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where e, is vector of element nodal coordinates in reference configuration, and ez is the vector
of nodal displacements due to thermal expansion. Substituting the preceding equations into Eq.
(2), one can write for arbitrary ANCF element

Sriei0 = J40Srae, (4)

In this equation, S,; = S(x) — S(x,) with subscript rd referring to rotation and deformation dis-
placements, as will be discussed. Pre-multiplying the preceding equation by pST,, where p is elem-
ent mass density, and integrating over the volume V, one obtains

MrdedG) = 1\7[1"30 (5)

where M,; = [,pS,S,4dV, M; = [,pS}J40SadV. Matrix M.y, given in the Appendix for planar
shear deformable beam element, is symmetric, while matrix M; is block symmetric.

An infinitesimal volume has twelve modes of displacements: three translations, three rotations,
and six deformation modes. Nine of these displacement modes are represented by the matrix of
position vector gradients; these are three rotations and six deformation modes; with the deform-
ation modes describing three stretch modes and three shear modes (Spencer 1980; Ogden 1984;
Bonet and Wood 1997; Bower 2009; Shabana 2018). Therefore, displacements resulting from only
stretch of gradient vectors do not contribute to rigid-body translational displacements.
Consequently, equation ug(x) — ug(x,) = Jo(X — X,) leads to displacement ug(x) that does
not include rigid-body translations. As will be demonstrated in a later section, if A, is a rigid-
body translational mode, matrix S,; obtained using ANCF finite elements must satisfy the identity
S,4A, = 0. It will be also shown if M = prSTSdV is ANCF mass matrix and A,, and A, are two
rigid-body translational modes, then ArTiMArj =0if i#jand ArT,- MA,, # 0 if i = j. These identi-
ties will be used to define the conditions on thermal-expansion displacements using a concept
that resembles the concept of the sweeping matrices used in vibration theory to eliminate depend-
ence of initial guess of higher-frequency modes on lower-frequency modes (Weaver, Timoshenko,
and Young 1990; Thomson 1993; Shabana 2019). This translational rigid-body mode elimination
process is necessary since thermal expansion does not contribute to rigid-body translations.
Elimination of such translational rigid-body modes is also necessary to avoid singular coefficient
matrices.

5. Solution for mesh thermal displacements

Determining nodal thermal displacements of FE mesh allows developing thermal-energy kinetic
form Ey, used in this study to determine thermal-energy forces that produce the motion. These
forces exist only when second time derivative of temperature is different from zero.

5.1. Element and mesh equations
For an element j of an FE mesh that consists of 7, elements, Eq. (5) can be written as

M{de;@ = Mjlelo ©)
This equation can be assembled for all elements of the FE mesh using element Boolean matrix B/
and standard FE assembly procedure to obtain

M;jeq0 = Mie, )
where e; @ and e, are, respectively, mesh vectors of thermal-displacements and coordinates in the
reference configuration, M,y = Z;ZIB/TM];L{B/ and M; = Z}'LIB]‘TMQB/ . The preceding equation

can also be written as M,4jejo = b,, where b, = Mje,. Because position- and displacement-
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gradient vectors do not contribute to rigid-body translation and matrix M,; is square and
symmetric matrix with dimension ng where ng is dimension of vector e;@; matrix M,; has rank
deficiency equal to number of translational rigid-body modes. Therefore, solution of mesh equa-
tion M,se;0 = Mje, to determine ejo requires eliminating dependence on translational rigid-
body modes using a concept that resembles sweeping matrix technique used in matrix iteration
method of vibration theory (Weaver et al. 1990; Thomson 1993; Shabana 2019).

5.2. Elimination of translational rigid-body modes

When using ANCEF finite elements, vector of nodal coordinates can be written as e = e, + e,
where e, is vector of coordinates in initial reference configuration and e, is vector of displace-
ment coordinates. Equation e = e, + e; implies that gradient vectors can be added despite the
fact that finite rotations are not commutative and cannot be treated as vectors. Therefore, transla-
tional rigid-body displacement mode k can always be written in spatial analysis as

A :[a,TkoToToTaz;oToToT...aeroToToT]T (8)

Tk

where in this equation 0 = [0 0 O]T are associated with displacement gradients at given node,
anda, =i=[10 O]T for translation in X direction, a,, =j = [0 1 O]T for translation in X,

N T L N
direction, and a,, =k = [0 0 1] for translation in X3 direction. When ANCF elements are
used, translational rigid-body modes are orthogonal with respect to the ANCF mass matrix. That
is, if M is the mesh mass matrix, one has

ATMA, =0 if k;él}

9
AIMA, £0if k=1 ®)

Knowing the form of translational rigid-body modes, one can eliminate dependence of solution
eso of equation M,ze;0 = Mje, on rigid-body translation and solve the singularity problem of
matrix M,; by imposing the following constraint conditions, which ensure that thermal expansion
does not contribute to continuum rigid-body translations:

AfMeso =0, k=123 (10)

where k refers to translational rigid-body modes in Xj direction. The three preceding mesh alge-
braic constraint equations can be used to write three nodal displacements, considered as depend-
ent displacements, in terms of the remaining displacements, considered as independent.

T

T
Therefore, vector of displacements ejo can be partitioned as eso = | (es0),; (es0) where

T
1
subscripts d and i refer, respectively, to three translational dependent coordinates and (n — 3)
independent coordinates. Therefore, one can write ejo = Hyi(eso);, where Hy is a matrix that
allows writing mesh coordinates in terms of the independent coordinates based on constraint
equations AerMed@ =0, k=1,2,3. Substituting transformation ezo = Hyi(eso); into matrix

equation M,4e49 = b, and pre-multiplying by H, one obtains
(HEM,qH) (es0), = Hibo (11)

Matrix My = H,M,;H,; is symmetric and has dimension (n — 3). The preceding equation, which
ensures that thermal expansion does not contribute to rigid-body translations, can be solved to
determine vector (ezo);. Mesh nodal displacement e;o can be determined using equation ez;o =
Hji(eso); The form of the matrix My in the case one ANCF fully parameterized planar beam
element is presented in the Appendix of this paper.
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5.3. Positive definiteness of My

It can be shown that the matrix My, which has dimension (n — 3), is always positive-definite
matrix guaranteeing solution of equation (H,M,;H,)(es0); = HLb,. This is clear from the defin-
ition of matrix M, at element level, which is defined as M,; = ijS,T(erddV. The example of the
planar ANCF beam element considered in the Appendix demonstrates this fact.

6. An alternate approach

An alternate and simpler approach for computer implementation to obtain thermal displacements
can be developed using inverse of ANCF constant mass matrix. Equation ug(x) — ue(x,) =
Jio (X — X,) leads to

(S(x) — S(xa))edg =TJi0 (S(x) — S(xa))eo (12)

Multiplying both sides of this equation by pSTdV and integrating over the volume, one obtains

<JVpST(x)S(x)dV - (JVpST(x)dV> S(xo)> e

(13)
= (J pS" ()] 40 (S(x) — S(xa))dV) €
14
In this equation, [,pS”(x)S(x)dV =M is the symmetric and constant ANCF mass matrix, and
[y pS(x)dV = S is a constant matrix; in case of planar ANCF shear deformable beam element as
shown in the Appendix, this matrix is S= [,pSdV = (m/2)[1 (I/6)10 I —(I/6)I0].
Therefore, the preceding equation upon pre-multiplying by M~! leads to

Ley=M"! (JVpST(x)]d@ (S(x) - S(xo))dV) €, (14)

where I, =1 — M '8"S(x,). Singularity of this matrix can be eliminated by eliminating rigid-
body modes using the equation ejo = Hgyi(eqo); previously presented in this paper. Pre-multiply-
ing T.eqo = M~ ([,p8” (x)]40(S(x) — S(x,))dV)e, by HJ and using transformation eso =
Hi(e40),, one obtains

(H}1,Hy) (ea0), = HiM ™ (vasT(x)]d@) (S(x) — S(xo))dV) € (15)

In this equation, matrix HLI,Hy is nonsingular, and therefore, the preceding equation can be
solved for independent thermal displacements. Using the equation dug = J,eJ,dx and assuming
that element coordinate system is attached to first node, one can write the preceding equation as

(H:1,Hy) (edo), = HIM™! (vasT(x) (]d@lo)de> (16)

where x = [x] x, xﬂT =[xy Z]T One can show that the right side of this equation can be
written in terms of the integrals [, pxS”(x)dV, [,,pyS"(x)dV, and |, pzS” (x)dV.

7. Thermal-energy kinetic form

In the absence of BMC restrictions, thermal expansion does not contribute to the stress-produc-
ing elastic strains (Cook 1981). That is, in case of non-zero second time derivative of the
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temperature, the heat energy converted to kinetic energy leads to dynamic forces that must be
defined and entered to the equations of motion in case of known temperature profiles. The heat
energy considered in this section does not include energy dissipated to the environment, and con-
sequently, heat dissipation to the surroundings and cooling effects are not considered. The inertia
force of an infinitesimal volume pdV due to thermal expansion can be written as (pdV)iig,
where g is the acceleration vector due to the thermal expansion. The virtual work of this inertia
force can be written as (pdV)ig - or = (pdV)ige - (Or/0e)de, where e is the vector of ANCF
coordinates. Therefore, for the FE mesh, one can write

J pug - ordV = U piig - (Or/0e) dV | de (17)
v v

Because Jr/0e = O0t/0é and considering the change due to thermal expansion only in a more
general case in which the temperature is not prescribed, that is, Jr/Je = Jug/0e and Or/0é =
Oug/0e, the term on the right side of the preceding equation can be written as

vaii@ - (Bue/e) dv} Se "

_ (d val'l@ - (Do 98) dv} Jdt - vaa@ . (9o /e) dv} ) 5e

Introducing quadratic velocity thermal-energy kinetic function Eg = ([, pue - ugdV)/2, the pre-
ceding equation can be written as

“ plg - (Oug/de) dV] de = (d[OEy/0€]/dt — [OEy/De])de (19)
v
The thermal-energy kinetic function can be written for the FE mesh as
Ey = <J pug - fl@dV) /2= (é§®Méd@>/2 (20)
14

where M is the FE mass matrix. Since, for ANCF elements, e = e, + e; = e, + €4 + €49 and
since in case of ANCF finite elements E; depends only on é;9, OEy/0¢ = OEy/0ése and
OEy/0e = OEy/Oeg0, where ey is the vector of nodal displacements used to define u,. In this
case, one can define the thermal-energy dynamic force vector

Qu = (d[OEn/q0)/dt — [0Eu/Deao))" (21)
Because Ey is quadratic in the velocities and M is constant, one has
Qy = (d[0Eu/0é40]/dt)" = Mége (22)

For given temperature profile, this thermal dynamic force vector can be computed and added to
the generalized force vector of the system equations of motion. Because thermal expansion does
not contribute to the stress-producing elastic strains (Cook 1981), e;o does not lead to elastic
stresses. In case of large-displacement analysis, multiplicative decomposition is used based on the
four configurations discussed in the following section.

In this study, the second-order differential equations of motion associated with the independ-

ent variables are transformed to first-order differential equations using the state vector y =
[egT,i égi]T, where subscript i refers to independent coordinates. The state equations to be numer-
ically integrated are defined as y =f(y,t) = [¢, égi}T. In case of linearly varying temperature,
€40 = 0 while ¢;0 may be different from zero. Since y = [egi é;i ] ' is the output of the numerical

integration and cannot be changed while the function y = f(y, ) = [e], égi]T is being evaluated,
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¢4 should be updated by the time derivatives of the thermal displacement only in the vector y =

f(y,t) = [el, &%, ]  before returning to the numerical integrator. That is, the case of linearly vary-
ing temperature can be treated in a manner similar to the case of linearly varying displacement
of a body in case of zero resultant force.

8. Thermal-expansion configuration

In case of large strains, use of assumptions of strain additive decomposition often adopted in FE
literature for small-deformation thermal analysis is not recommended (Zienkiewicz 1977;
Zienkiewicz and Taylor 2000). In strain additive decompositions, based on super-position prin-
ciple, displacement gradients (not position gradients) are used to define thermal expansion. This
simplified approach, which has been used with conventional FE displacement fields, does not
allow for properly capturing complex reference-configuration geometries and large displacements.
In the conventional thermal-analysis, normal strains are written as linear functions of gradients

. T ) S
of displacement vector u = [ul Uy u3] as &; = Ou;/0x;, i = 1,2,3. Such linearization neglects
geometric nonlinearities and is not applicable to large-displacement analysis. In the strain additive

decomposition, total strain € = (JTJ —1)/2, assumed known from solving system equations, is
sum of elastic strain €, and stress-free thermal strain €g, that is, € = &, + €¢, written in Voigt

T : e
vector form as (g), = [811 £ €33 €12 €13 823} , where &;, i = 1,2,3, and &, i # j, i,j = 1,2,3, are,
respectively, normal and shear strains. Stress-free thermal strain is written as (gg), =

[oc@IA(D 0@ AB 0g3A® 0 0 O}T, where 0g;, i = 1,2,3, are coefficients of thermal expansion, and
AQ® is temperature change (Cook, 1981; Liu and Lu 2007; Logan 2017). Therefore, the stress-pro-
ducing elastic strain is defined as (e.), = (€), — (€0),. This definition of the elastic strains com-
monly used in the FE literature implies that the thermal expansion does not contribute to the
stress forces.

8.1. Multiplicative decomposition

In analysis of large-displacements, multiplicative decomposition of matrix of position-gradient vec-
tors is used (Eckart 1948; Kroner 1959; Sedov 1966; Stojanovic, Djuric, and Vujosevic 1964;
Stojanovic 1969; Stojanovic, Vujosevic, and Blagojevic 1970; Miehe 1995; Imam and Johnson 1998;
Lubarda 2004; Longere et al. 2005; Darijani and Kargarnovin 2010; Darijani 2012; Darijani and
Naghdabadi 2013; Sadik and Yavari 2017; Sauer, Ghaffari, and Gupta 2019; Vujosevic and Lubarda
2002; Joulin, Xiang, and Latham 2020). As shown in Fig. 2, continuum kinematics in thermal ana-
lysis can be described using four different configurations: straight configuration defined by coordi-

nates x:[xl X x3]T, reference configuration defined by X:[Xl X, X3]T, thermal expansion
configuration defined by X@:[Xel Xon X@3]T, and current configuration defined by

r :[rl o) rﬂT. These four configurations, based on definition of position gradients as tangent to
coordinate lines and need to be distinguished from displacement gradients, are discussed in detail
in the literature (Shabana and Zhang 2021; Shabana 2015).

Using these four configurations allows for defining two different types of reference configura-
tions; one stress-free reference configuration before displacements and the other is thermal-expan-
sion reference configuration. These two reference configurations are distinguished by the
parameters used. Vector r in the current configuration can, therefore, have the following two dif-
ferent representations: r = X + ug + u; = Xe + u,. Use of these two reference configurations is
discussed below.



MECHANICS BASED DESIGN OF STRUCTURES AND MACHINES . 13
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Figure 2. Continuum configurations.

8.2. Stress-free reference configuration

In case of using stress-free reference configuration before displacements, parameter vector X is
used, and current configuration is defined by equation r = X + ug + u;. In this case,

dr = JdX = (14 (Oue/0X) + (Ou,/0X))dX

= (1+ [(9mo/0x) + (9u./00)]]; " )dX 29
In this equation,
J =1+ (Oue/0X) + (0u,/0X) = 1+ [Jaoe + Jacell, (24)
where J, = 9X/x, and
Jaoe = (Oup/0x) = a(S(x)edG)/ax} (25)
Jase = (Ous/0x) = O(S(x)eqs) /Ox

It is clear from these definitions that the position-gradient vectors, unlike finite rotations, are
commutative and can be added and subtracted. Since ezo, determined from known temperature
profile, does not contribute to elastic forces, one can define matrix of position-gradient vectors ],
and elastic strain g, that enter into formulation of the stress forces as

Jo =1+ (0us/0X) =T+ 4], }
g = (1/2)(J 1)

Using vector of elastic strains g, ensures, in the absence of constraints, that thermal expansion

vector ezo does not contribute to stresses, as it is assumed in the FE literature.

(26)

8.3. Updated thermal reference configuration

Alternatively, one can write r = Xg + u,. In this case, Xg = S(x)(e, + e40) is used as reference
configuration, and one can write

dr = (9r/0Xe)dXe =JodXe = (IJo,)dXe (27)

In this equation, Jg = Jr/0Xe, J, = Or/0x and Jo, = 0Xe/0x. In this alternate approach, elastic
Green-Lagrange strain tensor is defined as €, = (1/2)(J§Jg — I). This definition of elastic strains
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ensures that reference configuration geometry and thermal expansion do not contribute to stress
forces.

ANCEF finite elements have been also used in the thermo-elasticity analysis in different applica-
tions (Shen and Hu 2013; Shen et al. 2013; Abbas, Rui, and Marzocca 2015; Cepon et al. 2017; Li,
Wang, Ma, et al. 2019). However, these investigations are not based on the multiplicative-decom-
position and thermal-displacement approach adopted in this study.

9. AMS thermo-elastic and inertia forces

Constrained thermal expansion influences both inertia and elastic forces. BMC restrictions can produce
significant compressive elastic forces that influences frequency contents in system accelerations, which in
turn influence inertia forces (Seibert and Rice 1973; Manolis and Beskos 1980). If the temperature pro-
file is known, the heat energy input to the system is known and thermal-displacement profile can be
determined and used to evaluate the thermal-energy force vector Qy, which can be added to the equa-
tions of motion as generalized thermal forces. In AMS applications, in which identification of the sys-
tem degrees of freedom plays a central role in the solution algorithm, thermal displacements cannot be
separated from the total displacements during the DAE numerical solution, despite the fact that the
thermal displacements can be determined using the known temperature profile. For this reason, part of
the analysis presented in Sec. 9.1 is of theoretical nature.

9.1. Thermal-inertia forces

Thermal-expansion vector ug enters into definition of the global position vector r = X + u; +
ue = S(x)(e, + e4 + e40), where u; is displacement that includes rigid-body displacement and
stress-producing deformations, e is vector of nodal displacements associated with uy, and egg is
thermal-expansion nodal displacement vector determined using the procedure previously dis-
cussed. Because, for given temperature profile, dug = 0, virtual displacement and acceleration
vectors can be written, respectively, as Jr = du, = S(x)dey and ¥ = U, + lig = S(X) (€4 + €40)-

Virtual work of continuum inertia forces can then be written as J0W; = fvpi‘T(SrdV:

(€4 + éd@)T[prSTSdV} des, which can be written as OW; = (Még — Qo)  des, where M =

prSTSdV is constant and symmetric mass matrix, and Q;o = —Mé e is the contribution of ther-
mal expansion to the vector of inertia forces. In case of slow unconstrained thermal-expansion
process, vector Q; may not be significant. However, BMC restrictions in case of constrained
thermal expansion can lead to high-frequency accelerations that influence magnitude of inertia
force vector Q,p because oscillations of the dependent gradient vectors along which the thermal
expansion is defined will depend on the continuum oscillations.

In the numerical implementation, it is not recommended to formulate the system equations of
motion in terms of ez because BMC restrictions are applied to the vector of total displacements e; and
not to ey. Using e, instead of ey in formulating the equations of motion significantly reduces the
efforts required to implement thermo-elasticity formulation discussed in this investigation in general-
purpose MBS algorithms since other previously developed force elements and joint constraints do not
need to be modified. For this reason, the total displacement vector is used to formulate the equations of
motion and thermal-energy force vector Q. is added to the right-hand side of the equations of motion
as generalized thermal forces. Furthermore, in the case of coupled thermo-mechanical problems, the
temperature profile may not be specified since the temperature is determined from the solution of the
heat equation which is solved simultaneously with the system equations of motion.
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9.2. Thermo-elastic forces

Thermal-analysis approach used in this study is applicable to both unconstrained and constrained
thermal expansions. The difference between the two cases is BMC constraints used to determine
displacements as result of thermal-load application. Using multiplicative decomposition with
ANCEF elements, which impose no restrictions on amount of FE deformation or rotation, general
non-incremental thermal-analysis formulations can be developed to account accurately for refer-
ence-configuration geometry. General form of Green-Lagrange strain tensor, written in terms of
position-gradient vectors, allows defining elastic strains using inverse of matrix of position-gradi-
ent vectors in the reference configuration.

In case of complex geometry, position-gradient vectors in the reference configuration may not
be unit vectors. In this more general case, dimensionless thermal expansions agrA®, k = 1,2,3,
can be related directly to stretch of corresponding dimensionless non-unit position-gradient vec-
tors rx,, k = 1,2,3, as

(X% ) pr0 = dok(tx,), + (okA®)dor(Ex, ), = do(1 + 2erAO)(tx,),, k=1,2,3 (28)

where d, is the length of gradient vector rx, before thermal-load application, and r, is unit vector along
position-gradient vector rx,. Using the preceding equation, stretch of position-gradient vectors, which
accounts for combined effects of reference-configuration geometry and thermal expansion, can be deter-
mined and used to define elastic Green-Lagrange strain tensor as g, = (J7J — I)/2 = (];EE)(IETIE)];@ -
I)/2, where in this definition J = 9r/0Xe =.J, e, Jo = O1/0%, J,10 = JoxJo» and Jox = 0Xe/0X.
The fact that J,, ¢ = JexJ, = Jox demonstrates equivalence of strain tensor €, obtained in this section
and definition €, = (1/2)(J&Jo — I) obtained in the preceding section. Using this strain tensor and
stress-strain relationship defined by material constitutive model, virtual work of stress forces can be written
as oW, = —fvc 1 0g,dV = Q5T5qe, where 6 is the second Piola-Kirchhoff stress tensor, V is volume in
the reference configuration, Q; is vector of stress forces, and q, is vector of elastic coordinates that can be
FFR modal coordinates q; or ANCF absolute coordinates e. Total vector of system coordinates can be writ-

tenasq = [q’ q! ], where q, is vector of reference coordinates. Using this partitioning, virtual work of
stress forces can be written as

oW, = _J o 5£edV:QsT§qe = [0 Q;r} |:(553’:| = Qz;’éq (29)
v e

In this equation, Q) = [0 Q' ]. In case of AMS analysis, virtual change in vector of system
coordinates can be written in terms of virtual change of independent coordinates as 6q = By;dq;,
where By is velocity transformation that accounts for BMC algebraic equations. It follows that
thermo-elastic stress forces associated with the independent coordinates in case of constrained
thermal expansion can be written as Q,; = BLQ,,. This equation explains the role of the nonlin-
ear BMC algebraic equations in the definition of AMS thermo-elastic forces.

10. ANCF finite elements

ANCF displacement field of an element can be written as r(x,t) = S(x)e(t), where the shape
function matrix S can always be written in terms of ny shape functions sy, k = 1,2, ..., ng as

S = [511 ) KRR snS/I} (30)
For most ANCF elements, S(x,) can be written as S(x,) = [I 0 --- 0]. It follows that
Sra = S(x) = S(x,) = [ (51 = DI sl -+ 5, I (31)



16 A. A. SHABANA ET AL.

This equation implies that the element matrix M,; = J“VpS,TdS,ddV differs from the element mass
matrix M = ijSTSdV only in the first n,, rows and first n,, column, where n,, is the number of
translational rigid-body modes. Furthermore, since S,; = S(x) — S(x,) does not account for rigid-
body translations and describes relative motion between material points, one has S,;(x)A,, =
0, k =1,2,3, for a rigid-body mode A,, of the finite element as defined previously in this paper.
It is also to be noted that S(x)A,, = a,, k = 1,2,3, where a,, was previously defined. Therefore,
equation S,; = S(x) — S(x,) shows that S(x,)A, =a,, k = 1,2,3. Nonetheless, Eq. (31) shows
that S,s(x)e and S(x)e lead to same definition of gradients since 0S,4/0xx = 0S/0xk, k = 1,2,3.
Consequently, the constraint conditions A,Tk Meygo =0, k =1,2,3, used to ensure that thermal
expansion does not contribute to rigid-body translation and eliminate singularity of the element
matrix M,4, have no effect on the gradient vectors. This is attributed to the fact that gradient vec-
tors describe different displacement modes, mainly rotations and deformations. This important
result demonstrates that the process of eliminating rigid-body modes has no influence on thermal
stretch of gradient vectors used to define nodal displacements.

Considering the alternate approach for obtaining thermal displacements using the inverse of
the ANCF constant mass matrix, matrix S = [[,pS(x)dV and mass matrix M = ijSTSdV are
defined explicitly for the planar fully parameterized ANCF beam element in the Appendix.
Matrix I, =1—M'S"S(x,) that appears in the equation I,esq =M '([,pS"(x)J40(S(x) —
S(x,))dV)e, can then be written as

[0 00000]
010000
001000
I, = 32
" -I00100 (32)
000010

(000001 |

Given the rigid-body modes [A; A, =[1 0010 O]T in the case of one element, matrix
H,; used in transformation eso = Hy;(eqso); previously presented in this paper can be defined for
the planar shear-deformable ANCF beam element. Using this matrix, one can show that coeffi-
cient matrix H}I,Hy which appears in the equation (HLLHg)(eq); =HLM ([, pS"(x)
Jae(S(x) — S(x,))dV)e, and its inverse can be written, respectively, as

I 00 0 0
0 10 0 0

HILHy = | (1/6)1 0 21 —(1/6)1 0 (33)
0 00 I 0
0 00 0 I

and

(HLLHg) " = | —(1/12)1 0 (1/2)I (I/12)I 0 (34)
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It can also be shown for the planar ANCF shear-deformable beam element that

I [100000]

0 000000

~ 0 _ 000000
MTST= 1l MUSTS(o) = | [ 00000 (35)

0 000000

10| (000000

In case of planar shear-deformable ANCF element, one can also show that

I = J pxSAV = (ml/10)[ (3/2)I (I/3)1 0 (7/2)I —(1/2)1 0]

(36)
Iy:J pySdV = (mh*/24)[0 0 1 0 0 I
\4
Using results of this integration, it can be shown that
(HLLH,) HIM I =[10 (/21 10]" -
(H}LH,) HIM'I'=[0T1001]
These equations lead to
Hy (H4LH,) HIM ' = [—(/21 1 0 (i/2)110]" 68)
38

Hy;(HLLH,) HIM T =[0oT001]

These equations demonstrate that the two ends of the elements move in opposite directions when
rigid-body translations are eliminated. Position-gradient stretches lead only to deformation
modes, and therefore, thermal expansion does not lead to element rotations. More details on the
matrices of the planar beam are presented in the Appendix.

11. Numerical results

To demonstrate use of the proposed ANCF approach for the thermal expansion, numerical exam-
ples are considered in this section. The first example is unconstrained ANCF beam element sub-
jected to thermal load, while the second example is a slider crank mechanism with thermal load
applied to the flexible connecting rod. This slider crank mechanism example demonstrates the
application of the ANCF thermal-analysis approach to articulated mechanical systems (AMS).
The fully parameterized planar ANCF shear deformable beam elements are used in the FE dis-
cretization in the two examples. The general continuum mechanics (GCM) approach with plane-
stress assumption is used in the formulation of the elastic forces. The results are obtained using
general-purpose MBS software SIGMA/SAMS (Systematic Integration of Geometric Modeling
and Analysis for the Simulation of Articulated Mechanical Systems).

11.1. Unconstrained beam

The first example is a free-free beam described using one ANCF element subjected to different
thermal loads as shown in Fig. 3. The beam has length /=1 m, cross-section area A =
0.1 x 0.1 m?, mass density p = 7200 kg/m?, Young’s modulus E = 7 x 10® Pa, and Poisson ratio
v =0.3. The material is assumed isotropic with linear coefficient of thermal expansion o =
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0.0001 (1/°C) (Engineering ToolBox 2003). Figure 4 shows the three different temperature pro-
files used in this example as function of time. These profiles, which have maximum temperatures
Tmax = 50°C, 100° C , and 200° C are used to apply the thermal load with settling time at 0.5s
for total time duration of 1s. Figure 5 shows the temperature profile when applied over a period
of 2s. The two-second temperature profiles are used for the slider crank mechanism example dis-
cussed later in this section.

In case of an unconstrained beam, the final thermal expansion of an isotropic material along an axis is
proportional to the length along this axis and temperature change. In case of unconstrained planar ANCF
shear-deformable beam element under effect of thermal load and without rotations, the displacement of
the left and right endpoints are expected to be equal in magnitude and opposite in direction, and the stretch
can be measured by the norm of the position gradient vectors r, and r,. The expansion in the beam cross
section measured by the change of the norm of r, due to thermal load cannot be captured using conven-
tional FE beam formulations that use rotations as nodal coordinates and ignore Poisson effect (Shabana
and Zhang 2021; Eldeeb, Zhang, and Shabana 2022). Figure 6 shows that the axial deformation reaches the
expected values for each temperature. The results of Fig. 6 are verified analytically using definition of the
linear coefficient of thermal expansion and data of this example. For a 200°C temperature, the total elong-
ation Al can be calculated as Al = «IAf = 0.0001 x 1 x 200 = 0.02 m. For a uniform and free thermal
expansion, each node is expected to move by 0.01 m, which is half the total elongation, as shown in Fig. 3,
verifying the results presented in Fig. 6. Figures 7 and 8 show that the norms of the position vector

(1+aAB)]

Figure 3. Unconstrained beam subjected to thermal load.
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Figure 4. One-second temperature profile.
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Figure 6. Axial thermal deformation of the right node (—A— Tiax = 50°C, —@ — Trax = 100°C, _[ll— Tmax = 200°C).

gradients r, and r, increase to their expected values for the given temperature profile. Figure 9 shows a
comparison between calculated nodal displacement using the ANCF approach described in this investiga-
tion and the analytical solution. This comparison shows a good agreement between the two solutions. The
right node velocity is shown in Fig. 10 for different temperature profiles. It is shown that the node has an
acceleration at the beginning of the simulation and the acceleration approaches zero as the temperature
assumes constant value. Figure 11 shows the kinetic energy of the beam due the application of the thermal
load. The results in this figure show that the kinetic energy has the expected profile of initial increase fol-
lowed by decrease to the zero value. The analytical values of the nodal velocities and the mass matrix of the
beam were used to calculate the kinetic energy analytically. Figure 12 shows the comparison between the
numerical and analytical solutions of the kinetic energy at 200°C temperature.
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Figure 9. Axial thermal deformation of the right node at T, = 200°C (—A—Analytical, — @ —ANCF solution).
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Figure 10. Axial velocity of the right node (—A— Tnax = 50°C, —@ — Trnax = 100°C, _[ll— Timax = 200°C).
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Figure 11. Kinetic energy due to thermal loading (—A— Tax = 50°C, —@ — Tnax = 100°C, —_[ll= Trnax = 100°0).
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11.2. Application to multibody system

In order to examine the effect of thermal expansion on the solution of MBS problems, the slider
crank mechanism example shown in Fig. 13 is considered. The mechanism has four bodies:
ground, crankshaft, connecting rod, and slider block. The crankshaft has length of 0.152 m while
length of the connecting rod is 0.304m with cross-sectional area A = (5.5 x 107%) x (5.76 x
1073) m2. All bodies are assumed rigid except the flexible connecting rod, which is made of soft
material with modulus of elasticity E =2 x 10® Pa, Poisson ratio v = 0.3, mass density p =
7200kg/m?, and coefficient of thermal expansion o« = 80 x 107¢ (1/°C). The connecting rod is
modeled using six ANCF fully parameterized planar beam elements. The slider block is assumed
massless, and the gravity effect is ignored for all the bodies. The crankshaft and the connecting
rod are assumed initially horizontal. The crankshaft is assumed to rotate with constant angular
velocity @ = © rad/s while the connecting rod is subjected to the thermal load. In this example,
the temperature changes gradually, as shown in Fig. 5, reaching maximum values of
Tmax = 50° C, 100° C, and 200° C. Figure 14 shows the transverse deformation of the mid-point
of the connecting rod for different temperatures. Because the material properties are assumed
constant and do not depend on temperature in this example, the results show that the maximum
value of the deformation decreases as the temperature increases for this example. This decrease in
the midpoint transverse deformation may not be interpreted as stiffening due to the increase in
the dimensions. On the contrary, the increase in temperature leads to slight softening. To study
the temperature effect on the stiffness, a simply supported beam of the same material with

/O

==

Figure 13. Slider crank mechanism.

Transverse deformation (m)
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Figure 14. Mid-point transverse deformation at different thermal loads ( No thermal load, —A—, Tynax = 50°C, —@ — Tpax

=100°C, _[ll— Tomax = 200°C).
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Figure 15. Percentage increase in static midpoint transverse deformation at different uniform thermal loads (— 4\ —
Fy=—3000N, — —@— — F,, = —6000N).

dimensions 1 x 0.05 x 0.05 m> is considered. The beam is subjected to a midpoint transverse
load F; and a uniform thermal load. Figure 15 shows the percentage increase in the midpoint
static deflection for different values of the thermal loads. The results show that the stiffness
remains almost constant. Preliminary results have shown that if the material properties are varied
with temperature, the increase in temperature can have a softening effect. These results will be
reported in a future investigation. Figure 16 shows the effect of the temperature profile on the
dynamic response. The figure shows the mid-point transverse deformation in two scenarios at
which the temperature reaches maximum value of 50° C. In the first scenario, the thermal load
shown in Fig. 5 is applied, while in the second scenario the load is applied as a step input. In
case of the step thermal load, initial compressive stresses are generated at the beginning of the
simulation. These initial stresses excite higher frequencies and lead to increase in the deformation

Transverse deformation (m)

-4 L L |
0 0.5 1 1.5 2

Time (s)

Figure 16. Effect of temperature profile on the dynamic response in case of maximum temperature Tpq = 50°C (— M\ —
Gradual rise, — —@— — Step rise).
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magnitude (Shabana, Elbakly, and Zhang 2023). In this case, the compressive forces due to the
inertia are expected regardless of the method used to model the thermal expansion. However, this
loading case was chosen as an example of extreme thermal loading rate. It is important to men-
tion that the results obtained in this numerical study are based on the assumption that the ther-
mal expansion is defined along the reference-configuration position-gradient vectors and not
along current-configuration position-gradient vectors. This fundamental issue will be examined in
future investigations since preliminary results obtained demonstrate differences between the two
solutions that correspond to the two sets of position-gradients.

12. Summary and conclusions

Thermal expansion does not lead to rigid-body displacements and results in pure stretches with no dis-
tortion if no constraints are imposed on the continuum motion. If effects of heat dissipation to environ-
ment and cooling are not considered, the heat-energy converted to kinetic energy can be formulated in
terms of the temperature derivatives and used to compute thermal-energy forces. Furthermore, in case
of AMS applications, governed by Lagrange-D’Alembert principle, definition of thermal-expansion dis-
placements is necessary for formulating inertia forces due to temperature change. To capture the
dynamic effects of the thermo-elasticity problem and avoid using quasi-static approaches, new solution
framework for thermal analysis of articulated systems (TAAS) subject to boundary and motion con-
straints (BMC) is proposed in this study. The proposed solution framework can capture large tempera-
ture fluctuations, significant change in geometry due to reference configuration and deformations, and
geometric nonlinearity due to AMS large displacements and spinning motion. New sweeping matrix
technique is used to eliminate dependence of the thermal displacements on translational rigid-body
modes and eliminate singularity of coefficient matrices required in the formulation proposed in the
paper. New quadratic thermal-energy form, referred to as thermal-energy kinetic form is introduced and
used to formulate thermal-energy force vector that captures thermal transient and inertia effects.
Thermal stresses due to BMC restrictions are accounted for by integrating thermal analysis and
Lagrange-D’Alembert principle. The approach used in this study for large-displacement thermal analysis
is based on multiplicative decomposition of position-gradient matrix, instead of strain additive decompos-
ition. Four configurations are used to define continuum geometry and displacements: straight configur-
ation, reference configuration, thermal-expansion configuration, and current configuration. Numerical
results are presented to demonstrate the implementation and use of the approach introduced in the

paper.
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Appendix

In this appendix, the planar shear-deformable fully parameterized ANCF beam element is used as an example to
provide explicit forms of some matrices required for the implementation of the formulation proposed in this
paper. The planar ANCF beam element has two nodes; and each node k has six nodal coordinates, two position
coordinates and four position-gradient coordinates. The element displacement field can be written as r(x,f) =
S(x)e(t). Vector of element nodal coordinate e and shape-function matrix S can be written, respectively, as
T
e()=[erer--en] = [rlr T A S v rizr] , (A1)
S(x) = [sll 531 531 541 s51 561}

where superscript k, k = 1,2, refers to node number, r* is nodal position, r,, = dr/dx;, | = 1, 2, are position-gradi-
ent vectors, and shape functions s, j=1,2,...,6, are defined as

si=1-38+28 5 =10 - 28+&), 5 =01 - é)}
si=38 - 28, s=1(- E+8),  ss=1én

In which ¢ = x; /I and # = x, /1. The mass matrix of the element is defined

(A.2)

M = |pSTSdV
l

[ (13/35)1 (111/210)I 0 (9/70)1 —(131/420)1 0

(P/105)1 0 (131/420)1 —(P/140)1 0
(h?/36)1 0 0 (h?)72)1

(13/35)1 —(111/210)I 0

Symm. (P/105)1 0
(h?/36)1

(A.3)

The integral of the element shape function is defined as

S= JpS dv = (m/2)[1 (I/6)1 0 1 —(I/6)1 0] (A.4)
\'4
The inverse of the element mass matrix is
41 —(30/DI 0 -1 —(15/D)I 0
(300/A)1 0  (15/D1 (210/B)1 0
o (4 (12/K)1 0 0o —(6/m)1
M= ( a0 (30/D1 0 (4.5)
Symm. (300/P)1 0
(12/K3)1
Using the fact that s; — 1 = — 38 + 28 = —g,, one can show that matrix S,; can be written as
Sra = [ —sal s2I s3I 541 51 61 ] (A.6)

Using this matrix, matrix M, can be evaluated as

M,y = JpSerSrddV
[(13/35)1 —(131/420)1 0  —(13/35)1 (11/210) 0
(P/105)1 0 (13l/42001 —(P/140)1 ©
(h?/36)1 0 0 (h?)72)1
(13/35)1 —(111/210)I  ©
Symm. (P/105)1 0
(h?/36)1

(A7)
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For one-element mesh, rigid-body translational modes A,,, k = 1,2, can be defined as
T
A, =[al0"0"al 07 0"], k=12

(A.8)
10 0
[an 3] = [o 1}’ 0= M

Using translation rigid-body modes A,,, k = 1,2, and element matrix M,,, it can be shown that

SAr;‘ = A, SrdArk =0,
A9
MyA, =0, k=12 (A9)
Furthermore, using two translational rigid-body modes, it can be shown that
[An An]™ =m[1/21/12 0 1/2 ~1/12 0] (A.10)

One can also show that 9S,;/0x; = 8S/0x;, I = 1,2; that is, both S and S,; lead to the same gradient vectors. This
fact can be demonstrated by using shape function derivatives defined as

S0 = (6/1)(—5 + fz)» S1 = (1 —4¢+ 352): S31 = —1,
S4,1 = (6/1)(5 - sz), S5,1 = (—25 + 38); Se,1 =1, (A.11)
$32 = (1 - é), S62 = ¢

Using conditions AVTk Meye =0, k = 1,2, required to eliminate contribution of thermal expansion to translational
rigid-body motion, one obtains coordinate transformation matrix Hy; as

—(1/6)1 0 1 (1/6)1 0
1 00 0 0

0 10 0 0
H, = .
di 0 0I 0 0 (A12)
0 00 I 0
0 00 o0 I

This coordinate transformation shows that displacements of two element nodes as result of uniform thermal
expansion are equal in magnitude and opposite in direction. It is also clear that

Sra Hyi = [ 521 531 2541 s51 s61 | (A.13)

This equation shows that matrix My = HLM,de,- is defined for this element as

(P/105)1 0 (131/210)1 (—P/140) 0

(h/6)’T 0 0 (K2 /72)1
My = Hi M Hy = m (52/35)1 (—111/105)I 0 (A.14)
Symm. (12/105)1 0

(h/6)’1
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