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Current- and Field-Induced Topology in Twisted Nodal Superconductors

Pavel A. Volkov ,1’2’3’* Justin H. Wilson ,4’1 Kevin P. Lucht ,1 and J. H. Pixley 1.3.6
'Department of Physics and Astronomy, Center for Materials Theory, Rutgers University, Piscataway, New Jersey 08854, USA

2Depam‘ment of Physics, Harvard University, Cambridge, Massachusetts 02138, USA
3Depa}’tment of Physics, University of Connecticut, Storrs, Connecticut 06269, USA

4Departmem‘ of Physics and Astronomy, and Center for Computation and Technology, Louisiana State University,

Baton Rouge, Louisiana 70803, USA
SCenter for Computational Quantum Physics, Flatiron Institute, 162 5th Avenue, New York, New York 10010, USA
6Physics Department, Princeton University, Princeton, New Jersey 08544, USA

® (Received 5 April 2021; revised 6 December 2022; accepted 13 March 2023; published 4 May 2023)

We show that interlayer current induces topological superconductivity in twisted bilayers of nodal
superconductors. A bulk gap opens and achieves its maximum near a “magic” twist angle ;5. Chiral edge
modes lead to a quantized thermal Hall effect at low temperatures. Furthermore, we show that an in-plane
magnetic field creates a periodic lattice of topological domains with edge modes forming low-energy
bands. We predict their signatures in scanning tunneling microscopy. Estimates for candidate materials
indicate that twist angles € ~ 0y, are optimal for observing the predicted effects.
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Controlling the Bogoliubov—de Gennes (BdG) excita-
tions in superconductors is crucial for realizing many
coveted quantum phases of matter. For example, topologi-
cally nontrivial BdG bands [1] hold the promise of hosting
exotic Majorana fermion excitations [2] that can be used to
perform topological quantum computation [3]. However,
despite many considered materials [4—7] and nanostructure
setups [8], the controlled realization of topological phases
of the BdG quasiparticles remains an open problem.
Fundamentally, low-energy BdG quasiparticles are charge
neutral combinations of particles and holes [9,10], making
the electric-field based control used in various semicon-
ductor applications ineffective.

Recently, a new paradigm in the engineering of corre-
lated and topological phases has emerged, known as
“twistronics” [11-13] or moiré materials [14], that uses
stacking of two-dimensional materials with an interlayer
rotation (i.e., twist as in Fig. 1) to achieve novel properties.
In particular, recent studies [15,16] have shown that twisted
bilayers of nodal superconductors can spontaneously break
time-reversal symmetry at certain twist angles (45° for
d-wave superconductors) [17-19], potentially leading to
topological states. The cuprates [15] are such a candidate
available in monolayer form [20,21]. Recent experiments
on interfaces between twisted finite-thickness flakes [22—
24] are also consistent with d-wave pairing. However, the
topological properties would be suppressed for twist angles
near 45° by the symmetry of the orbitals [25] (although
incoherent tunneling has been suggested to reduce this
effect [26]).

In this Letter, we demonstrate that twisted bilayers of
two-dimensional nodal superconductors (TBSCs) (Fig. 1)
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realize topological phases on application of current or
magnetic field at any nonzero twist angle. An interlayer
Josephson current opens a topological gap that is maximal
at a value of the twist angle much smaller than the one
required for spontaneous time-reversal breaking [15,17-19]
and is gradually suppressed for large twist angles [Fig. 2(a)].
We also show that an in-plane magnetic field creates a
network of topological domains with alternating Chern
numbers and chiral edge modes between them [Fig. 3(a)].
We demonstrate the fingerprints of these tunable topological
phases in thermal Hall effect [Fig. 2(b)] and local density of
states (Fig. 4).

Low-energy model of a twisted nodal superconductor
bilayer.—We first construct a momentum space low-energy
model of a TBSC [illustrated in Fig. 1(a)]. The relative
rotation of the layers is reflected in the single-particle
dispersion &(K)73 — £(K¥/2)zy and pairing A(K)A —
A(KF92)A terms (where K? denotes K rotated by 0,

FIG. 1. (a) Momentum-space schematic of a twisted nodal
superconductor exemplified by a d-wave superconductor with a
sign-changing gap (from blue to red). Near the nodes (K and
Ky) he BdG quasiparticles of the two layers have a Dirac
dispersion shifted by a vector Qy(= 6Ky) with respect to one
another. (b) Interlayer current leads to opening of a bulk Z
topological gap with gapless chiral edge modes (Fig. 2).
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and 7; are Pauli matrices in Gor’kov-Nambu space). Here,
we will focus on the singlet case A= 7y [43]. At low twist
angles the twist can be approximated in the vicinity of
the nodes by a momentum shift K~k’ + [z x Ky|0=
k’ + Q. Assuming that the gap nodes are not in proximity
to the Brillouin zone boundary and that the tunneling decays
fast outside the first Brillouin zone [43], the interlayer
tunneling amplitude can be taken as a constant () between
overlapping momenta in Fig. 1(a). This implies that the
quasiparticles near Ky in one layer can tunnel to a vicinity of
only a single corresponding node Ky in the other layer
[Fig. 1(b)]. Such pairs of nodes stemming from the two
layers form approximately independent “valleys.”

At the same time, the setup in Fig. 1(a) constitutes a
Josephson junction for weak tunneling. Application
of a current lower than a critical one (I,.) between the
layers [Fig. 1(b)] therefore creates a phase difference
between the order parameters of two layers A; — A, e'/?,
A, = A,e” /2 The current-phase relation [44] at low twist
angles takes the form /(@) = I. sin(¢) [43]. We proceed by
neglecting rotation of k, which is appropriate for a circular
Fermi surface [43] and does not affect qualitative results (see
below). The low-energy Hamiltonian of TBSC takes the
form H(k, ) = H,(k.¢) + Hy (k. ),

H\(k, @) = vpkjt3 + vak L cos(@/2)7,
— atcos(@/2)t 03 + 1130,

H;(k,p) = —vpk, sin(@/2)1y053 + atsin(¢/2)7,, (1)

where wvp, v, are the Fermi and gap velocities
[A(K) = vk, ], kj(ky) are momenta along vy (va), o;
are Pauli matrices in layer space and a = (v,0Ky/2t).
Without current (¢ = 0) H,(k, ¢) vanishes, while H, (k, ¢)
has a gapless spectrum [43]. For ¢ # 0 a finite spectral gap
opens

2/tasing/2|, |a| < cos@/2
A Q)= tsin 2
/(@) 7&0??12%’ la| > cos /2, (2)

for any @ #0 (i.e., 8 #0). The gap vanishes for zero
interlayer current /(¢), i.e., for ¢ = 0, z. In Fig. 2(a), we
present the maximal value of the current-induced gap
Aj(@ = @pax) (for @ between 0 and z/2 corresponding
to the stable supercurrent branch) as a function of the twist
angle. The maximal gap value is equal to ¢ and is reached at
0 = Oya/ V2, where Oya = (2t/v,Ky). To assess the
influence of noncircular Fermi surface geometry on the
gap we also calculate the spectral gap for a tight-binding
Fermi surface appropriate for Bi,Sr,CaCu,0g,, [27,28]
[Fig. 2(a), red dots]. The circular Fermi surface approxi-
mation (dashed line) is in excellent quantitative agreement at
0 << Oyia- At larger 0, the result can be well-captured by
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FIG. 2. (a) Maximal value of the current-induced gap as a
function of twist angle. Dashed line is for the circular Fermi
surface [Eq. (2)]; red dots, for a tight-binding model of
Bi,Sr,CaCu, 04, [27,28]; green line, low-0 expansion for a
noncircular Fermi surface [28]. (b) Temperature dependence of
the electronic thermal Hall conductivity for different twist angles
and ¢ = n/2. For @ = 0, ky(T) vanishes identically.

expanding k%2 to the lowest order in 6 (solid line) [28].
One observes that the gap does not close as a function of
twist angle and has an appreciable value for a range of twist
angles. For Bi,Sr,CaCu,0g,,, the ab initio estimates
suggest t &~ 1 meV [27,28,43], leading to a peak gap value
of around 0.8 meV. This value is several times larger than
those reported by several other topological superconductiv-
ity platforms [45,46].

However, for 8 > 6y, the gap is strongly suppressed.
For example, in Bi,Sr,CaCu,0g,, Oya ~2.8° [28,43],
which suggests that already at € ~ 15° the gap would be
below 0.025 meV. In our calculation, we also included the
o cos(26) dependence of the interlayer tunneling [28] due
to the d-wave symmetry of Cu orbitals [25]. In the clean
case, it vanishes for @ close to 45°, where a spontaneous
generation of the phase difference was predicted [15,47].
This suggests that the value of the topological gap at low
twist angles will be more than an order of magnitude larger
than in the vicinity of 45°. The suppression of the gap with
0 has been demonstrated also in the presence of strong
electronic correlation effects [25], where larger 6 > 7.8° ~
2.560\a were studied.

On a qualitative level, the opening of a spectral gap at the
nodes in TBSC can be understood to result from a
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simultaneous breaking of two symmetries: the mirror
symmetry of the bilayer (by the twist) and time-reversal
symmetry (by the current). Taking the example of a d,>_»
superconductor (relevant for a number of unconventional
superconductors [48]), the breaking of these symmetries
allows a mixing of the d,>_» and the d,, order parameters
with a relative phase between them, i.e., dxz_yz -
do_p + /P d,y. This argument can be similarly general-
ized to other unconventional superconducting states, i.e.,
for a triplet p, superconductor—under a twist and an
applied interlayer current a p, + ip, topological super-
conductor emerges [16,43]. The resulting states in all cases
are expected to be topological [43,49,50].

To study the topological properties of our system, we
rely on the simpler model of Eq. (1) appropriate for 6 < 1.
Let us consider the spectrum near the Dirac points of
H,(k,¢) at a < 1, where H,(k, ) can be considered as a
perturbation. As the gap does not close with increasing a,
the topological characteristics apply to all @ # 0. Around

kﬂﬁ = +/1 —a*cos*(¢/2)t/vp, k, =0, projecting the
Hamiltonian Eq. (1) to the zero-energy eigenstates of
H(k, ) one obtains two identical Dirac Hamiltonians:

Hep = Tp(e )k||53+af51n< >52+UA< Yk & (3)

where = /1 - (acos[p/2])%;

/1= (acos (p/2]) cos[p/2]. The Chern number of a
single valley with two gapped Dirac points is then equal
to £1 [51]; the expression valid for arbitrary ¢ is

C = sgn[v,0sin(gp)]. (4)

Moreover, one can demonstrate that the Chern numbers
of different valleys are the same. Consider two adjacent
nodes on a single layer’s Fermi surface [Fig. 1(a)]. While
the Fermi velocity changes smoothly between the two and
does not vanish anywhere in between (i.e., vx does not
change sign), v, has to pass through a zero, leading to
vpa — —vp and a —» —a (after a coordinate rotation) in
Eq. (1). Consequently, at the Dirac points in Eq. (3), the last
two terms change sign. This results in the Chern number of
two adjacent valleys being the same. The total Chern
number is then given by C,, = N,C, where N, is the
number of valleys—equal to the number of nodes in a
single layer.

We have proven that the interlayer current transforms
nodal TBSCs into a topological state characterized by a Z
topological invariant belonging to the C and D Altland-
Zirnbauer symmetry classes [1] for singlet and triplet SCs,
respectively. The topological nature of these states pro-
duces gapless neutral chiral (Majorana for the equal-
spin triplet pairing case) modes at the edges of the system
[Fig. 1(b)], expected to result in a quantized electronic
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FIG. 3. (a) In-plane magnetic field generates a periodic (along x)
Josephson vortex lattice leading to a pattern of gapped domains
with edge modes forming bands. (b),(c) Quasiparticle energies
along x (b) and y (c) direction in the presence of an in-plane field
parallel to k| for/ = 41;. A narrow band (red) is formed within the
spectral gap (b). Inset shows the bandwidth W (blue), gap Ay
(brown), Zeeman energy (black dashed line), and a rough estimate
for the gap based on size quantization (orange line) as a function of
vortex lattice period /. Dispersion along k, (c) for [ = 64, shows
the low-energy bands crossing zero with a well-defined chirality.
Contributions to the LDOS from the marked momenta are shown
in Fig. 4(b). In (b),(c), @« = 0.5, (vp/td;) = 0.5.

thermal (and spin, for the singlet case) Hall conductance
ky = nT(n/6)k3/h at low temperatures [49,52], where n
is integer. We note that the presence of phonons can modify
this prediction, leading to deviations of the quantized value
of xy/T below a sample-size dependent temperature
[53,54].

We have calculated the electronic (T [28] for Eq. (1)
using the expressions in Refs. [55-57]. In Fig. 2(b), we
present ky(7) normalized to —CT (x/6)k%/h [28]. For all
nonzero twist angles, the quantization occurs, albeit at
temperatures considerably lower than the gap. The temper-
ature at which xy(7T) becomes appreciable does not
strongly depend on 6, and is around 0.3z, i.e., 3 K using
values appropriate for Bi,Sr,CaCu,Og, 5.

Topological domains induced by an in-plane field —We
now consider the quasiparticles in TBSC in presence of an
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in-plane magnetic field instead of a current. Extending the
analogy with Josephson junction, one expects the emer-
gence of a periodic modulation of the phase difference and
current between layers [58,59]—a lattice of Josephson
vortices [Fig. 3(a)]. The alternating current pattern along x
[Fig. 4(a)] suggests that quasiparticles should be gapped
apart from lines (along y) where the current vanishes and
current-induced gap A; changes sign. These lines form
domain walls between domains with Chern number equal
to £Ci-

To study the dispersion of the quasiparticles in the pre-
sence of magnetic field, we obtain the BAG Hamiltonian in
real space from Eq. (1) by ¢ — ¢(r), f(r)k; — 3 {(—io; —
e/cA;(r)), f(r)} [60], where {-,-} denotes the anticommu-
tator. The form of ¢(x) is determined by the solution of
Josephson equations [0?¢(x)/0x?] = (1/43)sing(x) [61]
(where 13 = [c|®ol|s'/87°|j.|(242,)], Au» being the pen-
etration depth, @, = (zhc/e), j. the critical current den-
sity, and s’ the thickness of a single layer) [28]. The solution
is a periodic function with period I = ®,/(|H|s), where s is
the distance between layers and H is the applied field [28].
In addition, for a singlet superconductor, the magnetic field
will lead to a Zeeman splitting of +guzH /2 for all states
[43]. We note that trapped vortices can exist in zero external
field [62,63]. This allows one to avoid the Zeeman effect, as
the field generated by vortices is negligible for atomically
thin bilayers [28].

We will now focus on the case k| ||x, k ||y, with results
for different field orientations being qualitatively similar
[28]. k, remains a good quantum number, while k, is folded
into a Brillouin zone k, € (0,2z/1). In Fig. 3(b) an
example of the quasiparticle dispersion along x (note that
the bands are additionally folded twofold due to the
numerical solution procedure [28]). One observes a narrow
band inside a gap Ay (there is another one at a negative
energy). Inset demonstrates that both the width of the
narrow band W and the gap Ay scale as a function of lattice
period [ inversely proportional to the magnetic field. At low
fields (large /), Josephson vortices are well separated and
the quasiparticle energies can be estimated from size qua-
ntization of Eq. (3) with ¢ =0, i.e., Ay ~ [270£(0)/1].
This estimate [see orange line in Fig. 3(b), inset] qualita-
tively captures the behavior of Ay(!) for a range of 1/4;.
Interestingly, the Zeeman splitting (black dashed line)
(gusH /1) ~ {[2u5|Bo|/(s2,)]/1(1/2,)} is much smaller
than Ay (/) for these parameters [28] and therefore cannot
close the gap separating the in-gap band from the rest. The
dispersion of the in-gap bands along y direction is shown in
red in Fig. 3(c). They cross zero energy and merge with
other bands afterwards, reminiscent of the edge states in a
topological state.

Indeed, this analogy can be confirmed by analyzing the
local density of states (LDOS) at zero energy [Fig. 4(b)]; a
quantity that can be measured in scanning tunnel

(x)
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FIG. 4. (a) Interlayer current in the presence of an in-plane field
[Fig. 1(d)] over one period [ = 64, of the Josephson vortex lattice
with period. (b) LDOS at zero energy at the top layer. Green and
purple lines show contributions of low-energy modes with
different chirality [see Fig. 3(b)]. (c) Symmetrized energy
dependence of LDOS at the peak position: for finite & LDOS
is constant below within the intra-domain gap.

microscopy experiments. We plot the LDOS of one layer
of TBSC as in an experiment; only LDOS of the layer
closest to the tip will be probed. The position of two peaks
in LDOS corresponds exactly to points [Fig. 4(a)], where
the current between the layers vanishes. Furthermore, the
contributions of states that have opposite chirality [marked
by green and purple lines in Fig. 3(b)] are localized at
different positions. This confirms the expectation from
Fig. 3(a), that the adjacent domain walls host modes
moving with opposite velocity along y.

Additional insight can be obtained by analyzing the
Hamiltonian in the vicinity of the points where interlayer
current vanishes [Fig. 4(a)]. Taking only the two states
closest to zero energy, in analogy to Eq. (3) the Hamiltonian
can be brought to the form of a Dirac equation in a linear
confining potential [28]:

aqo[ﬂ]xt
2 52’

H(x ~ xoxz]) = [a]op(=i00)¢5 + [=Jvaky &y +
(5)
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where g, = ¢'(x¢) and the effect of the vector potential
has been absorbed into a momentum shift. This
Hamiltonian has a localized (in x) solution with a linear
dispersion along y Egjz(x,) = [~]vaky, in agreement with
Fig. 3(c). The spatial extent of the corresponding eigen-

functions o x(x. k), i \/Woje (x = o) Pl s

independent of k, and equal to

vp/(atqy) around xg

and /avg/(tq,) around x,. Noting that ¢, > gpanda < 1
v, should be localized much stronger, as is indeed the case
in Fig. 4(b).

We now compare the results with the case € = 0, where
the topological gap vanishes (Eq. (2)). The spatially
resolved zero-energy LDOS has only a single peak
[Fig. 4(b)]. More importantly, the LDOS exhibits strikingly
different energy dependence [Fig. 4(c)]. In Fig. 4(c), the
symmetrized energy dependence of the LDOS at the left
peak is shown: for energies within the gap Ay, the LDOS is
constant for 6/6y, = 0.5, but not for = 0, where the
spectrum is gapless. This behavior is generic and can be
also observed at other positions [28].

Effects of disorder.—Gapped topological states are
expected to be robust to weak perturbations [1,52]. To
illustrate this general principle we have analyzed Eq. (3) in
the presence of a random potential (Viy(r)Vim,(r')) =
nu3, n being impurity concentration and u;—scattering
strength, in the Born approximation [28]. For ¢ =0, at
arbitrarily weak disorder strength, density of states
becomes nonzero at zero energy [28,64]. In contrast to
that, for a finite ¢, DOS remains zero for weak scattering
nud < 4xvpva/log[Ag/atsin(p/2)], showing that the
topology of the state is robust to weak disorder. In a
magnetic field, scattering between edge modes with differ-
ent v, could be important. However, their separation in real
space [Fig. 4(b)] reduces the scattering rate that is propor-
tional to [y (Ximp Wz (Ximp) |, Where x;y, is the position of
the impurity. For parameters used in Fig. 4, one obtains
averaging over Xip, a factor of 3 reduction compared to
scattering between plane waves [28].

Conclusion.—To conclude, we have shown that twisted
bilayers of nodal superconductors can realize topological
superconductivity of the neutral BdG quasiparticles “on
demand” with present-day experimental techniques and
systems. Applying an interlayer current bias opens a
topological gap in the system that manifests itself in
quantized thermal Hall response [Fig. 2(b)]. The gap value
is maximized [Fig. 2(a)] near the “magic” value of the twist
angle. Similarly, the orbital effect of an in-plane magnetic
field creates a network of chiral domains separated by
Josephson vortex cores hosting chiral one-dimensional
modes [Fig. 3(a)]. With several candidate materials pro-
posed to observe these effects [43], twisted bilayers of
nodal superconductors offer a realistic, tunable platform for
topological superconductivity.
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