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0-v;7�l;|_o7v�7o�mo|� u;-7bѴ�� -11ollo7-|;�lbvvbm]�7-|-ķ� -� 1ol-
lom� v1o�u];� bm�l-m�� u;Ѵ;�-m|�7-|-v;|vĺ��
�� Ő$oѴho==� ;|� -Ѵĺķ�2018ő�
-7-r|v�|_;��-�;vb-m�Ѵ-|;m|�=-1|ou�lo7;Ѵ�o=��]�bѴ-u�-m7�);v|�Ő2000ő�
|o� |_;�r_�Ѵo];m;|b1�1om|;�|ĺ��bh;�r���ķ��
�� bv�-� Ѵbm;-u�7bl;mvbom�
u;7�1|bom�-rruo-1_�|_-|�-vv�l;v�|_;�PŊ�7bl;mvbom-Ѵ�7-|-�-ubv;�=uol�

1olr�|-|bom�Ő0��-v�l�1_�-v�ƔƏƏŊ�=oѴ7ő�-m7�Ő1ő�7;1u;-v;v�u;t�bu;7�|�mbm]ĺ�$_;v;�
;==ou|v�1o-Ѵ;v1;�|o�1u;-|;�-m�-11;vvb0Ѵ;��-�;vb-m�-rruo-1_�|o�_b]_Ŋ�7bl;mvbom-Ѵ�
r_�Ѵo];m;|b1�1olr-u-|b�;�l;|_o7v�om�Ѵ-u];�|u;;vĺ

� � + )� !	 "
�-�;vb-m�bm=;u;m1;ķ����"$ķ�Ѵ-|;m|�=-1|ou�lo7;Ѵķ��;o7;vb1��-lbѴ|omb-m��om|;��-uѴoķ�
r_�Ѵo];m;|b1�1olr-u-|b�;�l;|_o7vķ�"|b;=;Ѵ�l-mb=oѴ7
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K�Ѵ-|;m|�=-1|ouv�|_-|�;�oѴ�;�bm7;r;m7;m|Ѵ��-Ѵom]�-�r_�Ѵo];m;|b1�|u;;ĺ�
&mѴbh;�r���ķ��
��u;-7bѴ��-11ollo7-|;v�lbvvbm]�7-|-��b|_o�|�7-|-�
blr�|-|bom�ou�-�]l;m|-|bomĺ��77b|bom-ѴѴ�ķ��
�� =b|v� v;-lѴ;vvѴ�� bm|o�
�-�;vb-m� r_�Ѵo];m;|b1� bm=;u;m1;� -m7� ;v|bl-|;v� |_;� �m1;u|-bm|�� o=�
|_;�bm=Ѵ�;m1;�o=�-�r-u|b1�Ѵ-u�=-1|ou�om�-�r-u|b1�Ѵ-u�|u-b|ĺ��o�;�;uķ�|_;�
bm=;u;m1;�u;]bl;�ruorov;7�0��$oѴho==�;|�-Ѵĺ�Ő2018ő�v1-Ѵ;v�t�-7u-|b-
1-ѴѴ���b|_�|_;�m�l0;u�o=�|-�-�-m7�bv�bm|u-1|-0Ѵ;�=ou�Ѵ-u];�|u;;vĺ


bm-ѴѴ�ķ��Ѵ-�;Ѵ�;|�-Ѵĺ�Ő2019ő�ruorov;�-�r;m-Ѵb�;7�Ѵbh;Ѵb_oo7�=u-l;-
�ouh� =ou� v|�7�bm]� _b]_Ŋ�7bl;mvbom-Ѵ� r_;mo|�r;vĺ� )_bѴ;� |_bv� ruo-
1;7�u;� bm�oѴ�;v� -m� or;u-|bom� |_-|� v1-Ѵ;v� t�-7u-|b1-ѴѴ�� bm� m�l0;u�
o=� |-�-ķ� |_;� u-|;Ŋ�Ѵblb|bm]� 1-Ѵ1�Ѵ-|bomv� v1-Ѵ;� Ѵbm;-uѴ�� bm� |_;� m�l0;u�
o=� |-�-� 0�|� 1�0b1-ѴѴ�� bm� |_;� m�l0;u� o=� |u-b|vĺ� �;�;u|_;Ѵ;vvķ� �Ѵ-�;Ѵ�
;|�-Ѵĺ�Ő2019ő�7;lomv|u-|;�v�11;vv�_-m7Ѵbm]�7-|-v;|v��b|_�lou;�|_-m�-�
|_o�v-m7�|u-b|vĺ�)_bѴ;��
��u;7�1;v�|_;�vb�;�o=�|_;�r-u-l;|;u�vr-1;�
0��-vv�lbm]�|_;�0;|�;;mŊ�|u-b|�1o�-ub-m1;�bv�Ѵo��u-mhķ�|_;�r;m-Ѵb�;7�
Ѵbh;Ѵb_oo7�-rruo-1_�o=��Ѵ-�;Ѵ�;|�-Ѵĺ�Ő2019ő�-1_b;�;v�-�vblbѴ-u�]o-Ѵ�0��
-vv�lbm]�-�ruboub�|_-|�u;Ѵ-|b�;Ѵ��=;��o=�|_;�0;|�;;mŊ�|u-b|�1o�-ub-m1;v�
-u;�momŊ��;uoĺ�$_;�vr;1b=b1�blrѴ;l;m|-|bomv�-Ѵvo�7b==;u�bm�|_-|��Ѵ-�;Ѵ�
;|�-Ѵĺ�Ő2019ő�u;Ѵ��om�l-�bl�l�Ѵbh;Ѵb_oo7�bm=;u;m1;��_bѴ;�o�u��ouh�_;u;�
-m7�$oѴho==�;|�-Ѵĺ�Ő2018ő�-rruo-1_��
��=uol�-��-�;vb-m�r;uvr;1|b�;ĺ

ƐĺƒՊ |Պ��m;��-rruo-1_�|o��
�

);�ruorov;�|�o�m;���
��bm=;u;m1;�u;]bl;v�|_-|�;-1_�v1-Ѵ;� Ѵbm;-uѴ��
�b|_�0o|_�|_;�m�l0;u�o=�|u-b|v�P�-m7�|_;�m�l0;u�o=�|-�-�Nĺ�)_bѴ;�$oѴho==�
;|� -Ѵĺ� Ő2018ő� u;Ѵ��om�7-|-� -�]l;m|-|bomķ�o�u�m;��l;|_o7v� u;Ѵ��om�-�
mo�;Ѵ� Ѵbh;Ѵb_oo7Ŋ�1-Ѵ1�Ѵ-|bom� -Ѵ]oub|_l� |_-|� -m-Ѵ�|b1-ѴѴ�� bm|;]u-|;v�o�|�
|_;�Ѵ-|;m|�=-1|ouvĺ�);�-Ѵvo�-77u;vv�|�o�o|_;u�v_ou|1olbm]v�o=��
��-m7�
Ѵ-|;m|�=-1|ou�lo7;Ѵv�];m;u-ѴѴ�ĺ�
buv|ķ�$oѴho==�;|�-Ѵĺ�Ő2018ő�1omv|u-bm�|_;�
=-1|ou�Ѵo-7bm]v�l-|ub��|o�0;��rr;u�|ub-m]�Ѵ-uķ��_b1_�bm7�1;v�-m�blrѴb1b|�
ou7;ubm]�|o�|_;�r_;mo|�r;vĺ�"r;1b=b1-ѴѴ�ķ�|_;�=buv|�|u-b|�bv�bm=Ѵ�;m1;7�omѴ��
0��|_;�=buv|�=-1|ouķ�|_;�v;1om7�|u-b|�bv�bm=Ѵ�;m1;7�omѴ��0��|_;�=buv|�|�o�
=-1|ouvķ�;|1ĺ��m|bѴ�|_;�Kth�|u-b|�-m7�0;�om7��_b1_�-u;�bm=Ѵ�;m1;7�0��-ѴѴ�
K� =-1|ouv� Őv;;�$-0Ѵ; 1� =ou�-m�;�-lrѴ;őĺ��v� f�v|b=�bm]�-�vr;1b=b1�ou7;u-
bm]�o=�|_;�r_;mo|�r;v�-�ruboub�1-m�0;�7b==b1�Ѵ|ķ��;�;�|;m7�-m�-Ѵ|;um--
|b�;�1omv|u-bm|�ruorov;7�0���oѴ0uooh�;|�-Ѵĺ�Ő2016ő�|_-|�;Ѵblbm-|;v�v�1_�
ou7;ubm]ĺ�";1om7ķ�-�1ollom�1_-ѴѴ;m];� bm�;�rѴou-|ou�� =-1|ou�-m-Ѵ�vbv�
];m;u-ѴѴ��bv�7;|;ulbmbm]�-m�-rruorub-|;�m�l0;u�o=�=-1|ouvĺ��v�v�1_ķ��;�
blrѴ;l;m|�-�1uovvŊ��-Ѵb7-|bom�lo7;Ѵ�v;Ѵ;1|bom�ruo1;7�u;�|_-|�b7;m|b=b;v�
|_;�m�l0;u�o=�=-1|ouv�|_-|�1om=;uv�|_;�0;v|�ru;7b1|b�;�r;u=oul-m1;ĺ

$o� =-1bѴb|-|;� �v;� -lom]� u;v;-u1_;uv� v;;hbm]� |o� ;lrѴo�� |_;v;�
l;|_o7vķ��;�7;�;Ѵor�-m�-m-Ѵ�vbv�rѴ-m��b|_�ru-1|b1-Ѵ�]�b7-m1;�om�|_;�
lov|�vb]mb=b1-m|�lo7;ѴѴbm]�-m7� bm=;u;m1;�7;1bvbomvĺ�);�1o7b=�� |_bv�

rѴ-m� bm�|_;���Ѵb-�r-1h-];��_�Ѵo];m;|b1
-1|ou�m-Ѵ�vbvĺfѴķ��_b1_��v;v�
u;Ѵ-|b�;Ѵ��vblrѴ;�bmv|u�1|bomv�|o�-�|ol-|b1-ѴѴ��r;u=oul�lo7;Ѵ�v;Ѵ;1-
|bom�-m7� u�m�lou;� 1olrѴ;��-m-Ѵ�v;v� bm� |_;��-�;vb-m�r_�Ѵo];m;|b1�
bm=;u;m1;�vo=|�-u;����"$�Ő"�1_-u7�;|�-Ѵĺķ�2018őĺ


ou� 1Ѵ-ub|�ķ� �;� ;lr_-vb�;� �_b1_� l;|_o7v� 0;Ѵo�� -u;� 1ol-
rѴ;|;Ѵ��m;��v|-|bv|b1-Ѵ�bmmo�-|bomv�-m7��_b1_�-u;�mo�;Ѵ�-rrѴb1-|bomv�
o=� ru;�bo�vѴ�� 7;�;Ѵor;7� v|-|bv|b1-Ѵ� ru-1|b1;vĺ� $_;� 1-Ѵ1�Ѵ-|bomv� bm�
";1|bomv�3.1.2 and 3.2.1|_-|�-ѴѴo��bm=;u;m1;�o=�|_;�Ѵo-7bm]v��b|_o�|�
1om7b|bombm]�om�|_;�Ѵ-|;m|�=-1|ouv�-u;�mo�;Ѵķ�-m7��;�-u;��m-�-u;�o=�
-m��vblbѴ-u��ouh�bm�|_;�v|-|bv|b1v�Ѵb|;u-|�u;ĺ�$_;�=-v|�Ѵbh;Ѵb_oo7�1-Ѵ1�Ѵ--
|bomv�bm�";1|bom�2.1.1�-u;�0-v;7�om�;-uѴb;u��ouh�0���-vvѴ;u�;|�-Ѵĺ�Ő2020ő�
0�|�u;t�bu;�momŊ�|ub�b-Ѵ�-7f�v|l;m|�=ou�-rrѴb1-|bom�|o�|_bv�1om|;�|�Őv;;�
";1|bom�"Ɛőĺ�
bm-ѴѴ�ķ�|_;�lo7;ѴѴbm]�7;1bvbomv�7;v1ub0;7�bm�";1|bom�2.2 
-m7� bm=;u;m1;� |;1_mbt�;v�7;v1ub0;7� bm�";1|bomv�ƒĺƐĺƐķƒĺƐĺƒ and 3.2 
-u;�ru;�bo�vѴ��7;�;Ѵor;7�v|-|bv|b1-Ѵ�ruo1;7�u;v�|_-|�=bm7�mo�;Ѵ�-rrѴb-
1-|bom�|o�r_�Ѵo];m;|b1�1olr-u-|b�;�l;|_o7v�_;u;ĺ

ƐĺƓՊ |Պ �ub;=�o�;u�b;�

�
�� -ѴѴo�v� u;v;-u1_;uv� |o� b7;m|b=�� _b]_Ŋ�7bl;mvbom-Ѵ� r-||;umv� o=� |u-b|�
�-ub-|bom��vbm]�-�lo7;Ѵ� |_-|� u;7�1;v�|_;�1olr�|-|bom-Ѵ�-m7� bm|;uru;-
|b�;�0�u7;m�o=�_b]_Ŋ�7bl;mvbom-Ѵ�-m-Ѵ�v;vĺ�);�0;]bm�0��vr;1b=�bm]�|_;�
|;1_mb1-Ѵ�7;|-bѴv�o=�|_;��
��lo7;Ѵ�bm�";1|bom�2ĺ��m|�b|b�;Ѵ�ķ��
��-vv�l;v�
|_-|�|_;�;�oѴ�|bom�o=�_b]_Ŋ�7bl;mvbom-Ѵ�|u-b|�7-|-�1-m�0;�-rruo�bl-|;7�
0��|_;�;�oѴ�|bom�o=�vol;�vl-ѴѴ�m�l0;u�o=�Ѵ-|;m|�Ő�mo0v;u�;7ő�=-1|ouvķ�
�b|_�;-1_�o=�|_;v;�Ѵ-|;m|�=-1|ouv�bm=Ѵ�;m1bm]�|_;�o0v;u�;7�|u-b|v�bm�vol;�
;v|bl-0Ѵ;��-�ĺ��m�";1|bom�3ķ��;�ru;v;m|�|_;�|;1_mb1-Ѵ�7;|-bѴv�o=�v;�;u-Ѵ�
-rruo-1_;v�|o�v|-|bv|b1-Ѵ� bm=;u;m1;��m7;u�|_bv�lo7;Ѵķ�-m7�bm�";1|bom�4 
�;�1olr-u;�|_;�1olr�|-|bom-Ѵ�;==b1b;m1��o=�|_;v;��-ubo�v�-rruo-1_;vĺ�
�v��;�u;1o]mb�;�|_-|�u;v;-u1_;uv�v;;hbm]�|o��v;�|_;v;�l;|_o7v�=-1;�-m�
-uu-��o=�|;1_mb1-Ѵ�lo7;ѴѴbm]�-m7�bm=;u;m1;�7;1bvbomvķ��;�7;�o|;�";1|bom�5 
|o�ru-1|b1-Ѵ�]�b7-m1;�om�_o��|o�l-h;�|_;v;�7;1bvbomvĺ�
bm-ѴѴ�ķ�bm�";1|bom�
6ķ��;�7;lomv|u-|;�|_;��|bѴb|��o=��
��om�=o�u�u;-ѴŊ��ouѴ7�;�-lrѴ;vĺ

ƑՊ |Պ ��+������$�����$��$�
��$�!�
��	��

);�-rruo-1_�bm=;u;m1;�=uol�-��-�;vb-m�r;uvr;1|b�;�-m7�ruorov;�|�o�
v|-|bv|b1-Ѵ�lo7;Ѵv��_b1_�v_-u;�-�Ѵbh;Ѵb_oo7�0�|�_-�;�7bv|bm1|�rubouvĺ��v��;�
7bv1�vv�0;Ѵo�ķ�;-1_�lo7;Ѵ�_-v�-7�-m|-];v��m7;u�7b==;u;m|�1bu1�lv|-m1;vķ�
-m7�-ѴѴo�bm]�u;v;-u1_;uv�|o�1_oov;�-�lo7;Ѵ�Ő�b|_�o�u�]�b7-m1;ő�o==;uv�
l-�bl�l�=Ѵ;�b0bѴb|���_bѴ;�h;;rbm]�lo7;ѴѴbm]�7;1bvbomv�|o�-�lbmbl�lĺ

Trait order 1: A, B, C Trait order 2: B, A, C


buv|�=-1|ou �-r|�u;v�u;Ѵ-|bomv_brv�o=�|u-b|���
�b|_�|u-b|v���-m7��

�-r|�u;v�u;Ѵ-|bomv_brv�o=�
|u-b|����b|_�|u-b|v���
-m7��

";1om7�=-1|ou �-r|�u;v�u;Ѵ-|bomv_brv�0;|�;;m�
|u-b|v���-m7���bm7;r;m7;m|�
o=��

�-r|�u;v�u;Ѵ-|bomv_brv�
0;|�;;m�|u-b|v���-m7���
bm7;r;m7;m|�o=��

TA B L E  1Պ��-lrѴ;�o=�_o��|_;�ou7;ubm]�
o=�|_u;;�_�ro|_;|b1-Ѵ�|u-b|v�Ő�ķ���-m7��ő�
bm=Ѵ�;m1;v�u;v�Ѵ|v�bm�-�vblrѴ;�|�oŊ�=-1|ou�
lo7;Ѵ��m7;u�|_;�-vv�lr|bomv�l-7;�0��
$oѴho==�;|�-Ѵĺ�Ő2018ő
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ƑĺƐՊ |Պ �bh;Ѵb_oo7

�o|_�v|-|bv|b1-Ѵ�lo7;Ѵv�v_-u;�|_;�v-l;�Ѵ-|;m|�=-1|ou�Ѵbh;Ѵb_oo7�bm|uo-
7�1;7�0��$oѴho==�;|�-Ѵĺ�Ő2018őĺ�$_bv�Ѵbh;Ѵb_oo7�-vv�l;v�|_;�N×P�|u-b|�

7-|-�Y =
(
y1,…, yN

)t�-ubv;�=uol�N×K�Ѵ-|;m|�=-1|ouv�F =
(
f1,…, fN

)t via 
|_;�Ѵbm;-u�|u-mv=oul-|bom�Y = FL + !ķ��_;u;�L�bv�-�K ×P�Ѵo-7bm]v�l--
|ub��|_-|�l�v|�0;�bm=;uu;7�-m7�! ∼ MN

(
0, IN ,!

−1
)
� bv�l-|ub�Ŋ�moul-ѴѴ��

7bv|ub0�|;7��b|_�l;-m�0ķ�0;|�;;m�uo���-ub-m1;�IN�-m7�7b-]om-Ѵ�0;-
|�;;m�1oѴ�lm�ru;1bvbom�! = diag[!1,…, !P]ĺ�$_;�Ѵ-|;m|�=-1|ouv�F�-ubv;�
=uol�KŊ�bm7;r;m7;m|��uo�mb-m�7b==�vbom�ruo1;vv;v�om� |_;�r_�Ѵo];-
m;|b1� |u;;�ĺ�$_;� |u;;�� bv� uoo|;7�-m7�0b=�u1-|bm]��b|_�7;]u;;Ŋ�|�o�
uoo|� mo7;�!2N−1ķ� 7;]u;;Ŋ�|_u;;� bm|;um-Ѵ� mo7;v�

{
!N+1,…, !2N−2

}
 and 

7;]u;;Ŋ�om;� Ѵ;-=� mo7;v�
{
!1,…, !N

}
ĺ� &m7;u� |_;� �uo�mb-m� 7b==�vbom�

lo7;Ѵķ� -ѴѴ� bm|;um-Ѵ� -m7� |br� =-1|ouv� -u;� moul-ѴѴ�� 7bv|ub0�|;7� -v�
fj ∼ 

(
fpa(j), tjIK

)
ķ��_;u;�fpa(j)�-u;�|_;�=-1|ouv�o=�|_;�r-u;m|�o=�mo7;�!j 

and tj� bv� |_;� 7bv|-m1;� Ő|bl;ő� 0;|�;;m� mo7;v�!pa(j) and !jĺ� 
oѴѴo�bm]�
=uol� ��0�v� ;|� -Ѵĺ� Ő2012őķ� �;� -vv�l;� |_;� -m1;v|u-Ѵ� uoo|� |u-b|v�

f2N−1 ∼ 

(
!0,

1

!0

IK

)
ķ� �_;u;�!0� bv� vol;� Ő|�rb1-ѴѴ�� vl-ѴѴő� ru;7;|;u-

lbm;7�rubou�v-lrѴ;�vb�;ĺ�$_bv�1omv|u�1|bom�blrѴb;v�|_;�|br�=-1|ouv�-u;�

fobm|Ѵ�� l-|ub�Ŋ�moul-ѴѴ�� 7bv|ub0�|;7� -v�F ∼ MN
(
1N!0

t ,Ψ + 1

!0
JN , IK

)
Քķ�

�_;u;�1N� bv� -m�NŊ��;1|ou� o=� om;vķ� JN = 1N1
t
N
 and Ψ� bv� |_;� v|-m7-u7�

�-ub-m1;Ŋ�1o�-ub-m1;� Ő(�(ő� u;ru;v;m|-|bom� o=� |_;� r_�Ѵo];m�� . 
"r;1b=b1-ѴѴ�ķ�|_;�7b-]om-Ѵ�;Ѵ;l;m|v�Ψii�-u;�|_;�v�l�o=�|_;�;7];�Ѵ;m]|_v�
1omm;1|bm]�!i�|o�|_;�uoo|�!2N−1ĺ�$_;�o==Ŋ�7b-]om-Ѵ�;Ѵ;l;m|v�Ψij�-u;�|_;�
|o|-Ѵ�-lo�m|�o=�v_-u;7�;�oѴ�|bom-u��_bv|ou��ou� |bl;�=uol�|_;�lov|�
u;1;m|�1ollom�-m1;v|ou�o=�!i and !j�|o�|_;�uoo|�mo7;�!2N−1.

�b�;m�|_bv�lo7;Ѵķ�|_;��;1|oub�;7�7-|-�vec(Y)�-u;�l�Ѵ|b�-ub-|;�mou-
l-ѴѴ��7bv|ub0�|;7�-v�

�_;u;�⊗� bv� |_;��uom;1h;u�ruo7�1|�or;u-|ouĺ��olr�|bm]� |_;� Ѵbh;-
Ѵb_oo7� bm� |_bv� =oulķ� _o�;�;uķ� u;t�bu;v� bm�;u|bm]� |_;� NP ×NP

Ŋ�7bl;mvbom-Ѵ��-ub-m1;�l-|ub�ķ��_b1_�_-v�1olr�|-|bom-Ѵ�1olrѴ;�b|�� 

(
N
3
P
3
)
ĺ�$oѴho==�;|�-Ѵĺ�Ő2018ő�-�ob7�|_bv�0��|u;-|bm]�|_;�Ѵ-|;m|�=-1-

|ouv�F� -v� lo7;Ѵ� r-u-l;|;uv� |_-|� |_;�� bm|;]u-|;� o�|� �b-� �-uho��
1_-bm��om|;��-uѴo�Ő����ő�vbl�Ѵ-|bomĺ�$_bv�-�]l;m|;7�Ѵbh;Ѵb_oo7�
p(Y,F | L,!, ) = p(Y | L,!,F)p(F |  )�bv�=-u�;-vb;u�|o�1olr�|;ķ�
0�|�v-lrѴbm]�=uol�|_;�=�ѴѴ�1om7b|bom-Ѵ�7bv|ub0�|bom�o=�F�Őbĺ;ĺ�|_;�rov-
|;ubou�7bv|ub0�|bom�o=�F�1om7b|bom-Ѵ�om�|_;�7-|-�-m7�-ѴѴ�o|_;u�lo7;Ѵ�
r-u-l;|;uvő� -v�ruorov;7�0��$oѴho==� ;|� -Ѵĺ� Ő2018ő� v1-Ѵ;v�t�-7u-|b-
1-ѴѴ���b|_� |_;� vb�;�o=� |_;�r_�Ѵo];m;|b1� |u;;�-m7� bv� bm|u-1|-0Ѵ;� =ou�
0b]Ŋ�N.

ƑĺƐĺƐՊ ŇՊ 
-v|�Ѵbh;Ѵb_oo7�1-Ѵ1�Ѵ-|bom

$o� -�ob7� 1ov|Ѵ�� 7-|-� -�]l;m|-|bomķ� �;� -7-r|� |_;� Ѵbh;Ѵb_oo7Ŋ�
1olr�|-|bom� -Ѵ]oub|_l� bm7;r;m7;m|Ѵ�� 7;�;Ѵor;7� 0�� �-v|b7;�
;|� -Ѵĺ� Ő2018őķ� �b|o�� ;|� -Ѵĺ� Ő2020ő� -m7� �-vvѴ;u� ;|� -Ѵĺ� Ő2020őĺ� $_bv�

-Ѵ]oub|_l�-m-Ѵ�|b1-ѴѴ��bm|;]u-|;v�o�|�Ѵ-|;m|�|u-b|v�Őbm�o�u�1-v;�=-1|ouvő�

-m7�lbvvbm]�7-|-� |o�1olr�|;�|_;� Ѵbh;Ѵb_oo7�p
(
Y
obs |L,!,

)
�o=� |_;�

o0v;u�;7�7-|-�Yobs in 
(
NPK

2 + NK
3
)
� �b-�-�rov|Ŋ�ou7;u� |u-�;uv-Ѵ�o=�

|_;� |u;;� Őbĺ;ĺ�1olr�|-|bomv�v|-u|�-|� |_;� |brv�-m7�-u;�1-uub;7��r� |_;�
|u;;� |o� |_;� uoo|őĺ� $_bv� ruo1;7�u;� m-|�u-ѴѴ�� -11ollo7-|;v�lbvvbm]�
7-|-�-vv�lbm]�-m� b]mou-0Ѵ;�lbvvbm]�7-|-�l;1_-mbvl�Ő!�0bmķ�1976őĺ�
);�-Ѵvo��|bѴb�;�-�lou;�m�l;ub1-ѴѴ��v|-0Ѵ;�lo7b=b1-|bom�o=�|_bv�rov|Ŋ�
ou7;u�-Ѵ]oub|_l�ruorov;7�0���-v|b7;�;|�-Ѵĺ� Ő2021őĺ�);�7;|-bѴ�|_;v;�
1-Ѵ1�Ѵ-|bomv�bm�";1|bom�"Ɛ.

ƑĺƐĺƑՊ ŇՊ �o-7bm]v�b7;m|b=b-0bѴb|�

�� l-fou� 1_-ѴѴ;m];� bm� Ѵ-|;m|� =-1|ou� lo7;Ѵv� ];m;u-ѴѴ�� bv� |_;� momŊ�
b7;m|b=b-0bѴb|�� o=� |_;� Ѵo-7bm]v�l-|ub��L� Őv;;� "_-rbuoķ�1985őĺ� �m� v|--
|bv|b1-Ѵ� lo7;Ѵvķ� momŊ�b7;m|b=b-0bѴb|�� o11�uv� �_;m� |_;u;� -u;�l�Ѵ|brѴ;�
r-u-l;|;u��-Ѵ�;v�|_-|�u;v�Ѵ|�bm�|_;�v-l;�ruo0-0bѴb|��7;mvb|��o�;u�|_;�
7-|-ĺ� �m� |_;v;� 1-v;vķ� bm=;u;m1;� ruo1;7�u;v� 1-mmo|� 7bv|bm]�bv_� 0;-
|�;;m�|_;�;t�-ѴѴ���-Ѵb7�r-u-l;|;u��-Ѵ�;vĺ�$_bv�Ѵ-1h�o=�b7;m|b=b-0bѴb|��
bm��
��v|;lv�=uol�|_;�=-1|�|_-|�|_;�Ѵbh;Ѵb_oo7�-v�7;=bm;7�bm��t�-|bom 1 
7;r;m7v�omѴ��om�LtL�u-|_;u�|_-m�L�b|v;Ѵ=ĺ��v�v�1_ķ�=ou�-m��K ×K�ou|_o-
moul-Ѵ�l-|ub��Q�Őbĺ;ĺ�QtQ = IKőķ�p(Y | L,…) = p(Y | QL,…)�0;1-�v;�
(QL)t(QL) = LtLĺ� $_bv� b7;m|b=b-0bѴb|�� ruo0Ѵ;l� bmvrbu;v� o�u� 1_ob1;� o=�
rubouv�0;Ѵo�ĺ

ƑĺƑՊ |Պ �ubouv

);�-vv�l;�|_;�7b-]om-Ѵ�ru;1bvbomv�!j ∼ Gamma
(
a!, b!

)
�=ou�j = 1,…,P 

Őv_-r;ņu-|;�r-u-l;|;ub�-|bomőĺ�
ou�|_;�Ѵo-7bm]v�L = {!kj}ķ��;�ruorov;�
|�o�7b==;u;m|�rubouvĺ��-1_�rubou�om�L�-7lb|v�-�7b==;u;m|�bm=;u;m1;�u;-
]bl;� =ou�v-lrѴbm]� =uol�L��_b1_ķ� bm� |�umķ�_-�;� |_;bu�o�m�v|u;m]|_v�
-m7��;-hm;vv;v�|_-|��;�7bv1�vv�bm�";1|bom�3.

ƑĺƑĺƐՊ ŇՊ �m7;r;m7;m|��-�vvb-m�rubouv�om�|_;� 
Ѵo-7bm]v�L

$_;� v|-m7-u7� -vv�lr|bom� bm� �-�;vb-m� Ѵ-|;m|� =-1|ou�lo7;Ѵv� bv� |_-|�
;-1_�;Ѵ;l;m|�o=�|_;�Ѵo-7bm]v�!kj

i.i.d.
∼ "(0, !2)ķ��_;u;�|�rb1-ѴѴ��!2 = 1Քĺ�

�v�|_bv�rubou� bv�-Ѵvo� bm�-ub-m|��b|_�u;vr;1|�|o�ou|_o]om-Ѵ�uo|-|bomvķ�
-77b|bom-Ѵ� 1omv|u-bm|v� -u;� u;t�bu;7� =ou� rov|;ubou� b7;m|b=b-0bѴb|�ĺ�
�m;�voѴ�|bom� bv� |o�-vv�l;�1;u|-bm�;Ѵ;l;m|v�o=� |_;� Ѵo-7bm]v�l-|ub��
L�Ő|�rb1-ѴѴ��|_ov;�0;Ѵo��|_;�7b-]om-Ѵő�-u;�=b�;7�-|��;uo�Ő�;�;h;�-m7�
,_o�ķ�1996ĸ��]�bѴ-u�-m7�);v|ķ�2000őĺ�$_bv�-rruo-1_�voѴ�;v�|_;�b7;m-
|b=b-0bѴb|��ruo0Ѵ;lķ�0�|�b|�bm7�1;v�-m�blrѴb1b|�ou7;ubm]�|o�|_;�7-|-�Őv;;�
$-0Ѵ; 1őĺ�)_bѴ;� |_bv�ou7;ubm]�l-��0;��;ѴѴ� bm=oul;7� bm�vol;�1-v;vķ�
|_;u;� bv� |�rb1-ѴѴ�� mo� rubm1brѴ;7��-�� |o� 1_oov;� v�1_� -m� ou7;ubm]� -�
ruboubĺ

�m� -Ѵ|;um-|b�;� |o� |_;� vr-uvb|�� 1omv|u-bm|� bv� |o� -vv�l;� |_-|� |_;�
Ѵo-7bm]v�l-|ub��_-v�uo�v�|_-|�Ő-ő�-u;�ou|_o]om-Ѵ�-m7�Ő0ő�_-�;�7;1u;-v-
bm]�moulv�Ő�oѴ0uooh�;|�-Ѵĺķ�2016őĺ�$_bv�1omv|u-bm|�7o;v�mo|�u;t�bu;�
-m��-�ruboub�ou7;ubm]�o=�|_;�|u-b|vĺ��o�;�;uķ�b|�7o;v�u;t�bu;�v-lrѴbm]�

ŐƐővec(Y) | L,Λ, ∼

(
vec

(
1N!

t
0

)
, LtL⊗

[
Ψ+

1

"0

JN

]
+Λ−1⊗ IN

)
,
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=uol�|_;�vr-1;�o=�ou|_o]om-Ѵ�l-|ub1;vķ��_b1_�bv�-�mo|oubo�vѴ��1_-Ѵ-
Ѵ;m]bm]�ruo0Ѵ;l�Őv;;��o==ķ�2009ĸ���um;�-m7��buoѴ-lbķ�2013ĸ��-�1_�
;|�-Ѵĺķ�2021ĸ��o�u�-mf-mb�;|�-Ѵĺķ�2021őĺ�);�-77u;vv�|_bv�1_-ѴѴ;m];��b-�
rov|Ŋ�ruo1;vvbm]�bm�";1|bom�3.1.3.

ƑĺƑĺƑՊ ŇՊ �u|_o]om-Ѵ�v_ubmh-];�rubou

)_bѴ;�rov|Ŋ�ruo1;vvbm]�|o�ou|_o]om-Ѵb|�� bv�o=|;m�v�==b1b;m|ķ��;�=bm7�
bm�ru-1|b1;� |_-|� |_;� Ѵo-7bm]v�l-��0;�omѴ�� Ѵoov;Ѵ�� b7;m|b=b-0Ѵ;��b|_�
|_bv�ruo1;7�u;�bm�vl-ѴѴŊ�N�ruo0Ѵ;lvĺ��v�v�1_ķ��;�v;;h�-m�-Ѵ|;um-|b�;�
rubou�|_-|�;m=ou1;v�|_;�ou|_o]om-Ѵb|��1omv|u-bm|�7bu;1|Ѵ�ĺ�
oѴѴo�bm]�
=uol� �oѴ0uooh� ;|� -Ѵĺ� Ő2017őķ� �;� 7;1olrov;� |_;� Ѵo-7bm]v�L = !V 
�_;u;�! = diag[!]�bv�-�K ×K�7b-]om-Ѵ�l-|ub���_ov;�7b-]om-Ѵv�!�_-�;�
7;v1;m7bm]� -0voѴ�|;� �-Ѵ�;v� -m7� V� bv� -�K ×P� ou|_omoul-Ѵ� l-|ub��
Őbĺ;ĺ�VVt = IKőĺ�);�-vv�l;�V

t�bv��mb=oulѴ��7bv|ub0�|;7�o�;u�|_;�"|b;=;Ѵ�
l-mb=oѴ7�K

(
ℝ

P
)
� Őbĺ;ĺ�|_;�vr-1;�o=�P ×K�ou|_omoul-Ѵ�l-|ub1;vőĺ�
ou�

|_;�v1-Ѵ;�1olrom;m|�! = diag[!1,…, !K ]ķ��;�-vv�l;�-�l�Ѵ|brѴb1-|b�;�
]-ll-�rubou�bmvrbu;7�0���_-||-1_-u�-�-m7�	�mvom�Ő2011őĹ�

For ! > 1ķ��;�1omv|u-bm�|_;�rubou�v_-r;�a!�-m7�u-|;�b!�v�1_�|_-|�a! > b! 
Őbĺ;ĺ�!

[
!!
]
> 1őĺ�$_bv�1omv|u-bm|� blrѴb;v� |_-|� |_;�!k� -u;� Őv|o1_-v|b1-ѴѴ�ő�

bm1u;-vbm]��b|_�kķ��_b1_�u;v�Ѵ|v�bm�v1-Ѵ;�r-u-l;|;uv�!k��b|_�Őv|o1_-v|b-
1-ѴѴ�ő�7;1u;-vbm]�l-]mb|�7;vĺ

$_bv� rubou� bm7�1;v� rov|;ubou� b7;m|b=b-0bѴb|�ķ� -v� b|� bv� mo|� bm�-ub-
-m|� �m7;u� uo|-|bomv� o=� |_;� Ѵo-7bm]vĺ� �o�;�;uķ� bm� vol;� 1-v;vķ� �;�
=bm7� |_-|� |_bv� rubou� 7o;v� mo|� bm7�1;� v�==b1b;m|� b7;m|b=b-0bѴb|�� bm�
ru-1|b1;ķ� r-u|b1�Ѵ-uѴ���_;m�K� bv� u;Ѵ-|b�;Ѵ�� Ѵ-u];� Őbĺ;ĺ�> 5őĺ� 
ou� |_;v;�
1-v;vķ� �;� l�Ѵ|brѴ�� |_;� fobm|� rubou� om� !� 0�� -m� bm7b1-|ou� =�m1|bom�
1
{||!k|| < "||!k −1

|| for k = 2,…,K
}
ĺ� ";||bm]� ! < 1� =ou1;v� vr-1bm]� 0;-

|�;;m�|_;�7b-]om-Ѵv�o=�!ķ��_b1_�u;v�Ѵ|v�bm�lou;�b7;m|b=b-0Ѵ;�rov|;ubouvĺ

ƒՊ |Պ ��
�!����

��u��-�;vb-m�bm=;u;m1;�u;]bl;�v;;hv�|o�-rruo�bl-|;�|_;�rov|;ubou�
7bv|ub0�|bom�o=�|_;�r-u-l;|;uv�o=�v1b;m|b=b1�bm|;u;v|��b-������vbl-
�Ѵ-|bomĺ�);�|�rb1-ѴѴ���v;�loѴ;1�Ѵ-u� v;t�;m1;�7-|-�S� |o�vbl�Ѵ|-m;-
o�vѴ�� bm=;u� |_;� =-1|ou�lo7;Ѵ� r-u-l;|;uv� -m7�r_�Ѵo];m;|b1� |u;;�0��
-rruo�bl-|bm]�

�_;u;�|_;�lo7;Ѵ�o=�v;t�;m1;�;�oѴ�|bom�p( , S)�bv�7;�;Ѵor;7�;Ѵv;-
�_;u;� Őv;;� "�1_-u7� ;|� -Ѵĺķ� 2018őĺ� 
ou� 1-v;v� �_;u;� �;� Ѵ-1h� v;-
t�;m1;�7-|-�ou��bv�|oo�Ѵ-u];�|o�bm=;u�;==b1b;m|Ѵ�ķ��;�vblrѴ��=b��|_;�
|u;;� .

ƒĺƐՊ |Պ �o-7bm]v��m7;u�|_;�bĺbĺ7ĺ��-�vvb-m�rubou

);�ruorov;�|�o�7b==;u;m|�v-lrѴ;uv� |o�7u-��=uol�|_;�=�ѴѴ�1om7b-
|bom-Ѵ�7bv|ub0�|bom�o=�|_;�Ѵo-7bm]v�L��m7;u�|_;�bĺbĺ7ĺ��-�vvb-m�rubou�
=uol�";1|bom�2.2.1ĺ�$_;�=buv|�u;Ѵb;v�om�|_;��b00v�v-lrѴ;u��v;7�0��
$oѴho==�;|�-Ѵĺ�Ő2018őķ��_;u;��;�v-lrѴ;�=uol�L | Yobs,F,!ĺ�$_;�v;1-
om7�-�ob7v�7-|-�-�]l;m|-|bom�-m7�1-m� v-lrѴ;�7bu;1|Ѵ�� =uol� |_;�
=�ѴѴ�1om7b|bom-Ѵ�7bv|ub0�|bom�L | Y

obs,!,��b|_o�|�1om7b|bombm]�om�
|_;�Ѵ-|;m|�=-1|ouv�F.

ƒĺƐĺƐՊ ŇՊ �b00v�v-lrѴ;u��b|_�7-|-�-�]l;m|-|bom

$oѴho==�;|�-Ѵĺ�Ő2018ő��v;�|_;�1omf�]-|;��b00v�v-lrѴ;u�o=��or;v�-m7�
);v|� Ő2004ő� |o� v-lrѴ;� =uol�L | Yobs,F,!ĺ� �v� |_bv� v-lrѴ;u� 1om7b-
|bomv� om� |_;� Ѵ-|;m|� =-1|ouv�Fķ� $oѴho==� ;|� -Ѵĺ� Ő2018ő� vbl�Ѵ|-m;o�vѴ��
bm=;u� |_;� =-1|ouv� 0�� v;t�;m|b-ѴѴ�� 7u-�bm]� =uol� fi | F∕i ,Y

obs, L,!, 
=ou�i = 1,…,Nķ��_;u;�F∕i�u;ru;v;m|v�-ѴѴ�=-1|ouv�;�1;r|�fiĺ��v�v-lrѴbm]�
fi� =ou�-ѴѴ�N� |-�-� u;t�bu;v�

(
N
2
K
2
)
��ouhķ� |_bv�ruo1;7�u;�t�b1hѴ��0;-

1ol;v�bm|u-1|-0Ѵ;��b|_�bm1u;-vbm]�|-�-ĺ
!-|_;u� |_-m� u;Ѵ�bm]� om� |_bv� r;uŊ�|-�om� v-lrѴbm]� v1_;l;ķ� �;�

;lrѴo�� |_;� ru;Ŋ�ou7;u� 7-|-� -�]l;m|-|bom� -Ѵ]oub|_l� o=� �-vvѴ;u�
;|� -Ѵĺ� Ő2020ő� |_-|� �v;v� v|-|bv|b1v� =uol� |_;� rov|Ŋ�ou7;u� Ѵbh;Ѵb_oo7�
1olr�|-|bom� |o� 7u-�� fobm|Ѵ�� =uol�F | Y

obs, L,!, in 
(
NK

3
)
 via 

-�vbm]Ѵ;�ru;Ŋ�ou7;u� |u-�;uv-Ѵ�o=� |_;� |u;;� Őv;;�";1|bom�"ƑĺƐ� =ou�7;-
|-bѴvőĺ� �=|;u� v-lrѴbm]� =uol�F | Y

obs, L,!, ķ��;� 1-m� 7u-�� 7bu;1|Ѵ��
=uol�L | Yobs,F,!� �vbm]� |_;� ruo1;7�u;� 7;�;Ѵor;7� 0�� �or;v� -m7�
);v|�Ő2004ő��b|_�1olr�|-|bom-Ѵ�1olrѴ;�b|��

(
NPK

2
)
�Őv;;�";1|bom�

"ƑĺƑ�=ou�7;|-bѴvőĺ

ƒĺƐĺƑՊ ŇՊ �-lbѴ|omb-m��om|;��-uѴo�v-lrѴ;u

);�-Ѵvo�ruorov;�-m�-Ѵ|;um-|b�;��-lbѴ|omb-m��om|;��-uѴo�Ő���ĸ�
�;-Ѵķ�2010ő�v-lrѴ;u�=ou�|_;�Ѵo-7bm]v�|_-|�7o;v�mo|�u;t�bu;�7-|-�
-�]l;m|-|bomĺ��m|�b|b�;Ѵ�ķ�����Ő-�=oul�o=�����ő�|u;-|v�r-u-l-
;|;u��-Ѵ�;v�-v�|_;�rovb|bom�o=�-�r-u|b1Ѵ;�bm�-�Ѵ-m7v1-r;�bm=oul;7�
0��|_;�rov|;ubou�7bv|ub0�|bomĺ��-u-l;|;u�ruorov-Ѵv�-u;�|_;�;m7Ŋ�
robm|� o=� -� |u-f;1|ou�� bmb|b-|;7� 0�� ļhb1hbm]Ľ� |_;� r-u|b1Ѵ;� -m7� -Ѵ-
Ѵo�bm]� b|� |o� |u-�;uv;� |_bv� Ѵ-m7v1-r;� -11ou7bm]� |o� �-lbѴ|omb-m�
7�m-lb1v� =ou�-�ru;Ŋ�7;|;ulbm;7�-lo�m|�o=� |bl;ĺ��v� |_;�r-u-l-
;|;u�|u-f;1|oub;v�-u;�bm=oul;7�0��|_;�];ol;|u��o=�|_;�rov|;ubouķ�
���� |;m7v� |o� ruorov;� r-u-l;|;u� �r7-|;v� |_-|� -u;� 0o|_� u;Ѵ--
|b�;Ѵ��=-u�-�-��=uol�|_;�1�uu;m|�rovb|bom�-m7�_-�;�_b]_�-11;r|-
-m1;�ruo0-0bѴb|b;vĺ

)_bѴ;� �;� 1-mmo|� 1olr�|;� |_;v;� 1om|bm�o�v� |u-f;1|oub;v�
�-m-Ѵ�|b1-ѴѴ�ķ� �;� 1-m� -rruo�bl-|;� |_;l� m�l;ub1-ѴѴ�ĺ� �-1_� |u-f;1-
|ou�� -rruo�bl-|bomķ� _o�;�;uķ� u;t�bu;v� m�l;uo�v� ]u-7b;m|�
�1-Ѵ1�Ѵ-|bomvķ� -m7� �;� l�v|� ;==b1b;m|Ѵ�� 1olr�|;� |_;� ]u-7b;m|�
∇Llog p

(
L | Y

obs,!,
)
=∇Llog p

(
Y
obs | L,!,

)
+∇Llog p(L)� |o� ;=-

=;1|b�;Ѵ��;lrѴo������|o��r7-|;�|_;�Ѵo-7bm]v�Lĺ��v��;�-vv�l;�;-1_�
;Ѵ;l;m|�o=�|_;�Ѵo-7bm]v�-u;�-�ruboub�bĺbĺ7ĺ� (0, 1)ķ�|_;�]u-7b;m|�o=�|_;�

ŐƑő

!k ∼
(
0, " −1

k

)
for k=1,…,K, where

"k =

k∏

1

#! and

#! ∼Gamma
(
a! , b!

)
for !=1,…,K.

Őƒőp
(
L,!, | Y

obs, S
)
∝p

(
Y
obs | L,!,

)
p( , S)p(L)p(!),
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Ѵo]Ŋ�rubou�∇Llog p(L)� 1-m�0;�1olr�|;7� vblrѴ��-v�
!

!!kj

log p(L) = −!kj� =ou�
j = 1,…,Pķ�k = 1,…,K.

�v� 1olr�|bm]� ∇Llog p
(
Y
obs | L,!,

)
� 7bu;1|Ѵ�� �b-� �t�-|bom 1 

v1-Ѵ;v�
(
N
3
P
3
)
� -m7� bv� bm|u-1|-0Ѵ;� =ou� lov|� ruo0Ѵ;lvķ� �;� �v;� |_;�

_b]_Ѵ��v|u�1|�u;7�m-|�u;�o=�|_;�r_�Ѵo];m��|o�1olr�|;�|_bv�]u-7b;m|�
in 

(
NPK

2 + NK
3
)
ĺ�);�1-Ѵ1�Ѵ-|;�|_;�]u-7b;m|�o=�|_;�Ѵbh;Ѵb_oo7��b|_�

u;vr;1|�|o�;-1_�1oѴ�lm�o=�|_;�Ѵo-7bm]v�!j�bm7b�b7�-ѴѴ��|o�-11ollo-
7-|;��-ub-|bom�bm�|_;�lbvvbm]�7-|-�v|u�1|�u;�-1uovv�|u-b|vĺ�

�_;u;�yobs
j

′�bv�|_;�jth�1oѴ�lm�o=�Yobs and !′
j
= diag[!1j ,…, !Nj]�bv�-�7b-]o-

m-Ѵ�l-|ub��o=�o0v;u�;7�7-|-�bm7b1-|ouv�Őbĺ;ĺ�!ij = 1�b=�yij�bv�o0v;u�;7�-m7�Ə�
o|_;u�bv;őĺ��o|;�|_-|�|_;v;�1-Ѵ1�Ѵ-|bomv�u;Ѵ��omѴ��om�|_;�1om7b|bom-Ѵ�
l;-m�-m7��-ub-m1;�o=�|_;�=-1|ouvķ�mo|�|_;�=-1|ouv�|_;lv;Ѵ�;vĺ�);�1ol-
r�|;�|_;�;�r;1|-|bomv��vbm]�v|-|bv|b1v�=uol�|_;�rov|Ŋ�ou7;u� Ѵbh;Ѵb_oo7�
1-Ѵ1�Ѵ-|bom� Őv;;� ";1|bom� "Ɛő� bm� -� ru;Ŋ�ou7;u� |u;;� |u-�;uv-Ѵ� Ő�-v|b7;�
;|�-Ѵĺķ�2018ĸ�
bv_;u�;|�-Ѵĺķ�2020ő�|_-|�|-h;v�

(
NK

3
)
�-77b|bom-Ѵ�|bl;ĺ�";;�

";1|bom�"ƒ�=ou�7;|-bѴ;7�1-Ѵ1�Ѵ-|bomvĺ

ƒĺƐĺƒՊ ŇՊ �u|_o]om-Ѵb|��1omv|u-bm|�-m7�rov|Ŋ�
ruo1;vvbm]

)_bѴ;�0o|_�|_;��b00v�-m7�����v-lrѴ;uv�-0o�;�1-m�;m=ou1;�|_;�v|u�1-
|�u;7�vr-uvb|��1omv|u-bm|ķ�m;b|_;u�1-m�;m=ou1;�|_;�ou|_o]om-Ѵb|��1omv|u-bm|�
7bu;1|Ѵ�ĺ��o�;�;uķ�-v�0o|_�|_;�Ѵbh;Ѵb_oo7�-m7�bĺbĺ7ĺ�rubou�-u;�bm�-ub-m|��b|_�
u;vr;1|�|o�ou|_omoul-Ѵ�uo|-|bomv�o=�Lķ�-rrѴ�bm]�v�1_�-�uo|-|bom�|o�-ѴѴ�rov|;-
ubou�v-lrѴ;v��b-�rov|Ŋ�ruo1;vvbm]�u;v�Ѵ|v�bm�-��-Ѵb7�rov|;ubouĺ�);�1-m�;-vbѴ��
uo|-|;�|_;�Ѵo-7bm]v�|o�_-�;�ou|_o]om-Ѵ�uo�v��b|_�7;v1;m7bm]�moulv��b-�
vbm]�Ѵ-u��-Ѵ�;�7;1olrovb|bom�Őv;;�";1|bom�"Ɠ�=ou�7;|-bѴvőĺ

ƒĺƑՊ |Պ �o-7bm]v��m7;u�|_;�ou|_o]om-Ѵ�
shrinkage prior

�o|_�v-lrѴ;uv�-0o�;�-u;�bm1olr-|b0Ѵ;��b|_�|_;�ou|_o]om-Ѵ�v_ubmh-];�
rubou�=uol�";1|bom�2.2.2�-v�Ő-ő�|_;��1-mmo|�;m=ou1;�|_;�ou|_o]om-Ѵb|��
1omv|u-bm|�7bu;1|Ѵ��-m7�Ő0ő�rov|Ŋ�ruo1;vvbm]�bv�bm�-Ѵb7�0;1-�v;�|_;�rubou�
bv�mo|�uo|-|bom-ѴѴ��bm�-ub-m|ĺ�$_;u;=ou;ķ��;�v-lrѴ;�7bu;1|Ѵ��=uol�|_;�=�ѴѴ�
1om7b|bom-Ѵ�7bv|ub0�|bomv�o=�0o|_�! and V�u-|_;u�|_-m�|_;bu�ruo7�1|�L.

ƒĺƑĺƐՊ ŇՊ �;o7;vb1�����v-lrѴ;u�om�|_;�ou|_omoul-Ѵ�
1olrom;m|�V

!;t�bubm]�Vt� |o�0;�ou|_omoul-Ѵ�-ѴѴo�v��v�|o�;lrѴo��;�bv|bm]�|;1_-
mbt�;v�=ou�v-lrѴbm]�=uol�|_;�"|b;=;Ѵ�l-mb=oѴ7�Őbĺ;ĺ�|_;�vr-1;�o=�ou|_o-
moul-Ѵ�l-|ub1;vőĺ��;o7;vb1����� Ő��um;� -m7��buoѴ-lbķ�2013ő� �v;v�
|_;�v-l;�=�m7-l;m|-Ѵ�rubm1brѴ;v�o=�v|-m7-u7����ķ�0�|�ruo]u;vv;v�
r-u-l;|;uv�-Ѵom]�];o7;vb1v�om�l-mb=oѴ7v� Ő;ĺ]ĺ�-m�-u1�om�-�vr_;u;ő�
u-|_;u�|_-m�|_uo�]_���1Ѵb7;-m�vr-1;ĺ�$_bv�ruo1;7�u;�-Ѵvo�u;Ѵb;v�om�

|_;�]u-7b;m|�o=� |_;� Ѵo]Ŋ�rov|;ubou��b|_�u;vr;1|� |o�|_;�r-u-l;|;u�o=�
bm|;u;v|ĺ��v�v�1_ķ�|o�;==b1b;m|Ѵ��;lrѴo��];o7;vb1�����|o��r7-|;�|_;�
ou|_omoul-Ѵ�l-|ub��Vķ��;�l�v|�;==b1b;m|Ѵ��1olr�|;�|_;�]u-7b;m|�

�v�mo|;7�bm�";1|bom�2.2.2ķ��;�rѴ-1;�-��mb=oul�rubou�om�V�-m7�1-m�|_;u;-
=ou;�b]mou;�∇Vlog p(V)ĺ�&vbm]�o�u�1-Ѵ1�Ѵ-|bomv�=ou�∇Llog p

(
Y
obs | L,Λ,

)
 

=uol�";1|bom�3.1.2ķ� |_;�1_-bm� u�Ѵ;�ruo�b7;v�-�vblrѴ;� =oul�Ѵ-� =ou� |_;�
]u-7b;m|�o=�|_;�Ѵbh;Ѵb_oo7��b|_�u;vr;1|�|o�V�-v�L = !V: 

);�|_;m��v;�|_bv�]u-7b;m|�bm�|_;�];o7;vb1�����-Ѵ]oub|_l�o=��oѴ0uooh�
;|�-Ѵĺ�Ő2016ő�|o�v-lrѴ;�=uol�|_;�=�ѴѴ�1om7b|bom-Ѵ�7bv|ub0�|bom�o=�V.

ƒĺƑĺƑՊ ŇՊ �b00v�v-lrѴ;u�om�|_;�7b-]om-Ѵ�v1-Ѵ;�
1olrom;m|�!

)_bѴ;� �;� 1-m� ;lrѴo�� ���� |o� v-lrѴ;� =uol�! | Y
obs,V,",ķ� o�u�

blrѴ;l;m|-|bom� 7b7� mo|�lb���;ѴѴ� bm� ru-1|b1;ĺ�);� 7;�;Ѵor� -��b00v�
v-lrѴ;u�|o�7u-��=uol�! | Yobs,V,",F�-v�-m�;==b1b;m|�-Ѵ|;um-|b�;�|_-|�
u;Ѵb;v�om�|_;�7-|-�-�]l;m|-|bom�o=�F�bm�";1|bom�"ƑĺƐĺ�";;�";1|bom�"Ɣ 
=ou�7;|-bѴvĺ

ƒĺƑĺƒՊ ŇՊ �b00v�v-lrѴ;u�om�|_;�ru;1bvbom�l�Ѵ|brѴb;uv

);� l�v|� -Ѵvo� v-lrѴ;� =uol� |_;� v_ubmh-];� l�Ѵ|brѴb;uv� !1,…, !K 
�_;m��vbm]�|_;�v_ubmh-];�rubou�om�|_;� Ѵo-7bm]vĺ��_-||-1_-u�-�-m7�
	�mvom�Ő2011ķ�v;1|bom�ƒĺƐķ�"|;r�Ɣő�7;�;Ѵor�-�1omf�]-|;��b00v�v-l-
rѴ;u�=ou�|_;v;�l�Ѵ|brѴb;uv�|_-|��;�-rrѴ��7bu;1|Ѵ��|o�|_bv�lo7;Ѵĺ

ƒĺƒՊ |Պ "b]m�1omv|u-bm|�om�|_;�Ѵo-7bm]v

!;]-u7Ѵ;vv� o=� �_b1_� rubou� Őbĺbĺ7ĺ� �vĺ� ou|_o]om-Ѵ� v_ubmh-];ő� ou� 1om-
v|u-bm|� Ővr-uvb|�� �vĺ� ou|_o]om-Ѵb|�ő� �;� 1_oov;ķ� �;�l�v|� ;m=ou1;� -�
vb]m�1omv|u-bm|�om�-�vbm]Ѵ;�;Ѵ;l;m|�bm�;-1_�uo��o=�L�=ou�=�ѴѴ�b7;m|b=b-
-0bѴb|��Őv;;�";1|bom�"ѵ�=ou�7;|-bѴvőĺ

ƒĺƓՊ |Պ�b00v�v-lrѴ;u�om�|_;�;uuou�ru;1bvbomv�!

);�v-lrѴ;�=uol�! | F,Yobs, L��vbm]�|_;�v-l;�ruo1;7�u;�-v�$oѴho==�
;|�-Ѵĺ�Ő2018ő�bm�1omf�m1|bom��b|_�|_;�7-|-�-�]l;m|-|bom�-Ѵ]oub|_l�bm�
";1|bom�"ƑĺƐ�Őv;;�";1|bom�"ƕ�=ou�7;|-bѴvőĺ

ƓՊ |Պ ����&$�$�������

������+

);� 1olr-u;� |_;� 1olr�|-|bom-Ѵ� ;==b1b;m1�� o=� |_;� bm=;u;m1;� u;-
]bl;v�7bv1�vv;7�bm�";1|bomv�3.1.1ķ�3.1.2 and 3.2��b|_�|_-|�o=�$oѴho==�

ŐƓő

∇!j
log p

(
Yobs | L,Λ,

)
=

!j!

[
Ft|Yobs, L,Λ,

]
"′
j
yobs

′

j
− !j!

[
Ft"′

j
F | Yobs, L,Λ,

]
!j ,

ŐƔő∇Vlog p
(
V | Yobs,!,",

)
=∇Vlog p

(
Y
obs | V,!,",

)
+∇Vlog p(V).

Őѵő∇Vlog p
(
Y
obs | V,!,",

)
=!∇Llog p

(
Y
obs | L,",

)
.
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;|�-Ѵĺ�Ő2018őĺ�$o��m7;uv|-m7�r;u=oul-m1;�-1uovv�-��b7;�u-m];�o=�vb|�-
-|bomvķ��;� vbl�Ѵ-|;� |_u;;� �mbt�;� 7-|-v;|v� =ou� -ѴѴ� ƒѵ� 1ol0bm-|bomv�
o=�N ∈ {50, 100, 500, 1000}ķ�P ∈ {10, 100, 1000} and K ∈ {1, 2, 4}�Őv;;�
";1|bom�"ѶĺƐ�=ou�vbl�Ѵ-|bom�7;|-bѴvőĺ�$o��m7;uv|-m7�|_;�u;Ѵ-|b�;�r;u-
=oul-m1;�o=�;-1_�bm=;u;m1;�u;]bl;ķ��;�1olr-u;�|_;�;==;1|b�;�v-l-
rѴ;�vb�;�Ő�""ő�r;u�v;1om7�o=�|_;�Ѵo-7bm]v�-1uovv�-ѴѴ�=o�u�v-lrѴ;uv�Őv;;�
";1|bom�"ѶĺƑ�=ou�7;|-bѴvő�-m7�u;rou|�o�u�u;v�Ѵ|v�bm�
b]�u; 1.

�olr-u;7� -]-bmv|� |_;� 1om7b|bom-Ѵ� �b00v� v-lrѴ;u� o=� $oѴho==�
;|�-Ѵĺ�Ő2018őķ�0o|_�o�u�fobm|��b00v�-m7�����v-lrѴ;uv��m7;u�|_;�bĺbĺ7ĺ�
rubou� 1omvbv|;m|Ѵ�� �b;Ѵ7� ;==b1b;m1�� ]-bmv� o=� -m� ou7;u� o=�l-]mb|�7;�
bm�vl-ѴѴŊ�N�7-|-v;|v�-m7�|�o�ou7;uv�o=�l-]mb|�7;�bm�0b]Ŋ�N�7-|-v;|vĺ�
)_bѴ;�|_;�v-lrѴbm]�u;]bl;��m7;u�|_;�ou|_o]om-Ѵ�v_ubmh-];�rubou�bv�
vѴo�;u� |_-m�;b|_;u� |_;� fobm|��b00v�ou�����v-lrѴ;u� Ő-m7�;�;m� |_;�
1om7b|bom-Ѵ��b00v�v-lrѴ;u�=ou�vl-ѴѴŊ�Nķ�0b]Ŋ�Pőķ�b|�_-v�1Ѵ;-u�-7�-m|-];v�
o�;u�|_;�o|_;uv�|_-|��;�7bv1�vv�bm�";1|bom�5.2.

ƔՊ |Պ �!�������	�����+"�"�����

$_;�lo7;ѴѴbm]� 7;1bvbomv� u;t�bu;7� =ou� �-�;vb-m� =-1|ou� -m-Ѵ�vbv� 1-m�
0;�7-�m|bm]ĺ��m�-77b|bom�|o�|_;�rubouvķ�b7;m|b=b-0bѴb|��1omv|u-bm|v�-m7�
v-lrѴbm]�ruo1;7�u;v�7bv1�vv;7�-0o�;ķ�u;v;-u1_;uv�l�v|�-Ѵvo�1_oov;�
-m�-rruorub-|;�m�l0;u�o=�=-1|ouv�Kĺ��-hbm]�v�1_�1_ob1;v�bm�-�rubm1b-
rѴ;7�l-mm;u�bv�1_-ѴѴ;m]bm]ķ�-m7�;�r;ubl;m|bm]��b|_�7b==;u;m|�1ol0b-
m-|bomv�|o�7;|;ulbm;��_b1_�ļ�ouh�0;v|Ľ�bv�|bl;Ŋ�1omv�lbm]�-m7�or;mv�
|_;�7oou�|o�lo7;ѴѴbm]�7;1bvbomv�0-v;7�om�r�0Ѵb1-|bom�1om1;umvĺ�);�

ruorov;�-�];m;u-Ѵb�-0Ѵ;�-m-Ѵ�vbv�rѴ-m�|o�]�b7;�u;v;-u1_;uv�|_uo�]_�
|_bv�ruo1;vvĺ�$o�-b7�u;v;-u1_;uv�v;;hbm]�|o�;lrѴo��r_�Ѵo];m;|b1�=-1-
|ou�-m-Ѵ�vbv�vr;1b=b1-ѴѴ�ķ��;�-Ѵvo�7;�;Ѵor�vo=|�-u;�|ooѴv�|_-|�1o7b=��
|_bv�rѴ-m�-m7�-�|ol-|;�1ou;�ruo1;7�u;vĺ

ƔĺƐՊ |Պ �_oovbm]�|_;�Ѵo-7bm]v�1omv|u-bm|

$_;�7;1bvbom�|o�-rrѴ��|_;�vr-uvb|��1omv|u-bm|��;uv�v�|_;�ou|_o]om-Ѵ-
b|��1omv|u-bm|�7;r;m7v�om�|_;�0boѴo]b1-Ѵ�t�;v|bom�o=�bm|;u;v|ĺ�)_bѴ;�
|_;�vr-uvb|��1omv|u-bm|�bm7�1;v�ou7;ubm]�om|o�|_;�|u-b|vķ�|_bv�ou7;ubm]�
1-m�0;�7;vbu-0Ѵ;��m7;u�1;u|-bm�1bu1�lv|-m1;vĺ�
ou�;�-lrѴ;ķ�b=�om;�bv�
|u�bm]�|o�bvoѴ-|;�|_;�;==;1|v�o=�-�r-u|b1�Ѵ-u�v;|�o=�|u-b|vķ�rѴ-1bm]�|_ov;�
|u-b|v� =buv|� bm� 1omf�m1|bom��b|_� |_;� �rr;u� |ub-m]�Ѵ-u� 1omv|u-bm|� ;m-
v�u;v�|_-|�|_;���bѴѴ�Ѵo-7�omѴ��om|o�|_;�=buv|�=;��=-1|ouv�-m7�-ѴѴ�v�0v;-
t�;m|�=-1|ouv��bѴѴ�0;�bm7;r;m7;m|�o=�|_;bu�bm=Ѵ�;m1;ĺ��=�om;�7o;v�mo|�
�-m|�|o�-rrѴ��v�1_�-m�ou7;ubm]ķ�|_;�ou|_o]om-Ѵb|��1omv|u-bm|�l-��0;�
-�0;||;u�-Ѵ|;um-|b�;ĺ�);�;lr_-vb�;ķ�_o�;�;uķ�|_-|�|_;�ou|_o]om-Ѵb|��
1omv|u-bm|�bv�mo�Ѵ;vv�u;v|ub1|b�;�|_-m�|_;�vr-uvb|��1omv|u-bm|ĸ�u-|_;uķ�b|�
u;rѴ-1;v�-�v;ub;v�o=�ro|;m|b-ѴѴ��-u0b|u-u��lo7;ѴѴbm]�7;1bvbomv�Őbĺ;ĺ�|_;�
ou7;ubm]�o=�|_;�=buv|�K�|u-b|vő��b|_�-�vbm]Ѵ;ķ�r;u_-rv�;t�-ѴѴ��-u0b|u-u�ķ�
1omv|u-bm|ĺ

!;v;-u1_;uv� 1-m�-Ѵvo�-rrѴ�� -�_�0ub7� -rruo-1_��_;u;�om;�ou�
lou;� |u-b|v� Ѵo-7� omѴ�� om|o� -� 1;u|-bm� =-1|ouŐvő��_bѴ;� |_;� u;l-bm-
bm]� |u-b|v� -u;� =u;;� |o� Ѵo-7� om|o� -ѴѴ� =-1|ouvĺ� �=� |_;� vr;1b=b1� vr-u-
vb|��v|u�1|�u;� bv�mo|�v�==b1b;m|� |o� bm7�1;� b7;m|b=b-0bѴb|�ķ� |_;m�-m��


 ��&!� �ƐՊ$blbm]�1olr-ubvom�0;|�;;m�bm=;u;m1;�u;]bl;vĺ�);�u�m�|_u;;������1_-bm�vbl�Ѵ-|bomv�=ou�;-1_�1ol0bm-|bom�o=�N�Ő|_;�m�l0;u�
o=�|-�-őķ�P�Ő|_;�m�l0;u�o=�|u-b|vőķ�K�Ő|_;�m�l0;u�o=�=-1|ouvő�-m7�v-lrѴ;u�-m7�ru;v;m|�|_;�-�;u-];�lbmbl�l��""�r;u�v;1om7�=ou�;-1_ĺ�$_;�
ļ1om7b|bom-Ѵ��b00vĽ�v-lrѴ;u�u;=;uv�|o�|_;�l;|_o7v��v;7�0��$oѴho==�;|�-Ѵĺ�Ő2018őĺ�$_;�ļfobm|��b00vĽķ�ļ���Ľ�-m7�ļou|_o]om-ѴĽ�v-lrѴ;uv�u;=;u�|o�|_;�
l;|_o7v�ru;v;m|;7�bm�";1|bomv�3.1.1ķ�3.1.2 and 3.2ķ�u;vr;1|b�;Ѵ�ĺ���u�fobm|��b00v�-m7�����v-lrѴ;uv�-u;�-m�ou7;u�o=�l-]mb|�7;�=-v|;u�|_-m�
|_;�1om7b|bom-Ѵ��b00v�v-lrѴ;u��b|_�u;Ѵ-|b�;Ѵ��=;��|-�-�ŐN = 50ő�0�|�lou;�|_-m�|�o�ou7;uv�o=�l-]mb|�7;�=-v|;u��b|_�l-m��|-�-�ŐN = 1000őĺ�$_;�
ou|_o]om-Ѵ�v-lrѴ;u�bv�vѴo�;u�|_-m�|_;�fobm|��b00v�-m7�����v-lrѴ;uv�Ő-m7�;�;m�|_;�1om7b|bom-Ѵ��b00v�bm�|_;�1-v;�o=�vl-ѴѴŊ�Nķ�0b]Ŋ�Pő�0�|�v1-Ѵ;v�
�;ѴѴ�|o�Ѵ-u];�|u;;vĺ�(-Ѵ�;v�-u;�-�-bѴ-0Ѵ;�bm�$-0Ѵ;�"Ɛ.
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l-vvŊ�7;r;m7;m|�u;Ѵ-|bomv_brvķ��_bѴ;�|_;�v�0Ŋ�l-|ub��1olrov;7�o=�
uo�v�2,…,K� -m7� 1oѴ�lmv�2,…,P� bv� uo|-|;7� |o� ou|_o]om-Ѵb|�� �b-�
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ou�0b]Ŋ�N�7-|-v;|v�ŐN > 1, 000őķ�|_;�];o-
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;|;uv�!�-rr;-u�|o�0;�|o�1_bm]�Ő-v�bm�|_;�|orķ�Ѵ;=|�r-m;Ѵ�o=�
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-m-Ѵ�v;vķ�vo��;�u;1oll;m7�|_;�lou;�1olr�|-|bom-ѴѴ��;==b1b;m|�bĺbĺ7ĺ�
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ƔĺƒՊ |Պ �omv|u-bmbm]�|_;�m�l0;u�o=�=-1|ouv
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=ou�7;|-bѴvĺ

);� =�ѴѴ�� u;1o]mb�;� |_-|� 1olrѴ;�� ;�oѴ�|bom-u�� ruo1;vv;v� 7o�
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lo7;Ѵ� Őou� -m�� |u-1|-0Ѵ;� v|-|bv|b1-Ѵ� lo7;Ѵő� -m7� 1-�|bom� -]-bmv|�
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-0o�|� �m7;uѴ�bm]� 0boѴo]b1-Ѵ� r_;mol;m-ĺ� �o�;�;uķ� bm|;uru;|-|bom�
0;1ol;v�1_-ѴѴ;m]bm]�-v�|_;�m�l0;u�o=�=-1|ouv�bm1u;-v;vĺ�)_bѴ;�|_;�
lo7;Ѵ��b|_�or|bl-Ѵ�ru;7b1|b�;�r;u=oul-m1;�l-��_-�;�K < Kmaxķ�om;�
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v1-Ѵ;v�1�0b1-ѴѴ���b|_�K�-m7�vol;�0b]Ŋ�K�lo7;Ѵv�l-��0;� bm|u-1|-0Ѵ;ĺ�
�m�ru-1|b1;ķ��;�v;||Ѵ;�om�Kmax = 5� =ou�lov|�;�-lrѴ;v�0;Ѵo�ķ�-v��;�
=bm7�|_-|�|_;�1olr�|-|bom�|bl;�-m7�b7;m|b=b-0bѴb|��bvv�;v�-u;�|�rb1-ѴѴ��
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u;Ѵ-|bomv_br� 0;|�;;m� ƐƐ� =Ѵou-Ѵ� r_;mo|�r;v� -m7� |_;v;� roѴѴbm-|bom�
v�m7uol;v�bm�Aquilegia�-m7�b7;m|b=��|�o�=-1|ouvķ�omѴ��om;�o=��_b1_�bv�
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�-ub-m1;ķ��;�o0v;u�;�-�1Ѵ;-u�v;r-u-|bom�0;|�;;m�v|u-bmv�bm�|_;��;;u�
Ɛ�1Ѵ-7;�-m7�v|u-bmv� bvoѴ-|;7�=uol�o|_;u�=;ul;m|-|bom�ruo1;vv;v�-m7�
=uol�|_;��bѴ7ĺ��o|-0Ѵ�ķ�|_;�7ol;v|b1-|bom�o=�0;;u�v|u-bmv�bm�|_bv�1Ѵ-7;�
Ѵ;7�|o�-m�blr-bu;7�v;��-Ѵ�1�1Ѵ;�-v�o0v;u�;7�bm�|_;�u;7�1;7�vrou�Ѵ-|bom�
;==b1b;m1��-m7�vrou;��b-0bѴb|�ĺ�$_bv�Ѵovv�o=�-�=�m1|bom-Ѵ�v;��-Ѵ�1�1Ѵ;�bv�
r-bu;7��b|_�|_;�-77b|bom-Ѵ� Ѵovv�o=�|oѴ;u-m1;�|o�;m�buoml;m|�-m7�m�-
|ub;m|�v|u;vv;v�];m;u-ѴѴ�ĺ�$_;v;�v|u;vv;v�-u;�mo|�;m1o�m|;u;7�7�ubm]�
1om|bm�o�v� ]uo�|_� bm� |_;� m�|ub;m|Ŋ�ub1_� �ou|� l;7b�lĺ� $_;� _b]_;u�
|oѴ;u-m1;�|o�_b]_�|;lr;u-|�u;�o�|vb7;�o=��;;u�Ɛ�lb]_|�u;=Ѵ;1|�o|_;u�
lou;�1u�r|b1�vr;1b-Ѵb�-|bomv�o=�momŊ��;;u�1Ѵ-7;�Ɛ�v|u-bmv�v;Ѵ;1|;7�=ou�
7b==;u;m|�bm7�v|ub-Ѵ�ruo1;vv;v�Ő;ĺ]ĺ�0bo;|_-moѴ�ou�1o1o-�=;ul;m|-|bomőĺ�
�;�om7�|_;v;�];m;u-Ѵ�r-||;umvķ��;�-Ѵvo�mo|;�vr;1b=b1�|u-b|v�v;Ѵ;1|;7�
=ou�bm�|_;��;;u�Ɛ�1Ѵ-7;ĺ�
ou�;�-lrѴ;ķ�v|u-bmv��b|_bm�|_bv�1Ѵ-7;�7o�mo|�
ruo7�1;�ƓŊ��bm�Ѵ�]�-b-1oѴ�ŐƓŊ�(�őķ�-�u;mo�m�o==Ŋ�=Ѵ-�o�u�bm�0;;u�|_-|�bv�
Ѵ;vv� u;Ѵ;�-m|� |o�o|_;u� bm7�v|ub-Ѵ�mb1_;vĺ��77b|bom-ѴѴ�ķ� |_;� =buv|� =-1|ou�
bm�|_bv�1Ѵ-7;�bv�-vvo1b-|;7��b|_�;==b1b;m|��|bѴb�-|bom�o=�l-Ѵ|o|ubov;ķ�-m�
blrou|-m|�1-u0om�vo�u1;�bm�0;;u��ou|�0�|�u-u;Ѵ��=o�m7�bm�_b]_�1om-
1;m|u-|bomv� bm�m-|�u-Ѵ�;m�buoml;m|vĺ�$_;v;� u;v�Ѵ|v�o�;u-ѴѴ� u;1-rb|�-
Ѵ-|;�om;�o=�|_;�l-bm�=bm7bm]v�o=��-ѴѴom;�;|�-Ѵĺ� Ő2016őĹ� |_;�|u-mvb|bom�
=uol�1olrѴ;��-m7��-ub-0Ѵ;�m-|�u-Ѵ�mb1_;v�|o�|_;�v|-0Ѵ;ķ�m�|ub;m|Ŋ�ub1_ķ�
0;;u�l;7b�l� =-�o�u;7� 1;u|-bm� -7-r|-|bomv� Ő;ĺ]ĺ� ;==b1b;m|� �|bѴb�-|bom�
o=�l-Ѵ|o|ubov;ő� -m7� -11;m|�-|bom� o=� 1;u|-bm� |u-b|v� ŐѴovv� o=� 0;;u� o==Ŋ�
=Ѵ-�o�uvő�-|�|_;�1ov|�o=�0;1olbm]�v�0Ŋ�or|bl-Ѵ�=ou�v�u�b�-Ѵ�bm�|_;��bѴ7ĺ

);�;lr_-vb�;�|_-|� bm�|_bv�7-|-v;|�|_;u;�-u;�7b==;u;m|�7ol;v|b-
1-|bom�|u-f;1|oub;v�|-u];|;7�|o��;u��7b�;uv;�bm7�v|ub-Ѵ�ruo1;vv;vķ�-m7�
|_;�Ѵb=;�_bv|oub;v�o=�|_;�7b==;u;m|�1Ѵ-7;v�|ooh�v;r-u-|;�r-|_v�|_-|�|_;�
-77b|bom-Ѵ�=-1|ouv�Ѵbh;Ѵ��1-r|�u;ĺ

ѵĺƒՊ |Պ�-ll-Ѵb-m�Ѵb=;�_bv|ou�

�b=;Ŋ�_bv|ou��v|u-|;]b;v��-u��]u;-|Ѵ��-1uovv�|_;�|u;;�o=�Ѵb=;ĺ��;m;u-ѴѴ��
vr;-hbm]ķ�ou]-mbvlv�;�bv|�-Ѵom]�-�vr;1|u�l�0;|�;;m�=-v|Ŋ�u;ruo7�1bm]�
vr;1b;v�|_-|�ruo7�1;�l-m��o==vrubm]��b|_�Ѵb||Ѵ;�bm�;v|l;m|�bm|o�-m��
vbm]Ѵ;�1_bѴ7�-m7�vѴo�Ŋ�u;ruo7�1bm]�vr;1b;v�|_-|�bm�;v|�u;Ѵ-|b�;Ѵ��]u;-|�
|bl;�-m7�;m;u]�� bm|o�;-1_�o=�|_;bu� Ő1olr-u-|b�;Ѵ��=;�;uő�o==vrubm]�
Ő�b-mh-ķ�1970őĺ�)_bѴ;�-ѴѴol;|ub1�Ővb�;Ŋ�7;r;m7;m|ő�1omv|u-bm|v�1Ѵ;-uѴ��
bm=Ѵ�;m1;�|_;v;�Ѵb=;Ŋ�_bv|ou��v|u-|;]b;v�Ő�o�h-Ѵ�;|�-Ѵĺķ�2014őķ�r-1;Ŋ�o=Ŋ�
Ѵb=;�|_;ou��ru;7b1|v�vb�;Ŋ�bm7;r;m7;m|�Ѵb=;Ŋ�_bv|ou���-ub-|bom�-v�-�l-fou�
7ub�;u�o=�r_;mo|�rb1�1o�-ub-|bom�Ő!;�moѴ7vķ�2003ĸ�!࣐-Ѵ;�;|�-Ѵĺķ�2010őĺ�
��1_��ouh�_-v�0;;m�7om;�;�-Ѵ�-|bm]�|_;v;�_�ro|_;v;v�-1uovv�m�-
l;uo�v�|-�omolb1�]uo�rv�Őv;;��Ѵ-1h0�umķ�1991ĸ��b;Ѵ0��;|�-Ѵĺķ�2007; 
"-Ѵ]�uoŊ��ॕl;�ķ�2017őķ�0�|�lov|�v|�7b;v�-u;�Ѵblb|;7�0��l;|_o7oѴo-
]b;v�|_-|�u;t�bu;�1olrѴ;|;�7-|-�-m7�v1-Ѵ;�roouѴ��|o��;u��Ѵ-u];�|u;;v�
-m7�l-m��|u-b|vĺ

);� ;�rѴou;� |_;� ;�oѴ�|bom� o=�l-ll-Ѵb-m� Ѵb=;� _bv|ou�� �vbm]� |_;�
�-m$��!��� ;1oѴo]b1-Ѵ� 7-|-0-v;� Ő�om;v� ;|� -Ѵĺķ� 2009őĺ�);� v;Ѵ;1|� -�
v�0Ŋ�v;|�o=�|_bv�7-|-�bm1Ѵ�7bm]�0o7��l-vv�-m7�ƐƏ�Ѵb=;Ŋ�_bv|ou��|u-b|v�=ou�
|_;�ƒķѵƖƐ�vr;1b;v��b|_�-|�Ѵ;-v|�om;�momŊ�lbvvbm]�o0v;u�-|bomĺ�)_bѴ;�
�-vvѴ;u�;|�-Ѵĺ�Ő2020ő�;�rѴou;�-�vblbѴ-u�v�0v;|�o=�|_;��-m$��!���7-|-�
�vbm]� -� l�Ѵ|b�-ub-|;� �uo�mb-m� 7b==�vbom� Ő��	ő� lo7;Ѵķ� |_;� ��	�
lo7;Ѵ�1-mmo|�r-u|b|bom�|_;�1o�-ub-m1;�v|u�1|�u;�bm|o�vb�;Ŋ�7;r;m7;m|�
-m7�vb�;Ŋ�bm7;r;m7;m|�1olrom;m|vĺ

�
�ķ� _o�;�;uķ� bv� b7;-ѴѴ�� v�b|;7� |o� |_bv� |-vh� -v��;� 1-m� v|u�1-
|�u;� |_;� Ѵo-7bm]v� l-|ub�� -� ruboub� |o� u;�;-Ѵ� |_;v;� u;Ѵ-|bomv_brvĺ�
"r;1b=b1-ѴѴ�ķ��;�-rrѴ��|_;�_�0ub7�1omv|u-bm|�bm|uo7�1;7�bm�";1|bom�
5.1��_;u;�;Ѵ;l;m|v�!21,…,!K1�-u;�=b�;7�|o��;uoķ�=ou1bm]�0o7��l-vv�
|o�Ѵo-7�omѴ��om|o�|_;�=buv|�=-1|ouĺ�$o�-�ob7�ou7;ubm]�|_;�o|_;u�Ѵb=;Ŋ�
_bv|ou�� |u-b|vķ��;�-vv�l;� |_-|� |_;� v�0Ŋ�l-|ub�� 1omvbv|bm]�o=� uo�v�
2,…,K� -m7� 1oѴ�lmv�2,…,P� bv� ou|_o]om-Ѵ� Ő�_b1_� �;� ;m=ou1;� �b-�
rov|Ŋ�ruo1;vvbm]őĺ�);��v;�|_;�=b�;7�|u;;�o=�
ub|��;|�-Ѵĺ�Ő2009őķ��_b1_�
�;�ru�m;�|o� bm1Ѵ�7;�omѴ��|_;�ƒķѵƖƐ�|-�-�=ou��_b1_��;�_-�;�|u-b|�
7-|-ĺ�);�r;u=oul�lo7;Ѵ�v;Ѵ;1|bom�-vv�lbm]�Kmax = 5ķ��b|_�|_;�or-
|bl-Ѵ�lo7;Ѵ�_-�bm]�K = 5ĺ��o�;�;uķ�|_;�=buv|�|_u;;�=-1|ouv�;�rѴ-bm�
ѶƔѷ�o=�|_;�_;ub|-0Ѵ;��-ub-m1;�Ő�b|_�|_;�Ѵ-v|�=-1|ou�;�rѴ-bmbm]�omѴ��
Ɠѷőķ� v�]];v|bm]� |_-|�K = 5� bv� v�==b1b;m|� |o�1-r|�u;� |_;�l-fou�r-|-
|;umv�o=��-ub-|bom�bm�l-ll-Ѵb-m�Ѵb=;Ŋ�_bv|ou��;�oѴ�|bomĺ�);�rѴo|�o�u�
u;v�Ѵ|v�bm�
b]�u; 5.

�omvbv|;m|��b|_� |_;��-vvѴ;u� ;|� -Ѵĺ� Ő2020ő� -m-Ѵ�vbvķ� 0o7�� vb�;� bv�
1Ѵ;-uѴ�� -vvo1b-|;7��b|_� |_;� ļvѴo�Ľ� Ѵb=;Ŋ�_bv|ou�� v|u-|;]�� Őbĺ;ĺ� vl-ѴѴ;u�
-m7�Ѵ;vv�=u;t�;m|�Ѵb||;uvķ�Ѵom];u�Ѵb�;vőĺ��o|-0Ѵ�ķ�|_bv�-ѴѴol;|ub1�=-1|ou�
bv�mo|�|_;�7olbm-m|�=-1|ou�-m7�;�rѴ-bmv�omѴ��Ɛѵѷ�ŐƐƓѷ−ƐѶѷő�o=�|_;�
_;ub|-0Ѵ;��-ub-m1;ĺ�$_;�v;1om7�=-1|ouķ�_o�;�;uķ�;�rѴ-bmv�Ɠѵѷ�ŐƓƑѷ−
ƔƐѷő�o=�|_bv��-ub-m1;�-m7�1Ѵ;-uѴ��1-r|�u;v�-�vb�;Ŋ�bm7;r;m7;m|�=-v|Ŋ�
vѴo�� Ѵb=;Ŋ�_bv|ou��-�bvķ�v�]];v|bm]�|_-|�vb�;Ŋ�bm7;r;m7;m|� Ѵb=;Ŋ�_bv|ou��
v|u-|;]b;v�rѴ-��-�l-fou� uoѴ;� bm�l-ll-Ѵb-m�;�oѴ�|bomĺ��v�;�b7;m|� bm�

b]�u; 5ķ�|_bv�rubl-u��Ѵb=;Ŋ�_bv|ou��-�bv�Ő=-1|ou�Ƒő��-ub;v�bm7;r;m7;m|Ѵ��
o=� |_;� -ѴѴol;|ub1� om;� Ő=-1|ou� Ɛő� �b|_� ;�-lrѴ;v� o=� Ѵ-u];ņvѴo�� Ő1;-
|-1;-mvőķ� Ѵ-u];ņ=-v|� ŐѴ-]olour_vőķ� vl-ѴѴņvѴo�� Ő0-|vő� -m7� vl-ѴѴņ
=-v|� Őuo7;m|vő� |-�omolb1�]uo�rvĺ�$_bv�rubl-u�� Ѵb=;Ŋ�_bv|ou�� =-1|ou� bv�
�;ѴѴ�1omv;u�;7�-1uovv�|_;�r_�Ѵo];m;|b1�|u;;ķ��b|_� Ѵ-u];�|-�omolb1�
]uo�rv�v_-ubm]�Ѵb=;Ŋ�_bv|ou��v|u-|;]b;vĺ


-1|ouv� ƒķ� Ɠ� -m7� Ɣ� ;�rѴ-bm� 1olr-u-|b�;Ѵ�� Ѵ;vv� o=� |_;� _;ub|-0Ѵ;�
�-ub-m1;�ŐƑƒѷķ�ƐƐѷ�-m7�Ɠѷķ�u;vr;1|b�;Ѵ�őĺ�
-1|ouv�ƒ�-m7�Ɠ�-rr;-u�|o�
1-r|�u;�|u-7;Ŋ�o==v�0;|�;;m�Ѵb||;u�vb�;�-m7�Ѵb||;u�=u;t�;m1�ķ��_bѴ;�|_;�
5th�=-1|ou�rubl-ubѴ��1-r|�u;v�-�m;]-|b�;�u;Ѵ-|bomv_br�0;|�;;m��;-m-
bm]� -];� -m7� ];v|-|bom� Ѵ;m]|_� -m7� bv� v|uom]Ѵ�� ;�ru;vv;7� bm� lomo-
|u;l;v�-m7�l-uv�rb-Ѵv�|_-|�;lrѴo��7b==;u;m|�u;ruo7�1|b�;�v|u-|;]b;v�
|_-m�rѴ-1;m|-Ѵ�l-ll-Ѵvĺ

ѵĺƓՊ |Պ�;���ouѴ7�lomh;��1u-mb-Ѵ�lour_oѴo]�

)_bѴ;�l�1_�;==ou|�_-v�0;;m�7;�o|;7�|o�v|�7�bm]�|_;�;�oѴ�|bom�o=�rub-
l-|;�0u-bm� vb�;ķ� u;Ѵ-|b�;Ѵ�� =;��v|�7b;v�_-�;� =o1�v;7�om��m7;uv|-m7-
bm]�7b�;uvb|��bm�0u-bm�lour_oѴo]��ou�v_-r;ĺ��o|-0Ѵ;�;�1;r|bomv�|o�|_bv�
|u;m7�bm1Ѵ�7;��ubv|b7;�;|�-Ѵĺ�Ő2016ő�-m7�"-mv-Ѵom;�;|�-Ѵĺ�Ő2020őĺ��;u;�
�;�u;Ŋ�-m-Ѵ�v;�|_;�7-|-�ru;v;m|;7�bm��ubv|b7;�;|�-Ѵĺ�Ő2016őķ�|_-|�1omvbv|�
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factor 1 factor 2 factor 3 factor 4 factor 5

si
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n

−1 0 1 −1 0 1 −1 0 1 −1 0 1 −1 0 1

body mass

maximum longevity
age at first birth

age at sexual maturity
age at dispersal
age at weaning

gestation length

teat number
litter frequency

litter size
interbirth interval

loadings value

0.00

0.25

0.50

0.75

1.00
probability > 0

(a)

(b)
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o=�ƒƖƖ�;m7o1u-mb-Ѵ� Ѵ-m7l-uhv� bm� |_u;;Ŋ�7bl;mvbom-Ѵ� ��1Ѵb7;-m� vr-1;�
Őv|-m7-u7b�;7� 0�� ];m;u-Ѵb�;7� �uo1u�v|;v� -m-Ѵ�vbvő� =ou� ƓѶ� vr;1b;v� o=�
�;��)ouѴ7�lomh;��Ő�)�őĺ�)_bѴ;��ubv|b7;�;|�-Ѵĺ�Ő2016ő�r;u=oul�rubm-
1br-Ѵ�1olrom;m|�-m-Ѵ�vbv�om�|_;��uo1u�v|;v�1oou7bm-|;v�-m7��v;�|_;�
rubm1br-Ѵ�1olrom;m|�v1ou;v�-v�|u-b|v�bm�-�Ѵ-u];u�;�oѴ�|bom-u��-m-Ѵ�vbvķ�
|_bv�ruo1;7�u;�Ѵ-1hv�-�1olrѴ;|;�7-|-Ŋ�];m;u-|b�;�v|-|bv|b1-Ѵ�lo7;Ѵ�|_-|�
;�rѴb1b|Ѵ��-11o�m|v�=ou��m1;u|-bm|��ou�mobv;�bm�|_;�v_-r;�7-|-ĺ

);� vbl�Ѵ|-m;o�vѴ�� bm=;u� |_;� r_�Ѵo];m���b|_� |_;� �
��r-u-l;-
|;uv��vbm]�	���v;t�;m1;�-Ѵb]ml;m|v�=uol��ubv|b7;�;|�-Ѵĺ�Ő2015ő�Őv;;�

";1|bom�"ƐƑĺƑ�=ou�7;|-bѴvőĺ��u;Ѵblbm-u��u;v�Ѵ|v�v�]];v|�|_-|� Ő-ő�or|b-
l-Ѵ�ru;7b1|b�;�r;u=oul-m1;�u;t�bu;v�-��;u��Ѵ-u];�m�l0;u�o=�=-1|ouv�
Ő> 20Քőķ��_b1_� bv� �mv�urubvbm]� ]b�;m� |_;� 1olrѴ;�b|�� o=� |_bv� 7-|-v;|ķ�
-m7�Ő0ő�b7;m|b=b-0bѴb|��rov;v�-m��m�v�-ѴѴ��]u;-|�1_-ѴѴ;m];�7�;�|o�|_;�
ļvl-ѴѴŊ�N�0b]Ŋ�PĽ�m-|�u;�o=�|_;�7-|-ĺ��v�v�1_ķ��;�v;||Ѵ;�om�-�|_u;;Ŋ�=-1|ou�
lo7;Ѵ��b|_�ou|_o]om-Ѵ�v_ubmh-];�rubou�-m7�v|uom]�v_ubmh-];�|o�l-�-
blb�;�b7;m|b=b-0bѴb|�ĺ�$o�l-bm|-bm�7b==;u;m1;v�bm�v1-Ѵ;�0;|�;;m�|u-b|vķ�
�;�7o�mo|�u;Ŋ�v1-Ѵ;�om�-�r;uŊ�|u-b|�0-vbv�0�|�u-|_;u�7b�b7;�-ѴѴ�|u-b|v�0��
|_;�l-�bl�l�r;uŊ�|u-b|�v|-m7-u7�7;�b-|bomĺ


 ��&!� �ƔՊ�-ll-Ѵb-m�Ѵb=;Ŋ�_bv|ou��u;v�Ѵ|vĺ�Ő-ő��ov|;ubou�v�ll-u��o=�|_;�Ѵo-7bm]vĺ��o-7bm]v�o=�0o7��vb�;�om|o�=-1|ouv�Ƒŋ�Ɣ�bv�v;|�|o�Ə�-�
ruboubĺ�";;�
b]�u; 3b�=ou�7;|-bѴ;7�7;v1ubr|bom�o=�=b]�u;�;Ѵ;l;m|vĺ�$_;�=buv|�=-1|ou�1-r|�u;v�-ѴѴol;|ub1�u;Ѵ-|bomv_brv�Ő0��7;vb]mő�-m7�;�rѴ-bmv�
omѴ��Ɛѵѷ�o=�|_;�_;ub|-0Ѵ;��-ub-m1;ķ��_bѴ;�|_;�u;l-bmbm]�=-1|ouv�1-r|�u;�vb�;Ŋ�bm7;r;m7;m|�u;Ѵ-|bomv_brvĺ�$_;�v;1om7�=-1|ouķ�-11o�m|bm]�=ou�|_;�
rѴ�u-Ѵb|��ŐƓѵѷő�o=�|_;�_;ub|-0Ѵ;��-ub-m1;ķ�1-r|�u;v�-�=-v|Ŋ�vѴo��Ѵb=;Ŋ�_bv|ou��-�bvĺ�!;l-bmbm]�=-1|ouv�1-r|�u;�lou;�vr;1b=b1�v|u-|;]b;v�Ő;ĺ]ĺ�=-1|ouv�
|_u;;�-m7�=o�u�-rr;-u�|o�v�rrou|�|_;�;m;u]��|u-7;Ŋ�o==�0;|�;;m�Ѵb||;u�vb�;�-m7�Ѵb||;u�=u;t�;m1�őĺ�$_bv�v�]];v|v�|_-|�0o7��vb�;�bv�mo|�|_;�l-bm�
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