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A central result in superconductivity is that flat bands, though dispersionless, can still host a nonzero superfluid
weight due to quantum geometry. We show that the derivation of the mean field superfluid weight in previous
literature is incomplete, which can lead to severe quantitative and even qualitative errors. We derive the complete
equations and demonstrate that the minimal quantum metric, the metric with minimum trace, is related to the
superfluid weight in isolated flat bands. We complement this result with an exact calculation of the Cooper
pair mass in attractive Hubbard models with the uniform pairing condition. When the orbitals are located at
high-symmetry positions, the Cooper pair mass is exactly given by the quantum metric, which is guaranteed
to be minimal. Moreover, we study the effect of closing the band gap between the flat and dispersive bands,
and develop a mean field theory of pairing for different band-touching points via the S-matrix construction.
In mean field theory, we show that a nonisolated flat band can actually be beneficial for superconductivity.
This is a promising result in the search for high-temperature superconductivity as the material does not need to
have flat bands that are isolated from other bands by the thermal energy. Our work resolves a fundamental
caveat in understanding the relation of multiband superconductivity to quantum geometry, and the results
on band touchings widen the class of systems advantageous for the search of high-temperature flat band

superconductivity.
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I. INTRODUCTION

Systems with dispersionless (flat) bands host exotic
phenomena, as even small interactions will dominate the ki-
netic energy. For example, flat bands have been predicted
to increase the critical temperature for superconductivity.
Bardeen-Cooper-Schrieffer (BCS) theory predicts that the
critical temperature is given by 7. exp(—m), where
|U| is the strength of the effective attractive interaction and
po(Er) is the density of states at the Fermi surface. In a
flat band, where the density of states diverges, T, is propor-
tional [1-3] to |U|, implying that the critical temperature can
be much higher in flat bands than in dispersive bands at low
interaction strengths.

However, the BCS critical temperature does not by itself
indicate superconductivity, as it is only the critical temper-
ature for Cooper pair formation. The Meissner effect and
the possibility of dissipationless transport are also required.
These are characterized by a nonzero superfluid weight D; or,
equivalently, superfluid stiffness [4]. Moreover, a nonzero D;
is a necessary condition for a nonzero Berezinsky-Kosterlitz-
Thouless (BKT) transition temperature, which is the critical
temperature for superconductivity in two dimensions. The su-
perfluid weight is conventionally given by Dy = n,/m*, where
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n, is the total particle density and m* is the effective mass. In
a flat band, single particles localize and m* diverges, which
indicates vanishing superfluid weight. However, in multiband
models, the superfluid weight has an additional geometric
contribution which can be nonzero even in the case of flat
bands [5-8]. In the isolated band limit, this contribution has
been shown [5] to be related to the quantum metric [9-11].
Monte Carlo results are in good agreement with this pre-
diction [12-14]. Flat band superconductivity has attracted
immense interest due to its relevance in magic-angle twisted
bilayer graphene [15-17] and other moiré materials [18-22].
In particular, the potential importance of the geometric contri-
bution to the superfluid weight has been shown in theoretical
studies of twisted bilayer graphene [23—26], and has also been
explored experimentally [27].

There is, however, a fundamental problem in the relation
between the superfluid weight and the quantum metric as
presented in previous literature. Consider a gedanken trans-
formation that changes the orbital locations of a lattice model
without altering the hopping terms. The superfluid weight
is invariant under such transformations. On the other hand,
the quantum metric depends not only on the tight-binding
parameters of the lattice model, but also on the locations
of the orbitals. We show that this discrepancy in mean field
theory is resolved by properly accounting for the dependence
of the order parameters on the magnetic vector potential.
This dependence is crucial in multiband models, where the
order parameters can have orbital-dependent phases. We show
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that accounting for the behavior of the order parameters
is necessary even in systems with time-reversal symmetry
and uniform pairing, contradicting previous literature [5,28].
We derive complete equations for the mean field superfluid
weight, and show that the use of the simpler equations pro-
vided in previous literature can lead to quantitative and,
in extreme cases, qualitative errors where the superfluid
weight is incorrectly nonzero. We show that, in time-reversal-
symmetric systems, the superfluid weight for isolated flat
bands with uniform pairing is proportional to the minimal
quantum metric, which is the quantum metric with the small-
est possible trace.

These conclusions in mean field theory are mirrored by ex-
act calculations of the Cooper pair mass in attractive Hubbard
models possessing a uniform pairing condition. We find two
contributions to the effective mass in perturbation theory: the
quantum metric and a competing nonuniversal term. However,
we show that the space-group symmetries strongly constrain
the latter. If the orbitals are located at high-symmetry po-
sitions such that they are pinned in location by the lattice
symmetries, this nonuniversal term vanishes and the quantum
metric is the unique contribution to the Cooper pair mass. We
propose a simple extension of the uniform pairing condition
that guarantees the nonuniversal term vanishes.

In order to understand the behavior of nonisolated flat
bands, we also study the effect of closing the gap between the
flat band and dispersive bands. Remarkably, we show that a
band touching can actually be beneficial for superconductivity
(see Fig. 1). This is important, as it means that one does not
need to find systems where the flat band is separated from
the other bands by a large energy scale. If isolated bands
were needed, trying to achieve a higher critical temperature
would mean that larger band gaps were required to avoid
thermal excitations to the other bands; this could be a severe
limitation especially when searching for room-temperature
superconductivity. Our results show that such isolation is not
necessarily needed. In contrast, band touchings can enhance
Tpkr or 1.

We also investigate the effect of different types of band
touchings, and show that the quantum geometry of the flat
band alone is not sufficient to describe superconductivity in
the nonisolated band limit: the type of band touching matters
too, and can actually be used as a design degree of freedom
when optimizing the critical temperature. We complement our
numerical results with an analytic treatment of interacting
bipartite crystalline lattices with mean field theory, yielding
relations between the pairing strengths on different sublat-
tices.

Overall, our results are promising for harnessing the po-
tential of flat bands in increasing the critical temperature of
superconductivity, illustrated by Fig. 1. For large interactions,
dispersive band structures are often as good or better than
flat band systems. In contrast, for weak interactions (typically
|U| < t), flat bands provide a clear, even radical, advantage.
This makes it possible to utilize a wider class of systems and
materials for high-temperature superconductivity since inter-
actions do not need to be strong. The potential of flat bands to
offer high critical temperature even for weak interactions may
also help avoid bipolarons and charge density waves compet-
ing with superconductivity at large interactions [29,30].
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FIG. 1. BKT temperature computed for the square lattice (gray)
and for the Lieb lattice with a half-filled flat band (blue, green,
and yellow) with different values of the hopping staggering n (see
Fig. 2). Inset: BKT temperature at interactions 0.2 < |U| < 3. The
flat band is isolated from the other bands by a band gap E,,, = V8.
The highest BKT temperatures are obtained when n = 0, which
corresponds to the situation where the gap between the flat band
and dispersive bands closes, resulting in a linear band touching.
The BKT temperature for the square lattice (gray) is exponentially
suppressed at low interactions, whereas Tgkr on the isolated flat band
is proportional to |U|. All energies are given in units of the average
inter-lattice-site hopping energy ¢.

II. SUPERFLUID WEIGHT IN MULTIBAND MEAN
FIELD MODELS

A. Model Hamiltonian
We study the Hubbard model on a multiband lattice

H=7 "> (s — Miajp)ClunC g0
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where i, j label the unit cells and «, 8 the orbitals in a unit
cell. The hopping amplitude from site jB to i for spin o is
ti ;g and U < 01is the onsite interaction strength. The particle
number is tuned by the chemical potential .. We use the usual
mean field approximation U c;fa Tc:fm 1Cia) Ciar Aiac; Tc:fa Lt
H.c. — |Ai|?/U, where Ajq = U {cia| Ciat). We will focus on
solutions where the order parameter is uniform on each or-
bital, A;, = A, i.e., it does not depend on the unit-cell index
i but can depend on the orbital index «.

B. Superfluid weight from the free energy

The superfluid weight can be defined as the change in
free energy F = Q + uN, where 2 is the grand canonical
potential and N is the particle number, due to a change in the
phase of the order parameters A;, — A e?4"i« [531], with
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ri being the position of the site io:
1 d°F
14 dqldQI q=0.

[Ds)i; = (2)
Here, V is the volume of the system. The derivative is taken at
a constant temperature, but the other thermodynamic variables
are allowed to vary with gq.

Introducing the phase ¢*4”« into Eq. (1), the Fourier-
transformed mean field Hamiltonian reads as

H(g) =) cjHpac(k)e,
k

Au(@)?
+ZTrH,j—nNcu—NCZ%, 3)

k [
H' — ul A
Hpa (k) = | 7%, NG
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where ck - (Cquk,a:l,T’ M Cquk,a:n,T’ quk,azl.L’ M
c;_k,a:n‘ L)T and n is the number of bands. The number of

unit cells is denoted by N,, and A = diag(Ay, ..., Ay).
The matrix Hy is the Fourier transformation of the kinetic
Hamiltonian for spin o, [Hllep =D, tg,oﬁe*"k'(RiHr“ﬂ),
where R; is the position of the ith unit cell and 8, = r;y, — R;.
Here we have used the Fourier transformation

1 )
Chuos = E ek Ritde, 5
koo m i iao ( )

which takes the intra-unit-cell positions of the orbitals into
account. Another convention that is often used is

1 —ik-R;
Ckao = e "Ciao 6
& oA Ei (©)

which corresponds to setting all §, = 0. This latter convention
has the advantage of making the Hamiltonian explicitly peri-
odic in reciprocal space. However, the choice of the orbital
positions plays an essential role, as we will show, in relating
the superfluid weight to quantum geometry.

The order parameters for a given chemical potential and
temperature can be solved by minimizing the grand potential

1
Q= -3 Z Zln[l + exp(—BEx.i)]
k i

A 2
+Zk:TrH,j—nNcu—NCXa:| le , (7
where Ey ; are the eigenvalues of the Bogoliubov—de Gennes
Hamiltonian Hpgg(k). The particle number is controlled by
the chemical potential w, and fulfills the equation N =
—0Q2/0p.

Equation (2) can be cumbersome to use, as it requires
knowledge of the state at nonzero q. In previous literature [5],
it has been shown that this equation simplifies to [Dy];; =
(1/V)d*Q/8q:0q jlq=0 for systems with time-reversal symme-
try (TRS), and assuming that the order parameter is always
real, even for nonzero q. The partial derivative is taken with
all variables but ¢ kept constant, meaning only knowledge of
the state at ¢ = 0 is required. This simplified equation has

been used, for example, to show that the superfluid weight
of isolated flat bands is proportional to the quantum met-
ric. A salient problem with that result, however, is that the
quantum metric depends on the positions of the orbitals in
a unit cell {4} through Eq. (5). On the other hand, the su-
perfluid weight is invariant under changes of {§,}: this is
immediately clear from the definition (2), given that the free
energy does not depend on intra-unit-cell positions (when the
hopping amplitudes f;,, ;s have been fixed constant). Using the
terminology introduced in Ref. [32], the superfluid weight is
geometry independent while the quantum metric is geometry
dependent. The source of this discrepancy is the assumption
that all order parameters are real even at nonzero q. For
a single-band model, this assumption can always be made
because of the freedom in the phase of the order parameter.
However, for a multiband model, the order parameters can
have orbital-dependent phases and cannot, in general, be made
simultaneously real by changing only the overall phase.

To understand how the problem arises, let us express
d’F /dg;idq ; in terms of partial derivatives of the grand canon-
ical potential. For all the equations, we will fix the overall
phase of the order parameters by imposing reality and pos-
itivity on a nonzero order parameter for one of the orbitals;
we choose it to be A;(q). For simplicity, we will focus here
on a system with time-reversal symmetry, which implies that
n(g) = u(—¢q) and Aq(q) = Ay (—¢) [5]. Hence atg = 0, the
derivatives of the order parameters are purely imaginary and
du/dqilg—o = 0. The general case without TRS is treated in
Appendix A. Using the chain rule, the first derivative of the
grand potential may be written as

Q@ 9Q
dqi o 8(,],

0Qdu 3 Q2 dA], )3 Q2 dAR
o dg; AL dg; AR dg;’
(®)

o o

where we have used the notation A/, = Im(A,) and AR =
Re(Ay). Taking the total derivative of Eq. (8) with reference
to g; and setting ¢ = 0 yields

d*F _d*Q IQ d*n ©
dqgidqjl,_y  dqidqjl,_y 1 dqidqj|,_,
d Q
= — (10)
de 8%’ =0
3°Q 3°Q dAl
= I— e (]1)
09i99 l4—0 7 08499 dq; |4

We have used that 92/dA, = 0 at all g, which is equivalent
to the gap equation, and that the total particle number N =
—0d82/0du is constant. Due to TRS, the derivatives of the order
parameters are purely imaginary at ¢ = 0 and du/dgi|,—o =
0, which is why only the total derivatives of Al appear on the
third line. Since 92/9 A, = 0 holds at all g, we have

P
gm0 0qi0Al

a

1
?Q  dAyg

Z 1 1 .
57 0ALIAL dg,
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© dgi dAL

q=0
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Using this identity, we can write Eq. (11) in a more concise
form

d*F 9’Q
= — (&A1) 93,2(d; A g=0,
dqidqjle—o  99i99; |40
(13)
dA} dAalNT
diaT — (d—qz dqf’) , (14)
3’Q °Q
anlaaL Tt ALaAlL
=\ : : (15)
°Q °Q
aAlaAL Tt dALdA]

The partial derivatives in 82,9 are taken by varying the

involved order parameter while keeping all other variables
constant.

Clearly,  d*F/dqidq;le—0 = 3*Q/3g;0q;lq—0  when
dA!/dgil4—0 = 0. This holds if the order parameters are
real also at nonzero ¢. It has been argued in previous literature
that the simplified equation [D;];; = (1/V)32sz/aq,-aq,|q:0
can be used in systems with TRS, as the order parameters
can be made real with a transformation c¢;, — cjee®@ [5].
This transformation has no effect on the free energy, and the
superfluid weight remains unchanged. However, the terms on
the right-hand side of Eq. (13) are not individually conserved
under this transformation; they both change in such a way that
the left-hand side of Eq. (13) remains invariant. Therefore,
when using [D;];; = (1/V)82£2/8q,-8qj|q=0, it is crucial
to compute the partial derivative affer the transformation
Cia = Cig€%«@ is performed. In practice, one cannot assume
that this simplified equation holds without knowledge of the
behavior of the order parameters at nonzero ¢, even in systems
with TRS. This fact was correctly pointed out in Ref. [28].
However, it was stated therein that the additional terms are
zero when the orbitals are equivalent. This is not generally the
case: the introduction of the vector ¢ in the system typically
breaks the very symmetry which guaranteed equal pairing at

J

the orbitals, meaning that the order parameters at g # 0 can
differ even if they are equal at ¢ = 0.

It is straightforward to show that the additional terms in
Eq. (13) are always negative for i = j. The matrix BZ,Q
is the Hessian matrix of the grand canonical potential, and
since the order parameters are a minimum of €2, it is positive
semidefinite. It follows immediately that (d;A)" 83, Q(d;A) >
0, which means that (1/V)3?€/d47|,—9 > [D,];. This implies
that 92€2/9q;dq ; can predict values that are much larger than
the correct superfluid weight, including the case of indicating
a nonzero superfluid weight when it is in fact vanishing.

The derivatives dA,/dq; can be computationally expen-
sive to evaluate, as they seem to require solving the gap
equation at different nonzero g. Remarkably, however, they
can be determined with only knowledge of the ground state at
q = 0. This method relies on the system of equations given in
Eq. (12), which can be written in matrix form as

(33, Q)d; A" = —b;, (16)
3’Q 2 \"
b; = Toones . 17
8(],‘8A2 BqlaA{l

The derivatives of the order parameters are thus d;A’ =
—(ai, )~ !b;, which involves only partial derivatives of €2 and
does not require knowledge of the state at nonzero q.

C. Superfluid weight from linear response: Conventional
and geometric contributions

In previous literature, the superfluid weight has been split
into so-called conventional and geometric parts [5,6]. The
conventional part is the only component present in single-
band models, and is related to the derivatives of the band
structure. It vanishes in the flat band limit. The geometric
part is a purely multiband component which can be nonzero
even on flat bands. Expressions for these components have
been derived from linear response theory [6], but without
accounting for the dependence of the order parameters on the
vector potential. We compute the full mean field superfluid
weight from linear response theory in Appendix D, and obtain

1 ng(E,) — nr(Ep) ~ ~ ~ ~ 1
Dy = 37 3 = — Wl ) 05l ) = (Wl Oily + 881 Wl @iy + 8,801 = 1-Cos
k,ab a ¢
(18)
where
OH) dA
~ - 0 0 dar 1 dA, dN¥
ok |, dgi lg=0 a
ain = T k=k 1k s (S,A = (dAT 7 ), Ci' = — —— +H.c. (19)
T Gl O S0 g g

Here, y* = 0, ® 1,,x», wWhere o; are Pauli matrices and 1,
is the n x n identity matrix. The eigenvalues and eigenvec-
tors of Hpyg are E, and |y, ), respectively, and ng(E) is the
Fermi-Dirac distribution at E. The prefactor in (18) should be
understood as —dnp(E)/dE when E, = Ej;,. This expression
differs from the one given in [6] by the addition of §; A in the

(

second term on the right-hand side of Eq. (18) and C;;, which
account for the derivatives of the order parameters.

To separate the conventional and geometric contributions
of the superfluid weight, we write the eigenvectors
of Hggg in terms of the Bloch functions [mg,y):

[Va) = Dt (Wi am|+) ® 1My k) + W am| =) ® | ),
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where |m4 i) is the eigenvector of HkT with eigenvalue €4 ,, x,

|m’£,7k) is the eigenvector of (ka)* with eigenvalue €| ,, g,
and | %) are the eigenvectors of o, with eigenvalues 1. Then,
using the linear response result (18), we define

[ vconv nw = 3 Z Zcxﬁ[]i(k)]mm[ 3(_k)]nn7 (20)

mn

n nr(E, )— nr(Ep) .
Coy = Z g, g, ranWee - 1
[]M(k)]mn = <ma,k|a;/.Hk |n0,k>

EU,n,k)<8uma,k |na,k) s
(22)

= (Smnauea,m,k + (Ea,m,k -

where 9, = 9/9,.
Ds - Ds,conv-

The expression for the conventional contribution con-
tains only single-band components of the current operators,
[ j; (K)lmm = 0,€5,mk, and is the same as defined in previ-
ous literature [8]. The geometric contribution contains all
other terms, including those arising from the derivatives of
the imaginary components of the order parameters, which
can only be nonzero in multiband models. This split into
conventional and geometric contributions is independent of
the choice of orbital positions, and as we show below, the
geometric part is related to the minimal quantum metric in
isolated flat bands. These definitions are valid in a system
with TRS, where the derivatives of the order parameters can
be made purely imaginary at ¢ = 0 [5]. In a system without
TRS, there are additional terms arising from the derivatives of
the real parts of the order parameters which can be nonzero
even in a single-band system.

The superfluid weights derived from the free energy,
Eq. (13), and by linear response, Eq. (18), are equal, as shown
in Appendix E. We have verified numerically that both meth-
ods yield the same results in all examples studied in this paper.

The geometric contribution is Dy geom =

III. QUANTUM METRIC AND ISOLATED FLAT BANDS

The quantum metric of a set of bands S is the real part of
the quantum geometric tensor

Bi(k) = 2 Tr P(k)3;P(k)d;P(k), (23)

where P(k) =), g Imi)(my]| is the projector into the Bloch
states of the bands at k. The quantum metric has been previ-
ously related to the superfluid weight, most prominently in the
limit of isolated flat bands with TRS and where A, = A for
all orbitals where the flat band has a nonvanishing amplitude
(this is the so-called uniform pairing condition) [5,6,33]. In
such systems, the superfluid weight is given by

4 —f)
(2 )Dl

dPkRe[B;; (k)] (25)

[Dslij = ——5—"1UlIngM;j, (24)
1
M= —
72 ez
Here, f is the filling fraction of the band, M;; is the quantum
metric of the isolated flat band, n; ! is the number of orbitals
where the flat band states reside, and D is the dimension of
the system. This result is derived from mean field theory using

the equality [D];; = (1 /V)82S2 /9qi0q;|4—9, OF the equivalent
linear response equations [5,6]. However, as we have shown
in Sec. II, this equation is only accurate in special cases, even
in systems with TRS and uniform pairing. We will show here
that, nevertheless, it is actually possible to derive a general
connection between the superfluid weight and the quantum
geometry, but the relevant quantity turns out to be the mini-
mal quantum metric, i.e., the quantum metric with the lowest
possible trace over all possible orbital positions.

As stated in Sec. II B, in the presence of TRS,

32Q d*F
0g? |,_g ~ dq?

Without TRS, this inequality may not be true when
dp/dqile—g # O (see later in this section, Systems with broken
time-reversal symmetry). When the inequality is saturated, the
quantum metric is directly related to the superfluid weight.
Otherwise, it gives an upper bound. We will first show that
in systems with TRS, there always exists a point where the
inequality is saturated. The property A(q) = A*(—q) implies
that

(26)

q=0 q=0

dA,
dq;

. db,
q=0 " dg;

27

9
q=0

where 6, is the phase of the order parameter A, = |A, et .
As before, we fix 8; = 0, with A a nonzero order parame-
ter. It follows from Eq. (27) that dA,/dg; = 0 can only be
nonzero if df,/dq; =0 or if A, =0, meaning there is no
pairing in the orbital.

Let us now assume that the order parameters for a choice
of intra-unit-cell positions {8,} are |A,(g)|e®™@. The order
parameters in the same model for another choice of positions

{8 + Xo) are | Aq (@)]e™ @, with 6, (q) = 6,(q) — 24 - X, (see
Appendix B). Therefore,
db, db, A
(@ _ db(g) _ 200 28)
dgi dgq;
To set dA./dqi=0 and guarantee that [Dy];; =

(1/V)829/8qi8qj|q:0, we can thus shift the orbital positions
by

X, = = . 29

“= 2 dg; |, (29)
With the overall phase of the order parameters fixed, the order
parameters are uniquely defined, and this shift is unique for all
orbitals where A, # 0. The resulting positions {8, + x4} are
independent of the particular initial choice of {§,} (see Ap-
pendix C). The quantum metric computed for this appropriate
set of positions is related to the superfluid weight directly. We
find precise analogs of these results in the uniform pairing
Hubbard models considered in Sec. V.

We have shown that positions {8, + x,} where Dy is related
to the quantum metric exist, but using Eq. (29) to determine
{x4} requires solving the gap equation. We will now show
that it is possible to compute the correct quantum metric
without solving the gap equation: it is the one with the smallest
possible trace.

Since 32Q/dq;0q; o« M;; and 3°Q/dq? > d*F/dq?, the
result obtained from the quantum metric is always an
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upper bound for the diagonal components of the super-
fluid weight. This upper bound is tight for the positions
{84 + x4}, Where it reaches a minimum. For an isolated flat
band, the quantum metric with the smallest possible inte-
gral of its diagonal components is thus proportional to the
superfluid weight. Since all diagonal components are mini-
mized, this is the quantum metric with the smallest possible
trace.

The relationship between the superfluid weight and the
quantum metric has been used to derive lower bounds for
the superfluid weight in flat band systems. Our result shows
that for such a lower bound to be valid, it needs to be a
lower bound for the quantum metric for any choice of the
orbital positions. The validity of some lower bounds found
in literature is discussed in Sec. VII.

A. Systems with broken time-reversal symmetry

Our result (13) is valid for time-reversal-symmetric sys-
tems. It can be straightforwardly generalized to be valid
also for systems where TRS is broken (see Appendix A):
d’F/dq;dq; will contain terms related to the derivatives of
and the real parts of A,. When du/dgil,—g # 0O, the inequal-
ity (26) may not hold because the full Hessian matrix does
not need to be positive semidefinite. When d/dgi|,—¢ = 0,
Eq. (26) holds. However, in contrast to systems with TRS, it
may not be saturated for any choice of orbital positions: the
derivatives of the real parts of the order parameters can be
nonzero, and cannot be made zero by manipulating only the
phases of the order parameters. Results relating the superfluid
weight to the quantum metric can only be used in systems
where d|Ay|/dgi|,—¢ = 0, provided the diagonal components

(1/V)3*$2/04}|,—¢ are minimized.

IV. EXAMPLE: SUPERFLUID WEIGHT, QUANTUM
METRIC, AND ORBITAL POSITIONS IN THE LIEB
LATTICE

To illustrate the importance of the additional terms in the
superfluid weight derived in Sec. II, we study the superfluid
weight in the Lieb lattice with staggered nearest-neighbor
hopping amplitudes, shown in Fig. 2(a). The staggering is
controlled by a parameter n so that the hopping amplitudes
are 1 + n within a unit cell and 1 — 5 between unit cells. A
nonzero 7 introduces a gap Eg,p = /81 between the flat band
and dispersive bands [see Fig. 2(b)]. The parameter a controls
the distance between the B site and the A/C sites in a unit cell.
We use the average intersite hopping amplitude as our energy
unit.

The complete equation (13) yields a result that is indepen-
dent of the choice of orbital positions [see Figs. 2(c)-2(e)],
contrary to (1/V)8252/8qi3qj|q:0. In the extreme case n = 1,
when the lattice is disconnected and can clearly not support
superconductivity, the correct superfluid weight is zero. How-
ever, using 92/ 09i0q;l4—o can in fact give a nonzero and
quite large superfluid weight.

At n=0, the simplified equation [Ds];; =
(l/V)BZQ/aqiaqﬂq:o holds exactly when a = %, which
corresponds to the Lieb lattice with Cys, symmetry when the
convention given by Eq. (5) for the Fourier transformation
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FIG. 2. (a) Lieb lattice with staggered hopping amplitudes. The
position of the orbitals in the unit cell is controlled by the parameter
a. We take the volume of the unit cell equal to 1. When n = 0 and
a= %, the Lieb lattice possesses C4 rotational symmetry, inversion
symmetry, and reflection symmetry that interchanges the A, C or-
bitals, and thus belongs to symmetry group Cy,. Changing n # 0 or
a# % destroys the C4 and inversion symmetries, thus reducing the
symmetry group to C,. Note that while only A4 = Ac, the flat band
states have no weight in the B orbital, meaning the uniform pairing
condition is fulfilled. (b) Single-particle band structure at n = 0 and
0.2. The flat band is separated from the other bands by a band gap
Eop = \/§n. (c)—(e) Superfluid weight y/det(Dy) in the Lieb lattice
computed with (red, “complete”) and without (the other colors) the
corrections for three different choices of intra-unit-cell positions.

is used. This is explained by the equal hopping amplitudes
in all directions: the systems with a = % —xand a = % +x
are identical up to an overall rotation, and the additional
terms are thus symmetric around a = % where the minimum
of azsz/aqﬂqzo occurs. Our proof in Sec. V generalizes
this statement to all space groups. When 7 is increased and
the C4; symmetry is broken, the orbital positions for which
[Dglij = (1/V)329/aq,-aqj|q:0 shift continuously towards
a = 0. Importantly, there is a wide parameter range where
none of the choices a = %, 0, or 1 give the correct result
when the derivatives of the order parameters are ignored.
When a =0 or 1, the position of the A, C orbitals is at
the unit-cell origin (where the B orbitals are), and hence
the Fourier transform (5) becomes identical to the other
convention (6).

Finally, let us consider the role of the minimal quantum
metric in our example case. In an earlier study [7], the quan-
tum metric in the Lieb lattice has been related to the superfluid
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FIG. 3. (a) Superfluid weight (circles) and geometric contribu-
tion (crosses) as a function of |U| at different 7 in the Lieb lattice.
The dotted lines indicate the predictions from the minimal quantum
metric. Only [D;],, is shown as the off-diagonal components of the
superfluid weight tensor are very small for all parameters. At high
interactions, the superfluid weight decays as o«1/|U|, which is a
well-known behavior related to the formation of bound pairs in the
BEC limit of the BCS-BEC crossover [34,35]. At low interactions,
Dy o |U| when the flat band is isolated. This linear behavior is visible
in an increasingly wide range of interactions when 7 is increased.
(b) [Dy].x/|U| at low interactions obtained from a linear fit (crosses)
and prediction for the slope from the minimal quantum metric.

weight. As shown in Fig. 3(a), the main contribution to the
superfluid weight at low interactions is the geometric part,
and the ratio Dgeom/D; approaches one in the isolated flat
band limit. This is expected as the conventional contribution
should vanish on a perfectly flat band. The prediction from the
minimal quantum metric, shown in Fig. 3(b), is increasingly
accurate with growing 7.

V. COOPER PAIR MASS BEYOND MEAN FIELD

It has been shown that the two-body problem in a flat
band gives for the bound pair a finite effective mass that is
governed by quantum geometry [36,37]. For uniform pair-
ing, the inverse effective mass can be approximately related
to the quantum metric. Thus, pairs can move while single
particles cannot, meaning that the qualitative picture given
by mean-field superfluid weight calculations is already ap-
parent at the two-body level. Here we calculate the Cooper
pair mass in a full many-body treatment and without a mean
field approximation. The mass is obtained from the spectrum
of pair excitations of the ground state. It shows depen-
dence on quantum geometry and allows relating the proper
choice of quantum metric discussed above to the system
symmetries.

We consider a family of positive-semidefinite, D-
dimensional, attractive Hubbard models first introduced
by Ref. [33] where the electron kinetic energy term has
Ny perfectly flat zero-energy bands fulfilling a condition
where the single-particle projectors P(k) [see Eq. (23)]

obey
dPk
Wpaa (k) = I’ld,Nf =€ (30)
for all orbitals @ = 1, ..., n,' where the pairing is nonzero.

The condition (30) leads to the pairing gaps on different or-
bitals being the same, therefore, it is also referred to as the
uniform pairing condition. We neglect the spin label, assum-
ing that the model has time-reversal symmetry which relates
the two projectors: Py (k) = P[(—k) = P(k). Upon projecting
the many-body operators into the Ny flat bands, the kinetic en-
ergy vanishes and the Hamiltonian is given by the interaction
term

neNy _
Hy = —|U| ) fia gt + =2 - UIN. (D)

i

where 7;, ., is the projected density operator in orbital o
and spin o, N is the projected total density operator. Refer-
ence [33] demonstrated that Hy possesses n-pairing ground
states, that is, states with all particles paired. In forthcoming
work [38], we show that the Cooper pair excitations on top of
these ground states are exactly solvable thanks to the uniform
pairing condition, and we are able to calculate their effective
mass exactly.

The Cooper pair excitations are governed by the following
single-particle Hamiltonian:

dPk
hap (@) = / Gy o @+ IRy, (32)

We denote the eigenvalues of h(q) as €,(q), where u =
o,..., n;' — 1. The many-body energy of the lowest-lying
Cooper pair is |U|(e — €o(q)), where €y(q) is the largest
eigenvalue of h(q).

‘We now show that €,,(¢g), and hence the Cooper pair spec-
trum, is invariant under a redefinition of the orbital locations
84 — 84 + x, (leaving the hopping elements invariant). This
must be the case physically because the choice of x, is just
a convention for the Fourier transform. Since the redefinition
means Pyg(k) — e *@=*0)p, 5 (k), we see that hep(q) trans-
forms under a redefinition of the orbitals as

) dPk
o (q) — 710 f Gy Fe @ 0P )

= [V, (@Qh(@)Ve(@)]ap. (33)

where we defined the diagonal unitary matrix [Vi(k)lep =
e**«§, 5. We see explicitly that, although h(q) is not invariant,
its spectrum is.

The effective Cooper pair mass is given by

d*eo(q)
dqidq; |4

m™'1;; = —|U| (34)

which is computed from the spectrum of /(q) and thus is man-
ifestly invariant. Using perturbation theory, €y(q) can be easily
calculated to second order in ¢q. At zeroth order €y(0) = e,
which corresponds to the constant eigenvector uy = ,/ng. The
first-order correction vanishes (showing the Cooper pair is
stable), and we calculate two contributions at second order
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in g;:

6((1)—6+Z

IMT (q - Viyul*
€ —€,(0)

1 dPk
+ EQin/ (2n )D Zuoatjpaﬁ(k)Pﬁa(k)uo’ (35)

noting that €,,(0) < € are the eigenvalues of h(0), so the first
line is non-negative, and where V1 is the gradient of % eval-
uated at ¢ = 0. After integration by parts, the integral in the
second line yields

dPk dPk
Ny Z WamPaﬂPﬁa = —ny WTI' 8,P31P
af

ng
= (2n)D_lM,j, (36)
which is proportional to the quantum metric integrated
over the Brillouin zone, i.e., M;; defined in Eq. (24) (as
Tr P{0;P, 9;P} = Tr 9;P0;P). Hence, Eq. (36) is negative
semidefinite.
It is important to note that V/ is not invariant under the
choice of x,, transforming as

Vhag = Vg — i(Xe — X5)hap(0). (37)

Nevertheless, it is possible to show that, up to a choice of
origin, there is a unique choice of x,, where Vhuy = 0 and the
quantum metric is the sole contributor to the effective mass.
Note that the O(p?) term in the first line of Eq. (35) competes
with —M;; in Eq. (36) because it is opposite in sign. Thus,
the choice of x, where only the quantum metric is nonzero
corresponds to the orbital positions of the minimal quantum
metric.

A calculation using the uniform pairing condition results in
an explicit form for the orbital shifts that make the quantum
metric the sole contribution for the effective mass, namely,

[e = h(O)lxe = —i[Vhuon, o (38)

This equation has a unique solution up to the overall choice
of origin because € — h(0) has a single zero eigenvalue corre-
sponding to the uniform eigenvector u,. With the orbital shifts
x, given by Eq. (38), the effective mass becomes

———|U|M;;. (39)

[m 1]1 ij — (2 )D 1
Comparing this equation to Eq. (24), we find exact agreement
with the mean field superfluid weight up to an overall factor
of 4f(1 — f), which is the Cooper pair density.

We now improve upon Eq. (39) in two ways. First we find
that x,, obey the space-group symmetries g € G of the Hamil-
tonian when the symmetric choice of Fourier convention
[Eq. (5)] is used. In other words, when the symmetry-
preserving positions of the orbitals are used, their deviations
x, also obey the space-group symmetries. In many cases,
this is tantamount to a proof that x, = 0, meaning that the
quantum metric is the minimal quantum metric, and is the
Cooper pair mass. For instance, at n = 0 in the Lieb lattice
with a = %, the A and C orbitals are related by C; symmetry
and are invariant under C,. There is no way to deform these

orbitals off the positions a = % without breaking C,. Thus,
x, = 0, thereby explaining why a = % is the correct choice to
evaluate the minimal quantum metric in Fig. 2. By a similar
argument, all orbitals at fixed high-symmetry positions neces-
sarily have x,, = 0 because they are pinned by symmetries. In
these cases, the minimal quantum metric is guaranteed to be
the one computed using the physical positions in Eq. (5).

Second, we now propose a simple generalization of the
uniform pairing condition that guarantees the quantum metric
is minimal. We define the quantity

= ok Pk P(k 40
Sa(Q)—/W[ (k + q@)P(k))ae (40)

which at ¢ = 0 yields &, = ngNy, the uniform pairing condi-
tion in Eq. (30). It is then direct to check that

£4(0) = ngNy  (uniform pairing condition),

0;64(0) =0 (minimal metric condition), 41

the latter condition being the many-body analog of Eq. (29),
in that its solution sets the quantum metric to be minimal.

These results directly parallel those given by mean field
theory in the above sections. We have shown that the Cooper
pair effective mass is independent of the Fourier convention
for the orbital positions. Furthermore, there exists a choice of
orbital positions where the effective mass is determined by
the quantum metric alone and at these positions the quantum
metric is minimal. Under the uniform pairing condition, we
provide an explicit formula for these positions in Eq. (38), to
be compared to Eq. (29). The inclusion of crystalline sym-
metries constrains the positions: if the orbital positions are
pinned by the symmetries, then the quantum metric evaluated
for those positions must be minimal. Lastly, we established a
generalization of the uniform pairing condition in Eq. (41) to
determine when the quantum metric is minimal.

VI. NONISOLATED FLAT BANDS

The relationship of the minimal quantum metric and the su-
perfluid weight indicates that the BKT transition temperature
could be increased in systems with a high quantum metric.
However, this is only valid in the isolated flat band limit. The
quantum metric typically diverges when the band gap closes,
but this is not an indication that the superfluid weight diverges.
The superfluid weight is proportional to |U|M;; only when
the flat band is isolated, which requires that the interaction
strength is small compared to the band gap (otherwise pairing
would involve higher bands). Therefore, when the band gap
shrinks, the largest |U| for which the quantum metric is pro-
portional to D decreases accordingly. The very large quantum
metric that can be achieved with a small band gap is thus
only relevant at very low interactions, where [Dy];; o< |U|M;;
remains small. The divergence of the quantum metric is an
indication that the contributions from the other bands are
important at low |U|, and reduce the superfluid weight com-
pared to the isolated flat band result. In the Lieb lattice, those
contributions have been shown to curtail the divergence and
lead to a finite superfluid weight [7]. An interesting question
when searching for systems with high Tgkr is whether the
critical temperature can still be large in the nonisolated band
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FIG. 4. BKT temperature in the Lieb lattice (a) as a function of
the hopping staggering n and the interaction |U |, and (b) as a function
of the chemical potential 1 and the interaction. The largest BKT

temperature occurs around interaction U ~ —3.5 with no hopping
staggering, i.e., when the flat band is not isolated.

U]

O =M Wh OO N®O O

limit even though the contributions from dispersive bands are
prominent. In repulsive models, a flat band near the Fermi
surface has been predicted to be beneficial [39—42]. In at-
tractive models, previous mean field studies have indicated
that the superfluid weight has a nonlinear dependence on the
interaction strength for nonisolated flat bands [7,34,43], but
the additional terms we find in this work have not been taken
into account. In this section, we show by continuously tuning
the band gap that the superfluid weight and Tkt can actually
be maximal when there is a band touching. Furthermore, we
study its dependence on different types of band touchings. We
supplement our analysis of band-touching points by employ-
ing an S-matrix construction [44] to analyze bipartite lattices
with band-touching points.

A. Effect of closing the band gap

As shown in Fig. 3, the superfluid weight in the Lieb lattice
increases monotonically when 7 is decreased, and reaches its
maximum when n = 0 for all interactions. For n = 0, when
there is no band gap, the behavior is no longer exactly lin-
ear, which is consistent with previous literature such as [7],
and [34,43] where it has been found that D, o |U|In(C/|U}),
with C a constant.

The superfluid weight at zero temperature is an upper
bound for the BKT temperature. However, it does not give
the full picture: for instance, the zero-temperature superfluid
weight in a dispersive band will typically be nonzero in the
U — 0 limit whereas it vanishes in a flat band. At 7 = 0, the
superfluid weight will thus typically be smaller in a flat band
than a dispersive band for small interactions, even though the
BKT temperature is usually larger on the flat band (see Fig. 1).
Here, we solve the BKT temperature from the universal rela-
tion [45-47]

Tokr = %\/det[Ds(TBKT)]. (42)

As is shown in Fig. 4(a), Tgxr mirrors the behavior of
the superfluid weight and increases monotonically with n
for all considered interactions. Moreover, the highest critical
temperature as a function of u is found for the half-filled flat
band, showing that in this model, the highest possible critical
temperature is achieved in the flat band when it is not isolated.

Hence, the isolated flat band limit is not necessary to reach a
high Tpkr, and a band touching could actually be beneficial
for superconductivity. It is important to remember also that
the flat band combined with a band touching yields a higher
T, than a usual dispersive band (e.g., square lattice) for small
interactions |U| (see Fig. 1).

B. Comparison of linear and quadratic band touchings

To study the effect of different types of band touchings
on the superfluid weight, we use the method developed in
Ref. [48] to construct flat band models where the dispersive
bands can be modified by a parameter A without affecting
the Bloch functions of the flat band [see Fig. 5(a) and Ap-
pendix F]. We study two such models, constructed on a Lieb
and kagome geometry. The Lieb model is constructed so that
the band gap can be tuned with the staggering parameter 1.
Our energy unit is the average intersite hopping strength of
the A = 0 lattice model.

In the Lieb model, when 7 is nonzero, the superfluid weight
at low interactions changes very little with A [see Fig. 5(b)].
This is expected, as in the isolated band limit the superfluid
weight is determined by quantum geometry, and the flat band
has the same quantum metric for all A. When the flat band
is not isolated, differences in Dy occur already at vanishingly
small interactions when varying A [Fig. 5(c)]. Moreover, the
ratio Dgeom/Dy is much smaller for the quadratic than the
linear band touching in both the Lieb [Fig. 5(d)] and kagome
models [Fig. 5(g)]. The maximum of D; is more pronounced
in the linear model than the quadratic one in the models we
studied, although the quadratic model has a higher D; at low
|U| in the kagome model [Fig. 5(f)].

The geometry of the flat band therefore does not give the
full picture in the nonisolated band limit: even though the
Bloch functions of the flat band are left unchanged while the
dispersive bands are modified, the superfluid weight differs.
The behavior of the superfluid weight is thus dependent on
the nature of the band touching.

C. Band-touching points from the S-matrix construction

The mean field behavior of the pairing gap in general
lattices, with both isolated and nonisolated flat bands, can be
understood using the S-matrix construction of Ref. [44]. This
provides a description of the effect of band touchings on the
pairing gap that is more general than given by the specific
models considered above, and allows for an analytic solution
in the mean field, yielding general results for quantities such
as the pairing gap. The power of this approach is made evident
as it yields self-consistent gap equations independent of the
wave functions, allowing for an analysis of pairing strength as
a function of the lattice parameters and dispersion.

The S-matrix construction employs a bipartite lattice with
two unequal sublattices L, L, with the difference between
the number of orbitals per unit cell Ny — N; = N; being the
number of flat bands. Band-touching points can be enforced
in the model via irrep analysis of the symmetries [44]. The
bipartite Hamiltonian in such models reads as

_[o s
Hk—[sk 0], 43)
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FIG. 5. (a) Band structure of the tunable Lieb model for different values of A, at n = 0, i.e., in the presence of a band touching, and at
n = 0.4. The band touching can be tuned from linear (A = 0) to quadratic (A = 1) at n = 0. At n = 0.4, the dispersive bands are modified
without changing the quantum metric of the flat band. (b) Superfluid weight [D;],, for n = 0.4 in the Lieb model, when the flat band is
separated from the other bands by a gap. At low |U|, D, is independent of A, but at intermediate U], the limit A = 0, corresponding to a
linear touching, has a more pronounced maximum. (c) Superfluid weight [D;]., and (d) ratio [D; gcom]xx/[Ds]:x in the tunable Lieb lattice. The
off-diagonal components of the superfluid weight are zero. The superfluid weight is largest in the linear model. (e) Order parameters A, /U in
the tunable Lieb lattice as a function of A at interaction strengths U = —1 (blue), U = —4 (orange), and U = —8 (green). The order parameters
in the A/C orbital (full line) are always equal, and are larger than the order parameter in the B orbital (dashed line). The dotted line shows the
average of all order parameters. (f) 4/det(D;) and (g) [Dy, geom lxx/[Ds ]y in the tunable kagome model. In this case, the off-diagonal components
are not always zero. A similar behavior of the ratio [D; geomlij/[Ds]ij is observed for all components. The maximum of /det(Dy) is slightly

more pronounced in the linear model, but the superfluid weight at low |U | is largest in the quadratic model.

where S}: is an N; x Ny rectangular matrix encoding the
hopping between the two sublattices. These S-matrix Hamil-
tonians can be realized in actual physical materials [49]. The
energies come in e, pairs, where € are the singular values
of Si. Because SZ maps CM to CMz, there are at least N, — N

vectors in the null space of §, T; these form the flat bands. One
can introduce a quadratic Hamiltonian

~; 0
Hauaa =Hk[L5L B ,LXJHk (44)

which has eigenvalues j:ek > 0, and preserves the flat band
wave functions. In the case of the Lieb lattice, this Hamilto-
nian is precisely the same as the Hamiltonian with quadratic
band-touching points studied in Sec. VIB, obtained using
the technique from Ref. [48] (see Appendix F for the tight-
binding parameters of the model).

By adding attractive onsite interactions and assuming that
the pairing is uniform within each sublattice, that is, there
are two gaps Ay and A; depending on the sublattice, we
find the following self-consistent gap equations at 7 =0
for Hy:
|U|NL UI(N, — Np)

N AL = > ,

f(A)+ (45)

|U|NL

NiAp = f(A), (46)

1
where A = E(AL + Aj)and

1 %/ dPk A @
Ny = (2n)D1/A2+6£m'

Here the sum is over the N; dispersive bands. The function f
ranges from O for a perfectly flat band at zero kinetic energy
to 1 for a gapped band at very large kinetic energy, and is a
monotonically increasing function of A. Equation (46) always
has a solution, and obeys the following properties:

fA) =

U|(N,
NoAL — Ny Ay = WO = Np) L2 2y (48)
U
0<A£<AL<%, (49)
Np — N; A 1
LR e (50)

<
4 Ul 2

The first equality generalizes the result found in the Lieb
lattice by Ref. [7], as it now applies to any bipartite lattice
with uniform pairing within each sublattice, and agrees with
our numerical calculations of the pairing gaps. The dispersion
does not need to be gapless for this equality to hold; only the
bipartite nature of the underlying lattice is required. These
relations are proved in Appendix I. Regardless of the form
of the bipartite lattice, even in the absence of a band touching,
we find that the pairing strength on the larger sublattice Ap
is always larger than the pairing on the smaller sublattice A;,
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due to the fact that the flat bands greatly enhance the pairing
for the sublattice L (see Appendix I), and both Ay, A; are
bounded by quantities depending on the number of flat and
dispersive bands.

Although the exact details of f(A) depend on the disper-
sion of the kinetic energy, the fact that it is bounded suggests
that most of the gap strength comes from the flat band con-
tribution which is universal. To maximize the strength of the
pairing Ay, we note that the self-consistent equation for Ay,
depends only on the ratio of the number of bands of the
sublattices r = x—f This is saturated as r — 0: thus, even in
the presence of band-touching points, more flat bands per
total bands enhance the superconducting gap at 7 = 0. If the
dispersive bands are gapped from the flat bands, with the band
gap > |U|, f(A) — 0. Thus, we approach the limit discussed
in Ref. [5], where one may project the Hamiltonian into the
flat bands and obtain an exactly solvable BCS ground state.

The quadratic band-touching point, i.e., the case of Hgyag,
has a different set of self-consistent gap equations (see Ap-
pendix I), due to the fact that the dispersive bands have
different wave functions (though the flat band wave functions
remain the same). The self-consistent equations still always
possess a solution so long as flat bands exist. An analysis
shows that the weighted difference reads as

U |N5
N AL — N;A; = | '2 LIf(AL) — f(AD]
L U1 = Np) 1)

> )
which increases relative to Eq. (48) so long as A, > A;. We
prove that there always exists a solution of the gap equa-
tions with this property (see Appendix I for more details).

In general, we expect the quadratic band touching will have
a stronger pairing gap than the linear band touching: a higher
density of states of the kinetic energy close to zero energy will
raise Ay. This is what we observe in our numerical results
for different band touchings in the Lieb lattice [Fig. 5(e)]. In
contrast, the superfluid weight is larger for the linear model
than the quadratic one. The pairing gap Ay is influenced by
the density of states, which indeed is larger for a quadratic
dispersion than a linear one, but the superfluid weight depends
also on quantum geometry, which affects the ability of Cooper
pairs to move. Thus, the two quantities can have qualitatively
different behavior, contrary to what would be expected for
an isolated flat band [5,6] where the superfluid weight is
proportional to the pairing gap.

VII. REVISITING THE LITERATURE

The superfluid weight has been computed from
mean field theory in a variety of multiband sys-
tems [6,7,13,14,28,34,43,50-53] including magic-angle
twisted bilayer graphene [23-25]. The impact of the terms
arising from the derivatives of the order parameters in Eq. (13)
should be examined on a case-by-case basis. For example,
the results for the Lieb lattice presented in [7] are close to
the correct values for very small hopping staggering n while
results for larger n are inaccurate. The results presented for
the Mielke lattice with a flat band in [34] are accurate due to
the spatial symmetries of the model.

In Ref. [28], the behavior of the order parameters was
accurately taken into account when computing the superfluid
weight, and the obtained mean field results agreed well with
density matrix renormalization group (DMRG) calculations.
In the sawtooth ladder, the mean field superfluid weight at
low interactions was shown to agree very well with both
DMRG and a flat-band projected analytical mean field compu-
tation of Dy, with all three methods predicting = D, =~ 0.40|U |
for a half-filled flat band, and was noted to disagree with
mD; = 0.6|U| obtained from the quantum metric. The esti-
mate we find using the minimal quantum metric gives a slope
of approximately 7w D, =~ 0.45|U|, much closer to the correct
result.

Expressions for the superfluid weight in terms of the quan-
tum metric can be found in [6] for models without flat bands.
For instance, in the isolated band limit,

2 tanh(BE,, x/2)
Dy geomlij = 7 A% Y #Re(&ﬂ, (52)
k i

where m labels the isolated band, which does not need to be
flat. In this case, the minimal quantum metric is not always
relevant, but one should instead minimize the above integral
fori = j.

The relationship between the superfluid weight and quan-
tum metric has been used to derive various bounds for the
superfluid weight [5,6,13,23,54]. The lower bound given in [5]
for time-reversal-symmetric systems in terms of the spin
Chern number is valid, as it is a lower bound for the quan-
tum metric regardless of the choice of orbital positions. On
the other hand, bounds that depend on orbital positions, like
the one proposed in [6] related to the integral of the ab-
solute value of the Berry curvature, are only valid if they
are a lower bound for all possible quantum metrics. The
correct choice of orbital positions is thus needed to de-
fine an orbital-independent bound. This is also the case for
the lower bound in terms of real-space invariants proposed
in [13] for systems with obstructed Wannier orbitals or frag-
ile topology. If the uniform pairing condition is satisfied,
then space-group symmetries can guarantee that the minimal
quantum metric is obtained for orbitals at the high-symmetry
positions.

The two-body problem in a flat band was shown in
Ref. [36] to give a finite effective mass for a pair, proportional
to the “local” (spatially dependent) version of the quantum
metric, which is independent of orbital positions. However,
approximations were then used to connect the pair mass to
the usual quantum metric. Our many-body Cooper pair cal-
culation in Sec. V now shows that the correct choice is the
minimal quantum metric.

Quantum geometry has been shown to be relevant also for
Bose-Einstein condensation in flat bands [55,56]. The speed
of sound and the excitation fraction were found to depend
on generalized forms of the quantum metric, and the quan-
tum distance between the flat band states, respectively. These
quantities are invariant under the change of orbital positions.
Under certain conditions, however, they were shown to reduce
to the usual quantum metric and Hilbert-Smith quantum dis-
tance, and then (as well as in the superfluid density calculation
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in [56]) one needs to pay attention to the choice of orbital
positions.

Numerically exact methods such as quantum Monte Carlo
do not require the same care as mean field theory with the be-
havior of the order parameters, as the interaction Hamiltonian
of the exact Hubbard model does not depend on the vector
field explicitly. Generally, it is important to make sure that all
variables that may depend on the vector potential are properly
taken into account.

In addition to the superfluid weight, the quantum metric
has been related to the effective mass of two-body bounds
states [36,37,57], conductivity [58], the orbital magnetic sus-
ceptibility [59,60], the velocity of the Goldstone mode [61],
and other phenomena [62-68]. As shown here for the su-
perfluid weight, whenever a connection is drawn between a
physical quantity and the quantum metric, particular attention
should be paid to the dependence of the quantum metric on
the orbital positions.

VIII. CONCLUSIONS

We have derived complete equations for the mean field
superfluid weight in multiband lattice models. These equa-
tions contain both the partial derivative of the grand potential,
which gives a connection to quantum geometry, and terms
that take into account the changes in the order parameter. The
significance of the latter terms has been overlooked in the pre-
vious literature. We have shown that ignoring them can lead
to quantitative as well as qualitative errors, where supercon-
ductivity can be predicted in systems where it is impossible.
The use of the complete equations is thus crucial whenever
studying multiband systems, such as moiré materials, as well
as when searching for materials with particularly high critical
temperatures.

Using our equations, we have shown that the superfluid
weight in isolated flat bands is proportional to the minimal
quantum metric, that is, the one with the smallest possible
trace. A central discrepancy afflicting the current understand-
ing of the connection between superconductivity and quantum
geometry has been the following: the superfluid weight is
manifestly independent on orbital positions, while the quan-
tum metric, which has been shown to govern isolated flat
band superconductivity, depends on them. Our finding that
actually only the minimal quantum metric is relevant resolves
this fundamental concern. Based on our results, bounds for
the superfluid weight in terms of topological invariants in
time-reversal-symmetric systems [5,23] are still valid, but
other bounds which depend on the choice of orbital positions
require more care.

The conclusions based on the mean field superfluid weight
are corroborated by exact results derived for the Cooper
pair mass. We generalized the uniform pairing condition in
Eq. (41) to establish a minimal metric condition. When eval-
uated at the orbital positions satisfying the minimal metric
condition, the Cooper pair mass is entirely determined by
the quantum metric. Moreover, if the orbitals of the model
are fixed by symmetries at high-symmetry points (maximal
Wyckoff positions), then the minimal quantum metric is guar-
anteed to be obtained for these positions.

Importantly, our results show that in systems where TRS
is broken, a relation between quantum geometry and super-
fluidity, and consequently topological bounds, does not exist
in general. We identified sufficient conditions for having the
connection to quantum geometry, namely, that the derivatives
of the order parameter and chemical potential with respect to
q have to vanish at ¢ = 0. Whether these conditions are also
necessary remains a topic of future research, as well as the
possible relations of the conditions to the crystalline symme-
tries, as in the time-reversal-symmetric, uniform pairing case.

Furthermore, we have shown that the quantum geometry
of the flat band is not sufficient to describe the superfluid
weight in the nonisolated band limit: its behavior depends not
only on the flat band properties, but also on the nature of the
band touching. Many flat band material candidates have band
touchings [49]. Restricting to isolated flat bands would require
materials and systems with a gap on the order tens of meV (the
thermal energy). We have shown that this limitation is not nec-
essary: in contrast, a band touching can enhance the critical
temperature. This conclusion holds within the specific models
considered by us, but is likely to be more general since the
quantum metric of a flat band diverges when the gaps to the
other bands are closed. This result is important for realizing
the promise of high-temperature or even room-temperature
superconductivity from flat bands. By results from S-matrix
analysis, we developed universal relations relating the pairing
gaps on bipartite lattices, and argued that the pairing gap is
enhanced for quadratic over linear band touchings, a result op-
posite to what we saw numerically for the superfluid weight.
This is understood as density of states determining the for-
mer while also quantum geometry is important for the latter.
Our results inspire further engineering of band touchings to
optimize the critical temperature of superconductivity, and
determine the dominance of quantum geometry or the density
of states.
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APPENDIX A: GENERAL EQUATIONS FOR THE
SUPERFLUID WEIGHT

In this Appendix, we derive the complete equations for the
superfluid weight without assuming time-reversal symmetry.
The system is invariant under a global change of phase of all
order parameters, so we fix the overall phase by requiring that
A isreal and positive, with A; a nonzero order parameter. We
first apply the chain rule twice to the grand canonical potential
to obtain

’Q  d IQ  d <3S2>du aQ d*u

dqidq; dqjdqi dq;\op/)dq  dndqdg;
d (9Q \dAR d (9Q\dAL
+Zd_q,-(aA§) dq +Zd_qj<aAg> da

a o

5 9Q d2AR
dAR dqidq;

a

Z 9Q d*Al
8A{X dq,'dq]'.

o

(AD)

The particle number is fixed, meaning the second term on

canceled by the derivative of uN when taking the derivative
of the free energy F = Q + puN. Assuming that the order
parameters solve the gap equation, 92/dA, = 0 for all g, the
terms on the second and third lines all vanish, and

d*F . d 0Q (A2)
dqidq;  dq;9q;
K ?Q du
dgidq; dudg;dq;
PQ dAR  2Q dAl
+> + '
~ 3A§aq,’ dq]' 3A£,361i d‘li =0
(A3)

This equation can be written in a more compact form by
using that the particle number is kept fixed and 02/0A, = O,
implying that
d 9Q d 0Q d Q2
dgi dAR " dq; dAL T dgi ap

This system of equations can be written in matrix form as

0. (A4)

the right-hand side of the first line is zero. The third term is (8% MQ) fi = —b;, where
|
°Q °Q 32Q 2Q ’Q
QA2 aARIAR  BARIAL aARIAL AR
8°Q 3°Q 9°Q 9°Q °Q
IARIAR (0AF)? dARIAL dARIA!L AR
2 _ ’Q ’Q ’Q ’Q ’Q
aA,MQ — | 9alaAk dALOAR (0AL)? dALIAL oALap |0 (AS)
92Q 92Q 9’Q 92Q 92Q
EYNEYNS dATOAR EYNEYYS (3AI)? EYNEm
’Q ’Q ’Q ’Q 3’Q
EPER dud AR udAL dud AL au?
T
dAak dAR dA} dAl du
fi= e , ey o (A6)
dgi dgi  dg; dg; dq;
T
32Q 3°Q 3°Q Q. *Q
i = R’ "> R’ R & . (A7)
0q;0 A} 0g;0AR " 9g;0A, dg;0A), 0q;ou

The order parameter A} is absent as we have set the global
phase of all order parameters by forcing A real and positive.
With these definitions, the total superfluid weight in Eq. (A3)
can be written as

0°Q

VD = ——
[ ]j aqlaql q=0

—fi' @R, Dfil e (AY)

The derivatives of the order parameters and chemical potential
can be found by solving the state at nonzero ¢ or from the
system of equations (93 ) fi = —b; if the matrix a3, (S is
invertible. If we had not fixed the overall phase of the order
parameters, Bi, ,.$2 would be singular. However, removing the
line and column involving derivatives with reference to Af
from the Hessian matrix as we have done in the definition of
8& ,.$2 generally makes 82’ ,.§2 nonsingular.

When the derivatives of the order parameters are purely

imaginary, for example in systems with TRS, the additional
terms — fiT(ai 1 $2)fjl4=0 appear only in multiband models.

(

However, if the real part of the order parameters has a nonzero
derivative, [D;l;; = (1/V)0$2/dq;0q jlg=0 can be inaccurate
even in single-band models, as the derivative cannot be made
zero by changing the phase of the order parameter.

Here we have used only the order parameters as mean field
parameters. If one included more parameters, for example
Hartree terms, the ¢ dependence of those parameters should
be appropriately taken into account as well.

We note here that when d/dqil,—o # 0, the derivatives of
the chemical potential may contribute to the superfluid weight.
Both the definition [D];; = (1/V)d*2/dgidq;|,. 4—0, Where
w is fixed, and [Dy);; = (l/V)sz/dqidqj|N.q:0 used above
have been used in literature, but it is unclear whether they
always yield the same result at the mean field level. This
ambiguity is related to the nonconservation of the particle
number by the BCS Hamiltonian, which makes the introduc-
tion of the chemical potential more subtle at the mean field
level than in the exact Hubbard Hamiltonian. If w is thought
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of as a Lagrange multiplier that should be solved to keep the
average particle number constant, its dependence on ¢ should
be included.

APPENDIX B: IMPACT OF ORBITAL POSITIONS ON THE
ORDER PARAMETERS

With our convention of Fourier transformation [Eq. (5)],
the intra-unit-cell orbital positions &, appear in the
Fourier-transformed  kinetic =~ Hamiltonians  [H[ ]op =

— 18, gpe " Ritd=%) et us denote by H? and HY

the klnetlc Hamiltonians with intra-unit-cell positions {6:}
and {84}, respectively. The two Hamiltonians are related by

_—ik-(8,—8p) o —ik-R;
e "™ § aope
i

_ e—ik»(é;—sa—gﬂ“‘sﬁ)[ng]aﬂ. (B1)

(A Tup

This can be rewritten in matrix form as H,;’ = V HZV,, where

— dlag(e’k (61 61)’ o lk (6 76,,)).

To show how the orbital positions impact the order parame-
ters, let us consider the corresponding Bogoliubov—de Gennes
(BdG) Hamiltonians. By performing a unitary transformation
UHBdG FOUT withU = dlag(Vq+k, k) Hggy (k) becomes

~ H' —ul Vork AV, _
+ q+k gtk Vg—k

U Hpqc (K)U —(VT AV (! )*+ 1). (B2)
q+k q—k M

l, it commutes with V, and
Vyik AV, = diag(A 2@ ®1=80 A, e?4 =8y Thus,
I-YBdc,(k) with order parameters (Ay,...,A,) has the
same eigenvalues as Hgd(‘,(k) with order parameters
(A2 @=80 A e%4@3n—8)) Since the grand canonical
potential depends only on the eigenvalues of the BdG
Hamiltonian and the absolute value of the order parameters,
the thermodynamic potentials are related by

Assuming A is diagonal,

G(q, 1tr Ag) = Q. ., Age?t Gty (B3)

The thermodynamic potential at the order parameters that
solve the gap equation will always be the same for a given ¢
and u regardless of the intra-unit-cell positions. However, the
order parameters that minimize the thermodynamic potential
will have complex phases that depend on the intra-unit-cell
positions. These phases can be sublattice dependent, and in
the multiband case, they cannot in general be removed by a
change in the overall phase of the order parameters.

APPENDIX C: POSITIONS FOR WHICH THE
SUPERFLUID WEIGHT IS RELATED TO THE QUANTUM
METRIC

The superfluid weight in a system with TRS is given
by the simple equation [Dy];; = (1/V)82$2/8qi8qj|q:0 when
—(d; A" 3%, Q(d;A")| 49 = 0 for all i, j. When 03,9 is
invertible, this holds if and only if d; AT = 0. This is the case
when the overall phase of the order parameters is fixed.

The derivatives of the order parameters in a system with
TRS are given by

dA,

dgi

_ (dA!
q=0 dq;

dé,
=i

- (CH
q=0 “ dql

As shown in Appendix B, if the solutions to the gap equa-
tion in a system with orbital positions {8} are Ay, = |Ag|e®,
the solutions with another choice of positions {8,'} are A}, =
|Ay e, where 6, = 6, — 2q - (84 — 8). The derivatives of
the order parameters are thus related by

dA! do,
dgi q=0 “dg;

e
q=0 ¢ dQl

+ 2408y — 8ali-

(C2)

The positions 8, for which d;A’ = 0 can be solved directly
from this equation once the derivative is known for some
positions {62}. When 82,9 is invertible, the derivatives of the
order parameters are uniquely defined, and the above equa-
tion gives a unique position [§,]; = [82],- + (d93/dq,~)/2|q:0
for all sublattices where A, # 0.

The initial choice of orbital positions {82} is arbitrary, and
we can verify that the solution {8,} where d A’ = 0 remains
the same with a different choice. If we pick another initial set
of positions {8;}, the positions for which dAg/dgilg—g =0
are

lde1 1 dGO
1 ~a 1 _ 0 ‘2
[8oli = [6]l+2d =88] — 8} 61+2qu »
1d0°
=[82); + zd— (C3)
qi q= 0

for any sublattice @ where A, # 0. We used Eq. (C2) in the
second equality. The positions {§,} are thus the same for any
choice of initial orbital positions.

If we had not fixed the overall phase of the parameters at
nonzero ¢, the vector d; A’ and the Hessian matrix 93, 2 would

read as
dA! dAI\"
d,A’z(—l,..., ) , (C4)

dqi dq;
’Q ’Q

aataal 1t AlIA]
9°Q 92Q

aAloAl  t AALAA]L

These have the same form as in the main text, but with
the addition of the terms related to A;. The full Hes-
sian matrix is not invertible, but has an eigenvector v =
(A1, ..., A,)T with a zero eigenvalue, which reflects the free-
dom in the phase of the order parameters [28]. In this case,
—(d;A")03,Q(d; A") = 0 if and only if d;A’ = C;v, where
C; is a real number. Then from Eq. (C1), the positions for
which [D,];; = (1/V)3*Q/0dq;0q|,—y are given by

[8ali = [821;

+ G (Co)

in sublattices where A, # 0. Like before, {62} are arbi-
trary orbital positions. If the overall phase of the order
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parameters is not fixed, the positions for which [Dy];; =
(1/V)3*Q/dq;9q;] g=o are thus uniquely defined up to an over-
all translation by C;.

APPENDIX D: SUPERFLUID WEIGHT FROM LINEAR
RESPONSE THEORY

When computing the mean field superfluid weight from the
current response as in [6], we get the same result as from D; =

dr). We assume that A varies slowly in space and time.
Then, the hopplng terms can be approximated by 7, J ﬂ(A) =

—iAEM 1)

1o, g€ min s, where rre']ﬁ =riq —rjp and r ,ﬂ =
(riw +rjg)/2. The total current density induced by
Julr,t) = —8H(A)/8A,(r, t), where 6/8A,, is the functlonal
derivative with reference to A,,.

We first expand the kinetic term up to second order in A
around A = 0 to obtain the functional derivative up to first

order:

(1/V)d*Q/8q:0q ilq=0- This is expected, as the dependence of SHiin(A)
the order parameters on the vector field is ignored. Here we m Z Ty (ia, jB)A(r, 1) + jh (e, jB). (D3)
compute the superfluid weight from linear response theory by n i jB
taking this dependence into account, and obtain an expression Tia.jp ="
that is equivalent with [D;];; = (1/V)d*F/dqidq;l,—y When  Repeated indices are summed over. The operators
dﬂ/dqi|q:0 =0. . . TI/-V(ia’ JBA, = ZU tux jﬁ[rwz jﬁ]ﬂ[rlot ]/S]V iao /ﬂaA
Let us start from the mean field Hamiltonian and  jh(ia, jB) = —i Y, 12 s zrzljﬂ]# j{m Cigy are the
diamagnetic and paramagnetic current operators, respectively.
Hyir = Hyin + Hint, (D1) The functional derivative of the mean field interaction
AL Hamiltonian is
Hii =Y AiaChyClyy + NiCig Copp — ———> (D2)  8Hin 8y 5Aw AL,
U = H.c. — H.c
e A, 20,: 54, (ot o SA, U *
. (D4)
where A;, =U{c,, ¢CWT>. The vector field is introduced us-
ing the standard Peierls substitution in the kinetic term, Using the linear response approximation A;,(A) & A;u(A =
so that 77, B is rewritten as ti{;,,jﬂ(A) 17, jﬂexp(—zf A 0)+ A0 /A, 4—0Av, Eq. (D4) becomes
J
SHiy Ay o 1 SNy A%
= +Hc—— +H.c - — _— +H.c. )A,. D5
8A, Z 8A, Ciat Cia | A0 Z i 5A U %: A, SA, |4_p (D3)
By combining Egs. (D3) and (D5), we obtain the total current density operator
Ul ) == Y [(Tulia, jBAEN 5. 1) + (G, jB))]. (D6)
ia, jB:
rCM =r
ia,jp
(i JB) = Ty, jB) - o0 L He)s D7)
T (i, = T, (ict, .. |ia.ip>
s JB) = Tyl J SAuTia, 1) A, (i, D) | o
~ SA,; 1 8A;
P G, jB) = jP(ict, j — .T———’“’f H.c. )8 ip- D8
]/L(w[s ]:3) JM(IOl, ]/8) + (SAu(riou f) AzoczaTcmtl U 8A;L(riav [) io Ao + ) ia, jpB ( )

As A varies slowly in both space and time, we can assume the induced current has the same spatial and temporal dependence

as A, so that

{(Ju(g, ) =

—Bpv (‘I, w)Av(q7 w)s

D9)

where K, is the current-current response function. The Fourier-transformed total current density reads as (j,(q,?)) =
(1/V) Y., (jur,t))e ", Assuming the order parameter is uniform in each sublattice (i.e., may depend on the orbital «, but

for a given orbital is the same at each unit cell i), we obtain

(Julg. 1) =

ko of

i) =
ko af

SAY :
-—=) = 2 A(0) + H.c.)e’q'r’”,
v ol

~(T)Avg.0) = (b)),

~ 1 11 SAy SAE
_ ’ T o a
T;w = V Z Z[auavHa(k )|k,=k]“ﬂckaack,3<7 - 57 Z <(SAM SA

(D10)

(D11)

+ H.c.),

1 8A SAY
a o
‘7 Z Z[a H, (k )lk/—k“rq/z]aﬂckao'ck_irqﬁo' + - Z SA <A k- —qat —ko:i + 5A —kotick+an

(D12)

where Ay /0A,, = §Aiy/8A,(Fig, t)|4—¢ and V, is the volume of a unit cell, V. = V/N,.
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In linear response theory, the paramagnetic part can be computed using the Kubo formula
(jhig. @) = =iV / dr ' ([ji(g. 1), j(—q, 0)])A,(q. ®). (D13)
—Jo

We will compute the current-current response function K, in imaginary time using the Matsubara formalism. To compute the
contribution from the paramagnetic current, we define

(g 1)=V (T[Ju(‘I»T)]( g, 01), (D14)

where T is the imaginary-time ordering operator.
In the computation of IT,,,, it will be useful to define the following block matrices:

~  (Hyk) 0
Hk) = ( 0 —H}(—k) )" (D15)
i
GP ) = — (T[ikaT(f)ckﬁT]) (Tleggy (TIe_gg, 1 7 (D16)
(Tl 4, (eipr])  (Tlel iy (e,
0 SA
S,A = <M* Mv), (D17)
s 0
SA ) (SAl SA,
= diag - . (D18)
8A, SA, 3A,
We use the following indexing convention: A;; designates the block (i, j), and A designates the component (&, 8) in said
block. For example, G(, k)01 = (T[ckachkmD. For readability, we will use the notatlon Al = 8A(k’)/8kl’t|k/:k
If we do not take the dependence of order parameters into account, the only terms in I, (q, 7) are
Y 0uHolkrg2* 180Ho Ik —go 1 (T 1y (T g0 (DI 0 1o gsor)) (D19)
kk'co'afys

These can be expressed as Hffv) = - Tr[G(—r, k)8,LI:IV|k+q/2yZG(1:, k + q)8.,ﬁ|k+q/2yz].
For the new terms related to the derivatives of the order parameters, let us start from those where the prefactor involves one
derivative of A, or A}. We will show detailed steps for

8A, By
> s e g V(T (D (Dl o, ) (D20)
oapy M
Taking only one-loop graphs and ignoring disconnected ones, the four-point correlator becomes
(T[czfm(t)cikal(r)c;ﬂgck,iqw])
S (OSSN COTHME v AT COLNINNN | B (AN OO | (P CO O |
¥ 7 i + ¥ i
=—(Tlc,_ NG NI 4 (), 180,18 —erg + (T ey 4ot (D gy T])(T[c_ka V(O )0 48k (D21)
Plugging this into Eq. (D20), we get from the first term

— > =Gl (=1, k = I8, AL G (x, k)(—[0uH lk—g/2v D]
ka By

== > Gl (—T. D8, ALY G (1. k + @)[0,H kg 2y Thy - (D22)
kaBy

qyo qyo

where the transformation k — k + ¢ was used. Note that

dH; (/k’) 0
aH=| = W= I . (D23)
0 ok,

"

kK'=—k

Similarly, the second part yields

> =Gl (=t k = QI8 ARG (O H kg olhy = = Y Gho (—T. I8, AT G (1. k + [0, H kgl - (D24)
kaBy kaBy
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Repeating this procedure for all terms involving one derivative of A or A*, the total contribution is found to be

N == Tr(G(—7. k)8, AG(T. k + @)8,H kg2 — Y TeG(—T, k)3, H k1027 G(T. k + )8, A (D25)
k k

The next contributions to the paramagnetic current come from terms which have a product of derivatives of A or A* as a
prefactor, for example,

§Ay 8A
8A, 8A,
kk'a

~(Tle an(r)c kai(r)ck’wm km]) (D26)

Like before, the correlator can be expressed as
(T ot (D 4 (O 51 5 1 = =T} g (D 5 NTLE 4y (@)l )

SR COUE C2 ERNIN | 160 (BN CO AP )

= (T1c! 4, (Oips MT ISk gy (D)) 45, D0 kg (D27)
and the contribution to the paramagnetic term is
Z[ G o (=T, k — 1[5, A5 (r k)[8,A1 01 = ZG (=7, K)[8, Al5T Gy Pt k+qls, A] (D28)
kap kap

Repeating this for the other terms, the contribution to the paramagnetic current is found to be

M) == Tr(G(—7. k)8, AG(T. k + )8, Al. (D29)
k

The last scalar term in the generalized paramagnetic current operator [Eq. (D12)] does not contribute, as it commutes with all
operators.
By combining Egs. (D25) and (D29), we obtain

Mun(g. 7) = — Y Te[G(=1, k)(0uH k1 g/27" + 8, )G,k + @)D H lic1g27 + 8,A)]. (D30)
k
Fourier transforming IT,,, to Matsubara space yields
B .
H/w(qs lwn) = _/ dt elw,,rl-[lw(q’ T) (D31)
0

1 ~ ~
== Tr[G(iS2, k)0, H lirq/2y " + 8, DGR + iwn, k + q)(0vH |k1q27" + 80 A)], (D32)
B
ko Q

where 2, = 7(2n + 1)/8 is a fermionic Matsubara frequency and w, = 2wn/f is a bosonic one. Computing the diamagnetic
contribution to the current is straightforward. The total current-current response function is given by

Kuu(g, iw,) = ——— ZZTr[G(zszm,ma H G (i, k)3, H |i]
Qp
11 1
+ VEZZTr[G(’Qm’k)(a Hlirg2v + 8, )G + i0n, k + q)(3,H |isq2y™ + 8,A)] — 7 C8(@n),
k  Q
(D33)
8A, SA*
= H.c. (D34)
SA, 8A

In mean field theory, the BAG Hamiltonian can be diagonalized as Hpqg = Zu E.|Va) (.|, and the Green’s function is
V) (Val

G(iQ, k) = Z . EW© (D35)
The superfluid weight then becomes
Doy = lim Tim K (g, @)l (D36)
= %kzb W[waﬂﬁklw<wb|avﬁk|n/fa> — (Wal @uHiy® + 8, )W) (U (B Hiy® + 8, M) Wa)] — Vicc,
(D37)
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where np(E) = 1/(efF + 1) is the Fermi-Dirac distribution
and the prefactor should be understood as —dgnp(E) if E, =
E},. The functional derivatives of the order parameters can be
computed with knowledge of only the ground state at A = 0,
for example, by using the Hessian method presented in the
main text [see Eq. (16)].

These equations are valid in general as long as
Su/8A,la—g = 0. If the derivative of the chemical po-
tential is not zero, the above will be equivalent to
D = (l/V)dZQ/dqidqj|M,q:0, where p is kept constant
when taking the derivative. This may not be equal to
(1/V)d*F /dqidg;] ~.g=0- Where the particle number is kept
constant.

APPENDIX E: EQUIVALENCE OF D; OBTAINED FROM
THE THERMODYNAMIC POTENTIAL AND LINEAR
RESPONSE THEORY

In this Appendix, we will show that the defini-
tion [Dgl,n = (1/V)d2F/qudqv|q:0 is equivalent to the
result obtained from linear response theory [Dg],, =
limgy_,o lim, 0 K., (q, ®)|4—9, where K,, is the current-
current response function (j, (¢, )) = —K,,(q, ®)A,(q, w).

When we define [D;],., = (1/V)d*F/dq,dg,|,—. the vec-
tor ¢ is introduced in the phase of the order parameters
Ajy = Ajpe*@7e . This phase can be moved to the kinetic
Hamiltonian with a unitary transformation ¢;pe —> Cigge 47,
The vector q is thus equivalent to a constant vector potential
A introduced via a Peierls substitution.

The grand canonical potential is defined as Q(A) =
—B'InZA), Z(A) = Tr[e PHD]. The term uN is included

J

0

Heginkago = —2i | — sin(k; /2)
— sin(k,/2)

in the Hamiltonian [see Eq. (1)]. The functional derivative of
Qis

2
ro@ 1 0 PoH pna
V 6A,8A, VZ A, SA,
1)
= — K\) A == KU . El
(SA,,, - AN i ( )
Thus
1 d°F 1 d*’Q
[Ds]uv =3 =35
V dALdA, |ugn  V dALdA, |4,
= lim lim K, (q, ), (E2)
q—0 v—0

assuming that the chemical potential has a vanishing deriva-
tive at A = 0. When taking the total derivative of F', the total
particle number is kept constant, whereas for €2, the chemical
potential is kept constant.

APPENDIX F: FLAT BAND MODELS WITH A TUNED
BAND TOUCHING

In Sec. VIB, we presented results for flat band models
with a tuned band touching. We used the method developed in
Ref. [48] to construct models where the flat band energy and
eigenstates remain unchanged while the band touchings with
the dispersive bands are tuned from linear to quadratic. For the
kagome geometry, the model with a linear band touching is
shown in Fig. 6. The Fourier-transformed kinetic Hamiltonian
is

sin(ky/2)  sin(ky/2)
0 —sin(k3/2) |, (F1)
sin(k3/2) 0

where k| = ky, ko =k, /2 + ﬁky /2,and k3 =k, /2 — \/gky /2. The length of a unit-cell lattice vector is taken equal to 1. This
model has a flat band at E = 0. The corresponding quadratic model is constructed so that the flat band is at the same energy and
has the same Bloch functions. The obtained kinetic Hamiltonian is

sin?(k; /2) + sin®(k»/2) —sin(ky/2) sin(kz /2)
—sin(ky/2)sin(k3/2)  sin®(ks3/2) — 2 sin®(k;/2)
sin(k; /2) sin(k3/2) —2 sin(k; /2) sin(ky/2)

sin(k;/2) sin(k3/2)
—2 sin(k; /2)sin(k>/2) |. (F2)
sin?(ks/2) — 2 sin®(k/2)

Hk, quad,kago = C

The constant C is chosen so that the total width of the band structure is the same as in the linear model. The obtained band
structure is shown in Fig. 6(c). The total Hamiltonian with a continuously tuned band touching is H xago = [(1 — A)Hy 1in kago +
Ay quad kago]/C2(A), where C, is chosen so that the total width of the band structure is independent of A. Since both the linear
and quadratic models have a flat band at E = 0 with the same eigenfunctions, the flat band eigenstates are identical for all A.

For the Lieb geometry, we choose the same Lieb lattice as our linear model. In order to be able to open a band gap, we
introduce the staggered hopping amplitudes used in the main text. The kinetic Hamiltonian is

0 cos(ky/2) + in sin(k,/2) cos(k,/2) + in sin(k,/2)
Hy in,Lieb = —2 | cos(ky/2) — in sin(ky/2) 0 0 . (F3)
cos(ky/2) — in sin(k,/2) 0 0
The kinetic Hamiltonian for the corresponding quadratic model is
L (20 + n?) — (1 — n?)[cos(ky) + cos(ky)] 0 0
Hy quad,Lieb = —7 0 1+ n? + (1 — n*)cos(ky) Aky, ky, 1) ,
2 0 A* (ks Ky 1) 14 7% + (1 = n?)cos(ky)

(F4)
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FIG. 6. (a) Schematic representation of the kagome model with a
linear band touching. The corresponding band structure is shown in
(b). (c) Band structure of the corresponding model with a quadratic
band touching.

where  A(ky, ky, n) = 2(cosk,/2 —in sink,/2)(cos k,/2 +
in sink,/2). One sublattice is disconnected from the others
in this model. In this case, fixing the phase of one order
parameter is not sufficient to make the Hessian matrix
invertible, and we need to fix the overall phase in both the
disconnected sublattice and the remaining two-band model.
The total interpolating Hamiltonian is obtained the same way
as for the kagome lattice. In this case, at n = 0, the band
touching is tuned continuously from a linear to a quadratic
one. For nonzero 7, a gap is opened. In this case, tuning XA
modifies the dispersive bands without affecting the geometry
of the flat band.

APPENDIX G: S-MATRIX CONSTRUCTION

The S-matrix bipartite Hamiltonians [44] offer a route to
understanding the mean field gap in flat band systems, even
those with band-touching points. Denote the two sublattices
L, with N, > N;, where Ny, N; are the number of orbitals
per unit cell of each sublattice [44]. The kinetic energy Hamil-

tonian reads as
+
H, = 0 5 .
St O

Here S,i is an (N; x Np)-dimensional matrix, and so has an
(NL — Nj)-dimensional null space that forms the flat bands.
This Hamiltonian obeys a chiral symmetry

§— [szz 0

(G1)

(G2)

, {S, H} =0,
0 _ILXL] S, Hi)

and the dispersive and flat wave functions read as

disp __ 1 D flat __ 0

lIJk,m,i - ﬁl:il//k’mil’ \Ijk,n - |:1//k,ni|' (G3)
Here ¢, and Yy, are normalized column vectors whose
components correspond the orbitals in the L and L sublattices,
respectively. The vector ¢y, has length N;, and vy, has
length N;. The dispersive states have energy e ,, where
€x.m are the singular values of Sx. Due to chiral symmetry,
the ¢ and i sublattice vectors obey their own orthonormality

relations and one may define the sublattice projectors as

Pri(k) = Gty Pl = ViV - (G4)
where P,%(k) is an (L x L)-dimensional matrix, running over
the orbitals « in the smaller sublattice L, and P,ﬁ(k) is an
(L x L)-dimensional matrix, running over the orbitals « in the
larger sublattice L. We allow the index m to run over both
the N; positive-energy dispersive bands and the N;, — N; flat
bands. Because there is no weight of the wave function in the
smaller sublattice L in the flat bands, PL(k) = 0 for m in the
flat bands. The sublattice projectors satisfy

i _J0  if m € flat bands,
Tr[P’” (k)] - {1 if m € dispersive bands, (G5)
Te[P (k)] = 1. (G6)

These projectors are Hermitian and square to themselves, as
expected.

Linear and quadratic band touchings

The S-matrix Hamiltonian lends itself naturally to con-
struct models with linear band touchings at high-symmetry
momenta [44], and the quadratic band touchings can be de-
rived in a simple manner. Consider the new Hamiltonian

Hyua = [_S’ZS" 0 ] (GT)

quad — 0 Sk S,: )

where SkS}: is the line graph derived from L, L [44]. If Hy has
a linear band-touching point, then Hqu,q has quadratic band
touchings. While the flat band wave functions of Hgu,q are
the same as Hj, the dispersive wave functions change. This
quadratic construction is precisely the construction employed
in the Lieb lattice quadratic band-touching point discussed in
Appendix F. While the quadratic band-touching point breaks
chiral symmetry, the wave functions are still expressed in
terms of the sublattice vectors ¢, ¥, allowing for a precise
treatment of the self-consistent mean field gap equations.

APPENDIX H: S-MATRIX MEAN FIELD THEORY

Adding the Hubbard interaction to the S matrix and per-
forming a mean field analysis yields the BdG Hamiltonian

Hwr = Z [Hk]"‘ﬁclz,a,ackﬁ»” + Z A(,[CI:DMCT_km¢ + H.c.,
k,o,af k.o
(HD)

where

ARoz = U<CR,a,¢cR,a,T> = Aou (H2)
with the Hubbard interaction parameter U < 0, translation
invariance in Ag, = Ay, and U(1),-spin conservation and
time-reversal symmetry. Further, we assume uniform pairing
within each sublattice: A, = Ay or A; depending on the
sublattice o belongs to. Such a condition may be enforced by
symmetries that relate each orbital within each sublattice [38].
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1. Linear band touching (with chiral symmetry)

Using the nonredundant BdG basis the Hamiltonian is ex-
pressed as

0 S Ny 0
S 0 0 Aplp
HBdG _ k L LT L (H3)
Apli o f 0 0 =S,
0 Aplpxr —Sk 0

The BdG Hamiltonian possesses a chiral symmetry aris-
ing from the product of TRS and particle hole. There is
another chiral symmetry inherited from the bipartite lat-
tice. The product of these two symmetries yields a unitary
symmetry.

This Hamiltonian can be solved exactly and the positive
energy eigenvalues read as

B2 =1+ (A;— A+ \/(Ai +AL? 462, ] (He)
In the situation where m is a flat band,

Exm = AL. (HS)

If the kinetic Hamiltonian possesses a band-touching point
arising from symmetry, the degeneracy between the flat bands
and dispersive bands will be made manifest in the BdG
spectrum. Assume that at high-symmetry momentum K, the
flat bands and band-touching points transform under rep-
resentation X @Y, where X is the representation induced
by orbitals in the L sublattice, and Y the representation in-
duced by orbitals in the L sublattice. The dimensions obey
dim(X) — dim(Y) = Ny — N;, dim(Y') > 0. When pairing is
added, those bands transforming under irrep X gain energy
+A;, and there are dim(Y) bands in addition to the flat
bands that are degenerate. These new band-touching points
are quadratic.

2. Quadratic band touching (no chiral symmetry)

The quadratic band-touching Hamiltonian (G7) no longer
possesses chiral symmetry, but it does factor into sublattices
L, L. This is true even when pairing is added:

—S; Sk 0 Ny 0
0 SkS; 0 Aplpxr
Hyd = g ; (H6)
AI:IZXZ 0 SkSk 0
0 Aplpyr 0 —SkS;

Thus, each sublattice may be treated separately. The positive-
energy eigenvalues are

4 2 [ 4 2
Ek,m,f, = Ek,m + AZ’ Ek,m,L = Ek,m + A s

Although chiral symmetry no longer holds, this quadratic
Hamiltonian still possesses the band-touching point at
energy +A;.

(H7)

APPENDIX I: GAP EQUATION

1. Chiral-symmetric Hamiltonian

For the chiral-symmetric Hamiltonian Hj, the gap equa-
tion at zero temperature [5] reads as
U AL+ A
Ay = Ul Lt Aor
N 2 /(AL + A7 +44,

x [PP ) @ PP )], an

Employing the trace relations (G6) removes the projectors and
all wave-function dependence, yielding gap equations

N, =1 'NLfm) M (12)
Nap = S f(). (13)
where we have defined
f(a) = NL Z _— (14)
medisp 1/ A% + Ek m

A= z(AL + Ap). Is)

This leads to the universal relation
NLAL — N; A = w (16)

where we recognize the right-hand side of this weighted dif-
ference equation as the strength of pairing arising from the
flat bands. This equation is universal as it only requires the
bipartite nature of the underlying model, and does not depend
on the dispersion or wave functions, nor the presence or ab-
sence of band-touching points. We have verified the weighted
difference relation numerically, and the relation has been seen
to hold in the Lieb lattice [7].

Further bounds on Ay, A; can be proven by noting that
f(A) is monotonically increasing in A and ranges from O to
1. The gap equation for the average pairing gap A reads as

2 1(1+ )f(A)+1(1 ) N a7
- =- r —(l=r), r=—=
u 4 4 Ny
which only depends on the average form of the dispersive
bands f(A) and the ratio of the sublattice orbital numbers r.
This equation always has a solution, as the right-hand side is
positive and bounded. As 0 < f(A) < 1, the average pairing
obeys

BB R )

) =2

The pairing on the L sublattice is always larger than the
pairing on the L sublattice A; > Aj:

Ap  Ap

Ul U]
The larger pairing Ay is maximized when r — 0, or if the
ratio of flat bands to dispersive bands is made as large as

possible. Because there is a solution A > 0, it follows from
the self-consistent equations that Az, A; > 0, i.e., there is

—( — [l = f(A)] > 0. a9
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pairing on both sublattices:

U
A; >0, ALzu(l—l’)—FrAz.

> (I10)

2. Quadratic band touching

The gap equations for the quadratic Hamiltonian decouple
into L, L sectors. Defining

1 A
) = e DY =
NN oo /A2 + &G om
the self-consistent equations read as
U

Az==l§if““(AzL (112)

U . U
AL = %rfq““d(AL) + %(1 — 7). (113)

As in the linear case, this system always has at least one
solution: A; = 0 satisfies the first equation and the second
always has a solution as f3%(A; ) is bounded.

The universal relation for the chiral Hamiltonians no longer
holds (as the quadratic band-touching model does not obey the
chiral symmetry): instead, the weighted difference reads as

U |N;
MM—MM=%%WWm%ﬂWMH
UILRA)

If A, > A;, then regardless of the form of £94%, the weighted
pairing difference N, Ay — N; Aj increases from the linear
model to the quadratic model. In the linear model it is clear
that Ay > A;, and if A; =0 in the quadratic model, the
inequality is also obvious.

Unfortunately, one cannot make the general claim that
Ap > Aj. Although we expect Ay > A; as the flat bands
contribute to the superconductivity in Ay but not A;, we can
only prove the slightly weaker statement: if there is a self-
consistent solution Ay, there is also a self-consistent solution
Ap where A > Aj. To prove this, define the functions

(114)

mm=%ﬂ%m 115)
mm=%www+%uwx (116)

and as such 0 < u(A) < v(A) < % Assume the fixed point

u(Aj;) = Aj. Because u(A) < v(A), we have

A; —v(Ap) < Ap —u(A;)=0. 117

But note that the function A — v(A) also attains positive
value by setting A = |U|/24 €, € > 0, and using v(A) <
|U|/2. By the intermediate value theorem, there exists Ay €
(Az,|U|/2) such that Ap —v(Ap) =0. Hence, we have
demonstrated a solution exists to Eq. (I13) where Ay > Aj.
This establishes that there exists a self-consistent solution of
Eq. (I13) where A; > Aj and thus N A, — N; Aj increases
in the quadratic band-touching case relative to the linear band-
touching case, though this is due to the nature of the dispersive
band wave functions and not the dispersion.

We emphasize that the universal relations between Ay, Ay
we have derived arise due to the geometry of the bipartite
wave functions, and not due to the dispersion. This is a
striking result of the bipartite S-matrix construction: various
inequalities regarding the strength of the pairing gap can be
made without recourse to the details of the model. The details,
however, do affect the physics: tuning the band-touching point
to be quadratic should enhance the gap A, as the quadratic
band structure has greater density of states at low energy,
increasing f(A).

3. Connection to Lieb’s theorem and the uniform pairing models

One can connect our mean field results to the models stud-
ied by Refs. [33,69-71]. In his seminal paper, Lieb proved
that the ground state of a bipartite lattice with onsite attractive
interactions, assuming appropriate symmetries, is unique. If
the flat bands are gapped from the dispersive bands, one can
project away the dispersive bands and further argue that the
ground state takes the form of the BCS wave function [7]
(this is not necessarily true if there are band-touching points).
Because the dispersive bands have been projected away, there
is no weight of the flat bands in the smaller sublattice, so A; =
0. Our mean field results yield a particularly simple result in
this projected limit: if the dispersive bands are sufficiently
gapped from the flat bands, f(A) — 0, and the pairings in
the sublattices read as

|U|(NL — Np)
N,

The strength of the pairing A; is universal and does not
depend on the form of the wave functions.

A =0, A= (118)
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