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‘We construct and study a chiral Sachdev-Ye (SY) model consisting of N chiral SU(M ), Wess-Zumino-Witten
(WZW) models with current-current interactions among each other, which generalizes the 0+ 1d quantum chaotic
SY spin model into 1+1d chiral system with anyon excitations. Each WZW model hosts Abelian anyons as
charge excitations, and may arise as the chiral edge theory of 24-1d gapped topological phases. We solve the
chiral SY model in two limits which show distinct quantum dynamics. The first limit is the case with uniform
interactions at any integers N and M, which is integrable and decomposes into a chiral SU(M )y WZW model and
its coset with a different speed of light. When N = M = 2, the model maps to a free Majorana fermion model.
The second limit is the large N and M limit with random interactions, which is solvable to the leading ﬁ order,
and exhibits many-body quantum chaos in the out-of-time-ordered correlation of anyons. As the interaction
strength approaches the upper limit preserving the chirality, the leading velocity-dependent Lyapunov exponent
of the model saturates the maximal chaos bound 27 /8 at temperature S~
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I. INTRODUCTION

In the past few years, the quantum chaos of many-body
systems has attracted extensive studies, which is believed to
be crucial for achieving thermal equilibration. Of particular
interest is the 0+1 dimensional (04-1d) Sachdev-Ye-Kitaev
(SYK) model [1-5] and its generalizations [6—31], which are
analytically solvable by large N expansion techniques and are
many-body quantum chaotic. The SYK-type physics has its
root in condensed matter physics. The very first analytically
solvable model is the pioneer work proposed by Sachdev
and Ye [1] in the form of a 0+1d spin model of N randomly
interacting SU(M) spins, known as the Sachdev-Ye (SY)
model,

N
Hsy = J;jSi - S;, (1)
i#j

where S; are SU(M) spins and J;; are random interactions.
In the large N and M limit, the SY model maps to a fermion
model which behaves the same as the ¢ = 4 SYK model in
the large N limit. The quantum chaos of the SYK-type models
are characterized by the quantum Lyapunov exponent of the
out-of-time ordered correlation (OTOC). At low temperatures
T = ,8’1, the SYK model and the SY model in 0+41d exhibit
a maximal Lyapunov exponent A = 25 /8, reaching the upper
bound for quantum chaotic system [32-34]. Moreover, the
0+1d SYK model has a holographic dual to a quantum
gravity theory in 1+41d space-time, which has generated
enormous interest of study [16,28,35—44].

The generalization of the SYK model has been going in
several different directions. The first direction is generaliza-
tions into fermion models in higher dimensions. Unlike in
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0-+1d where the interactions are relevant, the fermion interac-
tions in 141d or higher dimensions are usually irrelevant, in
which case the SYK-type physics will be absent. For instance,
the random four-fermion interactions of the 14-1d nonchiral
fermions are shown to be marginally irrelevant in the large
N limit [22]. Therefore, to achieve relevant interactions and
realize the SYK-type physics, unrealistic or fine-tuned kinetic
term for the fermions is usually assumed [9-19]. There is,
however, an intriguing exception, which is the chiral fermions
in 14+1d with the usual linear kinetic Hamiltonian, where the
local chiral four-fermion interactions are fixed to have an ex-
actly marginal scaling dimension. It is shown in Ref. [45] that
the generalization of SYK model into 14-1d chiral Majorana
fermions with the marginal random four-fermion interactions,
coined the chiral SYK model, exhibits the SYK-type many-
body quantum chaos at all energy scales. The second direction
of generalization is the class of tensor models which contains
no randomness but shares the same large N physics with the
SYK model [6-8,23-25]. This yields a generic way to write
a nonrandom equivalence to a model exhibiting SYK-type
physics. The third direction of generalization is to models
of particles other than fermions. For instance, bosonic SYK
models with g-boson interactions have been studied in 14-1d
[20,21], for which interactions are relevant. However, gener-
alizations of SYK-type models into anyonic systems have not
been systematically explored yet.

This paper is aimed at forging the first and third directions
above to find a higher dimensional anyonic generalization of
the 0+1d SYK models. For this purpose, 1+41d chiral sys-
tems are natural candidates, as they allow chiral interactions
which can lead to the SYK-type quantum chaos, and can
host anyons as excitations. In reality, 1+1d chiral systems
generically describe the topologically protected chiral edge
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states of 2+41d gapped topological phases of matter such as
fractional quantum Hall (FQH) states. The interaction effects
and quantum chaos of such 14-1d chiral systems are of im-
portance in understanding the edge transport phenomena in
experiments. In literature, these chiral edge states are often
described by chiral Luttinger liquids and other conformal field
theories (CFTs), which are integrable models and do not show
quantum chaos. Therefore, the chiral edge states are often be-
lieved to be fairly coherent and can exhibit interference among
each other in edge interferometry devices. For instance, the
Fabry-Pérot edge state interferometer [46—50] has recently
been employed to detect the anyon braiding phase in FQH sys-
tems. Understanding the conditions for quantum integrability
and quantum chaos in generic 14-1d chiral models is thus sig-
nificant for interferometer experiments studying topological
edge states.

As a first step toward this goal, in this paper we propose
and study a 1+1d model we call the chiral SY model, which
is a minimal generalization of the 04-1d SY model [Eq. (1)]
into chiral anyonic systems. The key idea is to generalize
the N mutually interacting 041d SU(M) spins of the orig-
inal SY model into N 1+1d chiral SUM); WZW models
with marginal chiral current-current interactions among each
other. Such WZW models may arise as the edge theories
of 2+41d gapped topological phases (e.g., multilayer bosonic
FQH states). In particular, the marginal chiral current-current
interactions have conformal spin two, and thus break the con-
formal symmetry of the WZW models, although the scaling
symmetry is still preserved [45]. As a result, there is no unique
speed of light in the system. The minimal charge excitation in
each WZW model has a conformal spin A = 1‘% and an any-
onic statistical phase 2 A. We study two analytically solvable
limits of the chiral SY model, which are in the quantum
integrable and quantum chaotic regimes, respectively. The
first limit is when the interactions J;; between different WZW
models are uniform, in which case we will show that the chiral
SY model is integrable: it decomposes into a sum of a chiral
SUM)y WZW model and its coset with different speeds
of light. In the minimal case with N = M = 2, free chiral
Majorana fermions with different Fermi velocities emerge as
quasiparticles, which can be understood as the composite par-
ticles of two semions (Abelian anyons at M = 2 with minimal
charge excitation). The second limit is the large N and M limit
with random interactions J;;, which is solvable to the leading
N—;/I order. We will show that the OTOC of anyons in this case
grows exponentially at all energy scales, exhibiting many-
body quantum chaos. As the interaction strength approaches
the upper limit preserving the edge chirality, the Lyapunov
exponent of the OTOC at temperature 8~' approaches the
maximal chaos bound [32-34] 2z /8. Intriguingly, by intro-
ducing a set of ancillary fields and enlarging the Hilbert space,
the chiral SY model can be mapped to an interacting chiral
fermion model which resembles the complex version of the
chiral SYK model studied in Ref. [45]. As a result, all the
correlations (e.g., the OTOC) of anyons factorizes into certain
correlations of the interacting chiral fermions and a decoupled
free vertex operator correlation governing the anyonic statis-
tical phases, which greatly simplifies their calculations.

The rest of the paper is organized as follows. In Sec. II,
we introduce the 1+1d chiral SY model consisting of N

coupled SUMM); WZW models written in the bosonized
form. Sec. III is devoted to solving the chiral SY model
with uniform interactions and showing its integrability. The
N =M =2 case is analyzed in detail to show how anyon
correlations can be calculated. In Sec. IV, we study the chiral
SY model in the large N and M limit with random inter-
actions and show the OTOC of anyons in this case gives a
positive velocity-dependent Lyapunov exponent (VDLE) in
the entire causality cone. Lastly, in Sec. V we summarize the
generic methods used in our model for deriving the anyon
correlations, and discuss the extension to other chiral anyonic
systems.

II. THE MODEL

The straightforward chiral 141d generalization of the
0+41d SY model is N copies of the SU(M) level one [denoted
as SU(M), hereafter] chiral Wess-Zumino-Witten (WZW)
model, where M > 2, N > 1 are integers and the SU(M),
chiral WZW models can be viewed as the generalization of
the SU(M) spins in the 0 4+ 1d SY model. The SU(M ), chiral
WZW model is known to characterize the edge theory of a
SU(M) chiral spin liquid [51-54] or a filling v = MT’l bosonic
Halperin FQH state with M — 1 boson flavors [55] (see Ap-
pendix A). In particular, the SU(2); and SU(3); WZW models
correspond to the edge theories of the m = 2 bosonic Laugh-
lin state and the (2,2,1) bosonic Halperin state, respectively.
Accordingly, the model hosts a set of Abelian anyons.

We construct our model by considering N identical copies
of the chiral SU(M); WZW model and adding SU(M) sym-
metric interactions among them. Focusing on the low-energy
physics, we ignore all irrelevant terms, which restricts the
generic local Lagrangian density of the system into two parts:

L(t,x) = Lo(t, x) + Lin(t, x), ()

where x and ¢ are the spatial and time coordinates, respec-
tively. The first term Loy gives the SU(M); chiral WZW
Lagrangian within each copy, which can be written as a chiral
Luttinger liquid Lagrangian of N(M — 1) free chiral boson
fields¢;, (1 <i<N, 1< pu<M-—1)as

M

1 v
['0 = _E Z Z KgU(M)] ax¢iv(8t + ax)(pi/u 3

-1
i=1 p,v=1

with ¢;, identified with ¢;, + 2mw. Here Ksyw, is the K
matrix of the WZW model, which is given by the Cartan ma-
trix of the SU(M) group Ké‘L‘J’(M)l =280 — 8pv1 — Spvtl
for 1 < u,v <M — 1. Accordingly, the chiral boson fields
satisfy the equal-time commutation relation

(1 (0), 60 ()] = imsgn(x — ) (K ) - 81 @)

“v
where sgn(x) is the sign function. In £y, all the chiral bo-
son fields have the same velocity (speed of light) which we
have normalized to 1, as constrained by the SU(M) symmetry

within each copy i and our assumption that the N copies of
WZW models are identical.
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The second term L, is an SU(M) invariant chiral current-
current interaction between different copies,

N
Lin ==Y _JijSilt,x) - 81, %), (5)
i#]

where S;(z, x) is the chiral SU(M); current density of the ith
copy in vector form, which has M? — 1 components S%(t, x)
(1 <a<<M?—1) corresponding to the M? — 1 generators
of the SU(M) group. The interaction constants J;; = J;; are
real and spatially uniform, and symmetric in the copy indices
i, j. With the level being one, the current density satisfies the
equal-time Kac-Moody algebra [56],

l'(sab

[S7(0), 87 (N] = if ™ Sf)8(x — x) +
4

9:8(x —x),

(6)

on a spatial slice at any given time ¢ (the time variable ¢ is
omitted for simplicity), where f% is the structure constant
of the SU(M) group. The current density S;(¢, x) can also be
expressed in terms of the boson fields ¢;,. It is clear that the
chiral model in Eq. (2) has a global SU(M) symmetry.

We see that the chiral model in Eq. (2) can be viewed
as a natural minimal 14-1d generalization of the 04-1d SY
spin model [1] with N interacting SU(M) spins with spin-spin
interactions J;;, where the SU(M); current density S;(¢, x) is
the 1+1d generalization of the spin operator of a 041d spin
in the fundamental SU(M) representation. However, there are
two significant differences between our chiral 141d model
and the 0+1d SY spin model:

(i) The chiral current-current interaction in 1+1d given by
Eq. (5) has a marginal scaling dimension 2, since the current
density S;(z, x) has scaling dimension 1, as can be verified
from Eq. (6). As chiral operators, their scaling dimension is
strictly fixed and does not have flow under renormalization
group analysis [45]. Therefore, we expect the physics of our
model to be energy-scale independent. In contrast, the spin-
spin interaction in the 0+1d SY spin model is relevant, which
is known to dominate the low-energy physics.

(i1) Charge excitations of the ith copy of our chiral 141d
model here are M — 1 Abelian anyons { Xi,n}ﬁlz’ll with con-
formal spin A;, = % and statistical angle 2w A;,. The
fusion structure of these anyons are straightforward: y;, x
Xiw' = Xi.n+n') mod M- This allows us to study the quantum
chaos of anyons, which has not been studied before. This is
different from the 0+41d SY spin model, where there are no
anyonic excitations.

We also note that the nonzero conformal spin of the interac-
tion in Eq. (5) breaks the conformal symmetry of the original
WZW models in Eq. (3), although the scaling symmetry is
still preserved. As a result, there is no unique speed of light in
the model.

As we will show below, the 1+41d chiral model in Eq. (2)
is analytically solvable in two different limits. The first limit
is the uniform interaction limit for any N and M, where J;;
independent of i, j, in which case the model is integrable.
The second limit is the large N and M limit with random
interactions J;;, which exhibits quantum chaos analogous to

that of the 14-1d chiral SYK model [45], but is for anyonic
excitations.

III. UNIFORM INTERACTION: AN INTEGRABLE POINT

In this section, we focus on the case with uniform interac-
tions:

Tj=1J. )

We will show that the model with uniform interactions is inte-
grable. Particularly, we will study the simplest N =2, M = 2
case in detail to understand the integrable structure and the
anyon correlations in this case.

A. Exact solution for N =2, M =2

At N =2, M = 2, the chiral model of Eq. (2) consists of
two copies of SU(2); chiral WZW models, and only has one
interaction interaction Ji; = J. Such a model may describe
the edge theory of two filling v = 1/2 bosonic Laughlin
FQH states with an edge interaction J, and hosts semions
which have an anyonic statistical phase 7 /2. By Eq. (3), the
N =2, M = 2 model Lagrangian has a one-by-one K matrix
Ksu), = 2 and contains only two bosonic fields ¢; (i = 1, 2)
satisfying the commutation relation

[$i(x)., ;(x)] = i%sgn(x —x)8;;. ®)

The three components of the SU(2); current operator S;(x) of
the ith copy can then be written as S* = SF S} = €724,
and §¢ = %

To be more generic, here we will relax the SU(2) symmetry
of the model, assuming an anisotropic interaction between
the two copies Lin = —2J (S8 + $1S)) — 2J.5;S5. The
SU(2) invariant interaction in Eq. (5) is recovered when J;, =
J, = J. The total Lagrangian density £ = Lo + Ly is there-
fore given by

2 2 2
= - ;[a,gb,-ax(p,» + (0x¢i)7]

J. i
— 57010 JL (7 L He).  (9)

1. Mapping to free Majorana fermions

Despite having interactions between boson fields, the
model in Eq. (9) can be mapped to a model of free Majorana
fermions by refermionization. We first define the following
boson field basis transformation and complex fermion annihi-
lation operators c(f, x) as

¢+ = ¢1 £ ¢,

where the vertex operators e®* have the correct scaling
dimension 1/2 of fermion operators. Using the mappings
of fermion bilinear —iczaxc,, = ﬁ(axqﬁn)z and —ic,0xc, =
2me?®n for n = &+ (see Appendix. B), we can rewrite the
Lagrangian density in Eq. (9) as

S (10)

i JL v s
L= "ic)(d +uyd)e, + i(lc_axc_ +He), (1)

n=+

125109-3



YICHEN HU AND BIAO LIAN

PHYSICAL REVIEW B 105, 125109 (2022)

where we have defined velocities uy =1+ 21—” Therefore,
we see that the model maps to a free fermion model with
a superconducting pairing term proportional to J, , which is
clearly integrable.

By redefining c_ = %(yl__ + iy, ) with two Majorana
fermion fields y; _ and y, _, the Lagrangian density becomes

. i
L=icl (3 +usdey + Y 5y +up -8y, (12)
j=1.2

where the velocities are given by

J z j—1 Ji J. Z
7 uj—=1+(=1) vl (13)
Therefore, we see that the N = 2, M = 2 interacting chi-
ral model reconstructs itself into a free chiral complex
fermion mode and two free chiral Majarana modes. The zero-
temperature two-point functions of the fermion fields are then
given by

u, =

1

1
et D00 = oo (¥

and

1 1
Vit )y (0,0) = ——————— (15)

2mi (uj—t —x —i0t)
where 0% stands for a positive infinitesimal number.

When the SU(2) symmetry is recovered, namely, J, =
J. =J, we see that the two velocities uy =u;_ =1+ 2—
become equal. Therefore, the Lagrangian density in Eq. (12)
can be viewed as consisting of three identical chiral Majorana
fermion modes with velocity uy =1+ % and one chiral

Majorana fermion mode with velocity u, - =1 — % Such
a model can be understood as a chiral SU(2), WZW model
with speed of light u; and an chiral Ising model with speed
of light u, _. A more general discussion from this perspective
will be given in Sec. III B.

We also note that the velocities in Eq. (12) may become
negative when J, or J; is large, which seems to violate the
conservation of chirality (number of chiral modes) if the
model describes the edge of a gapped topological phase. In
this case, as discussed in Ref. [45], the irrelevant terms are
nonnegligible, which will bend the negative slope dispersion
back to positive slope at ultraviolet (UV) momenta, as shown
in Fig. 1(b), leading to a partially chiral edge model with the
same total chirality. In this paper, We shall restrict ourselves to
nonnegative velocities, namely, + 3= <1 and —‘ > —1
in this section, so no UV physics i 1s 1nvolved

2. Anyon correlations

The nontrivial excitations of the N = 2 copies of chiral
SU(2); WZW model are anyons known as semions, the an-
nihilation field operators of which are given by x; = .
According to Eq. (8), the semion fields at equal time satisfy
Xi(0)x;(x') = e713 %S0y (x")x ;(x), thus they have a self-
statistical phase 7t /2. We have seen in the above Sec. Il A 1
that the composition of two semions from different copies
behaves as free (Majorana) fermions, namely, x;(x)x2(x) =
c+(x) and Xl(x)xg(x) = c_(x) according to Egs. (10), the
correlations of which are given by Eqgs. (14) and (15).

(a) (b) o
Q) (X)=U1l.k %/
W=usk u, /(k)
(J\)=U2'-k
k k
U, Uy -(k)k
/%\

FIG. 1. (a) Illustration of dispersions w = u. k of the chiral com-
plex fermion mode ¢, and w = uy _k, up, k of the chiral Majorana
modes y; _, y1.— in Eq. (12). (b) If %! + %= > Tor £ < —1, some
of the three velocities in (a) will become negative and the chirality
of the system is not preserved. If all chiral modes live at the edge of
a gapped bulk topological condensed matter system [the shaded area
in (b) represents bulk states], the net chiral central charge (number of
chiral modes) must be preserved. Thus, edge reconstruction would
take place in the UV, bending the negative velocity modes back to
positive velocities at large momentum k. (For both (a) and (b), we
plot the case with J, > J..)

Now we want to derive the two-point correlations of indi-
vidual semion fields in this integrable model. The Majorana
fermion form of the Lagrangian in Eq. (12) suggests this can
be done by adding a duplicate copy of the original model,
which yields a total Lagrangian density

Lawp = L(¢1, ¢2) + L($], $2), (16)

where L(¢1, ¢) is given by Eq. (9), and ¢’ are duplicate bo-

son fields independent of ¢;. Noting that ei’¢fi’¢f has scaling

dimension 1/2, we can define a set of fermion annihilation
operators

WEG (= 1,2). (17)
Note that the fermions c .+ here are different from the fermions
¢4 defined in Eqgs. (10). Since the Lagrangian of ¢; and ¢’i are
decoupled and identical, we can rewrite the anyon two-point
function as

(xi(t, ¥)x ] (0,0)) =

Cix =¢€

(eid),‘(t,X)efiqu (0,0)>

— (i1 X)+iG](1.0) =i (0.0)=igs} (0,00 1/2
= (e e )

= (ciy (1, x)c}(0,0)) 2. (18)

Therefore, the problem reduces to the calculatlon of the two-
point function of the fermion fields ¢; ; and ¢!

From Egs. (17), we can refermionize the dupllcated La-
grangian density in Eq. (16) into an interacting fermion
model:

Lap= Y ich @ +d)cy

j=1.2,n=%

Jy . +
_ ?(CH_CI_CZ‘_‘_CE_ + Cl+c;r_c2+cz_ + H.c.)

EZ(CLCHCLCH + chl_c;fcg_). (19)

To solve the duplicated model, we first change to a new
fermion basis dy , = \/%(cl# + l.Czj:') and dy, = \%(cli —
icp+). One can show that the interaction terms become solely
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bilinear functions of the fermion density operators d;, oo

and d,;f,(,a',],(7 (n = =), and the kinetic terms remain diagonal in
each fermion species dy /5. Therefore, the fermion number
of each species d. ,/, is conserved. We then bosonize the
model by defining dy. , = ¢%# and dy. , = e+, which im-
ply the mapping d;’ad,,,a = %qubn,a n==4,0=p,0), so
the Lagrangian density Lqu, in Eq. (19) becomes a bilinear
function of boson fields 9,64 , and 9,64 , (see Appendix C 1
for detailed derivations). This converts the model into a free
boson model. Lastly, by changing to a new boson basis

Opy = Oy p + 0010 +0'0_, +10'0_,)/2,  (20)

where 1, n’ = &, we can diagonalize the free boson La-
grangian density into

1 ~ ~
Lawp = e Z OOy (01 -ty 05Oy @D

n,n'==%

where the velocities are given by u =u;_ =1+ 2J_£}’ and
Uu_y=1= % — Zj—ﬂ Note that the four velocities here are
related to the three velocities in Eq. (12) by u4 = uy— = uy,
u_y =uy— and u__ = Uy, —. If we further define fermion
annihilation fields ¢, = % we see that the Lagrangian
density of Eq. (21) is fermionized into four free complex
fermion modes f,, with velocities u,,, which is exactly
two copies of the Lagrangian density before duplication in
Eq. (12), as it should be. We also note that the transformation
from the fermion basis d+ ,/; = e%.0io to the fermion basis
Coy = e through Eq. (20) is exactly the triality transforma-
tion among the chiral spinor and vector representations of the
SO(8) group, which has been employed in various physical
contents [57-62].

The free boson action in Eq. (21) yields a zero-temperature

boson two-point function

(On (t, X)0;¢(0,0)) = =8, 8y N2 i(upyt —x — i0M)]
- 22)
up to constant shifts of the boson fields 8,,, which allows us to
derive the semion two-point function defined in Eq. (18). First,
by noting that the fermion basis di ,/; = ei%,
we find the fermion correlation from the Wick’s theorem for
bosons as

(dr.alt,0d] (0,00) = [ ex Ot @00

n.n'=%
1
T 2wi

[T @yt —x—i0")7"*

n,n'=%

(23)

for any { = + and o = p, o. In addition, all the correlations
between different fermion species dy ,/, are zero, since the
fermion number of each species is conserved. Therefore, the
semion two-point function of the original model in Eq. (9) is
given by

(x;(t, )%, (0,0))

= (¢j+(t, )c}, (0,0))'?

B \/ () (dy (1, )] ,(0,0) + dy 4 (2, x)d} (0, 0))
- 2

S
= —Z= [T Gyt —x—i0")7"%. (24)

2wi 7,
n,n'=%

Note that the semion correlation between different copies
J # k vanishes, which is consistent with the charge conser-
vation in each copy of our model. In addition, we see that all
the free fermion velocities u,,, contribute to the semion corre-
lations, implying a fragmentation of the semion excitations.

B. Exact solution for arbitrary N and M

We now extend our discussions to uniform interactions
Jij = J with generic N and M. In this case, the interaction
term in Eq. (5) can be rewritten as

N
Lin = —J (5 S — Y Si s,), (25)

i=1

where we have defined Sy = Zf\’: | Si as the total current.
By the Sugawara construction [56], the term S; - S; in each
copy is related to the boson field WZW Lagrangian by

M-1
M+1 ,
Si-Si= 872 E K;U(M)]ax(Pi.uax(Pi,w (26)

w,v=1

The term J vaz , Si - S; together with £y defined in Eq. (3)
are therefore equivalent to N copies of decoupled chiral
SU(M); WZW models with a speed of light vy = 1 — W

On the other hand, the current operator Sy, generates an
SU(M)y Kac-Moody algebra, as can be seen from Eq. (6)
that the commutator [S¢,(x), S5, (x)] has an anomalous term
%8&@ — x’). This leads us to take a decomposition of
the full symmetry group ®"SU(M), (standing for the direct
product of N symmetry groups SU(M);) of the free part of our
model into a subgroup SU(M)y (with current operator Syy)

and its coset:
Guy = [®@"SUWM),1/SUM)y. 27

It is easy to see that the Sy - Sy term only contributes to the
SU(M)y sector. The full Lagrangian therefore decomposes
into two decoupled chiral models,

L= LGM,N + ESU(M)N’ (28)

where L&~ is the chiral L&~ coset theory with a central

charge cg,,, = %, and £SVMx ig a chiral SUM)y
WZW model with a central charge csypr, = %i;,l). In
particular, Gy, is known to give the Z,, parafermion theory
[63]. Since —J Sy - Sior term in Eq. (25) only contributes to
L3VM one can show the two parts in Eq. (28) have different

speeds of light (see Appendix C 2):

M +1
- (Z_I_—n)J, vsumyy = 1+ — (29)
This agrees with the velocities we calculated for N =2, M =
2 earlier in Egs. (13) (when J, = J, = J). Again we require
both velocities in Eq. (29) to be positive, so nonchiral re-
constructions analogous to Fig. 1 do not happen. Since both

(N —-1)J
UGM‘N =1
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models in Eq. (28) are exactly solvable in the CFT, we con-
clude that our model with uniform interactions is integrable
for any N and M. Note that the chiral interaction of the model
[Eq. (5)] does break conformal symmetry, in the sense that it
gives rise to two different speeds of light in Eq. (29).

As a side note, the strategy we adopted for solving N =
M = 2 case by performing suitable reorganizations of field
operators is similar in spirit to those used in finding a Luther-
Emery fixed point in the literature [64—66]. To establish
integrability, one can also contemplate mapping our model
to equivalent known integrable models, such as integrable
sine-Gordon or Gross-Neveu models [67—71]. However, these
known models are usually massive and involve both chirality.

IV. RANDOM INTERACTION: QUANTUM CHAOS
IN THE LARGE N, M LIMIT

We now turn to our model with random interactions J;;
among the N copies of SU(M); chiral WZW models and
show that it is an exactly solvable quantum chaotic model
in the large N and M limit. Note that here we assume J;;
is random in the copy indices i, j, but is spatially uniform
(namely, independent of position x).

In the same spirit as the 0+1d SY model [1], we assume the
random interactions J;; = J; in the large N limit (M need not
be large) have the following statistical means for copy indices
i<

J2

Vij) =0. TWN-DHM-1)

ijdrj) 8irdjj, (30
where we define J > 0 as the interaction strength. Such a
scaling behavior regarding N and M ensures that the total
energy density does not diverge in the large N or M limit for
a fixed interaction strength J.

We first show that the model can be mapped into an in-
teracting fermion model by enlarging its Hilbert space. To
do so, we add to our model £ in Eq. (2) the following free
Lagrangian density of N ancillary chiral boson (cb) fields ¢; ,
(1 <ig<N)

N
NC 1 /
Lot =7 2 080, (0 + 830, ,. (D)
i=1

which has the same speed of light as that of the free part £
in Eq. (3) of our model. Since each copy i of £y in Eq. (3)
is a chiral SUWM); WZW model, each copy i of the sum
Lo+ Eﬁiﬁ?a can be embedded into a chiral UM); WZW
model, which is known to have a free fermion representation.
This allows us to map our model into a fermion model. First,
for each copy i, there exists a linear recombination of ¢; o
in Eq. 31) and ¢;, (1 < w <M — 1) in Eq. (3) into M new
boson fields q?,u (1 € u < M) (see Appendix. D), such that

N M

1 ~ ~
Lot Lot = = 5= 2 2 i@+ 006e, (32

i=1 p=1

and ¢/ , = «/;M ZZI:1 5, «- We can then define a set of chiral

fermion annihilation fields f; , = ¢'%#, and one can prove that

the SU(M); current operators take the form

M
Sit.x)y= Y ft. 0T fiu(t. %), (33)

m,v=1

where T, (1 <a < M? — 1) are generators of the funda-
mental representation matrix of the SU(M) group. The full
Lagrangian density with the ancillary fields can thus be rewrit-
ten into a chiral fermion model as

Liw = Lo+ LEh + Lint (34)
where the chiral fermion kinetic term is
N M
Lo+ Lo =iy > fl 0 +0)fi 35
j=1 p=1

while the interaction term is

N M A A
Lin = = qu[ DI ﬂ (36)

i<j nmov=1

with 7i; = 3, ﬁu fi, defined as the total fermion density of
copy i. Note that such a chiral fermion model in Eq. (34)
with random J;; is analogous to the chiral SYK model of
chiral Majorana fermions studied in Ref. [45], except that the
model here consists of complex chiral fermions and has higher
symmetries. This is also the natural 1 + 1d generalization of
the fermionic form of the 0 + 1d SY model [1].

We emphasize that due to the ancillary fields ¢; - the
Hilbert space of the fermion model in Eq. (34) is enlarged
compared to the original model in Eq. (2). Therefore, the
fermions f; , are subject to constraints analogous to those of
the slave particles in various quantum spin models [72-77]
and are not physical excitations. Instead, the physical charge
excitations of our model in Eq. (2) are the Abelian anyons.
However, as we will show below, all the anyon correlations
can be computed from the fermion correlations and the ancil-
lary boson correlations.

A. The anyon two-point function

The annihilation operator for the SU(M),; Abelian anyon
with minimal charge in each copy of our model in Eq. (2) can
be written in terms of the ancillary boson field ¢; , and the
fields (?;, » we introduced in Eq. (32) as

9]
xi = €T (37)

which has a scaling dimension A = A’;—A;l and statistical phase
2x A. All the other Abelian anyons in the system can be
obtained from fusions of this anyon in Eq. (37).

In the enlarged model of Eq. (34), the ancillary boson field

¢; , only contributes to Eg}lﬁ?a, and is decoupled with the

remaining part £y + L. Therefore, its correlation is entirely
determined by £&"<* in Eq. (31) as

ancilla
(q’){,p(t, x)q&}’p(O, 0)) = —=6;;In[27wi(t — x — i0M)] (38)

up to constant shifts of ¢>f, o On the other hand, since

LM T Lo
$ip = 7= D=1 Piu» DY expressing ¢;,, in terms of ¢; , (see
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Appendix D for details), one can show that
1
VM
for any 1 < p < M. These relations allow us to express the
correlations of anyons in Eq. (37) as functions of the fermion

correlations of the fermion model in Eq. (34).

In this section, we calculate the following averaged anyon
two-point function as an example:

(Biut, )8 ,(0,0)) = —= (g} (1, 1)) ,(0,0))  (39)

N

1 .
Gy, %) = = D (it )x/ 0, 0)). (40)

i=1
By Eq. (37), we can rewrite the anyon two-point function as

N

1 (D _i/’ —i(d: _‘7’,{/; 0.0
Gy (t.x) = — 3 (/=)0 =i = 0.0)
i=1
- z
_ Zeﬁ<¢;Yﬂ(z,x)¢;ﬂ(0,0)>e—ﬁ<¢1.1(z,x)¢£p(0,0>>
N 4

i=1

% ¢~ T 9, 0B1(0.0) ( i1 (1) efi&,l(o,m)

= [27i(t — x — i0H'"™G,(t, x), 41)

where we have defined the fermion two-point function of the
model in Eq. (34):
G Ly (0,0 42

£t x) = N;ml(z,xml( L0)), (42)
and we have used the boson correlations in Egs. (38) and (39)
and the definition of the fermion fields f; , = ¢'%+ in Eq. (34).
Therefore, we see from Eq. (41) that the anyon correlation
decomposes into a product of two parts: a vertex correlation
of the U(1) ancillary boson fields which governs the anyon
fractional statistics and a fermion correlation of the interacting
fermion model in Eq. (38). Note that this decomposition holds
for any N and M. Expressions similar to Eq. (41) can also be
derived for any other anyon correlations (e.g., see Sec. IVB
below).

With random interactions J;; satisfying Egs. (30), the
fermion two-point function in Eq. (42) is exactly solvable
in the large N and M limit by techniques employed in the
SY model [1] and the SYK models [2—4,45]. In the large N
and large M limit, one can prove that the leading order con-
tributions to the two-point fermion correlation are the melon
diagrams as shown in Fig. 2 (see also Fig. 5 in Appendix E).
This leads to the same Schwinger-Dyson (SD) equation that
appeared in the 1 + 1d chiral SYK model studied in Ref. [45],
as given in Eq. (E5). The fermion two-point correlation in the
large N and M limit is then equal to

1

Glt,x) = , (43)
! 2iy/Qust — x — 107 )(u_t — x — i07)
where the velocities are defined by
J
uy =1+ —. (44)
2

When J > 2, the chirality of the u_ mode will not be pre-
served (u_ < 0), and mode reconstructions similar to that in

0 E>= <> +0(1)

FIG. 2. Melon diagrams contributing to the two-point correlation
function Gy in the large N, M limit. (a) Gy is the single fermion
propagator and ¥ is the self-energy function. (b) Feynman diagram
representation of the relations between self-energy £ and two-point
functions G, G,¢ following the Schwinger-Dyson equation. (c) The
relation between G; and Gy, the double fermion propagator of

fermion bilinear operators f f wJive

Fig. 1(b) need be considered. In this paper, we require
0<J < 2m, (45)

so ux > 0 and the chirality of the model is preserved. This
yields the anyon correlation function in the large N and M
limit:

Qi) (t — x — i0T)¥
\/(u+t —x—i0H)(u_t —x — i0t)

Note that when M — oo, the anyon correlation tends to the
fermion correlation, which is because the anyon fractional
statistics tends to the fermion statistics in the large M limit.
For finite M (while N — 00), we expect the anyon two-point
correlation in Eq. (46) to acquire an order O(1/M) correction
[see Fig. 5(b)].

At finite temperature 8!, one can show that anyon two-
point function Gﬁ (t, x) given in Eq. (46) are modified using
the conformal transformation

u, B

uyt — x —i0* — — sinh %(l — un’lx —i0%) 47)

Gy (t,x) = (46)

for all velocities u,, € {u4, 1}, although the 1 4 1d interacting
chiral model we studied does not have the full conformal
symmetry (as evident from the presence of multiple speeds
of light).

B. The anyon out-of-time-ordered correlation: Quantum chaos

We now show that our model in Eq. (2) with random
interactions J;; is quantum chaotic in the large N and M
limit. One of the evidences of quantum chaos is the presence
of a positive Lyapunov exponent in the finite temperature
out-of-time-order correlation (OTOC), which resembles the
Lyapunov exponent of classical chaos. We define the regu-
larized OTOC for the anyons in our model at temperature £~
as

Fy 1, x1512, x2)

N
1
= 7 2 Trlvx] (@, x0y (0, 00yx(ta, 1)y (0, )],
ij

(48)
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t1,x1 t3,X3 t, x1 <. 13,X3
F(t1,x1;t2,X2) ( :z} ) ) = 5F(t3,x3;ta,Xa)
t2,x2 ta,xa t2,x2—<—" :‘E"tzx,m
—_—
KR

FIG. 3. Feynman diagram illustration that the OTOC function § F
is an eigenfunction of the kernel K.

where y = e #H/* gplit the four anyon fields evenly by one

quarter of the thermal circle (H is the Hamiltonian). Such
a splitting of the partition function e ## makes the OTOC
Fy(t1,x1;12, x2) a real function, and avoids its divergence
when (¢, x;) — (0, 0). This regularized OTOC shares the
same growing behavior as the unregularized OTOC.

Following the anyon expression in Eq. (37) and a derivation
similar to Eq. (41), we can express the anyon OTOC in terms
of the fermion correlations up to order O(NLM) as

Fyltr, xi500, %) = Fy (11, X13 12, %2)

1
- WC(tl,xl;tz,x2)8}'(t1,x1;t2,x2),
(49)

where
Fo(tr, X130, x,) = Gﬁ(— lg, 0>G§ (lzl - lg,le) (50)

is a nongrowing piece from the anyon two-point functions Gﬁ
within each copy, witht,; = #, — #; and x5; = x, — x| defined;

- B /M
C(tl,xl;tz,x2)= |:4l,32 Sinhg<l‘21 —Z'E —)C21>i| (@28
is the contribution from vertex correlations of the ancillary
boson fields qb{’ o while §F(t;, x1;1, x2) is a fermion four-
point function given by an infinite fermion ladder Feynman
diagram summation (see Appendix E 2). In general, the factor
C(t1, x1;t, x2) in Eq. (51) has only order 0(%) correction
terms, which is thus exact for any M in the large N limit.
In contrast, the fermion correlation has both order 0(%) and
O(A%) corrections.
The infinite sum of §F (1, x|; 1, x») can be incorporated
into a self-consistent equation,

SF (11, x15t2, X2) =/dt3dt4dx3dx4KR(t1, cee L Xg)

X 8F (13, X33 14, X4), (52)

where the kernel Ky is illustrated in Fig. 3 and explicitly given
in Eq. (E14).

As shown in Appendix E 2, for this self-consistent equa-
tion, the key conclusion is, in the Lyapunov regime of time
B <t < BIn(NM), the OTOC function §F grows in time
with a positive VDLE A, within the causality cone of the
model, which therefore indicates quantum chaos. The VDLE
is defined as follows. Taking x; =x; = xand t| =, =, we
define the reduced OTOC function § F(t, x) = 8 F (¢, x; 1, X).
Note that the factor C(t;, x1; 2, x») is then a constant indepen-
dent of ¢ and x, since it only depends on #;; and x;;. Along
a fixed velocity v = x/t, this OTOC function is expected to

grow as
SF(t, vt) ~ ' (53)

within the Lyapunov regime 8 <t < SIn(NM), where A, is
defined as the VDLE. When ¢ > g In(NM), the higher order
terms in the 1lv and Al/l expansions in Eq. (49) become nonneg-

ligible and the growth of the order ﬁ piece §.F is no longer
meaningful. We find the VDLE A, of the OTOC is positive
for velocities within u_ < v < uy (recall that uy =1+ %),
which is given by

Z(ou=! = 1),
M=% FEw -,

2 — v,

(- <v <))
(v, < v < wy) (54)

(Ve <V < uy),

where
— ; 2 2 V3=-27%-1
R = 2Ty = 2T jz ) (55
p B 1-J
is the maximal VDLE, with J = ==. This maximal VDLE is
reached at velocity v, = 1 — % The other parameters
2-272 ./ _ 2-2T

) 327232
are given by v, = =7 V= 2+.7 »and § = G(J(l—.7)2)2'

Note that u_ and uy give the causality velocity bound-
ary of the fermion retarded Green’s function Gg(t, x) =
20(t)Re[Gy(t, x)], with G; defined in Eq. (43) and O(r)
the Heaviside step function. Therefore, a positive VDLE A,
within the velocity range [u_, uy] indicates quantum chaos
of all the propagating information of the chiral system. The
results in Egs. (54) and (55) share similarity with that of the
chiral SYK model in Ref. [45], except that the OTOC here are
for anyons.

Figure 4(a) shows the maximal VDLE A in Eq. (55) as a
function of J. In particular, A reaches the maximal quantum
chaos exponent bound 27 /8 when J — 2m, i.e., the maxi-
mal interaction strength preserving the chirality of the model.
As shown in Eq. (54) and Figs. 4(b) and 4(c), the VDLE
has a linear dependence on the velocity v in regimes with
u_ < v <, vy <v < us. These are known as the ballistic
regimes of VDLE where A, saturates its velocity-dependent
upper bound [78,79]. In contrast, the VDLE has a quadratic
velocity v dependence in the regime v, < v < v,, which is
known as the diffusive regime, and the maximal VDLE is
reached in this regime (at velocity v.) [78,79].

From Eq. (49), we again see that the fractional statistics of
Abelian anyons in the growing piece of the OTOC is encoded
in the factor C(t;, x1;t, x2), which is solely contributed by
the U(1) ancillary boson fields ¢; ,. The remaining factor
8F is the usual OTOC growing plece for complex fermions
measuring the onset many-body quantum chaos characterized
by the Lyapunov exponent. Although our calculations here are
only accurate to order ﬁ, we conjecture that the quantum
chaos persists to finite N and M beyond a threshold, due to
the nonlinear nature of our model with random interactions.
This threshold should be above N = M = 2, which has only
one interaction and is integrable as we showed earlier.
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0 271

x/t=u,

X

FIG. 4. (a) Plot of the maximal velocity-dependent Lyapunov
exponent (VDLE) A™* =  as a function of 0 < J < 27. The Lya-
punov exponent saturates the maximum value 2 as J — 27. (b) The
velocity-dependent Lyapunov exponent (VDLE) A,(v) as a func-
tion of velocity for J = 1.87. u_ <v < v, and v, < v < uy are
the ballistic regime (blue curve) where the relation is linear in v.
v, < v < v, is the diffusive regime (red curve) where the relation
is quadratic in v. The VDLE reaches its maximum at velocity v..
(c) The OTOC 6.F grows exponentially in time in the regime between
velocities u_ and u, with the VDLE A, (v) in (b).

V. DISCUSSION

We have studied the quantum integrability and chaos of a
1 4+ 1d chiral SY model consisting of N copies of the SU(M),;
chiral WZW models with chiral current-current interactions
among each other with coefficients J;; (i # j), which host
Abelian anyons as charge excitations. This model gives a
minimal 1 + 1d generalization of the 0 + 1d SY model [1],
a spin model of N coupled SU(M) spins. We have shown that
the 1 4 1d chiral SY model we studied is integrable for any
N and M when the interactions J;; are uniform (independent
of indices i and j), In contrast, it is quantum chaotic in the
large N and M limit when the interactions J;; are random in
indices i and j. Particularly, we are able to investigate the
quantum chaos of 1 4+ 1d anyons with such a model. In phys-
ical systems such as the edges of FQH systems, integrability
or chaos are expected to significantly affect the interference of
the edge states in edge interferometers such as the Fabry-Pérot
geometry [46-50,80-82].

Inboth the N = M = 2 integrable case and the chaotic case
with random interactions in the large N, M limit, we derived
the two-point correlation functions of the Abelian anyons
with the lowest scaling dimension. Intriguingly, the two-point
functions of these two cases behave similarly, exhibiting a
fractionalization into different characteristic velocities. How-
ever, their four-point functions are drastically different. We
showed that the anyon OTOC four-point function of the large
N and M limit with random interactions has a positive Lya-
punov exponent similar to that of the chiral SYK model

studied in Ref. [45], as expected for quantum chaos. The
maximal VDLE approaches the maximal chaos bound 27 /8
[32-34] when the interaction strength J reaches its physical
upper bound 27 . In contrast, the integrable case with uniform
interactions cannot have a positive Lyapunov exponent [45]
due to the solvable eigenspectrum of the model.

Unlike the 04-1d SY model and SYK model which have a
large zero-temperature entropy reflecting their spin-glass-like
nature [1-4], the 1+1d chiral SY model here and the chiral
SYK model in Ref. [45] have a vanishing zero-temperature
entropy density for 0 < J < 27 in the quantum chaos regime.
This is because as long as the chirality of the model is pre-
served, any excitations will be energetically lower bounded by
the velocity u_ =1 — % times their momenta, which avoids
an exponentially large density of states at zero energy.

The chiral interactions in our chiral SY model preserves
the scaling symmetry but breaks conformal symmetry. This
leads to the absence of a unique speed of light in the model.
As a result, in the integrable regime, the model decomposes
into CFT theories with different speeds of light while, in the
chaotic regime, the model exhibits a chiral causality cone of
a range of velocity [[u_, u;] as shown in Fig. 4(c)]. We note
that the chiral causality cone shown in Fig. 4(c) resembles the
causality cone of a 1+1d nonchiral CFT model in a reference
frame moving faster than the speed of light, so all the informa-
tion propagates in the same direction. Therefore, we speculate
the intrinsic analogy between the chiral SY model here (as
well as the chiral SYK model in Ref. [45]) and the quantum
chaotic nonchiral CFTs with large central charges [83]. In
addition, although the chirality and the absence of conformal
symmetry makes it difficult to find a bulk gravity dual of
quantum chaotic chiral models studied here, it is possible that
their gravity dual, if exists, lives in a 2+1d space-time that
rotates faster than the speed of light at its boundary.

The correlation functions of the 041d complex fermion
SYK model are known to have a chemical potential depen-
dence (e.g., see Ref. [5] and references therein). In our case,
the 1+1d chiral SY model in its enlarged complex fermionic
form of Eq. (34) has a much simpler chemical potential de-
pendence: adding a chemical potential term ef » i f; wtin
[which preserves the SU(M) global symmetry] is equiva-
lent to doing a spatially dependent unitary transformation
fin(x) = €€ f; . (x) or, equivalently, a boson field transfor-
mation 5 () = ¢7 j.u(x) + €px. Accordingly, all correlation
functions can be derived simply by the above unitary transfor-
mation.

In calculating the anyon correlation functions, a useful
technique we have employed is the mapping of the systems
with anyon excitations into fermion models with enlarged
Hilbert space, which we summarize here for applications
in more generic 1 + 1d chiral models (FQH edge theories).
There are two different situations where such mappings exist:

(1) First, if a 1 + 1d model can be mapped into free Majo-
rana fermions (thus, is integrable), in analogy tothe N = M =
2 integrable example in Sec. III A, we expect that the anyon
correlations can be exactly solved by adding a duplicate copy
of the model. This is because two identical Majorana fermion
modes are equivalent to a complex fermion mode, which can
be bosonized to establish a connection with the anyon vertex
operators. Moreover, in such calculations, the SO(8) triality
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mapping provides a key transformation from the p-wave pair-
ing terms (which yield Majorana fermions) into four fermion
interaction terms, which can be further transformed into free
boson terms.

(2) The second situation is regardless of integrability:
Generically, the action of a 1+ 1d model with Abelian
anyons can be written in terms of a set of boson fields
¢ = (41, -, ¢)7. Assume by adding a set of free ancillary
boson fields ¢' = (¢, -+, ¢.)7, all the boson fields ¢ and
¢’ can_be linearly recombined into a new basis of boson
fields @ = (¢1, -, dr15)" = O(@T, ¢7)T with compactifi-
cation radius 1 (namely,the K matrix is identity), such that the
enlarged model with ancillary fields maps to a fermion model
of fermion modes f; = ¢/?. Here the transformation matrix Q
is a real nonsingular matrix. Then, for all anyon operators of
the form

Yo = &l tHipd, (56)

where /,, is a length r + s vector with integer entries and p,, is
a length s vector of real numbers, their anyon correlation func-
tions can be calculated from the fermion correlation functions.
More concretely, the correlation function of n anyon operators
factorizes into the following two parts:

<H Xa, (1, x_,~>> = C(ti, x,)Dy (1, x))- (57)
j=1

The first factor is defined as follows and only involves the
correlation functions of the free ancillary fields ¢, which is
easily calculable:

Cltix)=e PRI I CRARY R IO GRS

n
. . —py. Py —1L Op, . —1T 0O,
— 1_[ [Zﬂl(l‘ij — X — lo-‘r)] Pu;Pa; 1o, 0Py 0(/QP(X,7
1=i<j

(58)

where (t;;, x;;) = (t; —tj, x; — x;), and é is the first s columns
of matrix Q. With p, generically not integer valued, this
factor reflects the fractional statistics of the Abelian anyons.
The second factor is

Dy(tj, x;) = < []e" '$(tj'xj)>» (59)

J=1

which is equivalent to an n-point fermion correlation. This
can be seen by mapping the vertex operators into fermions as
€i¢f — fj’ €2i¢j — —%fjaxfj, €3i¢f — #fjaxfja)%fj, and
so on. This reduces the calculation of D (¢;, x;) into a fermion
problem (though usually interacting), which is generically
easier, since the Feynman rules for fermions are much simpler
than those for the anyon vertex operators in their original
representation. Moreover, the numerical calculations (exact
diagonalization, etc.) of fermion models are also much more
straightforward than those of models in the anyon representa-
tions.

We emphasize that not all the 1 4+ 1d models with Abelian
anyons can be mapped into fermion models by the above
method of adding ancillary boson fields, but the chiral SY

model we studied here belongs to this class. With the free
ancillary boson fields of Eq. (31) added to the chiral SY
model (for any interactions J;; and any N and M), all the
Abelian anyons take the form of Eq. (56). In this paper, we
have restricted our attention to the correlations of anyons with
the vector [, satisfying |l,| = 1 as given in Eq. (37), which
are the elementary anyons in the fusion rules. Correlations of
anyons with |/,| > 1 will involve the correlations of bilinears
or higher order products of fermion operators, as is clear
from Eqgs. (57)—(59). The calculation of these higher order
correlations is, however, more complicated and beyond the
scope of this paper.

An intriguing future question is to generalize our study
of quantum chaos into the 141d interacting Abelian anyon
models which cannot be embedded into fermion models, and
further into 1+1d models hosting non-Abelian anyons, in
which case our method presented in this paper may not apply.
This calls for the exploration of solvable limits regarding the
Feynman rules of vertex operators and other anyonic oper-
ators, which has not been studied yet and is challenging. A
simple generalization of our model here would be to consider
N copies of other chiral WZW models with current-current
interactions, such as the chiral O(M); WZW model, which
has a Majorana fermion representation for its currents and
contains non-Abelian anyons if M is odd. In particular, the
nonlocal nature of non-Abelian anyons such as Ising anyons
[84] and Fibonacci anyons [85], as indicated by their irrational
Hilbert space dimensions and fusion structures, may yield
additional stringent constraints on their correlations in the
presence of quantum chaos. It would also be interesting to
examine the competition among different chiral interaction
terms of the same scaling dimension, which have their scaling
dimensions fixed by their conformal spins and thus can hardly
dominate over one another under renormalization group
flows.
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APPENDIX A: K-MATRIX FOR M — 1 -COMPONENT
(2,2,1) HALPERIN STATES

In this Appendix, we establish the equivalence between the
edge theory for a M — 1-component (2,2,1) Halperin state and
SUM); WZW CFT in Eq. (3).

The Lagrangian density of a M — l-component (2,2,1)
Halperin state [55] is

N M-1

1 ; _ _
['(2,2,1) = _E Z Z K}C](zyg,l)ax(ﬁiv(al + ax)¢ius (Al)

i=1 pu,v=1
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where
2 1 1 1 1
1 2 1 1 1
1 1 2

Kvoan=1|. . . . (A2)

1 1 2 1
1 1 1 ... 1 2

with charge vector g = (1,1, -+, D" at filling v = Y=L We

can transform the above K matrix into the Cartan matrix for
SU(M) [i.e., the K matrix in Eq. (3)] by the following basis
transformation Ksyary = G? Ky2.2.1)G:

I -1
1 -1

with charge vector ¢ = GG = (0, --- ,0, 1)

APPENDIX B: THE POINT-SPLITTING PROCEDURE

In this Appendix, we derive the point-splitting procedure
along the x direction (as is conventional in condensed-matter
systems) for fermion fields via bosonization. Let us start by
rewriting a bosonic field ¢(x) of radius 1 (on a constant time
slice) as

P(x) = p(x) + ¢ (x), (B1)

where ¢(x), ¢'(x) represents the annihilation and creation
operators in the mode expansion of ¢(x), and satisfy
[p(x), p(x)] = [¢T(x), ¢T(x")] = 0. Consistent with the com-
mutation relation

[0 (x), p(x")] = 2mid(x — x'), (B2)
we have
[p(x), 9" ()] = —In[—27i(x — X +i0T)]. (B3)

Define the fermion creation and annihilation operators
c(x) = %™ and ¢’ (x) = =™, With a point splitting in the
x direction, we can now use normal ordering to calculate their
operator product expansions (OPEs). The normal ordering
will always put ¢ (x) to the left side of ¢(x), and we use :O:
to represent the normal ordering of operator O,

T)e(x)) = 107D 100, — =i () p=ip(x) yipT () yip ()
_ i 0 i(x—x)
T 2n(x —x' 4i0t) 27 47
x [ (0:9)%: +idlp] + O((x —x)»),  (B4)

where the first term is the vacuum term. Taking the limit x —
x' — 0, we have

:cT(x)c(x):=

959 (x)
= (B5)

For the chiral fermion kinetic term, we have

) + c*(x’)) (c(x) - c(x’))

2 x—x

—icT(x)d,c(x) ~ i(

_ _il:cf(x)c(x) — (e

2 x—x
+ cF@ex) — cj(x)c(x’):|
X —X

— 1 + 1 .
T 2n(x—x)?  4m

(:0)*:,  (BO)
which gives the bosonization mapping

) 1
—ic' ()de(x) = — :(:0)" (B7)
4

in the limit x — x’ .
Similarly, we can consider the OPE of the charge 2e pairing
term

et () = o197 () p=ig(x) =i () p—ip(x')
— o010 L9 (). ()] i (&) i) y—ip ()
~ —27i(x — x' +i0F) :e7HW: (B8)
Taking the limit x — x’, we thus have
)+ ")\ () — ' ()
2 > < x—x >

i [CT(X,)CT(X) - CT(X)CT(X/)]

—icT (), (x) &~ i<

2 x—x

R 2 e MW, (B9)

and

—ic(x)dcc(x) ~ I.(C(X) + C@’)) (c(x) - C(x’))

2 x—x

_ _i'|:c(x’)c(x) - C(x)C(x/)i| A Dgp 2900,

2 x—x

(B10)

APPENDIX C: EXACT SOLUTIONS FOR CHIRAL
SY MODEL WITH UNIFORM COUPLINGS

In this Appendix, we carefully derive exact solutions of
chiral SY models

1 N M-1
‘CSY = _E Z KgJ(M)lax¢iv(at + ax)¢iu
i=1 pu,v=1
N
— Y JiiSilt,x)- 8;(t, %) (a1
i#]

with uniform couplings J;; =J for N = M = 2 and generic
N, M.

IL.N=2,M=2
Starting with the total Lagrangian density

Lawp = L($1, $2) + L(¢], $3), (C2)
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where each L is defined in Eq. (9). Defining ¢;+ = ¢/} the Lagrangian density becomes

Lop =i Z ¢ty @ + 8¢y + Lints
j=12,n==%

J.

J ) o
Lin = — 22 (20102 4 Q200190 _
2 4

i . . Lo+ P
= —7(c1+cl,cé+c2_ +ciyc_cy - +he) — 5(ci+c1+cz+cQ+ +cj_ci—cy_cro).

= (0xp10:p2 + ] :)

To further reveal the free nature of the present model, let us perform a rotation in the space of fermion operators,

Cix +icot

V2

dy, =

In this basis,

— elgi’p ,

(dl,p + d;r:,a)(diyp + d:l:,a) (dj:p - dj:,a)(d:l:,p - d:t,o)

¥ t —
CliclicziCZi = )

cl+c1,c;+c§7 + c1+ch;+cz, +Hec. = (dlpd%p — d;adJr,g)(d:pd,,p — d:gd,,a),

and our Lagrangian density becomes

Lop=1i Y

n==+,a4=p,0

1
=7 >

n==+,a=p,0

d} (3 + 0)d; s + Lin
axgj,s(at + ax)ej,s

J.
- gzz[axgﬁpaxg-&-,(r + axe—,paxg—,(r]
Ji
- @(axe-k—,p - 8x9+,(r )(axe—,p - 8x9—,a)- (C6)

This converts the model into a free boson model. Writing in
0= (O4p,010,0-,,0_,)" basis, the velocity matrix for 6
fields is

1 I oo L
4 4 4
I 1 L L
4 4 4
e T i (C7)
4 4 4
L L I 1
4 4 4

and the Lagrangian takes the form Lg,p = —%(8,0T8x0 +
30"V 3,0). By changing to the following basis:

Opy = Oyp + 100 + 00, +100_5)/2,  (C8)

such that the velocity matrix V is diagonalized, we finally get
a free boson theory with velocities

(7 VR TR VA
_ (l Ji J: Ji J. J: J: )

AT PR RS
+2n 4 2 4w +

and the action

1 ~ ~
Law=—7— > 0By (B + ttyy )0y (C10)

n,n'=%

(C3)

dy, = Ci+ ;{CZ:!: — oifro (C4)
2 =d} ,dspd} ,ds,

(C5)

[
2. General N, M

For the derivations here, it is more convenient to work with
Hamiltonians than Lagrangians. The Hamiltonian density for
N copies of decoupled SU(M); WZW models with speed of
light 1 is

N M-1
N 1 v
H?in(M)] = E E } KéU(M)laxd)ivax(biua (Cll)
i=1 pu,v=1

where the subindex V = 1 denotes that the speed of light is 1.
The Hamiltonian density can be equivalently expressed in the
Sugawara form [56] in terms of products of SU(M); current
densities as

. ¢
HESU T Y s s (C12)

TM+1

i=1
By noting that S, = Zf\;l S, generates an SU(M)y Kac-
Moody algebra, and following the coset decomposition in

N
Eq. (27), we can rewrite HE_;"*" as

HESUODT — gy | 3 SU0Dx, (C13)

According to the Sugawara construction [56], the Hamiltonian

density ’H‘S,li(f" W of the SUM )y WZW model with speed of

light can be expressed by its current density Sy as

2
SUwm
HV=(1 N

M+ N

We now examine the full interacting Hamiltonian den-
sity H of our model, which contains an interaction term
JY,.;8i-8; in addition to HE_;"™" in Eq. (C13). It can
be rewritten as

H=HIUM 1Y S-S
i#]

Siot - Stot- (C14)

N

2 -
= ZS,"SI'—JZSi'Si+JSlot'Stot
M+ 1 =

i=1
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2w N
= <M+1 _J)Zsi'8i+fstot'stot

_ (1 M + 1)J),H®NSU(M)I (M+N)JH‘S£({W)N
2 =
M+ 1)J
— <1 ( + ) >(HGMN+HSU(M)N)
M +N)J SU(M)N
+
2
— Gu ( v
=G,y Hyli + USU(M)NH ) (C15)

where the velocities are the effective speed of light given by
M+ 1)J

2r
(N—-1J

2

UGy = Vs = 1-—
(C16)

vsuyy = 1+
withv; =1 — (MZJFJ defined in the main text. Therefore, the
chiral interaction yields two different speeds of light for the
Gy coset part and the SUM )y WZW part, respectively.

APPENDIX D: ORTHOGONAL TRANSFORMATION
AND ANCILLARY FIELDS

In this Appendix, by adding ancillary fields, we show an
explicitly transformation from N copies of M chiral fermion
basis into another basis consisting of a U(1) sector and a
SU(M); sector with corresponding boson fields.

Starting with N copies of M chiral fermions, bosonization
gives us f; , [N =1 = €%, the following explicit orthogonal
transformation decomposes each copy into a U(1) sector and
a SU(M), sector:

i1 ®i1
5 ol -~ (D1)
dim—1 i m—1
o o
forall 1 <i < N, where
1 1
7 -5 0
e e _2
NG NG NG
0= : :
1 1 M-l
M—-DM M—-DM M—-DM
1 1 1
N M M
(D2)
or, more concisely,
1 S ~
ipli<psm-1 = ——=——== i — Ui, ,
bilisusn-1 = s gqs o
(D3)

lp \/_Z i

n=1

APPENDIX E: THE LARGE N, M LIMIT OF CHIRAL
SY MODEL IN THE ENLARGED COMPLEX
FERMION REPRESENTATION

In the main text Eq. (34), we showed that the 1+1d chiral
SY model with ancillary fields added map into a complex
fermion model in the large N, M limit:

N M N M
Lp=iY Y fr@+0)fiu— DY Tl finfiuFin
i=1 p=1 i<j u<v
(ED
where J > 0, J;; = Jj;, and
J2
Jiy=0, ({JJpy)=—""————646;7. (E2
(i) Vi) = o har= it )

In this section, we calculate the two-point function and the
OTOC of this complex fermion model, which gives the factor
8F of the OTOC of anyons in Eq. (49).

1. Two-point function
We define the fermion two-point function at zero tempera-
ture as
N

1
5 2 U x0f10.0)). (E3)

i=1

Gf(t, X) =

In the large N limit, dominant contributions to the two-point
function are from two components—the single and double
fermion propagators. They are summarized in Figs. 5(a) and
5(b), respectively. The double fermion propagators are defined
as
1N
5 2 i€ 017, 0f5,4(0,00f],(0,0)).

_] 1

G“u(t Xx) =

(E4)

Different from the usual chiral SYK physics [45], there
are diagrams of orders of 1/M in the chiral SY model in
the large N limit; for example, the last three diagrams in
Fig. 5(b). In the large M limit, to the leading order in -,

G’2‘f (¢, x) becomes independent on , v (thus the u, v index
is dropped in Fig. 5) and is given by G5 (t x) = Gys(t,x) =
—G(t, x)Gp(—t, —x) = [G(t, x)1? [Gf(t, x) is an odd func-
tion in ¢ and x, due to the anticommuting fermion statistics].
For diagrams in Fig. 5(b), diagrams on both the first and
third line will be dominated by the first diagram after the
equality sign. After that, it is clear that we recover the same
leading Feynman diagrams in the large N, M limit as that
of the SYK models. This directly leads to the following SD
equation for the two-point function G and the self-energy
at zero temperature:

1
—Gf(a), 0 =—w+k—Z(w, k),
(t,x) = —J*Gop(t, X)Gy(—t, —x) = J*[Gs(t, )] .

(E5)

Itis clear that G(w, k) and X(w, k) have scaling dimension — 1
and +1, respectively. Scaling invariance at zero temperature
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)

G - >

+ o
:

ip £\
- - - LA L S
LV
(b)

Large M limit

-

FIG. 5. (a) Single fermion propagators G, [Eq. (E3)] in the large N limit. (b) Double fermion propagators G‘z‘; [Eq. (E4)] in the large N
limit. (c) In the large M limit, the double fermion diagrams further simplify G,y = (G,)*. Dashed line denotes average over J;,.

thus allows us to constrain G(w, k) and X(w, k) into a scaling
invariant form. By noting that the SD Eq. (ES) here has the
same form as that of the chiral SYK model in Ref. [45], we
follow the derivations from Ref. [45] and finally arrive at the
real-space two-point Green’s function the large N, M limit as

1

Gt,x) = — , (E6)
4 20 J(urt — x — 07)(u_t —x — i0")
and the real-space self-energy
J? 1
M) t, = ——F" 5
) = = [t —x — 0t —x — 10F) 2
(E7)

where the two velocities are uy = 1 + %

2. The OTOC and chaos in the large N, M limit

In this subsection, following a similar derivation in
Ref. [45], we calculate the regularized out-of-time-order four-
point function in real time,

NZMZ Z Z Telyf], (1, 1)y

i,j=1 p,v=1
X fiu(0, 0)y £, (12, x2)y 7, (0, 0)], (E8)

J

(0

where y = e PH/* = p(B)!/* separates the four fermion fields
by a quarter of the thermal circle. The leading order contribu-
tions coming from Wick contracting the two f;, and two f; ,

are
—G?(—lé 0) (2—t1 ig,xz—xl). (E9)

The next-order contributions come from contracting f;, with
Jin
1
vt xs s x2),
where 8F is the function appearing in Eq. (49). Writ-

ing 8F(t1,x15t2, x2) = Y o9 8Fi(t1, X132, X2) order by or-
der in diagrams, the first diagram is given in Fig. 6,

(E10)

where
8Fo(tr, x130, X2) = GﬁR(tlaxl)G?R(tz,XZ) (E11)
and the kernel acts as
Kr 0 8F = 6 Fipn (E12)
such that
SF = —IKR 3Fo, (E13)

where the retarded kernel Ky is

Kr(ty, x15- -+ 5t4,%4) = ZJZG?R(M, X13)G?R(l24, X24)(G?W)2(l34, X34) + JszéR(lm, x14)GJ€R(t23, x23)(G?W)2(t34, x34). (E14)
For simplicity, we have used the fact that G# A (t,x)= G? R( t, —x) for propagators with (#31, x3;) and (#41, x4; ). Here we defined
tij=1t;—tjand x;; = x; — z (G A) is the retarded (advanced) Green’s function and G?W is the Wightman correlator with
half thermal circle separatlon leley are explicitly

1 Ot —u;'x)Ow-"'x —1¢
Gyl ) = (ot o Y ) (E15)
B usu— \/sinh [%(t — u3'x)] sinh [%(u:lx —1)]
and
P 1 1
GfW(t, X) = (El16)

2BV Joosh [56 — w0 eos [0 x —1)]

At large time 8 <t < fIn NM within the Lyapunov regime, we expect §.F to grow exponentially and be dominated by §.F;
with large j. Equations (E12) and (E13) thus indicate that § F satisfies the following self-consistent equation:

8F(t, x15t0,X2) = /dl‘sdxsdmdeR(tl,xl;'" 314, X4)8F (13, X33 14, X4).

This shows that 6 F is an eigenfunction of the kernel Kg.

(E17)
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t1,X1 M 0,0
S3Fo(t1,x1;t2,X2) = iv i Kr=
t2,x2 —<220,0

t1,X1 _13,x3
E\ y X2
f2,x2 "t4,X4

8Fin(t1,x1;t2,X2) = (

t1,x1 . 13,x3
t2,x2 “'ta,xa

t1,X1 :\@\ta,xe,

f2,x2 ’/t4,X4
t1,X1 C13,X3

+ / % )\) )
f2,x2 ““ta, x4

« 8Fi(ts, x3;t4,X4)

FIG. 6. Ladder diagrams contributing § F of order ﬁ The dashed lines stand for averaging over J;;. 8 F is approximately an eigenfunction

of kernel Ky with eigenvalue 1 [Eq. (E17)].

The expression of the kernel Ky here is the same as that in Ref. [45], where all the eigenfunctions of the kernel Kz have been
worked out. Due to translational symmetry, these eigenfunctions are plane waves. Whent; =1, = ¢, x; = x, = Xx, it assumes the

2 .
form e # PFPIHPX igh

iy = =T i1 =T+ J\/f(i };72) T HA=Tip? % EL8)
[
The reduced OTOC function §.F is a sum of ¢ ' +ir iy Where the VDLE is given by
weight ~m [86] such that = 27;1 o) + ipyol. E21)

o 7 Epr+ipr]

SF(t,x) ~ /00 d (E19)

oo Peostmapy/21

Along a fixed velocity x = vt, depending on the velocity v,
the above integral is either dominated by a saddle point or a
pole of the function s¢(p) in the complex plane of p. We refer
the readers to Ref. [45] Sec. 4.3 for the detailed calculation of
Eq. (E19), while here we only summarize the results.

For a fixed velocity v, if p, is the dominant saddle point or
pole of function s(p), the function § F will grow as

SF(t,x =vt) ~ e, (E20)

There are three regimes separated by two velocities v, =
22272 2227,
2= > Cx T T ¢

(i) When v, < v < v,, the integral Eq. (E19) is dominated
by a saddle point satisfying sc'(p,) + iv = 0. Such a saddle-
dominated regime is known as the diffusive regime [78], and
the corresponding A, is given in the main text Eq. (54).

(i) When u_ <v < v (or v, <v < uy), the integral
Eq. (E19) is dominated by a pole at p, = —-= (or p, = t).
Such a pole-dominated regime is known as the ballistic regime
[78] and the corresponding A, expressions in the main text
Eq. (54).
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