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Origami With Rotational
Symmetry: A Review on Their
Mechanics and Design

Origami has emerged as a powerful mechanism for designing functional foldable and
deployable structures. Among various origami patterns, a large class of origami exhibits
rotational symmetry, which possesses the advantages of elegant geometric shapes, axi-
symmetric contraction/expansion, and omnidirectional deployability, etc. Due to these
merits, origami with rotational symmetry has found widespread applications in various
engineering fields such as foldable emergency shelters, deformable wheels, deployable
medical stents, and deployable solar panels. To guide the rational design of origami-
based deployable structures and functional devices, numerous works in recent years have
been devoted to understanding the geometric designs and mechanical behaviors of rota-
tionally symmetric origami. In this review, we classify origami structures with rotational
symmetry into three categories according to the dimensional transitions between their
deployed and folded states as three-dimensional to three-dimensional, three-dimensional
to two-dimensional, and two-dimensional to two-dimensional. Based on these three cate-
gories, we systematically review the geometric designs of their origami patterns and the
mechanical behaviors during their folding motions. We summarize the existing theories
and numerical methods for analyzing and designing these origami structures. Also,
potential directions and future challenges of rotationally symmetric origami mechanics
and applications are discussed. This review can provide guidelines for origami with rota-
tional symmetry to achieve more functional applications across a wide range of length
scales. [DOI: 10.1115/1.4056637]

Keywords: origami, rotational symmetry, geometric design, deployable structures, fold-

able structures

1 Introduction

Origami is an ancient art of paper folding that can transform
two-dimensional (2D) flat sheets into three-dimensional (3D)
structures [1]. Folded configurations of origami structures are
dependent on their crease patterns, which typically consist of
repeated polygonal cells connected by mountain and valley
creases. With rationally designed crease patterns, origami struc-
tures can achieve not only diverse folded configurations, but also
various unique mechanical properties, such as bistability [2-5],
multistability [6-8], negative Poisson’s ratio [9—11], high load-
carrying capacity [12—14], and high energy absorption efficiency
[15,16]. More importantly, these properties can be tuned through
the folding and reconfiguration of the origami structure. Benefit-
ting from these features and properties, origami has been com-
bined with modern science, leading to the field of engineering
origami, which has gone far beyond art and esthetic, finding wide-
spread applications in various fields in recent decades, including
foldable architectural structures [17-20], deployable biomedical
devices [21-24], shape-morphing soft robots [25-30], reconfigur-
able metamaterials [31-37], deployable aerospace structures
[38—40], and stretchable electronics [41-46], etc.

In the rich and colorful world of origami, a large set of origami
possesses rotational symmetry. Typical examples include the
Kresling origami [47], waterbomb origami [48], square-twist ori-
gami [49], and origami flasher [39]. Origami with rotational sym-
metry not only has elegant geometric shapes but also brings many
useful functionalities. For instance, the waterbomb origami has a
tubular configuration and can shrink and expand in the radial
direction upon folding and unfolding, which has been explored for
the design of medical stents [21]. The origami flasher can fold
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from a large flat sheet to a stowed cylinder with significantly
reduced radial size, which can be utilized for the design of porta-
ble solar panels [39]. Besides, rotationally symmetric origami has
enabled many functional designs and applications across different
length scales, such as spinning-enabled amphibious millirobots
[50], crawling robots [51-53], transformable wheels [54,55],
emergency shelters [19], foldable sunshields [56], and deployable
parabolic antennas [57]. To achieve these designs and applica-
tions, a comprehensive understanding of the geometric designs
and mechanical behaviors of their origami building blocks is of
critical importance. Geometric designs of origami structures are
usually inspired by nature [4,12,58—60] or have been developed by
mathematical rules [61-64]. The folding behaviors and mechanical
behaviors of origami structures, such as developability (i.e.,
whether the origami can be unfolded to flat), flat-foldability
(i.e., whether the origami can be folded flat), and rigid-foldability
(i.e., whether the origami can be folded without panel deforma-
tion), are mainly determined by the geometry of the origami. The
most straightforward way to understand the relationship between
the geometric designs and mechanical behaviors of origami is to
analyze the energy landscape, which depicts how the elastic
energy changes during the folding/unfolding process [2,5,6,65].
From the energy landscape, one can determine the number of sta-
ble states, the energy barrier that needs to be overcome for transi-
tion between stable states, and the force—displacement curve (first
derivative of the energy landscape) as well as the stiffness (second
derivative of the energy landscape) of the origami, etc.

In addition to classical origami based on paper folding, there
are two types of foldable truss structures which also have rota-
tional symmetry. One is the scissor truss, consisting of scissor
units with two bars connected by a revolute joint, which can be
designed for various 2D or 3D structures with rigid folding
motions [66,67]. The second type is ring origami, formed by a
closed-loop rod, which can be folded to a 2D small-volume con-
figuration through the mechanical instability of the rod [68-70].
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Fig. 1 Configuration transformation of origami with rotational symmetry: (a) 3D to 2D transformation exam-
ples: Kresling origami (Adapted with permission from Ref. [111]. Copyright 2018, The Authors, published by
National Academy of Sciences), Yoshimura origami (Adapted with permission from Ref. [125]. Copyright 2020,
The Authors, published by the American Institute of Aeronautics and Astronautics), cylindrical Miura-ori
(Adapted with permission from Ref. [121]. Copyright 2015 by ASME), square-twist origami (Reproduced with
permission from Ref. [122]. Copyright 2015 by Springer Nature), and origami flasher (Reproduced with permis-
sion from Ref. [87]. Copyright 2016 by ASME). (b) 3D to 3D transformation examples: waterbomb origami
(Adapted with permission from Ref. [165]. Copyright 2020, The Authors; exclusive Licensee Science and Tech-
nology Review Publishing House), generalized Miura-ori (Adapted with permission from Ref. [90]. Copyright
2016 by Springer Nature), axisymmetric Miura-ori (Adapted with permission from Ref. [73]. Copyright 2017, The
Authors, published by the Royal Society), Ron Resch origami (Reproduced with permission from Ref. [14].
Copyright 2014, The Authors, published by Springer Nature), and hypar origami (Adapted with permission from
Ref. [5]. Copyright 2019, The Authors, published by Springer Nature). (¢) 2D to 2D transformation examples:
ring scissor truss (Adapted with permission from Ref. [38]. Copyright 2019, The Authors, published by the
American Physical Society), octagonal scissor truss (Adapted with permission from Ref. [94]. Copyright 1997
by Elsevier), circular ring origami (Reproduced with permission from Ref. [68]. Copyright 2021, The Authors,
published by Wiley-VCH GmbH), and hexagonal ring origami (Reproduced with permission from Ref. [208].

Copyright 2022 by ASME).

These two kinds of foldable structures have similar folding mech-
anisms to the rigid-foldable origami and the non-rigidly foldable
bistable origami, respectively, and can thus be considered as
classes of origami without panels.

In this review, we classify origami structures with rotational
symmetry into three categories, according to the dimensional
changes between their deployed and folded states, as shown in
Fig. 1. For the first category (Fig. 1(a)), the origami can be folded/
unfolded from a 3D deployed configuration into a 2D flat configu-
ration. Representative examples are the Kresling origami [47],
Yoshimura origami [71], cylindrical Miura origami (Miura-ori)
[47], square-twist origami [49], and origami flasher [39]. For the
second category (Fig. 1(b)), the origami cannot be flat-folded, and
can only transform between its different 3D configurations. Exam-
ples include waterbomb origami [48], generalized Miura-ori [72],
axisymmetric Miura-ori [73], Ron Resch origami [74], and hypar
origami [75]. For the third category (Fig. 1(c)), the origami can
transform from one 2D configuration to another 2D configuration,
which includes scissor truss structures [66] and ring origami [68].
Rigid-foldability, folding behaviors, and additional key features
of these three categories of origami structures are summarized in

050801-2 / Vol. 75, SEPTEMBER 2023

Table 1, from which one can have a basic understanding of ori-
gami with rotational symmetry. The outline of this review is as
follows. In Sec. 2, we briefly introduce the elastic energy of classi-
cal origami based on paper folding. In Secs. 3-5, we review the
geometric designs and mechanical behaviors of the three catego-
ries of origami with rotational symmetry in detail. In Sec. 6, we
provide an outlook for the future of origami with rotational sym-
metry and outline key challenges.

2 Elastic Energy of Origami Structures

Before introducing the geometric designs and mechanical
behaviors of various origami patterns, we first introduce the elas-
tic energy of origami structures. Classical origami consists of flat
panels (or facets) interconnected by the creases (or fold lines).
Based on different pattern designs, origami can be rigid-foldable
or non-rigidly foldable. For rigid-foldable origami, deformations
only take place at the creases and the panels remain flat during
folding/unfolding. Thus, the elastic energy is solely equal to the
folding energy stored in the creases (Ugoyq), Which can be modeled
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by linear rotational springs, as shown in Fig. 2(a), and represented
as [6,9,65]

Utold = %i’m(ei - 9?)2 (D
=

where kg, is the spring stiffness corresponding to the ith 1=1,2, -,
ng) crease, with n; being the number of creases. 0; and 9? are the
folding angle and the initial angle in the ith crease, respectively,
which equal the dihedral angle between the two adjoining panels.
Such a rotational spring model has been widely used to study
mechanical behaviors of rigid-foldable origami, such as in-plane
stretching stiffness of Miura-ori [9], multistability of the rigid-
foldable origami building block with a degree-4 vertex (i.e., four

Table 1

creases intersect at a single vertex) [6], and the bistability of the
8-crease waterbomb base [65,96].

For non-rigidly foldable origami, the panels undergo in-plane
stretching/shearing and out-of-plane bending, and the creases
experience rotation during folding/unfolding [78,97]. Thus, the
total elastic energy U,y of non-rigidly foldable origami includes
three parts: the stretching energy Ugyecn and the bending energy
Upena of the panels, and the folding energy Uy, q at the creases,
which can be written as

Utotal = Ustretch + Upend + Utold (2)

To characterize these energy components and understand the
elastic behaviors of non-rigidly foldable origami, a triangulated

Main features of origami with rotational symmetry

Configuration

transformation Origami

Rigid-foldability

Folding behavior

Folding and stability characteristics

3D to 2D Kresling origami

No

Coupled rotation and axial
contraction

Kresling origami is monostable or
bistable [3,76], and the assembly of
multiple Kresling units can be multi-
stable [77,78]

Yoshimura origami

Cylindrical Yoshimura ori-
gami is non-rigidly foldable
[79,80]. Unclosed Yoshimura
origami with an arch-like
configuration is rigid-foldable
[81,82]

Axial contraction

Cylindrical Yoshimura origami is
monostable [79,80]

Cylindrical Miura-ori

No

Axial contraction

Cylindrical Miura-ori is monostable
or bistable [83], and its assembly can
be multistable [84].

Square-twist origami

Square-twist origami can be
either rigid-foldable or non-
rigidly foldable, depending
on its mountain and valley
crease assignment [85,86]

Coupled rotation and
contraction

Rigid-foldable square-twist origami
has single degree-of-freedom (DOF)
motion [85]. Non-rigidly foldable
square-twist origami is monostable
or bistable [2]

Origami flasher

Traditional origami flasher is
non-rigidly foldable [87,88].
Rigid-foldable origami
flasher can be obtained by
introducing cuts or diagonal
creases [39,87]

Coupled rotation and radial
contraction

Traditional origami flasher exhibits
bifurcation behavior during folding
[38,89]

3D to 3D Waterbomb origami

Yes

Coupled axial and radial
contraction/expansion

Symmetric folding motion of water-
bomb origami has a single DOF [48]

Modified Miura-ori

Closed modified (generalized
and axisymmetric) Miura-ori
with rotational symmetry is
non-rigidly foldable [90,91].
Unclosed modified Miura-ori
is rigid-foldable [73,92]

Closed modified (generalized and
axisymmetric) Miura-ori with rota-
tional symmetry is not flat-foldable
[90,91]. Unclosed modified Miura-

ori is flat-foldable [73,92]

Ron Resch origami

Yes

Rigid folding motion of Ron Resch
origami has multiple DOFs [14]

Hypar origami

Snap-folding

Hypar origami is bistable and has
two symmetric stable states [5,93]

2D to 2D Scissor truss

Yes

Radial contraction [94]

Scissor truss can also be designed to
have 3D configurations [95]

Ring origami

No

Snap-folding [68]

Ring origami is monostable or bista-
ble and can be assembled to have 3D
configurations [68,70]
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Fig. 2 Equivalent mechanical model for rigid-foldable and non-rigidly foldable origami. (a) Rotational spring
model for rigid-foldable origami. (b) Bar and hinge model for non-rigidly foldable origami with quadrilateral pan-
els. (c) Bar and hinge model for non-rigidly foldable origami with triangular panels. Folding at the crease is
modeled by the blue rotational spring, bending of the panel is modeled by the orange rotational spring, and
stretching/shearing of the panel is modeled by the bar element.

truss model composed of bar elements and rotational springs
[98,99], also known as the bar and hinge model [78,97,100], has
been widely used. In the model, the stretching/shearing behaviors
of the panels are modeled using axially deformable bars, and the
folding behaviors at the creases and the bending behaviors of the
panels are modeled using rotational springs. A non-rigidly fold-
able origami with quadrilateral panels represented by the bar and
hinge model is shown in Fig. 2(b), in which the bar element along
the short diagonal of each panel is introduced to model the panel
bending, and thus each panel has four nodes and five bars [99].
For non-rigidly foldable origami with triangular panels, the corre-
sponding bar and hinge model is shown in Fig. 2(¢), in which the
triangular panels are not further divided to capture the panel bend-
ing. Therefore, only the folding energy at the creases and the
stretching energy of the panels are considered for the non-rigidly
foldable origami with triangular panels [78,97]. When considering
the linear elastic constitutive relation and small deformation of
the origami, the stretching energy can be written as

1 2
Uswecn =3 9 ki (1 = 10) 3
=

where kg [;, and l? denote the stretching stiffness, the deformed
length, and the initial length of the jth (j=1, 2, - - -, ny) bar ele-
ment, respectively, with n, being the number of bar elements. The
bending energy can be expressed as

| &
Ubend = 3 r; Ko, 4)

in which k,,, is the spring stiffness corresponding to the mth
(m=1,2,---, ng) diagonal bar element, with n4 being the number
of diagonal bar elements, and ¢,, representing the bending angle
of the panels. Note that the initial bending angle equals zero, as
the panels are flat in the initial state. Calculation of the folding
energy (Ugoyq) for non-rigidly foldable origami is identical to that
of the rigid-foldable origami, as shown in Eq. (1). The spring stiff-
nesses used in the model can be determined by experiments.

The conventional bar and hinge model can only capture the
small deformation of origami [99]. To overcome this limitation,
several modified bar and hinge models have been developed in
recent years [78,97,98,100]. For example, Liu and Paulino [78]
developed a general nonlinear framework for the bar and hinge
model by considering nonlinear constitutive relations for the bars

050801-4 / Vol. 75, SEPTEMBER 2023

and springs, which can capture the large deformation of non-rig-
idly foldable origami. Filipov et al. [97] modified the bar and
hinge model by introducing two diagonal bar elements and their
intersection node for each quadrilateral panel as well as incorpo-
rating nonlinear constitutive relations, which has proven to be
capable of capturing symmetric and isotropic in-plane behaviors
of non-rigidly foldable origami. These bar and hinge models can
quantitatively capture the key characteristics of origami structures
such as folding kinematics, bistability, and multistability, while
they cannot capture the localized behaviors such as crease buck-
ling, panel buckling, and stress concentrations [78,97,101]. By
using these bar and hinge models, the mechanical behaviors of
various origami structures have been widely studied, which will
be discussed in subsequent sections.

3 3D-To-2D Origami With Rotational Symmetry

Next, we introduce the geometric designs and mechanical
behaviors of origami with rotational symmetry that can be folded/
unfolded from a 3D configuration to a 2D configuration. This cat-
egory of origami usually has significant packing abilities, and thus
has great application potential in the design of deployable archi-
tectural and aerospace structures. Here, we introduce five common
types of origami with rotational symmetry, which are the Kresling
origami, Yoshimura origami, cylindrical Miura-ori, square-twist
origami, and origami flasher.

3.1 Kresling Origami. Kresling origami is one very popular
example of origami with rotational symmetry. It was originally
discovered by the architect Biruta Kresling when performing twist
buckling experiments of a thin-walled paper cylinder [47,102], as
shown in Fig. 3(a). The Kresling pattern is composed of a series
of congruent parallelogram unit cells containing diagonal creases
(Fig. 3(b) [77]), which form a cylindrical configuration by folding
along the mountain (red) and valley (blue) creases and connecting
the two ends. Alternatively, it can be constructed by using a
flower-like crease pattern [103], which replaces the mountain
creases with cuts (Fig. 3(b)). The geometry of the Kresling pattern
is characterized by four parameters: the side lengths a and b, the
sector angle o, and the number of the parallelogram unit cells 7.
Kresling origami can be either monostable or bistable, depending
on its geometric parameters as well as the material of the flat
sheet. For a bistable Kresling origami, it has a deployed stable
state and a folded stable state, and the two stable states have
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Fig. 3 Geometric design and mechanical behaviors of Kresling origami. (a) Twist buckling of a thin-walled paper cylinder
(Reproduced with permission from the author [47,102]). (b) Crease pattern and modified crease pattern of Kresling origami.
The red dashed lines denote the mountain creases, and the blue dashed lines denote the valley creases. (Reproduced with per-
mission from Ref. [77]. Copyright 2020 by National Academy of Sciences) (c) Coupled axial and rotational deformation of Kres-
ling origami. (d,e) Energy landscapes of (d) monostable Kresling origami and (e) bistable Kresling origami. Green dots
represent the positions of the stable states. (f) Force-displacement curve of a four-unit Kresling assembly with units of different
heights (Adapted with permission from Ref. [77]. Copyright 2020 by National Academy of Sciences). (g) Magnetic actuation for
folding/deploying and omnidirectional bending of Kresling origami [26]. (h) Magnetically actuated contraction/stretching/
bending of a Kresling robotic arm (Figures (g) and (h) are adapted with permission from Ref. [26]. Copyright 2021, The Authors,
published by National Academy of Sciences). (i) Magnetically actuated pure translational deformation and simultaneous con-
traction of a rationally designed Kresling assembly with units of reverse crease directions. The units at the two ends have a
crease direction opposite to that of the units in the middle (Reproduced with permission from Ref. [51]. Copyright 2022, The
Authors, some rights reserved; exclusive licensee American Association for the Advancement of Science).

different heights and different relative rotation angles between
their top and bottom surfaces. During folding/unfolding, the rela-
tive rotation angle varies with the height of the Kresling origami,
demonstrating a coupled axial and rotational deformation, as
shown in Fig. 3(c).

Two common types of energy landscapes of Kresling origami
are illustrated in Figs. 3(d) and 3(e), which are the cases of mono-
stability and bistability, respectively. As can be seen, the energy
landscape of a monostable Kresling origami has only one energy
minimum (Fig. 3(d)), corresponding to its sole stable state. The
energy landscape of a bistable Kresling origami has two energy
minima (Fig. 3(e)), corresponding to its stable folded (with height

Applied Mechanics Reviews

Hy) and deployed (with height H,) states. The height of the folded
stable state can be either zero (Hy=0) or nonzero (H,#0),
depending on the geometric design. An energy barrier needs to be
overcome in order to transition between the two stable states. Par-
ticularly, the energy barrier (AU,) required to go from the
deployed stable state to the folded stable state is higher than that
required to switch back (AU;) since the creases store energy in
the folded stable state.

By assembling multiple Kresling units of the same cross sec-
tion, Kresling origami can exhibit multistability. Figure 3(f) shows
the force—displacement curve of a Kresling assembly composed of
four bistable units, with each unit having a different stable
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deployed height [77]. Upon axial loading, the Kresling assembly
snap-collapses in a sequential manner, starting from the top unit
and ending with the bottom unit, due to the increasing stable
height of each unit down the assembly. Such sequential folding
behavior is independent of the stack order of the Kresling units
[103] and only relies on the energy barrier of each individual unit.
Since each Kresling unit has a distinct stiffness (represented by
the slope K of the force—displacement curve), the global stiffness
of the Kresling assembly can be programmed by selectively con-
trolling the folded/deployed state of each unit. For a Kresling
assembly with N different bistable units, it can exhibit 2" inde-
pendent stable states, corresponding to 2" different stiffnesses
[77].

By harnessing the bistability of Kresling origami, a variety of
functional designs and applications have been achieved, such as
impact mitigation systems [104], robotic arms [105], crawling

(b)

3D-view Monostability

00 041 02 03 04 05 06
Normalized displacement, u/h,

(c) Kresling truss with high stiffness

¥ Lo
| S
-3

4010 6
e ¥ 35 ws
S S 3.0 4 35 4
3 3 25 /7 100 ]
S P / 5 ’
2 g 20 [/ s % 3 s
° ° [ ¢ © B "'
3 g 15 5 g2 7N\
E S 4ol /™ 5 \"‘ :
£ g : / 100 g 1 A L7 'cnv’
z 020002040608 z 05 0.0 0.2 0.4 06 0.8 z “‘

0.0 °

0.0
00 01 02 03 04 05 06

robots [52], frequency-reconfigurable antennas [106,107], and
mechanical memory operations [108,109]. However, the function-
alities of these applications are commonly achieved through a
mechanical or pneumatic actuation, which relies on either slow,
tethered, or bulky actuators (or a combination). Recently, Zhao
group [26,50,51,77] proposed a robust, untethered, and distributed
actuation strategy for Kresling origami through magnetic control.
The magnetic actuation is accomplished by the torque generated
from the soft magnetic-responsive plate attached to the polygon
end of the Kresling origami, as shown in Fig. 3(g). For a magnetic
plate with a magnetization M under a magnetic field B, the result-
ing torque T is given by T = V(M x B),with V being the volume
of the magnetic plate. Therefore, the direction and magnitude of
the magnetic torque can be controlled by programming the mag-
netization of the attached plate as well as by adjusting the direc-
tion and intensity of the external magnetic field. Figure 3(g)
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Fig. 4 Mechanical behaviors of Kresling trusses. (a) Schematic of a Kresling truss composed of rigid polygons and elastic
truss members [108]. (b) Energy landscapes of Kresling trusses exhibiting monostability, bistability, and bifurcation behaviors
(Figures (a) and (b) are adapted with permission from Ref. [108]. Copyright 2017, The Authors, published by Springer Nature).
(¢) Strain and normalized energy versus normalized height of a monostable Kresling truss with high stiffness (Adapted with
permission from Ref. [111]. Copyright 2018, The Authors, published by National Academy of Sciences). (d) Contour plot for
energy of a magneto-Kresling truss with three stable states (Reproduced with permission from Ref. [117]. Copyright 2021 by
ASME). (e) Energy landscapes of Kresling truss assemblies with monostability, bistability with symmetric energy barrier, bist-
ability with asymmetric energy barrier, and bistability with a self-locking state (Reproduced with permission from Ref. [112].

Copyright 2020 by Elsevier).
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shows that designing the magnetization direction can program the
torque direction to achieve different deformation modes of the
single Kresling unit: an in-plane torque leads to folding/
deploying, while an out-of-plane torque leads to bending [26].
This actuation strategy has enabled the design of a magnetically
controlled robotic arm that is capable of integrated multimodal
deformations of contraction, stretching, omnidirectional bending,
and twisting [26], as shown in Fig. 3(%). By assembling four Kres-
ling units with the same geometry and reverse crease directions,
and rationally designing the magnetizations of four attached mag-
netic plates, the resulting Kresling assembly can achieve pure
translational deformation and simultaneous contraction, as shown
in Fig. 3(i), which has been used for the design of a small-scale
and untethered robot with both crawling and steering capabilities
[51]. Besides, Kresling origami combined with the proposed mag-
netic actuation strategy has enabled functional applications such
as logic circuits capable of digital computing [77] and multifunc-
tional wireless amphibious millirobots with capabilities of multi-
modal locomotion, drug delivery, and cargo transportation [50].

When removing the panels of Kresling origami and replacing
the creases with elastic truss members, a Kresling truss can be
obtained [108,110]. As shown in Fig. 4(a) [108], the top and bot-
tom surfaces of a Kresling truss are rigid regular polygons circum-
scribed by circles of radius R, which have an initial height /o and
a relative rotation angle 0, between them. The truss members cor-
responding to the mountain and valley creases have initial lengths
aop and by, respectively. During folding/unfolding, the top and bot-
tom surfaces always share the same rotational axis, and the truss
members only deform axially. Thus, Kresling trusses only have
two DOFs (one translational and one rotational), and their elastic
energy can be written as [108]

1 1
U = 5 nk(a — ap)” + 5 nk(b — bo)® )

where 7 is the side number of the top/bottom regular polygon, & is
the stiffness of the truss member, and @ and b are the lengths of
the truss members corresponding to the mountain and valley
creases during the folding process, respectively, which are given
by

. 0, b
a= \/(ho — u)? + 4R? sin’ (g—k%—ﬂ) (6)
b=1/(h fu)2+4stin2(g+@+l) %
0 22 "

Here, u and ¢ are the axial and rotational displacements, respec-
tively. Note that ¢ should be less than @ — n/n — 0, [108], other-
wise the truss members will intersect each other.

Based on the 2-DOF truss model and its modified versions, sta-
bility characteristics of Kresling trusses have been widely studied
[76,108,111-113]. Yasuda et al. [108] studied the energy land-
scapes of Kresling trusses exhibiting monostability, bistability,
and bifurcation characteristics based on a modified 2-DOF truss
model. It can be seen from Fig. 4(b) that the monostable Kresling
truss has only one energy minimum located at the initial state,
therefore its elastic energy increases monotonically when sub-
jected to an axial compressive force during the folding process.
For a bistable Kresling truss, there are two zero-energy minima in
the energy landscape, which correspond to the deployed stable
state and the folded stable state, respectively. Unlike bistable
Kresling origami with an asymmetric energy barrier, the Kresling
truss experiences the same energy barrier during the transition
between its two zero-energy stable states. Additionally, the Kres-
ling truss can undergo bifurcation when the initial relative rotation
angle between the top and bottom surfaces equals zero (6 = 0). In
this case, the truss is axially compressed without rotation in the

Applied Mechanics Reviews

initial stage. When reaching the bifurcation point, a pitchfork
bifurcation behavior is observed, as shown in the inset, which has
three branches: one unstable branch and two stable branches. On
the unstable branch, the truss continues to be axially compressed
without rotation (path indicated by the arrow 1). On the two stable
branches, the axial motion is coupled with rotational motion (path
indicated by the arrow 2). Note that, by additionally taking off-
axis deformation into account, the 2-DOF truss model can be
extended to a 6-DOF truss model, which has been utilized to study
the dynamics of Kresling trusses [114,115].

Kresling trusses can be designed to be either stiff or flexible by
rationally selecting the geometry of the unit cells. When the Kres-
ling truss is monostable, its stiffness is relatively high. For exam-
ple, Zhai et al. [111] studied the mechanical behavior of a
monostable Kresling truss as shown in Fig. 4(c), and found that
the maximum strain in the truss members exceeds 10% when
compressing the Kresling truss from the equilibrium state to its
collapsed state. In comparison, when the Kresling truss is bistable,
the maximum strain undertaken by the truss members can be less
than 1% before collapsing to its other stable state [111]. The stiff-
ness can be further decreased, particularly when the initial relative
rotation angle between the top and bottom surfaces equals 7/2,
where the Kresling truss exhibits a zero-stiffness mode [108]. In
this case, axial compression in the initial stage does not require
large axial force or torque, thus the elastic energy slowly grows to
be extreme, which has been used for the design of vibration isola-
tors [116]. Moreover, Yang and Keten [117] found that the stabil-
ity of Kresling origami can be altered by embedding magnetic
dipoles at each vertex of its top and bottom polygons in an alter-
nating fashion. As shown in Fig. 4(d), a monostable Kresling truss
becomes tri-stable due to interactions between the embedded mag-
nets, exhibiting one deployed stable state SO and two collapsed
stable states S1 and S2. Additionally, Li et al. [112] found that
Kresling trusses with identical top and bottom polygons but oppo-
site directions of creases can be assembled to achieve diverse sta-
bility characteristics. As shown in Fig. 4(e), two-unit Kresling
truss assemblies with different initial top unit to bottom unit
height ratios (7;,) can have monostability, bistability with symmet-
ric energy barrier, bistability with asymmetric energy barrier, or
bistability with a self-locking state [112].

In addition to traditional Kresling origami, the Kresling pattern
can be modified to realize more functional designs. As shown in
Fig. 5(a) [118], by replacing the parallelogram unit cells of the
traditional Kresling pattern with general quadrilateral ones, coni-
cal Kresling origami can be constructed [118-120]. The geometry
of the conical Kresling pattern is defined by five parameters (a, b,
¢, B, n), with a, b, ¢, and f§ being the geometric parameters of the
quadrilateral unit cells and n being the number of the quadrilateral
unit cells. Conical Kresling origami preserves the key characteris-
tics of traditional Kresling origami, which means that it also has
coupled axial and rotational deformation and is capable of bist-
ability. Figure 5(b) shows the contour map of the energy barrier of
bistable conical Kresling origami with respect to the edge length
ratio (a/b) and the deployed stable height 4, [118]. It is seen that
the energy barrier decreases with the increasing edge length ratio,
while it increases with increasing stable-state height. Therefore,
the energy barrier of a conical Kresling origami is higher than that
of a traditional Kresling origami (a/b=1) of the same stable
height. Benefitting from the enlarged design space of general
quadrilateral unit cells, conical Kresling origami can be assembled
to approximate 3D surfaces of revolution with various types of
Gaussian curvatures. As shown in Fig. 5(c), the fully deployed sta-
ble states of conical Kresling assemblies can approximate hyper-
boloid of revolution with negative Gaussian curvature, ellipsoid
of revolution with positive Gaussian curvature, and vase-shaped
sinusoid of revolution with mixed curvature [118]. The fully
folded stable states allow these assemblies to be packed into
small-volume configurations.

Moreover, Ishida et al. [121] proposed a toroidal Kresling ori-
gami which can be used to construct a deployable torus. The
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toroidal Kresling pattern is composed of two arrays of trapezoidal
unit cells with diagonal creases [123], as shown in Fig. 5(d). With
rationally designed geometric parameters, the toroidal Kresling
origami can be flat-folded, partially folded, or fully deployed to a
segment of a torus. By connecting multiple segments of the toroi-
dal Kresling units, a circumferentially foldable toroidal tube can
be obtained [123]. Recently, Melancon et al. [124] modified the
Kresling pattern by introducing two additional valley creases
(effectively four creases) to one of its panels (see Fig. 5(e-i)),
which turns a monostable Kresling unit into a bistable one. In the
stable state sO, all panels are folded inward. In the stable state sl,
the modified panel is popped outward, but all other panels are still
folded inward. The stable state transition can be achieved through
pneumatic actuation. As shown in Fig. 5(e-ii), upon inflation to a
critical pressure (step 1), the modified Kresling origami snaps
(step 2) from state s” to state s'. The origami can transit back to s°
from state s' by deflating (steps 3 and 4) the origami unit until
bending and eventually inward panel snapping (step 5) at a critical
negative pressure to a flat state occurs, followed by inflation (step
6). Variation of the bending angle with the pressure during defla-
tion is shown in Fig. 5(e-iii), with the maximum bending angle
determined by when the top and bottom caps contact. By

Energy barrier

assembling multiple such inflatable Kresling units with different
snapping pressure thresholds, the structure can shape-shift to differ-
ent target deformation modes using only one pressure input [124].

3.2 Yoshimura Origami. Yoshimura origami is another
cylindrical origami with rotational symmetry that can be folded
into a 2D configuration, which was discovered from the post-
buckling of thin cylindrical shells under axial loading [71]. As
shown in Fig. 6(a), the Yoshimura pattern is composed of identi-
cal isosceles triangles, and its geometry can be defined by two
parameters: the side length ¢ and the apex angle 0 [79,125]. By
folding along the creases and connecting the two ends, cylindrical
Yoshimura origami can be obtained, and its rotational symmetry
order depends on the number of unit cells in the circumferential
direction, such as the examples shown in Fig. 6(a), which have 8,
6, 4, and 3-fold rotational symmetry, respectively [80].

Unlike Kresling origami, which possesses bistability and
coupled axial and rotational deformation, Yoshimura origami has
only one stable state (i.e., initial configuration), and only produces
axial contraction under axial compression [79,80,125]. The axial
stiffness of Yoshimura origami is very high and therefore requires
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Fig.5 Geometric design and mechanical behaviors of modified Kresling origami. (a) Crease pattern and folded configura-
tion of conical Kresling origami [118]. The dashed lines represent the valley creases, and the blue solid lines denote the
mountain creases. (b) Contour map of the energy barrier of bistable conical Kresling origami with respect to the deployed
stable height and the edge length ratio [118]. (c) Conical Kresling origami assemblies that can approximate 3D surfaces of
revolution with different Gaussian curvatures (Figures (a)—(c) are adapted with permission from Ref. [118]. Copyright 2022,
The Authors, published by the Royal Society). (d) Crease pattern, folded configuration, and assembly of toroidal Kresling
orgami (Reproduced with permission from Ref. [123]. Copyright 2022 by Elsevier). The dashed lines represent the valley
creases, and the solid lines denote the mountain creases (e€) Schematic and experimental model (i), stable state transition
diagram (ii), and bending angle versus pressure graph (iii) of inflatable Kresling origami with one panel containing four
creases (Reproduced with permission from Ref. [124]. Copyright 2022 by Wiley-VCH GmbH).
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a large compressive force to be folded. Recently, Suh et al.
[79,125] found that a cylindrical Yoshimura origami could be
reconfigured into two different derivative compliant configura-
tions with much lower stiffness by squeezing a specific combina-
tion of vertices to face inward, as shown in Fig. 6(b), with their
cross-sectional shapes illustrated in the bottom row of Fig. 6(c).
Compliant configuration 2 indicated in the figure, also known as
the accordion pattern or bellows pattern, consists of isosceles tra-
pezoids [125]. Figure 6(c) shows the force—displacement curves of
the Yoshimura origami and its two derivatives [79]. It is seen that,
for the three different configurations, axial forces increase almost
linearly with the displacement during the folding process. In par-
ticular, the axial stiffness of Yoshimura origami is much higher
than its two derivative patterns, meaning that the two derivative
patterns are easier to fold than Yoshimura origami. By harnessing
the mechanical properties and folding behaviors, Yoshimura ori-
gami and its derivatives have been widely used for energy absorp-
tion devices [16], worm-like crawling robots [126], soft
pneumatic actuators [127], and shape-morphing grippers [60,128].
Note that the Yoshimura pattern can also be folded into an
unclosed arch-like configuration [81]. In this case, the Yoshimura
origami is rigid-foldable with multiple DOFs [82,129], which is
commonly used for the design of deployable shelters [130,131].

3.3 Cylindrical Miura Origami. Miura-ori is the most well-
known classical origami pattern, which has attracted significant

attention from engineering and science communities since it was
first proposed by Koryo Miura for packaging and deployment of
large membranes in space [132]. A standard Miura-ori pattern is
composed of repeated parallelograms, which form a corrugated
planar tessellation not only capable of significant packing when
folded, but also of diverse impressive properties such as develop-
ability, flat-foldability, rigid-foldability, single DOF motion, and
negative Poisson’s ratio [9,133]. By utilizing these properties,
Miura-ori have enabled various functional designs, including
mechanical metamaterials with tunable properties [35,36,134],
shape-morphing soft robots [60], artificial muscles [135], deploy-
able architecture [17], and deformable energy storage devices
[136,137], etc.

Standard Miura-ori is rigid-foldable and exhibit in-plane fold-
ing motion. However, when the valley creases (dashed lines in
Fig. 6(d)) on the two sides of a collinear crease are not parallel to
the edge creases, the modified Miura-ori pattern can be folded
into a closed-loop configuration with rotational symmetry, i.e., the
cylindrical Miura-ori [47,138—141], as shown in Fig. 6(d) [138].
The geometry of the unit cell of cylindrical Miura-ori is
defined by six parameters: the side lengths ay, a», by, b,, and the
sector angles ¢; and ¢,, with 0<¢,<¢,<n/2. To obtain a
rotationally symmetric cylindrical configuration, the two angles
0, and 0, of the closed-loop configuration (see Fig. 6(e-i))
formed by the collinear creases must satisfy the following
equation [83]
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Fig. 6 Geometric designs and mechanical behaviors of Yoshimura origami and cylindrical Miura-ori. (a) Crease pattern (top)
and folded configurations (bottom) of Yoshimura origami (Bottom: reproduced with permission from the authors [80]). The
dashed lines represent the valley creases, and the solid lines denote the mountain creases. (b) Two derivative configurations of
Yoshimura origami [79]. (¢) Force-displacement curves of Yoshimura origami and its two derivative configurations (Figures
(b) and (c) are adapted with permission from Ref. [79]. Copyright 2022 by Wiley-VCH GmbH). (d) Crease pattern, folded configu-
ration, and unit cell of cylindrical Miura-ori. The dashed lines represent the valley creases, and the solid lines denote the
mountain creases. (Adapted with permission from Ref. [138]. Copyright 2015, The Authors, published by the Royal Society).
(e) Closed-loop formed by the collinear creases (i), phase-diagram for the geometric design (ii), and contour plot for the angle
difference between the deployed and collapsed stable states (iii) of cylindrical Miura-ori (Adapted with permission from Ref.
[83]. Copyright 2017 by American Physical Society). (f) Energy landscapes of cylindrical Miura-ori with different stability charac-
teristics (Reproduced with permission from Ref. [84]. Copyright 2018 by WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim).
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91—0—92:71—27% ®)

in which 7 is the number of unit cells in the circumferential direc-
tion, and n > 3. Moreover, the angle 0 and the opening angle  of
the panel can be expressed in terms of the sector angles ¢ and ¢,
of the unit cell as [83]

an 1 1_tan(i)2+ tanqbz_l 2—4tan¢2tan2§
2 Jtan tan¢g, |/ \tan¢, tan ¢, n
©))
. tan(6;/2)
=—F 10
sin an o, (10)

Note that 0, must be less than 7 — 27t/n to avoid self-intersection
of the panels. Based on Egs. (9) and (10), Reid et al. [83] plotted a
phase diagram for the geometric design of cylindrical Miura-ori,
which is shown in Fig. 6(e-ii). It is seen that the sector angles
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have one or two solutions, which means that cylindrical Miura-ori
can be either monostable (blue region) or bistable (red region). On
the line g,(¢y, n), the two sector angles satisfy ¢;—¢p,=n/n, and
the cylindrical Miura-ori is flat-folded. When ¢, <n/4+m/(2n), the
bistable region disappears and the cylindrical Miura-ori can only
be monostable. For bistable cylindrical Miura-ori, the contour
map in Fig. 6(e-iii) illustrates the angle difference Ay between the
collapsed and deployed stable states [83], which represents the
“deployability” of the cylindrical Miura-ori, with respect to differ-
ent sector angles ¢; and ¢,. At the boundary point (¢, ¢p2)=(n/2,
n/2—mn/n), the collapsed state is flat-folded and the deployed state
is completely extended, thus the cylindrical Miura-ori with
Ay = 1/2 represents a design with maximum deployability. As the
sector angles move away from the boundary point, the deployabil-
ity of the cylindrical Miura-ori monotonically decreases.

The cylindrical Miura-ori is not rigidly foldable, as the folding
motion can only be achieved when panel deformation is allowed
[140,142]. Kamrava et al. [84] studied the energy landscapes of
three different cylindrical Miura-ori illustrated in Fig. 6(f), which
exhibit monostable, semi-bistable, and bistable behaviors, respec-
tively. For the monostable cylindrical Miura-ori, the strain energy
monotonically increases with the displacement, and its single
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stable configuration is in the initial state. For the semi-bistable
case, when the displacement increases, the strain energy first
increases to the maximum and then decreases to a nonzero energy
state where the panels are in contact. For the bistable cylindrical
Miura-ori, its energy landscape has two zero-energy states, corre-
sponding to the collapsed and deployed stable states. The energy
barrier associated with the transition between the two stable states
increases as the circumferential unit cell number 7 increases [84].
Bistable cylindrical Miura-ori units can serve as building blocks
to construct cellular metamaterials with anisotropic multistability
[84]. Moreover, with carefully considered geometric parameters,
cylindrical Miura-ori can be designed to have different cross sec-
tion shapes [143,144] or to instead have conical folded configura-
tions [145].

3.4 Square-Twist Origami. Square-twist origami has four-
fold rotational symmetry, with its pattern composed of a central
square and four pairs of alternating square and rhombus panels,
which was first proposed by Kawasaki and Yoshida [49] when
studying crystallographic flat origami. The surrounding square
and rhombus panels can be replaced by four pairs of rectangles
and trapezoids (Fig. 7(a)), which allows both the unfolded pattern
and the folded configuration to be square [85,146,147]. According
to the different assignments of mountain and valley creases, there
are 16 flat-foldable square-twist patterns [147]. With the consider-
ation of rotational and mirror symmetries, only 4 independent
square-twist patterns remain. Crease patterns of the 4 common
types of square-twist origami are shown in Fig. 7(a) [146], and
their geometry can be parameterized by the two side lengths L and
1, and the sector angle ¢. For easy distinction, the four patterns are
named type-1, type-2, type-3, and type-4, from left to right. It has
been shown that the type-1 and type-2 are non-rigidly foldable,
while the type-3 and type-4 are rigid-foldable [85,148].

For non-rigidly foldable square-twist origami, it was found that
the bending DOF of the panel gives rise to an energy barrier
which can allow for bistability [2]. By releasing the bending DOF,
the elastic energy of the non-rigidly foldable square-twist origami
during the folding/unfolding process is mainly from the bending
energy of the panels and the folding energy at the creases. To fully
understand the bistability mechanism of the non-rigidly foldable
square-twist origami, Silverberg et al. [2] studied the mechanical
behavior of square-twist origami with type-1 pattern composed of
alternating square and rhombus panels under tensile forces by
introducing virtual bending creases to capture the panel bending.
The unfolding process of the square-twist origami is shown in
Fig. 7(b), and variations of the bending energy and the folding
energy with respect to the displacement for different sector angles
are illustrated in Fig. 7(c). It is seen that there appears to be an
energy barrier in the bending energy-displacement curve when the
sector angle reaches roughly 20 deg, and the magnitude of
the energy barrier increases with the sector angle. In contrast, the
folding energy at the creases decreases as the sector angle
increases. Therefore, when the sector angle is large enough, the
bending energy dominates during the unfolding process, leading
to the bistability of the square-twist origami. Also, competition
between the bending energy and the folding energy gives rise to a
critical sector angle, beyond which the non-rigidly foldable
square-twist origami transits from monostable to bistable. Note
that this critical sector angle depends on the stiffness ratio of the
virtual bending crease and the actual folding crease. Recently,
Wang et al. [86] compared the total energy-displacement curve of
the type-1 and type-2 square-twist origami for different stiffness
ratios of the bending crease and the folding crease. It is shown
from Fig. 7(d) that when the stiffness ratio equals 1, the non-rig-
idly foldable square-twist origami is monostable, while it becomes
bistable when the stiffness ratio increases to 5. This indicates that,
to achieve the bistability of the non-rigidly foldable square-twist
origami, the bending stiffness of the panel should be much larger
than the folding stiffness of the crease. By harnessing its
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bistability, the non-rigidly foldable square-twist origami has been
used for the design of mechanical energy storage devices [149],
origami-equivalent compliant mechanisms [150], frequency-
reconfigurable origami antennas [151], and mechanical metamate-
rials with tunable properties [146].

For rigid-foldable square-twist origami, the folding motion can
be analyzed using the kinematic method based on the motion
transmission path. Figure 7(e) defines the creases and sector
angles around the four degree-4 vertices of the square-twist pat-
tern [85]. The creases around the four vertices, i.e., A, B, C, and
D, are denoted by a;, b;, ¢;, and d; (i =1, 2, 3, 4), respectively. The
sector angles of each vertex are represented by o, f5, , and y. In
type-3 and type-4 patterns, the degree-4 vertices A, B, C, and D
form a closed-loop of four spherical 4-revolute (4R) linkages, as
shown in Fig. 7(f), whose kinematic motion transmission path can
be written as [85]

0 — 05 =07 — 05 = 0] — 05 =0 — 05 — 05 = 0] — 0

an

where 9?,9?,9?,and 9;1 are the rotation angles of the joints a;, b;, ¢;,
and d;, respectively. Equation (11) is the motion compatibility
condition of the loop, which must be satisfied for a rigid-foldable
square-twist origami. By using the compatibility condition and
considering the different assignments of the mountain and valley
creases at the vertices, the kinematic equations for type-3 square-
twist origami can be written as [85]

. 05 cos o 01
an —= =-————tan —

2 1 —sina 2’
05 —cosa 0b

0" =0¢ tan=2=-—"""tan -,

! 2 2 1+sina 2’
0 =65, tan % - cosr Ul

! 2 2 1-—sina 2’

0l =05 05=0{ 05=0 0{=-05 (12)

0= 0%, 00 =08
03 =07, 03=-0,

0 =05, 0 =05

For type-4 square-twist origami, the kinematic equations are given
by [85]

05— o1
wfrmmd 6= oe
0 0
. 05 o e e
0 =00, tan2=—22 @an 2l 05 =—0, 05 =05

2 l-sing 2’
0 =05, 05=01, 05=0{ 05=-0 (13)

Based on the kinematic equations, the kinematic motion trans-
mission paths for the two types of rigid-foldable square-twist ori-
gami are shown in Fig. 7(g) [85]. As can be seen, when given an
input rotation angle of one joint, the output rotation angles of the
remaining joints can be determined. Therefore, the kinematic
motion of the rigid-foldable square-twist origami has only one
DOF, which can be further designed into its nonzero-thickness
counterpart using the thick-panel origami techniques [152,153].

3.5 Origami Flasher. The origami flasher is a type of rota-
tionally symmetric pattern composed of triangles and trapezoids
that form a central polygon, which can be any regular polygon
such as the triangular, square, hexagonal, and octagonal flasher
patterns [154], as shown in Fig. 8(a). The geometry of the flasher
pattern can be determined by three parameters: the side length a
and the side number 7 of the central polygon, and the number of
layers m in the radial direction. Note that the side number of the
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Fig. 8 Geometric designs and mechanical behaviors of origami flashers. (a) Crease patterns of origami flashers with dif-
ferent central polygons. The red dashed lines represent the valley creases, and the blue solid lines denote the mountain
creases. (Reproduced with permission from Ref. [154]. Copyright 2022 by Elsevier). (b) Variations of the height and strain
energy with respect to the folding angle of an origami flasher during the folding to cone or disk shape (Reproduced with
permission from Ref. [38]. Copyright 2019, The Authors, published by the American Physical Society). (c) Modified origami
flasher accommodating for panel thickness with diagonal creases (top) or with membrane backing at creases (bottom)
(Reproduced with permission from Ref. [39]. Copyright 2013 by ASME). (d) Physical model (top) and crease pattern (bot-
tom) of a single DOF modified flasher with a cut (Reproduced with permission from Ref. [87]. Copyright 2016 by ASME).
(e) Thick-panel curved-surface origami flasher with flexible hinges (top) or with rubber bands and torsional springs
(bottom) (Reproduced with permission from Ref. [154]. Copyright 2022 by Elsevier).

central polygon also determines the rotational symmetry order of
the origami flasher. When the panels wrap around the central
polygon, the origami flasher can be folded from the flat deployed
state to a cylindrical stowed state with a high packing ratio. For
example, Zirbel et al. [39] fabricated a physical model of an ori-
gami flasher whose deployed-to-stowed diametral ratio is 9.2, and
the ratio can be even larger as the number of radial layers
increases. This feature makes the origami flasher particularly suit-
able for space-deployable structures such as solar sails [88], solar
arrays [38,39], and deployable antennas [57].

Origami flashers are non-rigidly foldable, which means that
they cannot be folded with rigid panels and revolute joints
[87,88]. It has been shown that the non-rigid folding of the ori-
gami flasher shows a bifurcation behavior [89], and a flat origami
flasher can either be folded into a cone shape or a disk shape [38].
Chen et al. [38] studied the height changes and energy landscapes
of an origami flasher during the two distinct folding paths, as
shown in Fig. 8(b). It is seen that the height of the origami flasher
during cone-shape folding linearly increases until the radial
creases are near vertical, while the height of the origami flasher
during disk-shape folding remains unchanged after increasing to

050801-12 / Vol. 75, SEPTEMBER 2023

the width of the panels. For the cone-shape folding, the energy
landscape monotonically increases. However, for the disk-shape
folding, the energy landscape has two energy barriers, and the
strain energy in the early stages of folding is much higher than
that during the cone-shape folding. Therefore, the origami flasher
prefers to fold into the cone shape.

The idealized flasher pattern is zero-thickness, but the thick-
ness of the panels usually cannot be neglected in practical appli-
cations. To accommodate the physical thickness of the origami
flasher, Zirbel et al. [39] proposed two different methods to mod-
ify the pattern design. One method is to allow the quadrilateral
panels to fold along their diagonals, which results in the modified
flasher pattern consisting of only triangles, as shown in the top
row of Fig. 8(c¢). The other method is to apply a membrane back-
ing with specified width at the creases (bottom row of Fig. 8(c)),
but the gap size to enable rigid-foldability while maximizing the
panel surface area needs to be optimized. Both modifications
make the flasher pattern rigid-foldable, while both yield origami
flashers with multiple DOFs. Lang et al. [87] found that the rigid-
foldable origami flasher with a single DOF could be achieved by
choosing appropriate sector angles and introducing a cut, as
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shown in the top row of Fig. 8(d). This modified pattern curves
the radial crease lines, and therefore the sector angles are not
equal on their two sides (see the bottom row of Fig. 8(d)). The
origami flasher can also be designed to have a curved-surface
configuration in the unfolded state. Several different methods
have been developed to achieve such design. For example, Wang
et al. [154] projected the planar origami flasher onto the target
curved surface to obtain the vertices on the boundary creases and
then used numerical methods to obtain the other vertices. After

determining all the vertex positions, the thin-panel curved-
surface flasher could be further modified to the thick-panel one
by using flexible hinges (top row of Fig. 8(e)) or rubber bands
and torsional springs (bottom row of Fig. 8(e)). Such curved-
surface origami flasher can alternatively be realized by removing
one wedge of the flasher and connecting the two adjacent wedges
of the thickness-accommodating origami flasher [155], or
achieved by introducing cuts and tapering the panels in the radial
direction [156].
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Fig. 9 Geometric desigh and mechanical behaviors of waterbomb origami. (a) Crease patterns of the 8-crease waterbomb
base (left) and the 6-crease waterbomb base (right). The dashed lines represent the valley creases, and the solid lines denote
the mountain creases. (b) Crease pattern of waterbomb tube. (¢) Folded configurations of waterbomb tube (Reproduced with
permission from Ref. [54]. Copyright 2021, The Authors, some rights reserved; exclusive licensee American Association for the
Advancement of Science). (d) Variations of the radii of vertices in different layers with respect to the folding angle, and unfold-
ing process of a three-layer waterbomb tube with m= 3, n= 6, and ¢ = =/4 [165]. (e) Variations of the radii of vertices in different
layers and strain energy with respect to the folding angle, and unfolding process of a seven-layer waterbomb tube with m=7,
n=6, and ¢ = n/4 (Figures (d) and (e) are adapted with permission from Ref. [165]. Copyright 2020, The Authors; exclusive
Licensee Science and Technology Review Publishing House). (f) Crease patterns of the generalized waterbomb base (left) and
tessellation (right). The dashed lines represent the valley creases, and the solid lines denote the mountain creases. (Repro-
duced with permission from Ref. [167]. Copyright 2021 by Elsevier). (g) Approximating 3D surfaces of revolution using general-
ized waterbomb tessellation. (Adapted with permission from Ref. [168]. Copyright 2018 by Oxford University Press).
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4 3D-To-3D Origami With Rotational Symmetry

In this section, we introduce the geometric designs and mechan-
ical behaviors of origami with rotational symmetry that can only
transform between different 3D configurations, which includes
waterbomb origami, modified Miura-ori, Ron Resch origami, and
hypar origami. Note that unclosed modified Miura-ori is flat-
foldable and rigid-foldable like the standard Miura-ori, however,
for a closed modified Miura-ori with rotational symmetry, it is no
longer rigid-foldable and flat-foldable due to the closed-loop
constraints.

4.1 Waterbomb Origami. Waterbomb origami, also known
as origami magic ball, is a well-known rigid-foldable origami
with rotational symmetry. The unit cell of waterbomb origami is
usually called the waterbomb base, which consists of either four
mountain creases and four valley creases (i.e., 8-crease water-
bomb base) or two mountain creases and four valley creases (i.e.,
6-crease waterbomb base) [48], as shown in Fig. 9(a). The
8-crease waterbomb base is bistable and can snap-fold from the
vertex-up state to the vertex-down state under an external actua-
tion [96,157,158], which has been used for the design of mechani-
cal logic devices [159,160]. The 6-crease waterbomb base is
much more common, and it can serve as a building block to form
a tubular structure with rotational symmetry, i.e., waterbomb tube.
The crease pattern of a waterbomb tube composed of repeating
6-crease waterbomb bases is shown in Fig. 9(b), and its geometry
can be determined by four parameters: the half-edge length a, the
sector angle ¢, and the number of the waterbomb bases m and 7 in
longitudinal and circumferential directions, respectively. By fold-
ing along the creases and connecting the left and right edges, a
waterbomb tube can be obtained. During the folding process, the
size of the waterbomb tube in the axial and radial directions
changes simultaneously, as shown in Fig. 9(c) [54], allowing for a
3D-to-3D configuration transformation. This feature has been
exploited to design various functional structures and devices, such
as deployable medical stents [21], vacuum-driven soft grippers
[161], peristaltic crawling robots [53,162], and high-load capacity
transformable wheels [54].

The rigid folding motion of the waterbomb tube is multi-DOF
due to the 6-crease waterbomb base having 3 DOFs [163,164].
When considering the symmetric folding, the overall DOF of the
waterbomb tube is reduced to one [48], such that its motion can
be described by a single dihedral angle of the waterbomb base.
Recently, Ma et al. [165] studied the symmetric folding behaviors
of waterbomb tubes with different numbers of units in the longitu-
dinal direction (i.e., layer numbers). Figure 9(d) shows variations
of the normalized radii r/a of vertices A;, B;, and C; in different
layers with respect to the folding angle 6 during the unfolding pro-
cess of a three-layer (m = 3) waterbomb tube consisting of square
6-crease waterbomb bases (i.e., ¢ =mn/4) [165]. The subscript i
takes values of 0 and 1 in a three-layer waterbomb tube, corre-
sponding to the waterbomb bases in the middle layer and the top
layer, respectively. It is seen from Fig. 9(d) that for a relatively
short waterbomb tube, it can be rigidly unfolded from its com-
pactly folded configuration I to the fully expanded configuration
V. Particularly, when unfolding to the configuration II and config-
uration IV, the radii corresponding to the same vertices in differ-
ent layers are equal (red dots on the curves), which means that the
waterbomb tube has a uniform radius. The two special configura-
tions (II and IV) also divide the shapes of the waterbomb tube dur-
ing folding/unfolding into two categories. Between configurations
I and II or configurations IV and V, the radii of the vertices in the
middle layer are smaller than those of the top and bottom layers,
thus the waterbomb tube has a dog-bone shape. Between configu-
rations II and IV, however, the radii of the vertices in the middle
layer are larger than those of the top and bottom layers, giving the
waterbomb tube a pineapple shape. This phenomenon is more
interesting in a long waterbomb tube, in which the cylindrical sur-
face can become wave-like upon folding [166].
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When the waterbomb tube is relatively long, it cannot transform
from the compactly folded configuration to the fully deployed
configuration through a pure rigid motion. Figure 9(e) illustrates
the normalized radii of vertices A;, B;, and C; versus the folding
angle 0 of a seven-layer (m =7) waterbomb tube [165]. The sub-
script i takes values of 0, 1, 2, and 3 in a seven-layer waterbomb
tube, which corresponds to the waterbomb bases in the middle
layer to the top layer in order. Similar to the shorter waterbomb
tube, the long waterbomb tube also has two configurations with
uniform radius (configurations II and IV), between which the
folded configuration of the waterbomb tube has a pineapple shape.
However, there exist two critical configurations, III; and Illg, of
the long waterbomb tube between the two uniform radius configu-
rations. At these two critical configurations, the radius of the ver-
tex Az (at the top layer) equals zero, which means that the
waterbomb bases at the two ends of the tube are closed. Rigid
motion between the two critical configurations leads to a negative
radius of the vertex at the top layer (see the red curve segment in
Fig. 9(e)), revealing that the waterbomb tube is non-rigidly fold-
able within this range and that the transition between the two criti-
cal states requires structural deformation. To evaluate the effect of
structural deformation between configurations III; and Illg,
Fig. 9(e) further compares the elastic energy of the waterbomb
tube when it is modeled as a mechanism or as a deformable struc-
ture. In the mechanism analysis, panels are allowed to freely pene-
trate each other and only the strain energy stored in the creases is
considered. In the structural analysis, the elastic energy from both
the panels and the creases is considered using the finite element
method. The difference between the two energies from the mecha-
nism and structural analyses represents the elastic energy due to
panel deformations. It is seen that panel deformations contribute
most of the elastic energy during the unfolding process and give
rise to two energy minima for the energy landscape, which means
that the waterbomb tube has two stable states during the transition
between configurations 11l and .

The generalized waterbomb base consisting of two isosceles
trapezoids can also be tessellated to form a tubular structure with
rotational symmetry. As shown in Fig. 9(f), the geometry of the
generalized waterbomb base is characterized by three parameters:
the two sector angles o and f3, and the half-width L [167]. When
o+ ff=mn/2, the generalized waterbomb base degenerates to the
rectangular counterpart. The generalized waterbomb tessellation
has an enlarged design space, which can be used to inversely
design 3D structures with rotational symmetry [168—170]. Zhao
et al. [168] made the first attempt to use the generalized water-
bomb tessellation to approximate 3D surfaces of revolution. As
shown in Fig. 9(g), the target surface is first discretized into a
quadrilateral approximation, and then an unoptimized base mesh
is generated by creating generalized waterbomb bases in each
quadrilateral panel. Finally, optimization of the base mesh results
in a developable waterbomb tessellation. In the optimization, the
six sector angles around an interior vertex should sum to 27 to sat-
isfy the developability constraint. By using this method, various
rotationally symmetric structures that approximate a target surface
of revolution can be obtained.

4.2 Modified Miura Origami. In addition to the cylindrical
Miura-ori discussed in Sec. 3.3, there are two other modified
Miura-ori patterns that can be used to design 3D structures with
rotational symmetry, while not being able to fold to 2D configura-
tions. One is the generalized Miura-ori, also known as quadrilat-
eral mesh origami, which is the most general form of the famed
Miura-ori, and was first proposed by Tachi [72]. Unlike the stand-
ard Miura-ori cell containing four congruent parallelograms with
a degree-4 vertex, the generalized Miura-ori cell is composed of
free-form quadrilaterals with different edge lengths and sector
angles, as shown in Fig. 10(a) [90]. To preserve the developability
and flat-foldability of the standard Miura-ori, the sector angle «;
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(i=1, 2, 3, 4) around the degree-4 vertex of the generalized
Miura-ori needs to satisfy [72,90]

4

> =2 (14)

o3 =0 +oy=m (15)

The generalized Miura-ori is commonly used for the inverse
design of deployable structures with target geometric shapes, due
to its flexible design space. Based on the generalized Miura-ori,
Dudte et al. [90] developed a constrained optimization method to
design Miura-ori tessellations that approximate target 3D curved
surfaces. The target curved surface is first discretized into a
Miura-ori-like tessellation as an initial guess for the optimization,
as shown in Fig. 10(b), in which the four corner nodes of each
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unit cell are fixed at the target surface such that the initial guess is
close to the target surface, and the remaining edge nodes and cen-
tral nodes are varied to find the optimal solutions. Then, planarity,
developability, and flat-foldability constraints are enforced, and
the node positions are optimized to minimize the changes in the
lengths of pattern edges and cross edges of the initial guess. By
utilizing this method, the optimized generalized Miura-ori tessel-
lation can approximate surfaces of revolution with various Gaus-
sian curvatures, such as the demonstrations shown in Fig. 10(c),
which have positive curvature (upper left), positive mixed with
zero curvature (upper right), positive mixed with negative curva-
ture (lower left), and negative mixed with zero curvature (lower
right). However, these doubly curved Miura-ori tessellations are
not flat-foldable and rigid-foldable, as the flat-foldability condi-
tion (Eq. (15)) in the algorithm cannot be exactly satisfied, which
means that they cannot be folded into 2D configurations. To
achieve the flat-foldable and rigid-foldable design of generalized
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Fig. 10 Design of modified Miura-ori tessellations with rotational symmetry. (a) Schematics of standard and generalized
Miura-ori cells [90]. The blue lines represent the valley creases, and the red lines denote the mountain creases. (b) Initial guess
of the generalized Miura-ori tessellation with fixed and free nodes for the numerical optimization method [90]. (¢) Generalized
Miura-ori tessellations that approximate surfaces of revolution with various Gaussian curvatures (Figures (a)—(c) are adapted
with permission from Ref. [90]. Copyright 2016 by Springer Nature). (d) Schematic of an axisymmetric Miura-ori cell [91]. PyP;4,
P;S;, and P,Q, are the valley creases, and P, P, is the mountain crease. (€) Folding process of an AMO tessellation [91]. (f) Vari-
ation of the central angle with respect to the deploying parameter. Dashed parts of lines 1 and 2 denote the non-rigidly foldable
region (Figures (d)—(f) are adapted with permission from Ref. [91]. Copyright 2022 by Elsevier). (g) AMO tessellations approxi-
mating surfaces of revolution with quadratic (left) or sinusoidal (right) profiles (Adapted with permission from Ref. [173]. Copy-
right 2019 by ASME). (h) AMO tessellation simultaneously approximating a target inner surface with positive Gaussian
curvature and a target outer surface with negative Gaussian curvature (Reproduced with permission from [73]. Copyright 2017,

The Authors, published by the Royal Society).
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Miura-ori tessellations, several improved constraint optimization
algorithms have been developed [92,171,172], but they are limited
to approximating unclosed curved surfaces.

The other modified Miura-ori pattern that can achieve rotation-
ally symmetric structural designs is the axisymmetric Miura-ori
(AMO) [73,91,173]. As shown in Fig. 10(d), a representative
AMO cell contains four trapezoids symmetrical about the collin-
ear crease, and its geometry can be characterized by the circum-
ferential edge length a, the radial edge length b, the major sector
angle «, and the minor sector angle f3, where 0<f < a<n/2 [91].
The distinction of an AMO cell from the standard Miura-ori cell
can be described by a deviation angle ¢, where 6 = o — /. When
0=0, the AMO cell degenerates to the standard Miura-ori cell.
Also, 0 equals half of the central angle of the AMO cell. To form
an AMO tessellation with rotational symmetry, the AMO cells are
replicated in the circumferential direction, while the circumferen-
tial edge lengths of the AMO cells in the radial direction are itera-
tively enlarged to be compatible with the adjacent cells. As shown
in Fig. 10(e), the AMO tessellation can be deployed from a com-
pact folded state to a partially folded state, and finally form a
closed-loop configuration [91]. By introducing the vertical projec-
tion &'of the deviation angle &, the angular motion of the AMO
tessellation is characterized by [91]

ans — (tzp — 1)tanasin(y/2)

(16)

typ + tan2osin’(y/2)

C)

K]

where the parameter f,; = tano/tan f§, and 7 is the deploying
parameter. Figure 10(f) shows the variation of the central angle
2N¢§" with respect to the deploying parameter y for an AMO tes-
sellation with N cells [91]. Note that when 2Nd'reaches 27, the
AMO tessellation is closed. It is seen that with appropriate sector
angles o and f3, the AMO tessellation can have one closed state or
two closed states. For the former case, the AMO tessellation at the
closed state either gets locked (lines 4 and 5) or continues deploy-
ing to an unclosed developable state (line 3). For the latter case,
the AMO tessellation at both closed states gets locked (lines 1 and
2), and transition between the two closed states cannot be
achieved without panel deformation.

When the unit cells in different layers have the same radial
edge lengths, the AMO tessellation remains in-plane during fold-
ing/unfolding. By varying the radial edge lengths of the unit cells
in different layers, the AMO tessellation forms a doubly curved
folded configuration whose shape can be inversely designed to
approximate a target surface of revolution. Due to the rotational
symmetry, target designs can easily be achieved by minimizing
the distance between the vertices of a strip extracted from the tes-
sellation and the generatrix of the target surface. Using this
method, the doubly curved AMO tessellation can approximate not
only a single target surface, such as a surface of revolution with
quadratic profile (left side of Fig. 10(g)) or sinusoidal profile
(right side of Fig. 10(g)) [173], but can also approximate two tar-
get surfaces simultaneously. This is demonstrated in Fig. 10(%), in
which the target inner surface has positive Gaussian curvature
while the target outer surface has negative Gaussian curvature
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Fig. 11 Geometric designs and mechanical behaviors of Ron Resch origami and hypar origami. (a) Basic triangular pattern
with degree-6 vertices (upper left), triangular pattern with degree-12 vertices (upper right), square pattern with degree-8 verti-
ces (lower left), and hexagonal pattern with degree-6 vertices (lower right) of Ron Resch origami. The dashed lines represent
the valley creases, and the solid lines denote the mountain creases. (Reproduced with permission from Ref. [174]. Copyright
2013 by ASME). (b) Dome-like and plate-like folded configurations of Ron Resch origami [14]. (c) Force-strain curve of Ron
Resch tube (Figures (b) and (c) are adapted with permission from Ref. [14]. Copyright 2014, The Authors, published by Springer
Nature). (d) Crease pattern and folded configurations of hypar origami (Reproduced with permission from Ref. [93]. Copyright
2018 by Elsevier). (e¢) Snap-folding process (i), force-displacement curve (ii), and energy landscape (iii) of hypar origami
(Adapted with permission from Ref. [5]. Copyright 2019, The Authors, published by Springer Nature).
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[73]. Note that these AMO tessellations can only be flat-foldable
and rigid-foldable when they are unclosed.

4.3 Ron Resch Origami. Ron Resch origami was originally
proposed by Ronald Dale Resch, who was inspired by paper
crimping in the 1960s [74]. As shown in the upper left of
Fig. 11(a), a traditional Ron Resch pattern is composed of equilat-
eral and right triangles, and every patch of six adjacent right trian-
gles forms a large equilateral triangle with a degree-6 vertex.
Tachi [174] found that the basic Ron Resch pattern could be gen-
erated by the insertion of a star-like folded tuck, and using this
method he proposed another three types of Ron Resch patterns,
i.e., the triangular pattern with degree-12 vertices (upper right of
Fig. 11(a)), the square pattern with degree-8 vertices (lower left of
Fig. 11(a)), and the hexagonal pattern with degree-6 vertices
(lower right of Fig. 11(a)). Ron Resch origami is rigid-foldable
but with multiple DOFs [174,175], and it can be folded into a
dome-like configuration with rotational symmetry. When sub-
jected to compressive forces, the Ron Resch dome can finally
transform into a sandwich plate (i.e., the Ron Resch plate), as
shown in Fig. 11(b). Lv et al. [14] reported that a Ron Resch paper
plate with actual mass of 4.55 grams can carry a 32.4-pound load.
Thus, the Ron Resch plate has a remarkable load-bearing capabil-
ity, which has been utilized for the design of energy absorption
structures [176,177]. The Ron Resch pattern can also be rolled up
to form a tube with rotational symmetry. Figure 11(c) shows the
force—strain curve of a Ron Resch tube under an axial compres-
sive force [14]. As the compressive strain increases, the tube grad-
ually shortens its length and reduces its radius, showing a
negative Poisson’s ratio characteristic. When the strain increases
to about 45%, the tube reaches the completely folded state without
buckling, indicating that the Ron Resch tube also has a good load-
bearing capability.

4.4 Hypar Origami. The hypar pattern is composed of con-
centric squares and diagonals with alternating mountain and val-
ley creases, as shown in Fig. 11(d) [93], which can be folded into
a pleated hyperbolic paraboloid with nonzero Gaussian curvature
[178]. The more concentric squares one folds, the closer the
folded configuration is to a true hyperbolic paraboloid [75]. The
geometry of the hypar pattern is determined by two parameters:
the edge length of the outermost square L and the number of con-
centric layers n. The hypar origami is not rigid-foldable, which
means that it cannot fold without panel deformation [179]. Inter-
play between the panel deformation and crease folds enables two
stable states for the hypar origami [93]. In particular, the two sta-
ble states are symmetric to each other and their folding angles of
creases are the same, while the twisting directions of the panels
are reversed. When subjected to a pair of vertical forces at oppo-
site corners (see Fig. 11(e-i)), the hypar origami snap-folds from
one stable configuration to the other, accompanied by a negative-
stiffness stage [5], as shown in Fig. 11(e-ii). During the snap-
folding process, bending energy of the panels and folding energy
at the creases dominate during folding, while stretching energy of
the panels contributes little to the total elastic energy (see
Fig. 11(e-iii)). The resulting energy landscape has two equal
energy minima, corresponding to the two stable states. Therefore,
the energy barrier of hypar origami is also symmetric. By utilizing
its bistability, hypar origami has enabled the design of antennas
with reconfigurable polarization [180] and programmable multi-
stable metasurfaces [5,181].

5 2D-To-2D Origami With Rotational Symmetry

Classical origami with rotational symmetry usually has a 3D con-
figuration and can only be folded into a 2D flat-folded state or
another 3D state. Here, we introduce two types of foldable truss
structures with rotational symmetry, i.e., scissor trusses and ring
origami, which can be considered origami without panels. Note

Applied Mechanics Reviews

that, based on different structural designs, these two foldable struc-
tures can achieve not only 2D to 2D configuration transformation,
but also 3D to 2D and 3D to 3D configuration transformations.

5.1 Scissor Trusses. Scissor trusses are created by intercon-
necting multiple scissor units at their end points, and they can
change their shape from a compact stowed state to an expanded
functional state. Due to their light weight, mobility, and impres-
sive packing ability, scissor trusses have widespread applications
ranging from architecture and engineering to aerospace
[67,182—184]. The concept of scissor trusses was first proposed in
1961 by Pinero [185], a Spanish architect who used simple scissor
units to design a reticular mobile theater. A scissor unit is com-
posed of a pair of bars connected with a revolute joint. The revo-
lute joint, also known as the scissor hinge, allows the scissor unit
to rotate about an axis normal to the unit plane. Scissor units can
be classified into three categories: translational scissor units, polar
scissor units, and angulated scissor units [66,186]. Based on the
different types of scissor units, various 2D and 3D deployable
structures with rotational symmetry can be designed.

Translational scissor units and polar scissor units both consist
of two straight bars. As shown in Fig. 12(a), when the unit lines
(dashed lines) connecting the upper and lower ends of the two
bars are parallel, the scissor unit is a translational unit [95]. Other-
wise, the unit lines intersect at one point, which characterizes a
polar scissor unit [187], as illustrated in Fig. 12(b). The geometry
of the general translational unit can be described by four parame-
ters: three size parameters /y, />, and k, and one deployment angle
¢. To ensure that the unit lines are always parallel, the length ratio
k is the same for two segments of each bar. When k=1 and /;=/,,
the basic translational scissor unit is obtained, which contains two
identical straight bars with the hinge located at the midpoints of
the two bars. Translational scissor units can be tessellated in dif-
ferent manners to construct diverse planar or spatial deployable
truss structures with rotational symmetry. By tessellating the basic
translational units in two perpendicular directions, one can obtain
planar scissor trusses that can be folded from their deployed 2D
planar states to stowed 3D cylindrical states, such as the ring and
the square scissor trusses [95,184] shown in Fig. 12(c). By con-
necting multiple closed-loop modules consisting of translational
scissor units along one direction, retractable towers can be
obtained [184], as illustrated in Fig. 12(d). With general transla-
tional scissor units as the building blocks, 3D trusses with curved
surfaces can be designed, such as the conical scissor truss and the
pyramid scissor truss [95] presented in Fig. 12(e).

For the polar scissor unit, the geometry of its general form is
dependent on five parameters: four size parameters /y, /5, k;, and
k,, and one deployment angle ¢ [188]. During the deployment,
the segment angle o between the unit lines varies with the deploy-
ment angle. When /,=1[, and k;=k;, the general polar unit reduces
to the basic polar unit, which has two identical straight bars with
the hinge located away from their midpoints. Like translational
units, polar units can also be used to design deployable structures
with rotational symmetry, such as the scissor double-ring truss
(Fig. 12(f)) [189,190] and the spherical scissor truss (Fig. 12(g))
[191,192] built from basic polar units, and the parabolic scissor
truss (Fig. 12(h)) [193] constructed from general polar units.

Unlike translational and polar units which have straight bars,
angulated scissor units are composed of two angulated bars with
characteristic kink angles and were invented by Hoberman in the
1990s [194,195]. The unit lines of the angulated scissor unit inter-
sect at a single point, and the resulting segment angle between the
unit lines remains constant during the deployment [94,196].
Hoberman’s angulated scissor unit consists of two identical angu-
lated bars with equal semi-lengths and kink angles, as shown in
Fig. 13(a). Its geometry can be captured by three parameters: the
semi-bar length /, the kink angle ¢, and the deployment angle 0.
During the deployment, the segment angle « is independent of the
deployment angle, and a=m—¢ [94]. Later on, You and
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Pellegrino [94] proposed two types of generalized angulated units.
For the type-1 angulated unit (Fig. 13(b)), the two angulated bars
have equal semi-lengths but different kink angles ¢ and . In this
case, the segment angle o=mn—() + ¢)/2. For the type-2 angu-
lated unit (Fig. 13(c)), the two angulated bars have proportional
semi-lengths but equal kink angles ¢, and the segment angle
o =7 — ¢. Benefitting from its constant segment angle, angulated
scissor units can be used to design radially deployable closed-loop
structures [182,197,198]. By tessellating the angulated scissor units
in the circumferential direction, planar deployable ring truss struc-
tures enabling 2D to 2D configuration transformation can be
obtained, such as the circular ring truss (Fig. 13(d)) [38,199], the
octagonal ring truss (Fig. 13(e)) [94], and the inner layer retractable
octagonal ring truss (Fig. 13(f)) [94]. By tessellating angulated scis-
sor units in more directions, radially deployable spherical structures
with 3D to 3D configuration transformations, such as the well-
known Hoberman sphere (Fig. 13(g)) [194,197] and Iris dome
[195], or axisymmetric 3D structures like the half-ellipsoidal truss
(Fig. 13(h)) and the hyperboloid truss (Fig. 13(i)) [200] can be
constructed.

(@

Translational scissor unit

Basic form

General form

(c) (d)

Square truss

7 \ '/ 2 N A A
g W
¢
V
(f)

Double-ring truss

P

(b)

Retractable tower

5.2 Ring Origami. Ring origami is a class of foldable struc-
tures of different geometries formed by closed-loop rods. In the
past decades, attention was only focused on the circular ring,
which can be folded to a configuration of three overlapping loops
with radius of only one-third of the initial radius [70,201,202].
The circular ring can therefore reduce to only 11.1% of its initial
size upon folding, which can be used for the design of deployable
functional structures [203-205]. With this unique packing ability
in mind, Wu et al. [68,69] recently generalized the ring origami
design to various polygons. Their numerical and experimental
results show that rounded-corner polygonal rings made of rods
with rectangular cross section can also be folded to small-volume
configurations similar to the circular ring, while the height-to-
thickness ratio of the cross section is critical to rings’ foldability.
Table 2 presents the initial and folded geometric configurations
and packing ratios (ratio of folded area to initial area) of various
ring origami. It is seen that all of these rings have 2D configura-
tions in both the initial and folded states, undergoing 2D to 2D
configuration transformations upon folding. Moreover, the multi-
ple loops of the folded states of the triangular, square, pentagonal,

Polar scissor unit

General form Basic form
k1, ko, ki, kil
¢
[, I A L
a o

(e)

A

&
VA
A

AV

4

RAK
SAA

Fig. 12 Scissor trusses made of translational units and polar units. (a) Schematics of general and basic trans-
lational scissor units. (b) Schematics of general and basic polar scissor units. (¢) Expandable ring scissor truss
and square scissor truss [95]. (d) Retractable towers with triangular cross section and square cross section
(Reproduced with permission from Ref. [184]. Copyright 1993 by SAGE Publications). (¢) Conical scissor truss
and pyramid scissor truss (Figures (c) and (e) are reproduced with permission from Ref. [95]. Copyright 2017
by Elsevier). (f) Scissor double-ring truss (Reproduced with permission from Ref. [189]. Copyright 2019 by
Elsevier). (g) Spherical scissor truss (Adapted with permission from Ref. [191]. Copyright 2021 by Elsevier).
(h) Parabolic scissor truss (Reproduced with permission from Ref. [193]. Copyright 2020, The Authors,

published by Springer Nature).
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(a)

Hoberman'’s () Type-1 generalized () Type-2 generalized
angulated unit angulated unit angulated unit

(d) . (f) Inner layer retractable
Ring truss
octagonal truss »,
h

@ Hoberman sphere (h) Half-ellipsoidal truss

/(’\; ;-\ i \

(f// \—/\X \/
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Fig. 13 Scissor trusses made of angulated units. (a) Schematic of Hoberman’s angulated unit. (b) Schematic of type-1
generalized angulated unit. (¢) Schematic of type-2 generalized angulated unit. (d) Radially expandable ring truss
(Adapted with permission from Ref. [38]. Copyright 2019, The Authors, published by the American Physical Society).
(e) Radially expandable octagonal truss [94]. (f) Inner layer retractable octagonal truss (Figures (e) and (f) are reproduced
with permission from Ref. [94]. Copyright 1997 by Elsevier). (g) Hoberman sphere (Reproduced with permission from
Ref. [197]. Copyright 2007 by Elsevier). (h) Half-ellipsoidal truss [200]. () Hyperboloid truss (Figures (h) and (i) are repro-
duced with permission from Ref. [200]. Copyright 2020 by American Society of Civil Engineers).

Table 2 Geometric configurations and packing ratios of various ring origami

Geometry Triangle Square Pentagon Hexagon Heptagon Octagon

X — O O

Folded state

Initial state &

Packing ratio 33.0% 25.0% 18.7% 10.6% 14.3% 13.2%

O .
&

Geometry Nonagon Decagon Hendecagon Dodecagon Circle

Initial state

Folded state O O O O O

Packing ratio 10.8% 12.4% 12.3% 10.8% 11.1%
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heptagonal, octagonal, decagonal, and hendecagonal rings are not
fully overlapping, thus their packing ratios are larger than that of
the circular ring. To achieve an efficient packing, the polygonal
ring needs to have an edge number of 3n (n>2), such that it can
be folded into a three-loop, fully overlapping configuration. For
instance, the hexagonal, nonagonal, and dodecagonal rings, whose
packing ratios are only 10.6%, 10.8%, and 10.8% of their initial
configurations, respectively, have even greater packing abilities
than the circular ring.

Ring origami with rationally designed geometric parameters
can snap-fold in a self-guided manner when mechanical instability
of the rod is triggered through application of either twisting or
bending loads to the ring. To fully understand the snap-folding
mechanism of ring origami, Sun et al. [206] developed a unified
theoretical framework for various ring origami based on the
Kirchhoff rod model. The governing equations for the rod model
can be written as

F|\ =Faks —Fsky, Fy=F3ki—Fiks, Fy=Fky—Fak

" 1 1
K=k )/+—F2+(E_‘)’<zk3
o o o
K——1p <°‘ 1>k s+ 2Kk
=—5'1r =\ 5% 1R3 - 3
B BB B!
Ky = (o0 — ks — ok ke
1 1
40 :i(*%kl —q2ky — q3k3), 4, =§(%k1 —q3ka +q2k3)
1 1
51/225(613k1+610k2—fhk3), qui(—éhkl+611k2+610k3)
/ / / 2 2 1
1 =2(q193 +9092), 3 =2(9293 —q0q1), "3:2<%+43—E>

a7

where (Fy, F3, F3) and (ky, ko, k3) are components of the resultant
force F and the Darboux vector k in the local director basis (d;,
d,, ds), respectively. (ry, 1, r3) are components of the position
vector r in the global director basis (E, E,, E3), and (g0, 91, 92,
qs) are components of a unit quaternion q used for relating the
local basis to the global basis, whose inner product
la) = g3 + 43 + g5 + ¢3 = 1. Note that all these variables (F;, k;,
Tis Qo> ¢;) (i=1, 2, 3) are functions of the arc length coordinate s,
and (+)" denotes differentiation with respect to the arc length s.
Moreover, the parameters o and f§ are dimensionless bending-to-
torsional rigidity ratios of the cross section, and kg") is the in-
plane natural curvature of the rod in the unstressed state.

It is seen from Eq. (17) that there are 13 first-order ordinary dif-
ferential equations for the Kirchhoff rod model, which involves
13 unknown variables, leading to a well-posed two-point bound-
ary value problem (BVP) when equipped with appropriate bound-
ary conditions. For a circular ring with continuous natural
curvature, the above rod model can be directly used to study the
folding behavior under different loading methods. However, for a
polygonal ring, the natural curvatures are discontinuous at the
joints of the straight edges and the rounded corners. In this case,
the ring needs to be divided into multiple segments with each seg-
ment being modeled as a Kirchhoff rod. If the 13 variables in the
Kirchhoff rod model are arranged into a vector u, i.e.

u= (F],F27F3,k|,k2,k3,}’1,}’2,”3,q076]1,q2,q3) (18)
the governing equations in Eq. (17) can be denoted as

v =g(u, k" a, p) (19)

where g is a function representing the relation between u’ and u.
For a polygonal ring composed of n segments, the governing
equations can be augmented as follows,

050801-20 / Vol. 75, SEPTEMBER 2023

(1)
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where s € [0,1] is a unified arc length for all different segments,
Lg) is the length of the ith (i=1, 2, - --, n) segment, and L is an
identical reference length. After augmentation, the polygonal ring
with n segments has 137 governing equations containing 13n
unknown variables, which requires 13n boundary conditions to
produce a well-posed two-point BVP. The well-posed BVP sys-
tem can be solved using various numerical continuation methods.

Taking the hexagonal ring as an example, snap-folding behav-
iors of hexagonal rings under different loading methods using the
multi-segment rod model are studied in Fig. 14. A schematic of a
hexagonal ring with edge length a, corner radius r, cross section
height 4, and cross section thickness ¢, subjected to a pair of twist-
ing moments (blue arrows) at corners or a pair of bending
moments (orange arrows) at the middle of edges is shown in
Fig. 14(a). Theoretical predictions of the normalized moment ver-
sus twisting angle and bending angle curves are presented in
Figs. 14(b) and 14(c), respectively. Note that for a foldable ring,
the moment tends to decrease to zero when approaching the final
state, while the moment continues to increase in the latter folding
stages of an unfoldable ring. It is seen that, for the two loading
methods, the hexagonal ring with A/t=1 is always unfoldable.
However, the hexagonal ring with A4/t =2 or 5 becomes foldable,
indicating that a foldable ring should have a relatively large
height-to-thickness ratio of its cross section. In particular, the ring
with A/t =5 under twisting loads experiences a snap-back instabil-
ity during the folding process, while only snap-through instability
is observed for the other foldable cases. Moreover, the stability of
the folded configuration of the ring can be determined by the slope
of the moment-twisting angle (or bending angle) curve at the final
state. A negative slope means that the folded state is unstable and
that the removal of the external loading would cause the ring to
deploy. Conversely, a positive slope implies that the folded state
is stable, as it corresponds to a local minimum of the strain
energy. Therefore, one can find from Figs. 14(b) and 14(c) that
the folded configuration of the hexagonal ring with A/t=2 is
unstable, while that of the ring with %/t =5 is stable. Folding proc-
esses of the hexagonal ring with a stable final configuration (i.e.,
h/t=35) under twisting and bending loads are presented in
Figs. 14(g) and 14(h), respectively. It can be observed that the
hexagonal ring folds into the same peach core-shaped configura-
tion even when undergoing different folding processes.

Regular ring origami with rectangular cross section can only be
folded into a small-volume configuration under either bending or
twisting loads. However, in large-scale applications, it is usually
technically difficult to fold a structure through bending or twist-
ing. Therefore, ring origami capable of folding through simpler
folding methods, such as a point load, is desirable. Recently, Lu
et al. [207] found that easier snap-folding of ring origami can be
achieved by introducing two different types of geometric modifi-
cations to the ring. One modification is to induce residual strain,
while the other is to create pre-twisted edges. It is shown that
residual strain can reduce the required energy barrier to fold the
ring, while the pre-twisted edges allow for easier out-of-plane
deformation, which is a condition required for ring folding. The
combination of these two modifications enables the snap-folding
of ring origami under a point load or localized twist or squeeze.
To demonstrate this, Figs. 14(d)—14(f) studies the folding behavior
of a modified hexagonal ring with 4/t =4 and r/a=0.05 under a
point load [207], in which &, denotes the residual strain on the sur-
face of the ring, and 7 is the pre-twisted angle at the two ends of
each straight edge of the ring. As shown in Fig. 14(d), a point load
P is applied at one corner of the hexagonal ring. When the ring
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Fig. 14 Snap-folding behaviors of hexagonal rings. (a) Schematic of a hexagonal ring (r/a = 0.3) under bending or twist-
ing loads. (b) Normalized moment-twisting angle curves for hexagonal rings with different height-to-thickness ratios (h/f)
under twisting loads. (¢) Normalized moment-bending angle curves for hexagonal rings with different height-to-
thickness ratios (h/f) under bending loads. (d) Schematic of a hexagonal ring (h/t =4, ra= 0.05) under a point load [207].
(e) Normalized force—displacement curves for modified hexagonal rings with different pre-twisted angles of their edges
under point loads [207]. (f) Normalized force—displacement curves for modified hexagonal rings with residual strain
(£0=0.0039) and different pre-twisted angles of their edges under point loads [207]. (g) Folding process of a hexagonal
ring with h/t =5 and r/fa= 0.3 under twisting loads. (h) Folding process of a hexagonal ring with h/t=5 and r/a= 0.3 under
bending loads. (i) Folding process of a modified hexagonal ring with h/t= 4, rfla= 0.05, residual strain (¢, = 0.0039), and
pre-twisted edges (y = 15deg) under a point load. (Figures (d)—(f) and (i) are adapted with permission from Ref. [207].
Copyright 2022 by Elsevier).
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has no geometric modifications (¢y =0 and y =0) or has only pre-
twisted edges and no residual strain (y# 0 and ¢, =0), the force
monotonically increases with the displacement 6 (Fig. 14(e)),
which means that the ring cannot fold under a point load in these
conditions. However, when the ring has both residual strain and
pre-twisted edges, the ring becomes foldable with the help of the
snap-back instability. It is seen from Fig. 14(f) that the force first
monotonically increases with the displacement. When the dis-
placement reaches a critical value, snap-back takes place and
helps the ring to fold to the final state. As the pre-twisted angle is
increased, the critical displacement at which snap-back takes
place gradually decreases. Figure 14(i) presents the folding process
of a modified hexagonal ring under a point load [207]. It can be
observed that the modified hexagonal ring snap-folds to a peach core
shape like the regular hexagonal ring, but the modified ring can do
so via a simple point load, benefitting from the easy folding enabled
by geometric modifications.

Ring origami can be tessellated or assembled to construct fold-
able structures with even more significant packing ratios than the
individual rings [68,208]. Figure 15(a) shows four types of 2D
tessellations composed of 6 triangular rings, 4 square rings, 7 hex-
agonal rings, and 6 nonagonal rings [208]. These ring tessellations
can be folded into 2D small-volume configurations by first stack-
ing all rings on top of one another and then applying bending or
twisting moments. Among these tessellations, the hexagonal ring
tessellation makes the most efficient use of space, as its tessella-
tion is nearly gapless and its folded configuration is a multiloop
overlapping state. Figure 15(b) presents four 3D ring systems con-
structed by assembling different numbers of hexagonal rings, which
are a 2-ring assembly, a 3-ring assembly, a 4-ring assembly, and a
5-ring assembly, respectively [208]. The 2-ring and 3-ring assem-
blies can be directly folded into 3D small-volume configurations
under bending or twisting loads, while the studied 4-ring and 5-ring
assemblies first required stacking of all the rings to a 2D configura-
tion, and then folding via application of bending or twisting loads.
To fully take advantage of the folding capabilities of ring origami,
rigid functional components can be integrated with ring origami
assemblies via flexible membranes to enable functional devices. For
example, the 5-ring dome-like assembly with thin membrane
attached and strategically-placed solar panels based on the ring fold-
ing path could potentially serve as a deployable energy harvesting

structure [208], as shown in Fig. 15(b). Note that, when using modi-
fied hexagonal rings with residual strain and pre-twisted edges as
the building blocks, ring origami tessellations and assemblies can be
folded under point loads [207]. Therefore, ring origami can be a
promising building block to construct easy-to-fold origami-based
functional structures with impressive packing abilities.

6 Summary and Outlook

In this paper, we reviewed the recent works on origami with
rotational symmetry and placed emphasis on their designs and
mechanics. We classified origami with rotational symmetry into
three categories according to the dimensional transitions between
their deployed and folded states. For each category, we introduced
the geometric designs of various origami patterns and discussed in
detail their mechanical behaviors during the folding process.
Although many achievements have been made in the study of ori-
gami with rotational symmetry, there remain numerous chal-
lenges. Here, we provide our views on the potential directions and
future challenges.

e Various simulation methods have been developed to study
mechanical behaviors of origami structures, while theoretical
modeling in this aspect is relatively scarce. So far, most of
the theoretical works on mechanical analysis of non-rigidly
foldable origami have utilized the triangulated truss model,
which does not capture panel deformation in a precise way.
However, the elastic deformation of origami panels during
folding has remarkable influences on the bistability,
multistability, and energy storage characteristics as well as
the energy landscapes of origami structures. Therefore, accu-
rate theoretical modeling of the mechanical behaviors of ori-
gami structures to better guide the rational design of
origami-based functional applications remains a challenge.

e Origami has been used to design deployable structures with
target geometric shapes, while few works have focused on
how to design origami structures, such as unit cell geometry
and crease pattern distribution, to enable target mechanical
properties including stiffness, stable states, energy land-
scapes, and energy absorption capacities, etc. For example,
Kresling origami assemblies have shown the capability of
tuning stiffness by selectively folding/unfolding the units.
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Fig. 15 Tessellations and assemblies of ring origami (Adapted with permission from Ref. [208]. Copyright 2022 by ASME).
(a) 2D tessellations. From left to right: 6-triangular ring tessellation, 4-square ring tessellation, 7-hexagonal ring tessellation,
and 6-nonagonal ring tessellation. (b) 3D assemblies of hexagonal rings and their corresponding folded states. From left to
right: 2-ring assembly, 3-ring assembly, 4-ring assembly, and 5-ring schematic dome assembly with solar panels.
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However, how to design Kresling origami with target stiff-
ness remains unexplored. To address these problems, inverse
design strategies are desired to be developed for origami
structures to meet specific application requirements, which
can be potentially achieved by using machine learning algo-
rithms [209-211] and topology optimization [212-214].

e Origami-based metamaterials have been explored in recent
years, while most works mainly focus on demonstrating tun-
able mechanical properties such as stiffness and Poisson’s
ratio. There are emerging works using the shape reconfigura-
tion and multistability of origami to tune other physical prop-
erties and behaviors such as acoustic bandgaps [215-217],
coefficients of thermal expansion [134,218], and electromag-
netic wave propagation [219,220]. These multifunctional ori-
gami systems can broaden the application landscape of
origami, and is worth further systematic study combined
with inverse design strategy.

e In most current origami research, the materials used for dem-
onstrating the folding mechanism of origami are largely
based on papers or plastic sheets, which are less practical in
real applications for foldable architectural structures, deploy-
able biomedical devices, and deployable aerospace struc-
tures, etc. Moreover, the actuation method is mostly based
on mechanical loading of tension, compression, bending, and
torsion, which limits origami applications requiring wireless
remote actuation. Therefore, it is important to explore differ-
ent material options for desired mechanical properties and
actuation strategies for functional origami. Particularly, ori-
gami integrated with active materials such as shape memory
polymers [221,222], liquid crystal elastomers [223,224], and
magnetic materials [225-227] which can self-fold under
physical stimulation has great potential for advanced func-
tional applications.

In summary, origami with rotational symmetry has been dem-
onstrated to be a promising building block for the design of func-
tional structures and devices. It is expected that the current review
can help researchers better understand the mechanics and design
of origami with rotational symmetry, and thus achieve more func-
tional applications across a wide range of length scales.
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