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Abstract

Kelvin waves have been theorized to be absorbed near the critical layer, where

the phase speed matches the speed of the background flow. Nevertheless, it is

not clear through observations how the structure of the Kelvin waves evolves

near the critical layer or in response to vertical wind shear with or without

a critical layer. A novel varying-coefficient regression technique that has been

used to study evolving relationships across the seasonal cycle is used to capture

how the wavelet-filtered waves with a specific phase speed appear in different

background winds or vertical shear regimes or a combination of both. Results

show a relaxation of the in-phase relationship between the zonal wind and

geopotential height anomalies at slower Doppler-shifted speeds, followed by the

appearance of the Gill pattern at further reduction of the Doppler-shifted speed,

demonstrating a lack of dominant Kelvin wave signals in those conditions. We

define the “observed critical layer” as the layer where the signals consistent with

Kelvin waves fade away irrespective of the value of the Doppler-shifted speed,

which reduces to zero at the “theoretical critical layer.” Results show that wave

structures consistent with Kelvin waves are not present at the top of layer with

westerly vertical shear of the zonal wind, yet they exist during the easterly verti-

cal shear of the zonal wind. The second part of the paper presents the dispersion

equation of the Kelvin wave under vertical wind shear. The phase speed of the

Kelvin wave proportionally increases with the Richardson number (and hence

proportionally decreases with the vertical wind shear). The Richardson number

varies with the vertical resolution of the data used, adding uncertainty to the

calculated phase speed of the wave in the presence of vertical wind shear.
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1 INTRODUCTION

Internal gravity waves (David and Alexander, 2003) are

absorbed by the flow before approaching the critical layer,

at which the phase speed of the wave, with respect to

an observer on the Earth, matches the speed of the flow

moving in the same direction (Bretherton, 1966; John

and Francis, 1967). Near the critical layer, the wavefront

aligns with the flow, trapping the wave’s momentum.

Accordingly, the frequency of the wave relative to the flow

diminishes to zero. The frequency of the wave relative to

the flow is known as the Doppler-shifted frequency or
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390 SHAABAN and ROUNDY

quasi-Doppler-shifted frequency, as suggested byGerkema

et al. (2013). They used the prefix “quasi-” in order to dis-

tinguish the classical Doppler shifting that happened to

occur between wave source and observer from that associ-

ated with two different observing references (i.e., those of

the Earth and the flow), as is the case here.

Kelvin waves behave similarly to small-scale grav-

ity waves as they approach critical layers (Holton, 1970;

Richard, 1970). The absorption of Kelvin waves and

small-scale gravity waves in the eastward flow and the

absorption of Rossby–gravity waves and especially the

small-scale gravity waves (Hamid et al., 2021b) in the

westward flow contribute to the downward propagation

of the zonal wind of the quasi-biennial oscillation (QBO;

Baldwin et al., 2001), as suggested by Lindzen and Holton

(Richard and James, 1968; James and Lindzen, 1972). The

absorption of the Kelvin and small-scale gravity waves

contributes to the descending of the stratospheric west-

erlies eventually forming the the westerly phase of the

QBO, whereas the fading of small-scale gravity waves

and to a lesser extent the Rossby–gravity waves are found

to be associated with descending of the stratospheric

easterly flow, which is associated with the formation of

the easterly phase of the QBO (e.g., Ern and Preusse,

2009a,b; Yang et al., 2011, 2012; Kim and Chun, 2015a,b;

Hamid et al., 2021a,b), indicating that the source of the

downward-propagating zonal wind is the absorption of

the upward waves’ momentum, as theorized by Richard

and James (1968).

Kelvin waves are not only absorbed by the mean flow

via the critical layer interaction. Kelvin waves can transfer

their momentum to the mean flow via radiative (New-

tonian) cooling or mechanical (Rayleigh) damping, or

both. In this paper, we focus only on the absorption of the

Kelvin waves via the critical-layer interaction. Most stud-

ies on the interaction between Kelvin waves and the QBO

either estimate the Kelvin, Rossby, and small-scale gravity

waves’ forcing of the QBO phases during specific events

(e.g., Ern and Preusse, 2009a; Kim and Chun, 2015b) or

find the activity of the waves, filtered at a bulk of wave

numbers and frequencies, at a specific phase or event of

the QBO (e.g., Yang et al., 2011; Das and Pan, 2013).

In this study, we analyze the structure of eastward-

moving waves, at specific phase speeds centered at a given

geographical location and pressure level, as they vary with

the speed or vertical shear of the background flow rather

than with respect to the QBO phases or events. To do that,

we apply a combination ofwavelet filtering and anew form

of linear regression. Thewavelet filtering technique is used

to construct indices associatedwithwaves at specific phase

speed and wavelength that might be more informative

than tracing waves filtered at bulk of wave numbers and

speeds (frequencies) in which details about the evolving

structure of the waves could be wiped when considering

the bulk characteristics of the waves. Stratospheric Kelvin

waves originate from vertically propagating atmospheric

disturbances. The directly forced motions can be associ-

ated with different types of waves or forced disturbances

in the stratosphere. Whether a given forced disturbance

yields a Kelvin wave depends at a minimum on whether

the quasi-Doppler-shifted dispersion curve includes a

Kelvin wave at the time-scale of the forcing. When the

direct forced signals at a given speed project directly onto

Kelvinwaves, Kelvin-like signals then appear in the regres-

sion maps on the same time-scales. The approach diag-

noses Kelvin-wave-like signals when suchwaves dominate

in a given background wind setting and reveals other

types of disturbances under conditions that do not favor

Kelvin waves, allowing us to intuit from the wave statistics

whether Kelvin-wave signals are consistent with the the-

ory. Non-Kelvin disturbances are anticipated under condi-

tions in which Kelvin waves do not form, because forcing

from the troposphere occurs over a wide range of scales,

including those in which Kelvin waves cannot occur in the

given environment (Murry and Garcia, 1987).

The characteristics of the Kelvin waves at phase speeds

that are greater than, less than, or equal to the back-

ground flow speeds are documented using the 30 years of

ERA-Interim reanalysis. To accomplish the objective, we

use a novel regression method that enables us to set a

specific value of a background state variable (such as back-

ground zonal wind at a given height) in order to diagnose

the linear relationship between awavelet-filtered predictor

index and fields of data during the specified background

condition. The wavelet and the regression techniques

are discussed in Section 3. The behavior of the filtered

waves at different background wind speeds is discussed in

Section 4.1, followed by a discussion of the behavior of the

wave during variable wind shears and background winds

in Section 4.2. A dispersion equation for the Kelvin waves

within background wind shear is derived in Section 5.

2 DATA

Daily ERA-Interim reanalysis data from 1979 to 2017

on a 2.5◦ grid were used (Dee et al., 2011). The data

are gridded on pressure levels from 500 to 10 hPa. The

vertical levels and the associated heights are shown in

Figure 5, where the vertical grid size increases from

nearly 1 km below 100 hPa to a few kilometers above

100 hPa. High-resolution radiosonde observations dur-

ing the dynamics of the Madden Julian Oscillation

(DYNAMO) field campaign were used to calculate the

Richardson number (Johnson et al., 2019). Anomalies

were constructed by first regressing the raw data against
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SHAABAN and ROUNDY 391

the first four harmonics of the seasonal cycle and then

subtracting the mean and predicted seasonal cycle of

1980–2010 from the raw data (Narapusetty et al., 2009).

Data used to represent the background state conditions are

based on the equatorial zonal mean of the zonal wind or

wind shear.

3 METHODS

3.1 Wavelet-based indices

Contrary to the common technique of filtering Kevin

waves between two distinct equivalent depths, frequen-

cies, and wave numbers using the Fourier transform

(Wheeler and Kiladis, 1999; Wheeler et al., 2000), data

are filtered at a specific phase speed and wave number

using wavelet filtering to study the interaction of the wave

signal at a particular phase speed with a predetermined

speed or vertical shear of the background flow, as we

discuss in Section 3.2. The wavelet kernel is designed fol-

lowing Paul (2017b) and Ahmed and Roundy (2021) as a

two-dimensional array – see Equation (1) –where the rows

and the columns represent the time t and longitude x:

𝜓(x, t) =
1√
aπ

1√
bπ

cos[2π(fxx − ftt)]

× exp

(
−
x2

b

)
exp

(
−
t2

a

)
(1)

The length of the time dimension is 200 days, which

enables us to capture slowwaves. The longitudinal dimen-

sion matches the reanalysis data resolution 2.5◦ with 144

points in the 360◦. Although wave number 4 is targeted,

because it is a center of strong Kelvin wave activity, pre-

vious studies (e.g., Wheeler and Kiladis, 1999), the local-

ized filter implies a superposition between plane waves

of different wave numbers that peak at the targeted wave

number (wave number 4), a price paid for the sake of

the localization. Parameters a and b are usually called

the scaling factors, fx and ft are the spatial and temporal

frequencies. Parameter a is related to the temporal fre-

quencies ft as a = 8(2πft∕2π)−3∕2 in order to localize each

scale to include a similar number of cycles in the tem-

plate. b was set to 8,000 using trial-and-error method. To

apply the filter, the kernel is centered at the base longi-

tude at 80◦ E along the Equator, as we are interested in

Kelvin waves over the Indian Ocean, and at a particular

day of the reanalysis, so the dot product between the ker-

nel and the corresponding block of reanalysis data is the

value of thewave index at that day.We used the zonal wind

anomalies at different pressure levels to create the wavelet

base indices at different levels. To find the value for the

next day, the kernel is slid 1 day ahead and the same dot

product is repeated. Signals that are selected here repre-

sent a tiny part of the spectrum demonstrated by Wheeler

and Kiladis (1999) that contains Kelvin-wave-like signals

(e.g., Paul, 2020), though theymay also include non-Kelvin

components.

The wavelet index is the signal in the reanalysis data

centered at the base longitude that best projects onto the

two-dimensional wavelet kernel. This index serves as the

independent variable of the regression analysis. As reanal-

ysis data are reported relative to an observer on the Earth,

then the phase speed c of the patterns correlated with this

wavelet index is the speed relative to an observer on the

Earth, which could be calculated as ft∕fx. We refer to the

wavelet indexes with their phase speeds. For example, the

20m⋅s−1 index refers to the dot product of the 20m⋅s−1

wavelet kernel with the reanalysis. Hence, the 20m⋅s−1

index used in regression model targets patterns correlated

with the 20m⋅s−1 signal at the base point and the pressure

level.

3.2 The varying-coefficients wavelet
regression and statistical significance test

The horizontal or vertical structure of the waves charac-

terized by specific phase speeds is found by regressing

dynamical fields like zonal wind anomalies (predictand),

against a specific phase-speed wavelet index (predictor).

This type of regression is called wavelet regression because

the wavelet technique is used to construct the predictor.

This simple linear regression does not enable us to study

the structure of waves at a specific background condition

(speed, wind shear, static stability) as simple linear regres-

sion has no information on the background conditions

associated with the active periods of the wave.

Paul (2017a) developed a new form of linear regression

that allows regression coefficients to evolve continuously

across the calendar. The variance of the predictor was

regressed against the seasonal cycle, and the same also for

the covariance between the predictor and predictand. The

ratio of the modeled variance and covariance on a specific

day yields the regression slope coefficients on that day

of the year. The variance of the predictor and covariance

between predictor and predictand have seasonal cycles,

so that a fit of the seasonal cycle can be used to create

seasonally varying regression slope coefficients continu-

ously. Yet these variance and covariance quantities can

vary with other factors beyond the seasonal cycle, like the

mean state background zonal wind. In this study, instead

of allowing regression slopes to vary with the seasonal

cycle, we allow them to vary with the background zonal

wind, background vertical shear of the zonal wind, and a
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392 SHAABAN and ROUNDY

combination of both. We replace the harmonics of the sea-

sonal cycle in thematrix X of Paul (2017a) with time series

of the background variables of interest here, as discussed

in the next section.

As an example, consider that we are interested in find-

ing the structure of dynamical fields associated with the

22m⋅s−1 Kelvin wave at 50 hPa. We first create an index

for the 22m⋅s−1 Kelvin wave at 50 hPa (Iwl, where the sub-

script wl refers to a wavelet based index) and then project

a selected dynamical field Y (e.g., zonal wind anomaly)

on this index. Yet, if we need to find the structure of the

wave signal only when the background flow (total wind

speed) U has a specific value (e.g., 11m⋅s−1, which is half

of the specified wave speed), then we create a regression

model relating the wavelet-filtered base index with fields

of data in a way that allows the slope coefficients to vary

continuously with the background flow indexes as follows:

1 Regress the time series square of the 22m⋅s−1

Kelvin-wave index on the total wind along the Equa-

tor at 50 hPa (to extract the relationship between wave

variance and the background flow) Iwl × Iwl = UCvar.

2 Regress the time series of the products of the 22m⋅s−1

Kelvin-wave index and any dynamical field (zonal wind

anomaly, geopotential anomaly, etc.) that we are inter-

ested to find its pattern on the same total wind at 50 hPa

(hence, we get the relationship between the covariance

and the background flow), Iwl × Y = UCcov.

3 Substitute the value of the background wind, Ui =

11m⋅s−1, in the regression model in step 1 to find

the estimated variance in the given background state

(Var(Ui) = Ui × Cvar) and also substituting the same

background speed in the regression model in step 2

to find the estimated covariance in the same state

(Cov(Ui) = Ui × Ccov),

4 Lastly, we get the slope coefficient when the back-

ground wind speed is 11m⋅s−1 by dividing the

estimated covariance by the estimated variance

(Cov(Ui))/Var(Ui)) calculated in step 3. The resulting

regression maps show the waves at the base pressure

level and longitude base point that occur at that speed

and in the given base state. A regressed signal seen at

other pressure levels or at distance from the base point

shows the part of the remote signal that is correlated in

time with the signal near the base point. This remote

signal will generally include altered wave number

characteristics (which indicate changes in phase speed

as the waves move between environments).

Following Paul (2017a), we use a non-parametric boot-

strap test. Our objective is to test whether the varying

regression coefficient is statistically different from zero,

assuming the null hypothesis of no relationship. For this,

10,000 samples of the wavelet index are created with

replacement (see Wilks, 2011, chap. 5) and then 10,000

regression coefficients are calculated, which form the sam-

pling distribution against which the null value of zero

is compared. We use the 90% confidence level, so if the

slope lies between the 500th and 9,500th quantiles then

we reject the null hypothesis and the slope is statistically

significant at the 90% level. Since these wavelet signals

can contain more than just Kelvin waves (e.g., they can

also include eastward-advected Rossby waves), conclu-

sions about Kelvin waves are diagnosed not just by statisti-

cal significance of a difference from zero but by the extent

towhich the regressed pattern takes on characteristics con-

sistent with Kelvin waves. For example, a result that shows

eastward flow in a trough on the Equator, with cyclonic

gyres to the north and south, suggests that Kelvinwaves do

not dominate wave signals at the given speed in the given

background circumstances.

4 RESULTS

4.1 Regressed wave structures
in different background wind states

Figure 1 shows regressed geopotential and wind anoma-

lies at 50 hPa associated with the 24m⋅s−1 filtered wave at

the same vertical level, 50 hPa, at specific backgroundwind

speeds using the varying regression technique described

in Section 3.2. The background wind U is the zonal mean

zonal wind at 50 hPa at the Equator. Figure 1 presents

the patterns of the c = 24m⋅s−1 filtered wave associated

with −17, 9, and 17 m⋅ s−1 background flows. The speed

adjusted for quasi-Doppler shifting is c − U. Hence, for

example, targeting the 30m⋅s−1 wave under background

wind speed of 30m⋅s−1 indicates that the phase speed of

the pattern relative to the background flow is zero (which

could not be a Kelvin wave, as the intrinsic frequency is

zero if there are no dissipation forces).

Figure 1a shows an in-phase relationship between the

wind and geopotential, suggesting the presence of a Kelvin

wave. The highest amplitudes of the Kelvin wave are over

the Indian Ocean, reflecting the location of the base index

and the localization of the wave. The in-phase relation-

ship between the geopotential and wind relaxes as the

backgroundwind shifts from easterlies (Figure 1a) to west-

erlies (Figure 1b,c). Also, the meridional wind component

intensifies with the strengthening of the background west-

erly flow. The deviation of the regressed wave from the

Kelvin-wave structure described byMatsuno (1966) occurs

when the quasi-Doppler-shifted speed c − U is reduced

from 41m⋅s−1 to 7m⋅s−1. The same behavior was also

found when targeting slower waves (e.g., 20, 16, and
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SHAABAN and ROUNDY 393

F IGURE 1 Shading represents regressed 50 hPa geopotential with an interval of 1m2
⋅s−2 and 50 hPa wind vectors represent wind,

with the key wind represents 0.1m⋅s−1. The regressed geopotential and wind are associated with the 24m⋅s−1 wave filtered at 50 hPa when

the zonal mean zonal wind U at 15m⋅s−1 is (a) −17m⋅s−1, (b) 9m⋅s−1, and (c) 17m⋅s−1. Red wind vectors and hatched geopotential are

statistically significant at the 90% level using the 10,000 samples of the bootstrap test [Colour figure can be viewed at wileyonlinelibrary.com]

14m⋅s−1), and the quadrature pattern appears at slower

westerly wind background flows as we target slower waves

(not shown). The deviation of the in-phase relationship

between the zonal wind and geopotential with smaller

quasi-Doppler-shifted speeds reflects the fading of the lin-

ear Kelvin-wave structure, which encourages us to ana-

lyze the wavelet-filtered waves in greater detail at further

slower quasi-Doppler-adjusted speeds.

Box-plot diagrams are used to represent the range of

the background zonal mean zonal wind at 70, 50, and

30 hPa in Figure 2. The basic state flow at those levels

is negatively skewed, consistent with the QBO (Baldwin

et al., 2001). As the maximum value of the zonal mean

zonal wind at 50 hPa is 17.3m⋅s−1 (see Figure 2), we select

wavelet indexes targeting slower phase speeds than the

24m⋅s−1 Kelvin wave shown in Figure 1.

Figure 3 presents regressed geopotential and wind

anomalies at 50 hPa associated with the 20m⋅s−1 and

16m⋅s−1 wave filtered at 50 hPa when the background

speeds are 17m⋅s−1 and 15m⋅s−1, respectively. The corre-

sponding quasi-Doppler-adjusted phase speeds are 3m⋅s−1

and 1m⋅s−1, respectively. Negative gepotential anomalies

with cyclonic motions straddle the equatorial central and

western Indian Ocean, and a latitudinally narrow negative

geopotential anomaly with easterlies lies to the east of the

equatorial Maritime Continent. This structure is similar to

the famousGill pattern (Gill, 1980). At the aforementioned

quasi-Doppler-adjusted speeds, the wavelet index projects

on a Gill-like pattern rather theMatsuno Kelvin wave, sug-

gesting the possibility of the absorption of theKelvinwaves

thatwere clearly observed at faster quasi-Doppler-adjusted

F IGURE 2 Box-plots overlaid with scatter plots of the

equatorial zonal mean zonal wind at 70, 50, and 30 hPa and the

30–50 hPa wind shear. The red line inside the box represents the

median. The box outlines the first (q1) and third (q3) quartiles, and

its width is the interquartile range (IQR). The whiskers’ endpoints

refer to (q1 − 1.5IQR) and (q3 + 1.5IQR) values, and the points

beyond the whiskers are considered outliers. The distribution of the

zonal wind is also shown in the scattered dots. The dots are spread

randomly in the horizontal within their clusters to make it easier to

view the distribution of events along the vertical axis [Colour figure

can be viewed at wileyonlinelibrary.com]
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394 SHAABAN and ROUNDY

F IGURE 3 As in Figure 1,

except (a) the 20m⋅s−1 Kelvin wave is

used when the background speed is

17m⋅s−1 and (b) the 16m⋅s−1 is targeted

when the background speed is 15m⋅s−1

[Colour figure can be viewed at

wileyonlinelibrary.com]

F IGURE 4 Lagged-longitude diagram of regressed zonal wind anomalies (shaded, interval of 0.1m⋅s−1) and geopotential anomalies

(contours, interval of 1m2
⋅s−2 when values between −4 and 4m2

⋅s−2, and an interval of 2m2
⋅s−2 otherwise) averaged between 10◦ S and 10◦

N at 50 hPa on the 14m⋅s−1 filtered wave at 50 hPa when the background flow at 50 hPa is (a) −19, (b) 1, and (c) 11m⋅s−1. Dots and hatching

indicate that the zonal wind and geopotential are statistically significant at the 90% level based on a 10,000 sample bootstrap test [Colour

figure can be viewed at wileyonlinelibrary.com]

speeds. The Gill-type pattern may be a response of the

atmosphere to direct forcing from below under back-

ground conditions in which the local atmosphere does not

permit a Kelvin wave.

The lagged-longitude structure of the zonal wind and

geopotential associated with the 14m⋅s−1 Kelvin wave

filtered at 50 hPa at different background speeds U is

depicted in Figure 4. The phase lines imply an eastward

phase velocity. The wave period is∼7 days, consistent with

the wavelet frequency, and it does not vary a lot with the

background flow. The structure of the Kelvin wave is clear

between the −19m⋅s−1 and +1m⋅s−1 background flows,

where the quasi-Doppler-shifted speeds are 33m⋅s−1 and

13m⋅s−1, respectively, as shown in Figure 4a,b. The

regressed pattern at 1m⋅s−1 background flow depicts a

stronger amplitude than the regression against the wavelet

base index in −19m⋅s−1 flow. During 11m⋅s−1 westerly

flow, the 14m⋅s−1 Kelvin wave disappears, as suggested by

the quadrature relationship between the zonal wind and

the geopotential (which indicates that a Kelvin wave is no

longer the dominant signal at that height). This behav-

ior was also observed with the 20 and 16m⋅s−1 waves (see

Figure 3).

The fading of the Kelvin waves at small quasi-

Doppler-shifted speed is a robust dynamical phenomenon,

as it was also observed at 30 and 70 hPausing filteredwaves

at different phase speeds among different background

winds. At lower heights, the background wind decreases;

thus, slower Kelvin waves could reach the critical layer.

The vertical structure of the regressed waves at dif-

ferent quasi-Doppler-shifted speeds is shown in Figure 5.

The lagged-vertical structure of regressed zonal wind

and geopotential anomalies is associated with the same

wavelet index and background speeds, as in Figure 4.
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SHAABAN and ROUNDY 395

F IGURE 5 Lagged-vertical level map of regressed zonal wind anomalies (shaded, interval of 0.1m⋅s−1) and geopotential height

anomalies (contour, intervals −16, −12, −8, −4, −2, −1, 1, 2, 4, 8, 12, and 16 m2
⋅ s−2) on 14m⋅s−1 filtered wave at 50 hPa when the

background wind at the same level is (a) −19, (b) 1, and (c) 11m⋅s−1. Statistical test is the same as in Figure 4 [Colour figure can be viewed at

wileyonlinelibrary.com]

The alternative weakening and strengthening of the zonal

wind and geopotential along the phase lines results

from the coarse resolution in the vertical and the

logarithmic-scale axes in the plotting algorithm. The phase

lines imply a downward phase velocity that is consistent

with the dynamics of the stratospheric Kelvinwave. Kelvin

waves propagate verticallywhen the quasi-Doppler-shifted

speeds are 33 and 13m⋅s−1, as presented in Figure 5a,b.

Yet, when the background wind is adjusted so that

the quasi-Doppler-shifted speed is reduced to 3m⋅s−1, a

quadrature relationship between zonal wind and geopo-

tential height anomalies suggests that aKelvin-wave signal

is absent, consistent with the hypothesis that it is absorbed

below the critical layer.

4.2 The structures of regressed waves
in vertical wind shear with and without
critical layer

The association of the vertical shear of the zonal mean

zonal windwith the structure of the regressedwaves is also

analyzed using the same technique used with the varying

background winds. The 30–50 hPa vertical shear index is

defined as the zonalmean zonal wind at 30 hPaminus that

at 50 hPa without dividing by the vertical spacing between

the two levels to get more sense of the index values. We

replace the background flow index with the 30–50 hPa

vertical shear (see Figure 2).

We examine lagged maps of the 14m⋅s−1 filtered wave

during bothwesterly and easterly shear at the base, 50 hPa,

and the top (30 hPa) of the 30–50 hPa shear layer. First,

we present the 14m⋅s−1 wave at 30 hPa during −10 and

18m⋅s−1wind shear, as shown inFigure 6a,b. It is clear that

the 14m⋅s−1 wave maintains the Kelvin-wave structure

during the easterly shear (Figure 6a), but it loses this struc-

ture during the westerly shear (Figure 6b). The quadrature

relationship between the zonal wind and geopotential per-

sists with increasing westerly wind shear (not shown). On

the other hand, the structure of the filtered waves at the

base of the shear layer (50 hPa; Figure 6c,d) is opposite to

that at the top of the shear layer (30 hPa; Figure 6a,b). At

the base of the shear layer, Kelvin-wave structure is main-

tained during the 18m⋅s−1 westerly shear (Figure 6c) but

disappears at the−24m⋅s−1 easterly shear (Figure 6d). Yet,

Kelvin-wave characteristics are also observed at −10m⋅s−1

wind shear (not shown). The waves captured at −24m⋅s−1

(Figure 6d) are slower than the Kelvin wave found dur-

ing 18m⋅s−1 (Figure 6c). We do not expect that a pattern

that deviates from the Kelvin-wave structure would obey

the Kelvin-wave dispersion characteristics. To summarize,

the Kelvin-wave structure intensifies with the 30–50 hPa

westerly shear at 50 hPa and the 30–50 hPa easterly shear

at 30 hPa.

The gradual departure of the pattern, at 30 hPa under

westerly shear and at 50 hPa with the easterly shear, from

the Kelvin-wave structure might be attributed to the grad-

ual reduction of the quasi-Doppler-shifted speed some-

where between 30 and 50 hPa. We found that the 14m⋅s−1

wavelet projects on the quadrature pattern under 18m⋅s−1

wind shear (see Figure 6). Yet, would the 14m⋅s−1 wavelet

project on the Kelvin-wave structure if the 18m⋅s−1 shear
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396 SHAABAN and ROUNDY

F IGURE 6 Regressed wind

(shaded, interval of 0.1m⋅s−1) and

geopotential (contours, an interval of

1m2
⋅s−2 when values between −4

and +4m2
⋅ s−2, and an interval of

2m2
⋅s−2 otherwise) at (a, b) 30 hPa on

the 14m⋅s−1 Kelvin wave filtered at

30 hPa for (a) −10m⋅s−1 wind shear

and (b) 18m⋅s−1 wind shear based on

the 30–50 hPa and at (c, d) 50 hPa on

the 14m⋅s−1 Kelvin wave filtered at

50 hPa for (c) −24m⋅s−1 wind shear

and (d) 18m⋅s−1 wind shear based on

the 30–50 hPa. Dots and hatching

have the same meaning as in Figure 4

[Colour figure can be viewed at

wileyonlinelibrary.com]

profile did not include the critical layer? In other words,

could a westerly shear profile without a critical line show

a pure Kelvin wave in contrast to a westerly shear pro-

file with the critical layer? To test that, we compare the

regressed fields associated with the same shear profiles

(18m⋅s−1) but with fast and slow Doppler-shifted speeds.

We use amultiple regression analysis with two indices: the

30–50 hPa shear index, and the zonal mean zonal wind at

30 hPa. Figure 7 showts the 30 hPa regressed zonal wind

and geopotential fields associated with the 30 hPa 14m⋅s−1

wavelet when the 30–50 hPa wind shear is 18m⋅s−1, but

at two different values of the 30 hPa quasi-Doppler-shifted

speed: 23m⋅s−1 (Figure 7a) and 7m⋅s−1 (Figure 7b). A

more Kelvin- wave structure, however weak, prevails at

23m⋅s−1when comparedwith a semi-quadrature structure

that exists at 7 m⋅s−1. This is somehow different fromwhat

we expected, to see a pure Kelvin-wave structure in the

absence of the critical line and non-Kelvin structure near

the critical layer.

5 DISPERSION EQUATION OF
THE KELVIN WAVE UNDER SHEAR

In this section we derive the dispersion equation of the

Kelvin waves under vertical wind shear of the zonal wind

to compare the observed wave characteristics in the pre-

vious section with the theoretical ones. A primitive model

on a beta plane linearized about the zonal mean flow with

neither forcing nor dissipation is used following (Andrews

et al., 1987, chap. 3, 4). The beta plane approximation is

widely used for studying the equatorially confined waves
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SHAABAN and ROUNDY 397

F IGURE 7 The same as

Figure 6, but with regressed wind and

geopotential at 30 hPa using the 30 hPa

14m⋅s−1 Kelvin wave when the

30–50 hPa wind shear is 18m⋅s−1 and

the 30 hPa Doppler-shifted wind speeds

are (a) 23m⋅s−1 and (b) 7m⋅s−1 [Colour

figure can be viewed at

wileyonlinelibrary.com]

(Matsuno, 1966; Gill, 1980). The model is as follows:

u′t + uu′x + uzw
′ + 𝜙′

x = 0, (2a)

𝛽yu′ + 𝜙′
y = 0, (2b)

𝜙′
z = H−1R𝜃′ e−𝜅z∕H , (2c)

u′x + 𝜌−1o (𝜌ow
′)z = 0, (2d)

𝜃′t + u𝜃′x + 𝜃zw
′ = 0. (2e)

The variables u′, w′, 𝜙, and 𝜃′ are the zonal wind, vertical

wind, geopotential, and potential temperature deviations

from the zonal means. The prime and overbar refer to the

deviation of the zonal mean and the zonal mean. 𝛽 is the

beta parameter, or the meridional gradient of the Corio-

lis parameter at the Equator, H is the scale height, and

𝜅 ≡ R∕cp, where R is the gas constant of the dry air and

cp the specific heat at constant pressure. Equations 2a–2c

represent the horizontal momentum equations and the

hydrostatic equation. Equations 2d and 2e represent the

continuity equation and the thermodynamical equation.

Note that z is the log-pressure height, which, however

close to the geometric height, simplifies the derivations

(Andrews et al., 1987;Holton andHakim, 2012). Following

Andrews et al. (1987), we use a solution of the following

form to derive the dispersion equations:

⎛⎜⎜⎜⎜⎜⎝

u′

w′

𝜙′

𝜃′

⎞⎟⎟⎟⎟⎟⎠

= ez∕2H Re

⎧⎪⎪⎨⎪⎪⎩

û(y)

ŵ(y)

𝜙̂(y)

𝜃̂(y)

⎫⎪⎪⎬⎪⎪⎭

ei(kx+mz−𝜔t), (3)

where k and m are the zonal and vertical wave num-

bers and 𝜔 is the angular frequency. We present the

dispersion equations in four scenarios in the following

subsection.

5.1 No background wind u = 0 (and
hence no vertical shear uz = 0)

Under no background zonal wind u = 0, the system of

Equations 2a–2e reduces to a simple, though very use-

ful and well-known, baroclinic model. From Equations 2e

and 2c we get the vertical velocity w′ in terms of the

geopotential height 𝜙′:

w′ = −
1

N2
𝜙′
zt. (4)

From Equation (2a), the geopotential height is related to

the zonal wind as 𝜙′ = (𝜔∕k)u′, and another relationship

between the zonal wind and geopotential height could

be found by substituting w′ from the Equation (4) into

the continuity equation, Equation (2d). Before proceeding

further, we note that (1) the density is a function in the

height (𝜌o = 𝜌s e−z∕2H), where 𝜌s is the density at the sur-

face, and (2) we utilize Boussinesq approximation, where

i∕2H is neglected when compared with the vertical wave

number. The Boussinesq approximation is valid for phe-

nomena whose vertical scale (which in this context is the

reciprocal of the vertical wave number, m−1) is smaller

than the scale height – which is 2H here, as used in the

suggested wave solution equation, Equation (3) – of the

atmosphere; hence, waves do not feel abrupt reduction of

density. For an atmosphere with scale height of roughly

7 km, 1∕(2H) ∼ 0.07 km−1, and the vertical wave numbers
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398 SHAABAN and ROUNDY

are 1.25 km−1, 0.63 km−1, 0.31 km−1, and 0.21 km−1 for

waves of vertical wavelengths 5 km, 10 km, 20 km, and

30 km, respectively. Then, for waves with short vertical

wavelengths, |i∕2H| < |m|, and the term [(i∕2H) −m] ∼

−m. The second relationship between the zonal wind and

geopotential is

𝜙 =
N2

m2

k

𝜔
u′.

From this relationship andEquation (4), we get the Boussi-

nesq dispersion relationship of the Kelvin waves:

𝜔

k
= ±

N

m
. (5)

For stratospheric (upward energy) Kelvin waves, 𝜔∕k =

−N∕m, wherem < 0. For tropospheric (downward energy)

Kelvin waves, 𝜔, k = N∕m, where m > 0, under the

assumption that the tropopause is not a rigid lid (Ahmed

and Roundy, 2021).

5.2 Constant background flow with no
vertical shear uz = 0

The effect of the background flow is recovered when

adding the advection terms uu′x and u𝜃′x. Hence, the

Boussinesq dispersion equation under background zonal

wind is
𝜔

k
− u = −

N

m
. (6)

The vertical wavelength of the Kelvin waves is directly

proportional to the Doppler-shifted phase speed. The cal-

culated vertical wavelengths of the 33m⋅s−1, 13m⋅s−1, and

3m⋅s−1 Doppler-shifted speeds, shown in Figure 5, are

≈9 km, ≈3 km, and 785m, respectively.

5.3 Variable background wind
and vertical wind shear

We complicate the system a little bit by allowing u and

N to vary with the height and adding back uzw′, the only

term that incorporates the vertical shear of the zonal wind,

to the model. To solve the model, we follow the same

steps we did in Section 5.1. We get an equation of the

vertical wind in terms of the geopotential height using

Equation (2e) (the hydrostatic equation) andEquation (2c)

(the thermodynamics equation):

w′ =
−(𝜙′

zt + u𝜙′
zx)

N2
. (7)

Then, by substituting the value of w′ in the momentum

equation of the zonal wind, Equation (2a), and utilizing

the Boussinesq approximation, we get

𝜙′ =
𝜔 − ku

i
muz

N2
(𝜔 − ku) + k

u′.

We also utilize the vertical wind equation (7) in the con-

tinuity equation to get another relationship between the

gepotential height and the zonal wind.

𝜙′ =
ik

(im2N−2 − 2N−3Nzm)(𝜔 − ku) − N−2mkuz
u′.

From the latter two equations, we solve for 𝜔 − ku:

(c − u)2 =
N2

m2 +
2Nzm

N
i

. (8)

The phase speed changes with height, since the back-

ground wind changes with height, yet the vertical wave

number does not change with height, though N and Nz

may vary with height. This dispersion equation includes

an imaginary component in the denominator that could

be neglected if we assume that N is constant and hence

Nz = 0; in this case, this dispersion equation reduces to

the classical dispersion equation discussed in the pre-

vious section and we consider the background wind as

a constant. It is surprising that the dispersion equation

of Kelvin waves in settings with a vertical shear of the

zonal wind is not a function in the vertical shear of the

zonal wind. This might indicate that we need to redesign

the wave solution used to solve the model. So, we relax

the horizontal and vertical wave numbers so they vary

with height, then we derive the dispersion equation again

(see next section) and see whether the phase speeds of

the Kelvin waves depend on the vertical shear of the

zonal wind.

5.4 Variable u, N ,m, and 𝝀

In this last scenario, we allow the vertical and horizontal

wave numbers, besides N and u, to vary with the height

z. As before, we use Equation (7) to find the relationship

between the geopotential height and zonal wind:

𝜙′ =
𝜔 − uk

AN−2uz(𝜔 − ku) − N−2uzukz + k
u′, (9)

where A = (1∕2H) + i(xkz + zmz +m). The other relation-

ship between the zonal wind and the geopotential height is
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SHAABAN and ROUNDY 399

found by using Equation (7) and the continuity equation,

then:

𝜙′ =
−ik

N−2

2H
[−iA(𝜔 − uk) + iukz]

+2N−3Nz[−iA(𝜔 − uk) + iukz]

−N−2[B(𝜔 − uk) − iA2(𝜔 − uk) + iuz(kA + kz)

+u(ikzz + 2ikzA)]

u′,

(10)

whereB = xkzz + 2mz + zmzz. By equating Equations 9 and

11, we ...” The author original (edited, and modified to

give an eqn number) is commented out following this note

should they wish to revert to that.

𝜙′ =
−ik

N−2

2H
x + 2N−3Nzx − N−2y

u′, (11)

where x = −iA(𝜔 − uk) + iukz and y = B(𝜔 − uk) −

iA2(𝜔 − uk) + iuz(kA + kz) + u(ikzz + 2ikzA), where

B = xkzz + 2mz + zmzz. By equating Equations 9 and 11,

we get the following quadratic equation in 𝜔 − uk:

(
N−2A

2H
+ 2N−3NzA − N−2iB − N−2A2

)
(𝜔 − uk)2+

[
−N−2

2H
ukz − 2N−3Nzukz + N−2uz(KA + kz)

+N−2u(Kzz + 2kzA)

]
(𝜔 − uk) + kN−2uzukz − k2 = 0.

(12)

Solving this quadratic dispersion equation is straightfor-

ward, though it requires explanation. Hence, we present

the following special cases:

1 Constant N, u,m, and 𝜆.

As expected, under those conditions, we must get

the classical dispersion equation, c − uk = N∕m, dis-

cussed in Section 5.2.

2 Constant u,m, and 𝜆 with varying N.

In this case, the phase speeds of the Kelvin waves

reduce to c − u = [N2∕(m2 + 2imN−1Nz)]
1∕2. This dis-

persion relationship was discussed in Section 5.3.

Recall that this dispersion equation was derived

in setting with a vertical shear of the zonal wind,

though we get this relationship when we assume

here that there is no vertical shear. This discrep-

ancy arose cause the terms with the vertical shear of

the zonal wind ultimately cancel each other in the

derivation.

3 Constantm and 𝜆 with varying N and u.

(c − u)2 = −
kuz
2m

i ±
kN

2m

√
4 − Ri−1 (13a)

or 𝜔 − ku = −
kuz
2m

i ±
kuz
m

√
Ri − 0.25, if uz ≠ 0,

(13b)

where Ri ≡ N2∕u
2
z is the gradient Richardson num-

ber. In the absence of the vertical shear, the dispersion

equation under shear, Equation (13a), reduces to 𝜔 −

ku = −kN∕m. The appearance of the Richardson num-

ber is not surprising; it indicates whether the instability

caused by the shear is enough to overcome the static

stability of the atmosphere. The 0.25 in
√
Ri − 0.25

is the theoretical threshold distinguishing stable (Ri >

0.25) and unstable flow (Ri < 0.25). The internal gravity

wave amplitude was found, by John and Francis (1967),

to drop exponentially by −2π
√
Ri − 0.25 if the critical

level were encountered in a stable flow. The dispersion

equation, Equation 13a and 13b, enables us to analyze

the variability of the phase speed of the Kelvin waves

with the vertical wind shear (as enclosed in Ri). If Ri

is less than 0.25, then the Kelvin wave dissipates and

𝜔 − ku becomes imaginary, expressing the growth rate

of the disturbance

kuz
2m

(
−
1

2
±
√|Ri − 0.25|

)
,

which varies proportionally with the wavelength. On

the other hand, if Ri is larger than 0.25, then
√
Ri − 0.25

is real, and the frequency becomes (kuz∕m)
√
Ri − 0.25

and the growth rate reduces to −kuz∕2m. The solution

of the this model is a combinations of Kummer func-

tions. Figure 8 presents the phase speed of the Kelvin

wave as a function in Ri at 4.5 km vertical wavelength.

The phase speed of the Kelvin waves increases with the

increases of Ri and achieves its maximum speed in the

absence of the shear (when Ri reduces to infinity). The

Kelvinwave achieves half itsmaximum speed (its speed

in the absence of the shear)whenRi increases from0.25

to 0.33, and then it approaches 90% of maximum speed

when Ri hits 1.32.

The rapid increases of the phase speed of the Kelvin

waves with such small increases of Ri motivates us

to calculate Ri in the stratosphere. Although the Ri

found in the dispersion equation represents the zonal

mean,we used data at a specific location, theDYNAMO

high-resolution radiosonde observations launched at

Addu Atoll airport, Gan island, Maldives, in order

to calculate Ri at different fine vertical resolutions,
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400 SHAABAN and ROUNDY

F IGURE 8 Phase speed of the Kelvin wave as a function of

the Richardson number. The vertical wavelength of the Kelvin wave

is 4.5 km, and static stability is 0.0240 s−1. The orange line shows the

speed of the Kelvin wave in the absence of vertical wind

shear – recall Equation (5). The second y-axis shows the percentage

of the phase speed of the Kelvin waves with shear to that without

shear [Colour figure can be viewed at wileyonlinelibrary.com]

which is not available at a global scale. Nevertheless,

we think that the overall result presented here does

not depend on whether we used the zonal-mean or

specific-location Richardson number. Figure 9 shows

box-plots of unfiltered Ri at the following vertical res-

olutions: 100, 600, 1,100, 1,600m. The median, and to

a lesser extent, the minimum value of the Ri, increases

with the vertical resolution of the data, and it is >1 at

all resolutions. The threshold value (0.25) of Ri is found

below the lower quartile of Ri when the vertical reso-

lution is 100 and 600m. Hence, Ri calculated on fine

vertical resolution could be associated with a slower

Kelvinwave than that associatedwith a coarse grid. The

same conclusion was also observed when analyzing the

radiosonde data at different times.

6 DISCUSSION AND
CONCLUSION

The wavelet filtering and the varying-coefficient regres-

sion techniques served as tools of precision that enabled

us to appoint the targeted wave speed and simultane-

ously choose the surrounding background wind speed

or vertical shear, or both. Three patterns were observed

while reducing the quasi-Doppler-shifted speed by tar-

geting different phase-speed-based waves or modify-

ing the background wind. The first observed pattern

is the classical Kelvin wave, which appears at high

quasi-Doppler-shifted speeds (stronger background east-

erlies). Then, at slower quasi-Doppler-shifted speeds

(weaker background easterlies) we get the second pattern,

F IGURE 9 Gradient Richardson number calculated using

high-resolution radiosonde launched on June 22, 2011, at Addu

Atoll airport, Gan Island, Maldives, during the DYNAMO field

campaign. The observations are from 199.9 to 5.6 hPa (where the

balloon burst). The vertical resolutions are the grid size used to

calculate static stability and the vertical shear of the zonal and

meridional wind. The circles above the whiskers are the outliers. The

red line inside the boxes indicates the median. The legend indicates

the number of the points found at the corresponding vertical

resolution [Colour figure can be viewed at wileyonlinelibrary.com]

which resembles a quadrature relationship between the

wind and the geopotential anomaly. For simplicity, we

call the second pattern a “relaxed” Kelvin wave. The

“relaxed” Kelvin wave was also found by Paul (2017b)

when analyzing the tropospheric Kelvin waves at differ-

ent phase speeds. This deviation of the slower waves from

the traditional tropospheric Kelvin wave expresses the

growing role of the convection. Yet, in the stratosphere,

the wave dynamics (e.g., intrinsic frequency that is not

associated with wave structure similar to Kelvin waves

and facing a shear layer) rather than the moist dynam-

ics (e.g., convection-induced convergence that modulates

the wave speed and structure) must be responsible for the

appearance of the “relaxed” Kelvin wave. Lastly, when the

quasi-Doppler-shifted speed reduces to zero or negative

values, we get the third pattern, which is the well-known

Gill structure (Gill, 1980). The ideal Gill pattern is a forced

response, in contrast to the Kelvin wave, which could be a

forced response or free (radiated) mode (Harry andMurry,

1994). The transition of the Kelvin wave to the “relaxed”

Kelvin structure, and finally to the Gill pattern, reflects

the existence of varying frequency sources that could orig-

inate from the variation of the background wind in the

stratosphere rather than being a direct projection of the
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tropospheric sources. In otherwords, a continuumof back-

ground speeds might act as a source of intrinsic frequen-

cies. Although the reduction of the quasi-Doppler-shifted

speed or wind shear, or both, are, in essence, responsible

for the observed patterns, other factors outside the scope

of this studymight also play a role, like Newtonian cooling

or Rayleigh damping, or both.

We found that Kelvin waves fade before approach-

ing the critical layer. Hence, it is intuitive to differentiate

between what we suggest as the “observed critical lay-

er” and the “theoretical critical layer.” We define the

“observed critical layer” as the layer at which the wave

structure begins to fade away, and define the “the-

oretical critical layer” as the layer at which the

quasi-Doppler-shifted speed reduces to zero. The

quasi-Doppler-shifted speed associated with the “ob-

served critical layer” is faster than that associated with

the “theoretical critical layer,” which is identically zero.

This definition, however simple, has a critical implication

on our understanding of the eddy–background flow inter-

action. Actually, waves that are a few meters per second

faster than the background flow could be absorbed by

the mean flow before approaching the theoretical critical

layer. This behavior was also observed by William and

Isaac (1991) when studying the absorption of meridional

transient tropospheric eddies. The difference between

the “theoretical critical layer” and the “observed critical

layer” is probably the dissipation factors, like Newtonian

cooling and Rayleigh friction that are implicitly taken into

account in the “observed critical layer” and which may be

associated with the background flow.

We found that Kelvin waves could be absorbed at

30 hPa during 30–50 hPa westerly shear. In general, the

absorption of the Kelvin waves is followed by the descent

of the westerlies with time, which is a well-known mech-

anism for the formation of the westerly phase of the QBO

(plumb, 1981). We found also that the Kelvin waves could

be absorbed at 50 hPa during 30–50 hPa easterly shear.

Absorption of the Kelvin waves at the base of the easterly

shear layer might be associated with the fluctuation of the

tropopause near 100 hPa (Ryu et al., 2008). Although, at

the top of the shear layer, Kelvin waves survive during the

easterly shear and get absorbed during the westerly shear,

multiple linear regression against the background zonal

wind and vertical shear did not clearly show whether the

existence of the critical line is critical to the absorption

of the Kelvin waves. We found that Kelvin waves did not

present at the top of the shear layer in westerly shear layer

even at fast quasi-Doppler-shifted speed (Figure 7). John

(1973) mentioned that internal shear developed inside the

wave while propagating in the westerly shear layer and

that the fast reduction of the upward group velocity with

the increases of the quasi-Doppler speed make it harder

for the Kelvin waves to penetrate further in a westerly

shear layer.

The phase speed of the Kelvin waves in a resting atmo-

sphere under the Boussinesq approximation is c = ±N∕m.

TheBoussinesq approximation is expected to bemore valid

in the troposphere than in the stratosphere, since it is easy

find stratospheric Kelvin waves with vertical scales that

are way longer than the stratospheric scale height. The

reason behind revisiting the dispersion equation is to get

more insight into the effect of the vertical wind shear on

the phase speed of the Kelvin wave – see Equation 13).

Although several studies focused on propagation of the

Kelvin waves under vertical and horizontal shear (e.g.,

Holton, 1970; 1971; Richard, 1972; Alan andRobert, 1982),

the variability of the dispersion propertieswithRichardson

number has not gained much attention. In most theo-

retical studies back in the 1970s and 1980s, Richardson

number was assumed to be large, a consequence of the

lack of observations with a high vertical resolution in the

stratosphere. Under a large Richardson number, we found

the dispersion equation under vertical shear reduces to

the classical dispersion equationwithout vertical shear.On

the other hand, if the Richardson number lies between

0.25 and 1, the phase speed of the Kelvin wave decreases

sharply. Richardson number ismore likely to be calculated

as small when using observations with fine resolution in

the vertical (see Figure 9), which yields estimation biases

when using the dispersion equation under vertical shear.

The dependence of the calculated bulk Ri on the thick-

ness of the layer used to compute it was hypothesized

before – see Reiter and Lester (1967); Elmar and Peter

(1968) and references cited therein. The vertical resolution

of the data used to calculate Ri depends on the application

under investigation. For example, Ri is commonly used in

studying clear air turbulence (CAT). (Reiter and Lester,

1967, table 1) lists different studies that correlate the Ri

to CAT under different circumstances. The vertical resolu-

tionswhich vary from study to study; e.g., 250, 300, 1,000m

were chosen to achieve the best correlation between the

CAT and Ri. Weisman and Klemp (1982) used a version

of the Richardson number to analyze mesoscale convec-

tive patterns. The vertical wind shear of the zonal wind

was calculated as the difference between the vertical mean

zonal wind of the lowest 6 km and the vertical mean of

zonal wind of the lowest 500m. This choice was ideal to

separate different mesoscale convective patterns. Molinari

et al. (2014) used GPS sonde data with a vertical resolu-

tion of 400m to study the outflow of tropical cyclones.

We showed that Ri changes with the vertical resolution

of the data in the tropical stratosphere (Figure 9), yet the

vertical resolution of the reanalysis dataset is still coarse

to study the structure of Kelvin waves at various vertical

resolutions.
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FUTURE WORK

In a separate study, we will investigate the propagation of

Rossby waves under different background flows and verti-

cal shears. Rossby waves are expected to be absorbedwhen

the background wind is easterly instead of westerly.
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