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a b s t r a c t 
Variable-density jets occur in many systems, including geophysical flows and industrial applications, ex- 
hibiting a large range of scales of Reynolds and Richardson numbers. A series of jets with varying den- 
sities was ejected vertically into a large ambient region. Using particle image velocimetry, the near-exit 
velocity fields were measured for three different gases exhausting into air: helium, air and argon. Exper- 
iments considered relatively low Reynolds numbers from approximately 1500 to 5500 with Richardson 
numbers near 0.001 in magnitude. These included a variety of flow responses, notably nearly laminar, 
turbulent and transitioning jet flows. Flows were examined through a multifractal framework, and the 
singularity spectrum showed the characteristics of the flow based on the evolution in the streamwise 
and wall-normal direction. The variation of the Hölder exponent displayed the asymmetry and intermit- 
tency of the flow. Similar to the Reynolds shear stress, the development of intermittent behavior is a 
function of downstream location with respect to changes in the Reynolds number. The density of the 
exiting jet also influences the location of high intermittency within the flow signal. Lower density jets 
provide increased variability of the signal within the ambient air and the shear layer close to the exit 
of the jet. Specifically, the highest degree of multifractality is observed within the mixing layer of the 
helium jet at a transitioning Reynolds number. Conditional averaging with respect to the fluctuating ve- 
locity components and the pointwise Hölder exponent reveals high velocity-intermittency interactions at 
the inside of the jet mixing layer when fluid is entrained and at the turbulent/non-turbulent interface 
when fluid is ejected. Finally, line integral convolution illustrates the impact of turbulent/non-turbulent 
interface on the jet dynamics. 

© 2021 Elsevier Ltd. All rights reserved. 
1. Introduction 

Turbulent jets are important fundamental flows with broad ap- 
plications [1] and relevant examples are found in industrial appli- 
cations such as smoke stack emissions, as well as an array of geo- 
physical features including underwater hydrothermal plumes, vol- 
canic ejections, and geological sedimentation [1,2] . Through exami- 
nation of turbulence development and entrainment, more accurate 
plume and eruption models may be generated, helping to predict 
downstream behavior [3–5] . 

Previous studies characterize jet flow dynamics in relation to 
Richardson and Reynolds numbers, examining shear layer forma- 
tion and entrainment. Buoyant jets, where jet density is less than 
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that of the ambient fluid, show increased turbulence development 
in the near-field region compared to higher density jets [6] . Stud- 
ies have shown that entrainment is pronounced in buoyant jets 
[7–9] . A numerical study of by Wang et al. [10] compared jets 
of helium, air and CO 2 into air, finding the lower-density jet de- 
veloped more quickly than the denser jet. Similar trends were 
confirmed through experimental campaigns [11,12] . Gharbi et al. 
[11] used laser Doppler velocimetry to examine jets of helium and 
CO 2 with the same exit momentum flux exhausting into a co- 
flow. The study found rapid development of turbulence for the 
helium in comparison to the carbon dioxide jet. Viggiano et al. 
[12] considered gases of variable densities ejected from a constant- 
diameter jet, showing more rapid flow development and promi- 
nent Reynolds stresses with low-density jets. In addition, more sig- 
nificant fluctuations were observed within the first few diameters 
when exit Reynolds numbers were transitional, corresponding to 
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high entrainment of ambient air. The far-field effects of variable 
density jets were examined by Gerashchenko and Prestridge [13] , 
finding that the density gradient heavily influenced the turbulent 
kinetic energy (TKE) of the jet. The larger gradient leads to in- 
creases TKE as a function of streamwise distance from the jet while 
the small gradient flow causes the TKE to decrease as the jet de- 
velops downstream. In a particle tracking experimental study by 
Wolf et al. [14] , the local entrainment velocities were found to be 
dependent on the local shape of the jet interface with the ambi- 
ent fluid. The shape and interactions across the mixing layer are 
formed by the size of the eddies present at the interface, suggest- 
ing that entrainment can be quantified through the characteriza- 
tion of small scales of turbulent interface motion. A comparable, 
more granular examination of entrainment phenomena with buoy- 
ant jets in the near field region may grant perspective on bulk be- 
havior as the jet continues to develop downstream. 

One such analytical technique is multifractal analysis, used to 
characterize the self-similar nature of roughness [15] . The self- 
similarity of turbulent energy scales, as described by Kolmogorov 
[16] , allows for examination of turbulent flows through a multifrac- 
tal framework [17] . Foundational work by Meneveau and Sreeni- 
vasan [18] permitted an energy cascade model with regards to dis- 
sipation of turbulence kinetic energy through multifractal analysis. 
A fractal signal is characterized by the power law. When homo- 
geneous, it is classified as monofractal, while when multifractal, it 
is heterogeneous. A multifractal field is described by a continuum 
of scaling exponents and results in numerous criteria that describe 
the nature of the signal. 

Several approaches to the quantification of the multifractal 
parameters have been established over the years. Russell et al. 
[19] defined the box-counting method for approximation of the 
fractal dimension and in turn the multifractal spectrum. The signal 
is meshed into various box sizes, r, and a normalized measure is 
then computed. For random phenomena, fractal analysis based on 
fractional Brownian motion (fBm) methods is often utilized. Frac- 
tal Brownian functions (fBfs), a generalization of fBm, are the most 
encountered physical models [20] . This technique results in a frac- 
tal dimension that is invariant with transformations [21] . Eke et al. 
[22] defined the signal summation conversion (SSC) method, which 
can be applied to stationary and non-stationary time series alike. 
Finally, the multifractal wavelet method, introduced by Jaffard et al. 
[23] , is a robust technique which divides the signal into wavelets 
that show a zero-mean, fast-decaying waveform. 

Multifractal formalism has been extended to describe flow char- 
acteristics in turbulent free-shear jets for both numerical and ex- 
perimental data [24–27] . Sykes and Gabruk [25] used numeri- 
cal data of a jet to determine fractal dimension through area- 
perimeter and box-counting analyses. Lane-Serff [24] experimen- 
tally investigated buoyancy affects of a downward-oriented jet on 
the fractal structure and dimension. Seo and Lyu [26] examined jet 
turbulence intensity and dilution using the box-count method over 
a two-dimensional space, finding that multifractal properties can 
be used to characterize the discharge outfall. López et al. [27] ap- 
plied a gliding box method to turbulent axisymmetric plumes, re- 
vealing that the time evolution of the plume and momentum flux 
are able to be characterized by multifractal parameters. 

Although the application of multifractal analysis in turbulent 
flow is well established, this technique has not been applied for in- 
vestigation of entrainment in buoyant free-shear flow. This method 
provides small scale information from signals which are highly in- 
termittent and therefore cannot be well-described via more stan- 
dard statistical approaches. The explicit relationship between the 
fluctuating temporal signal and the flow singularities, resulting 
from multifractal formalism, provides an idea of the type of rough- 
ness and strong nonuniformities of the flow. This provides an alter- 
native/extension beyond typical entrainment analysis descriptions 

to give details of the locations within the shear layer where inter- 
mittency is dominating [28,29] and how it is affected by the den- 
sity of the jet. More specifically, building on the work of Viggiano 
et al. [12] , this study aims to apply multifractal analysis to char- 
acterize the influence of varying Richardson and Reynolds num- 
bers on jet entrainment. The resulting fractal parameters can quan- 
titatively describe the existence of intermittent behavior at the 
turbulent/non-turbulent interface through the presence of the ac- 
tive flow features. In addition, the line integral convolution (LIC) 
technique of post-processing will be applied to visualize the flow 
behavior. This method provides a more tangible representation of 
the spatial interactions between multifractal and statistical param- 
eters in relation to fluctuations of the velocity. The multifractal 
framework and LIC theoretical methods are presented in Section 2 . 
The experimental setup, data collection techniques, and details of 
the dataset are given in Section 3 . The application of the analysis 
techniques and discussion follow in Section 4 , and concluding re- 
marks on the implications with respect to turbulent development 
are given in Section 5 . 
2. Theory 
2.1. Multifractal formalism 
2.1.1. Focus-based multifractal signal summation conversion analysis 

Multifractal formalism allows for analysis through the detection 
of singularities while scaling to identify self-similarity within the 
signal [15,30–33] . Application of a scale-dependent power law con- 
siders a statistical measure, µ, such as flow velocity and energy 
dissipation, through application of a fractal scaling power law ex- 
ponent β, 
µ(t, s 2 ) 
µ(t, s 1 ) = ( s 2 

s 1 
)β

, (1) 
where s 1 and s 2 are scales which determine respective time win- 
dows. The degree of singularity in µ can be assessed through the 
Hölder trajectory [30] as 
µ(t, s ) ∝ s h (t) . (2) 

Through the signal summation conversion analysis, a series of 
parameters are evaluated in order to obtain the Hölder exponent 
[30] . First, the implementation of a scaling function, 
S σ (q, s ) = 

{ 
1 

N S 
N S ∑ 

i =1 
{ 

1 
s − 1 

s ∑ 
k =1 ( bd Y [( i − 1) s + k ] − 〈 bd Y i 〉 ) 2 

} 
q/ 2 } 

1 /q , 
(3) 

allows for the Hurst exponent, H(q ) , to be extracted from its re- 
gression. Here, q is the order and N S is the number of tempo- 
ral windows. The cumulatively summed signal is bridge detrended, 
producing bd Y, in each window of the centered signal profile, Y . 
Specifically, this indicates that prior to calculating the standard de- 
viation in each window, a “bridge”, or line, connecting the first and 
last points within the window is removed. Using the focus-based 
multifractal approach, the best fit is found through convergence of 
the least sum of squared errors [30] , 
SSE = ∑ 

q 
∑ 

s [ log S σ (q, s ) − H(q ) · ( log s − log L ) − log S σ (L ) ] 2 , 
(4) 

where L is the largest scale. The Hurst exponent is related to the 
scaling function as follows, 
S σ (q, s ) ∝ s H(q ) , (5) 
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Fig. 1. Theoretical multifractal singularity spectrum. 
and allows for examination of the length of the memory of the 
signal. This serves as a measure local multifractality. Given H(q ) , 
the multiscaling exponent is defined as 
τ (q ) = q · H(q ) − 1 . (6) 

The Hölder exponent is then defined as the slope of the tangent 
line of the scaling exponent taken with respect to q, which is h = 
d τ (q ) / d q , yielding the singularity spectrum, 
f (h ) = inf 

q (q · h − τ (q )) . (7) 
The singularity spectrum produces multiple measures of the de- 

gree of multifractality, as shown in Fig. 1 . 
2.1.2. Pointwise Hölder exponent 

The pointwise Hölder exponents identify features of the flow 
field through analysis of single-point time-series measurements 
[34] . This pointwise parameter measures the regularity of the sig- 
nal by approximating it to the polynomial as, 
p T (t) = m −1 ∑ 

i =0 
u i 

j,k (T ) 
i ! (t − T ) i , (8) 

where T is the position in time, and m is the total number of in- 
stances that the velocity, u, is differentiable in a neighborhood, δ, 
about T . Given the 2-D experimental data, a point by point anal- 
ysis is performed with respect to the physical location j, k of the 
velocity signal through time. 

The pointwise Hölder exponent, α j,k ≡ α(u j,k ) ≥ 0 , exists given 
that, 
| u j,k (t) − p T (t) | ≤ K| t − T | ξ , (9) 
where the constant, K > 0 . Therefore α j,k at T is based on the least 
upper bound of ξ fulfilling Eq. (9) . The pointwise Hölder exponent 
can be approximated based on the log-log regression of the oscil- 
lations of the signal: 
O T ±δ = max [ u j,k (t ∈ { T − δ, . . . , T + δ} )] 

−min [ u j,k (t ∈ { T − δ, . . . , T + δ} )] , (10) 
within a distance δ of the position T , where δ is a logarithmically- 
distributed set of bins. The pointwise Hölder exponents can be 
considered as a measure of intermittency (singularity) of the sig- 
nal. So, the main goal of analysing the pointwise Hölder exponents 
is to determine the temporal correlation between the intermit- 
tency and velocity. These correlations are quantified through the 
conditional averaging. 

2.1.3. Conditional averaging 
Quadrant analysis is a conditional averaging technique com- 

monly used with wall-bounded jets to classify flow events based 
on the sign of the fluctuating velocity components. The streamwise 
( u ′ ) and spanwise ( v ′ ) fluctuating velocities are found via Reynolds 
decomposition (i. e. u ′ = u − u where u is the instantaneous ve- 
locity signal and u is the time-averaged velocity). Past studies of 
near-wall flow gave rise to the nomenclature of sweeps and ejec- 
tions [35] to describe the anti-correlated fluctuations, which are 
typically the largest contributors to the Reynolds stress [36,37] . For 
application to a vertically-oriented free-shear jet, Viggiano et al. 
[12] introduced new terminology for quadrant analysis to more 
appropriately describe the events for the right half of a quasi- 
symmetric jet. The quadrants are defined as Q1: advancing-flow 
ejections ( u ′ > 0 and v ′ > 0 ), Q2: advancing-flow entrainment ( u ′ > 
0 and v ′ < 0 ), Q3: impeding-flow entrainment ( u ′ < 0 and v ′ < 0 ) 
and Q4: impeding-flow ejections ( u ′ < 0 and v ′ > 0 ), on a Carte- 
sian plane whose abscissa is v ′ and ordinate is u ′ . 

Keylock et al. [38] expands a method based on quadrant anal- 
ysis where the conditions are dependent on a velocity component 
and multifractal behavior associated with the velocity. This allows 
for the consideration of the velocity-intermittency relations by im- 
plementing the conditional averaging with respect to fluctuating 
streamwise velocity, u ′ , and fluctuating pointwise Hölder expo- 
nent, α′ . Following the nomenclature presented by Viggiano et al. 
[12] for the right half of a free-shear jet, this study extends the 
method introduced by Keylock et al. [38] to include the fluctuating 
spanwise velocity component, v ′ , to characterize signal dynamics 
as they relate to entrainment. The flow is conditioned into eight 
events, octant analysis, based on the sign of the three fluctuating 
quantities as presented in Fig. 2 as employed for a wind turbine 
array boundary layer [39,40] . Only the right half of the jet is in- 
cluded as the signal conditioning for entrainment dependents on 
the sign of the transverse fluctuations. Investigation of the fluc- 
tuations of the velocity components and the associated pointwise 
Hölder exponents give insight into the relationship between the 
velocity and the scaling of the velocity increment [38,41] . A time 
series with a single fractal dimension will result in a constant 
Hölder regularity. However, a multifractal signal will have a point- 
wise Hölder exponent that depends on the existence of active flow 
features, and therefore it varies. The sign of the Hölder exponent 
reveals the signal dynamics, a rough signal presents negative fluc- 
tuations, −α′ while a smoother signal corresponds with + α′ . The 
regions of the mixing layer with large correlations between −α′ 
and −v ′ gives knowledge of where increased intermittency is the 
driving mechanism of the entrainment within the jet. Character- 
ization of the intermittent nature of the temporal signal (chaotic 
regions of the mixing layer) provides entrainment and ejection 
knowledge. The temporal dependence of intermittency, visualized 
by the pointwise Hölder exponent fluctuations, could be integral 
for three-dimensional modeling of plume dynamics. For example, 
the Active Tracer High-Resolution Atmospheric Model (ATHAM) re- 
quires an involved treatment of the turbulent quantities of the 
jet in order to capture accurate plume characteristics [42] . One of 
these quantities, the plume development through time, could be 
benefited through increased knowledge of the temporal mulifrac- 
tal behavior, i.e., the pointwise Hölder exponent trends within the 
mixing layer. 
2.2. Line integral convolution 

First introduced by Cabral and Leedom [43] , LIC is an image 
processing method that allows for qualitative study of two and 
three-dimensional vector fields. The visualization technique uses 
linear and curvilinear filtering techniques to locally blur textures 
along a vector field, which makes it capable of rendering detail 
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Fig. 2. Eight octants in two-dimensional (a) and three-dimensional (b) representations are shown for the right half of a vertically-oriented jet. The flow is condition by the 
fluctuating streamwise velocity ( u ′ ), spanwise velocity ( v ′ ) and pointwise Hölder exponent ( α′ ). 
on intricate dense vector fields. Other vector visualization algo- 
rithms, such as streamlines and particle tracing techniques, depend 
on placement of the particle or streamline sources, and therefore 
eddies in the vector field can be missed. LIC is a more robust visu- 
alization technique, as it is independent of the particle placement 
and source [44] . 

The algorithm inputs are a vector field and a texture com- 
prised of white noise data with the same resolution as the vector 
field. Applying this method to experimental data, unit vectors of 
the measured velocity field are used to compute streamlines start- 
ing from a given data point in space. The analysis method pro- 
vides streamlines based on vector direction, which are indepen- 
dent of magnitude. Line integral convolution has been used by Ur- 
ness et al. [45] to image PIV measurements of hairpin shaped vor- 
tices in turbulent boundary layers. Additionally, color weaving was 
used to differentiate the LIC textures with further scalar quanti- 
ties. In the work of Matvienko and Krüger [46] , spectral frequen- 
cies defined by LIC filtering techniques show promise in processing 
speed and image detail. This frequency-controlled approach is use- 
ful when considering how localized flow properties change with 
variable densities. 

Implementation of this analysis on turbulent jet flow increases 
the visibility of interactions between the jet fluid and ambient 
air. Further, post-processing techniques can be used to include the 
magnitude of the velocity, areas of high stress and direction of the 
flow without decreasing the clarity of the streamlines. The algo- 
rithm is provided in Appendix A . 
3. Experimental setup 

Experiments were conducted with a vertical pipe apparatus at 
Washington State University Vancouver, shown schematically in 
Fig. 3 (a). Compressed gas is directed vertically upward out of a 305 
mm long, constant diameter pipe to create a jet in ambient air. The 
jet exit diameter is 11.84 mm with a non-dimensional pipe length 
of 26, which exceeds classic criteria for fully developed turbulent 
pipe flow [47] . In addition, flow measurements at the exit display a 
log-law profile. The static temperature and pressure are monitored 
upstream of the exit with a T-type thermocouple and gage pres- 
sure transducer, respectively. Fig. 3 (b) shows the coordinate system 
for the jet, which has been oriented to agree with the convention 
of previous jet studies. Here, the vertical axis (streamwise direc- 
tion) is x and the horizontal axis (spanwise direction) is y . 

Three different compressed gases are used for the jets: helium, 
air and argon. The fluid exits the pipe normal to a horizontal plate 
in the center of a laboratory, where the jet exit is located hun- 

Table 1 
Experimental test conditions. 

Medium 
Exit 
velocity 
[m/s] 

Viscosity 
( ×10 −5 ) 
[N s/m 2 ] Density 

[kg/m 3 ] Re Ri ( ×10 −5 ) 
He1460 14.4 1.96 0.167 1460 350 
He2800 27.7 1.96 0.167 2800 94 
He5520 54.5 1.96 0.167 5520 25 
Air 4.99 1.82 1.21 3910 0 
Argon 3.59 2.23 1.66 3175 −250 

dreds of diameters away from any wall. The jet is seeded by a 
Laskin nozzle atomizer, that produces approximately 1 µm olive 
oil droplets. This combination of seeding and atomizer provides 
good scattered light intensity and size of particles [48] . The ap- 
paratus is operated at a constant exit speed for several minutes to 
achieve a uniform tracer distribution near the exit of the jet. Am- 
bient air seeding is provided by a fog generator in the laboratory, 
which produces micron-scale aqueous glycol droplets with a simi- 
lar density to the olive oil. Background speeds in the ambient are 
typically less than 1 mm s −1 . 

The flow is studied with a commercial PIV system. The dual 
head lasers emit a pair of closely timed pulses, each with 50 mJ en- 
ergy and 532 nm wavelength, which illuminate the droplet tracers. 
The pulses are converted to laser sheets of approximately 0.5 mm 
thickness using a diverging cylindrical lens and a converging spher- 
ical lens. The sheet is oriented vertically and aligned to the center- 
line of the jet. The instantaneous tracer distribution is imaged with 
a 1.4-megapixel digital camera aligned perpendicular to the laser 
sheet. Pulses are spaced approximately 10 µs apart when studying 
the centerline flow and approximately 200 µs apart when examin- 
ing the ambient flow. These times were selected to accurately cap- 
ture the local responses with optimal PIV accuracy [49] . Pivlab20 0 0 
is used to process all PIV images to determine the instantaneous, 
two-dimensional velocity field [50] . 

Five testing conditions were considered, as listed in Table 1 . In 
later discussion, each case is identified by the medium given in 
the table. The exit velocity of the jet was varied, as well as the 
medium, obtaining a variety of Reynolds numbers and Richardson 
numbers. The Reynolds number and Richardson number are for- 
mulated for the jet as, Re = ρ j U j D/µ j and Ri = g(ρa − ρ j ) D/ (ρ j U 2 j ) , 
respectively. Here, ρ j is the jet density, U j is the exit velocity, 
D is the exit diameter, and µ j is the jet viscosity. The gravita- 
tional acceleration is denoted as g, and the ambient air density 
ρa = 1 . 21 kg/m 3 . The buoyant cases, utilizing helium as the jet 
medium, spanned exit conditions from nearly laminar to fully de- 
veloped turbulent flow. These helium jet cases have Reynolds num- 
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Fig. 3. Schematic of experimental apparatus (c.f. Viggiano et al. [12] ). 

Fig. 4. The raw temporal signal of instantaneous velocity for He2800 at two locations within the jet at y/D = 0 . 75 , x/D = 1 shown in orange (top) and at y/D = 0 . 75 , x/D = 3 
presented in purple (bottom). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.) 
bers ranging from 1460 to 5520 and Richardson numbers between 
350 × 10 −5 to 25 × 10 −5 . The air and argon cases were chosen to 
observe effects of the exit fluid density, from a buoyant to non- 
buoyant to negatively buoyant jet. Their Re values are in the in- 
termediate range of the helium cases, corresponding most closely 
to the transitioning flow. The first four downstream diameters of 
the jet are examined, allowing for analysis to be performed on the 
near exit, development region for all cases. A total of 500 time 
instances were captured for each case. The experiments were re- 
peated to validate the results and were within the uncertainty. Ref- 
erence Viggiano et al. [12] for further detail on the experimental 
procedures. 
4. Results 
4.1. Multifractal analysis 

First, the time instances of the instantaneous velocity of 
He2800 at two locations within the jet are provided in Fig. 4 to 
visualize differences in the fractal behavior of the jet. The two 
signals are taken at y/D = 0 . 75 for two downstream locations of 
x/D = 1 , the top panel (orange), and x/D = 3 , the bottom panel 
(purple), see schematic in Fig. 4 (a). Nearer the exit of the jet, at 

y/D = 0 . 75 , x/D = 1 , the signal presents typical characteristics of 
a fluctuating velocity with correlations occurring over a scale of 
around 40 time instances. As the jet develops, at x/D = 3 , the pur- 
ple curve appears to show less extreme events, which would lead 
the observer to believe that the fluid is less intermittent at that lo- 
cation, but the rough signal contains multifractal characteristics, as 
will be see in the following sections. 
4.1.1. Multifractal singularity spectrum 

Fig. 5 contains the singularity spectra for the transitioning he- 
lium case, He2800, where the Hölder exponent h presents the sin- 
gularity of the temporal signal of velocity. Two locations within 
the jet are presented, x/D = 1 and 3, at y = 0 . 75 D . For the FMF- 
SSC analysis, a range of q ±15 is used to evaluate the Hölder expo- 
nents and the input scale s has an initial value of 8 time steps as 
a minimum and the total signal length as a maximum (500 snap- 
shots). The spectrum lies between 0 . 45 ≤ h ≤ 0 . 9 at the upstream 
location and shifts to 0 . 5 ≤ h ≤ 1 . 1 when x = 3 D . Large scale dy- 
namics cause the Hölder exponent to be above 1 for the x = 3 D 
signal [12] . The right tail of the spectra also moves down at the 
farther downstream location. The decrease in the minimum value 
of h signifies the flow is less complex at the x = 1 D location [26] . 
Further, the increase in the degree of multifractality, the width of 
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Fig. 5. The singularity spectrum for He2800 at y/D = 0 . 75 for two downstream lo- 
cations of x/D = 1 and x/D = 3 . The Hölder exponent, h, indicates singularities of a 
local temporal signal while the width of the spectra, (h, informs on the degree of 
intermittency at a given location through time. 
the spectrum (h, indicates increased intermittency at the farther 
downstream location. 

To facilitate the investigation of all ( x, y ) locations, contours of 
the degree of multifractality, (h are shown in Fig. 6 . When de- 
scribing the PIV data, the degree of multifractality illustrates the 
variability of the flow field through time as a function of spa- 
tial location. He1460 contains a smooth signal of uniform width 
throughout the field of view. Small pockets of increased degree 
of multifractality form at x/D ∼ 3 along the outside of the core, 
signifying that the jet may be starting to transition to a turbu- 
lent regime. He2800 shows a jet that expands in the spanwise 
direction as it grows downstream, where intermittency is mini- 
mal. Along the outside of the jet an increase in complex structures 
form in the downstream direction, beginning at x ∼ 1 . 5 D, where 
increased mixing between the jet fluid and ambient air is occur- 
ring as it transitions to turbulent flow. After transitioning, He2800 
presents the highest variability of flow features within the mixing 
layer, reaching (h ∼ 0 . 83 . There also exists increased (h within 
the center of the jet on the inside of the mixing layer for x/D > 2 . 5 . 
The fully turbulent jet of He5520 expands in width as x increases, 
similar to He2800, but the effects are more pronounced. Here, in- 
creased complexity of the eddies at the turbulent/non-turbulent 
interface occurs directly following the jet exit, signifying that the 
turbulent exit flow results in significant variation upon contact. Be- 
cause the jet expands beyond the spanwise bounds of the field of 
view, highly intermittent behavior is only observed from 0 < x/D < 
2 . 5 . It is probable that the (h structures follow the outside of the 
mixing layer, similar to those seen in the transitional case. The in- 
creased multifractality present in the He2800 case is not observed 
in the He5520 case and could be due to the more significant tur- 
bulent fluctuations present when compared to the fully turbulent 
jet [12] , indicating that the multifractal behavior is not in some 
way proportional to Re . 

The neutrally buoyant jet of air shows a distinct transforma- 
tion from the simple turbulent flow structures inside the jet and 
mixing layer to a more complex region outside the jet. Similar to 
He5520, the high intermittency structures begin immediately af- 
ter the ejection of the jet. Finally, the argon jet presents a smaller 
core, but again there is a well-defined interface from inside the 
shear layer, with a large gradient in scale complexity. The argon 
jet is unique: all other cases show increased variability structures 
lining the edges of the jet, which quickly dissipate to simpler flow 
features within the ambient air regions. However, with argon, in- 
creased levels of (h are observed along the outside of the jet and 
the ambient air. There also exists a small pocked of increased (h 
within the core of the jet near x = 3 D, similar to the transition 

helium case, He2800. The Reynolds number dependence appears 
consistent with previous observations [12] , as Re increases the in- 
termittent behavior begins nearer the jet exit. The trends seen in 
air and argon are not comparable to the helium jets, signifying that 
presence of multifractality is also related to the Richardson num- 
ber, i.e., buoyancy of the jet. This is observed through the increase 
in structures present near the exit of the jet, as well as outside 
of the mixing layer. Increased variation of multifractality observed 
within the ambient for the argon case can be in part due to the 
increased inertia of the argon. Increased (h values near the exit 
of air and argon are more similar to the fully developed helium 
case, He5520, although the jets of air and argon do not spread as 
quickly within the region of interest. 
4.1.2. Velocity-intermittency conditioned octant analysis 

Octant analysis is performed on the five cases. The velocity- 
Hölder regularity interaction, 〈 u ′ v ′ α′ 〉 , is conditioned into eight 
events based on the sign of the fluctuating streamwise velocity, 
the spanwise velocity and the Hölder exponent. Due to differences 
in the magnitude of the variables, the parameters have been nor- 
malized using their respective standard deviation. The results are 
shown in Fig. 7 . Given that octants 2, 4, 6 and 8 (quadrants 2 
and 4) show negligible contributions, shown in Viggiano et al. [12] , 
only octants 1, 3, 5 and 7 (quadrants 1 and 3) are presented here. 
From Section 2.1.3 , recall that O1 ( u ′ > 0 , v ′ > 0 & α′ > 0 ) and O5 
( u ′ > 0 , v ′ > 0 & α′ < 0 ) indicate advancing-flow ejections while 
O3 ( u ′ < 0 , v ′ < 0 & α′ > 0 ) and O7 ( u ′ < 0 , v ′ < 0 & α′ < 0 ) indi- 
cate impeding-flow entrainment. Within each quadrant of interest, 
the flow field is conditioned further by ±α′ to indicate the signal 
variability. 

The near laminar case of helium shows minimal instances of 
intermittency in the flow field. There is an increase in 〈 u ′ v ′ α′ 〉 
in O5 near the end of the field of view, similar to the increase 
in multifractality seen in Fig. 6 . He2800 presents structures that 
highlight the turbulent development of the jet in O5 and O7. 
The location of high intermittency is dependent on the mecha- 
nism of the flow field. The advancing-flow ejections, O5, show a 
rough signal present within the mixing layer, extending spanwise 
to the turbulent/non-turbulent interface, while the increased in- 
termittency is observed within the jet for quadrant 3, represent- 
ing impeding-flow entrainment. The feature present in O5 devel- 
ops near x/D = 1 . 5 and extends from 0.3 D to 1.1 D in the spanwise 
direction at the end of the field of view with a peak 〈 u ′ v ′ α′ 〉 value 
of 0.83 observed. Positive pointwise Hölder exponents show mini- 
mal change across the mixing layer for all quadrants. The turbulent 
case of helium shows similar trends as He2800 with the exception 
that the features present in O5 develop immediately following the 
jet exit and reach a maximum magnitude of ∼ 1 . 45 . The structure 
also extends past the field of view in the spanwise direction from 
∼ 0 . 4 D to y > 1 . 2 D at x = 2D and beyond. The location of high inter- 
mittency in O7 shows similar trends to He2800, tracing the outside 
of the jet core. These structures are nearly constant in magnitude 
as the jet develops downstream. He2800 and He5520, which are 
positively buoyant, show increased interaction between the ambi- 
ent and jet fluids to create a structure in O5 that grows quickly in 
the spanwise direction once turbulence is present. 

The rough signal, high intermittency features are again ob- 
served in the −α′ octants for air, with minimal contributions from 
O1 and O3. The advancing-flow ejections, O5, show the presence of 
increased velocity-intermittency interactions at the interface of the 
mixing layer and the ambient air, similar to He2800 and He5520. 
The structure shows nearly constant magnitude as it develops 
downstream, reaching a maximum of 0.95. Compared to the transi- 
tioning and turbulent helium cases, the air shows minimal expan- 
sion in the spanwise direction as x increases. In O7, the structure 
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Fig. 6. The degree of multifractality, (h, for all cases. 

Fig. 7. Octant analysis of 〈 u ′ v ′ α′ 〉 . Four octants are shown for clarity, O1, O5, O3 and O7, for all considered cases. 
following the inside of the shear layer is distinct and greater in 
magnitude than the events seen in O7 for He2800 and He5520. 

The structure in O5 for argon exhibits a similar formation and 
magnitude when compared to air, however, the region is not uni- 
form in shape and peaks in value at 0.68, much lower than the 
air case and He2800. Due to the increased density of the ejected 
gas ( Ri < 0 ) the fluid appears to have greater inertial effects com- 
pared to the neutrally ( Ri = 0 ) and buo yant gases ( Ri > 0 ). This 
enables increased interplay between the ambient air and the ar- 
gon jet, which creates a wave-like structure at the outsides of 
turbulent/non-turbulent interface, and in turn, rough signal dy- 
namics within the ambient air. For O7, impeding-flow entrainment, 
the feature is lacking in magnitude and coherence when compared 

with the air case. Although the feature is less coherent, it shows 
development that is independent of y in the test field of view, 
which is unique. 

All cases show a low-magnitude structure within the mixing 
layer in O3, indicating a smoother signal is present within the mix- 
ing layer for impeding-flow-entrainment. This structure connects 
the high intermittency interactions between the inside of the jet 
with the structures along the outside of the jet. More specifically, 
the regions where the flow is pulled into the high-speed core to 
where the ejections from the mixing layer interact with the quies- 
cent ambient air. 

Line integral convolution is applied to a single instant in time 
for the visualization of the turbulent/non-turbulent interfacial in- 
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Fig. 8. Line integral convolution of a single snapshot of velocity fluctuations for all cases. Each convoluted image is colorwoven with the respective |〈 u ′ v ′ 〉| and 〈 α′ 2 〉 , 
normalized to a unit interval, for each case. 
teractions of instantaneous velocity, and the results are presented 
in Fig. 8 . The implementation of LIC on the free-shear jet flow in- 
creases the visibility of the streamlines within the jet as well as in 
the ambient air. Post-processing of the images is performed to in- 
crease the contrast and to include the colorweaving of the |〈 u ′ v ′ 〉| 
in purple and 〈 α′ 2 〉 in orange, normalized over a unit interval for 
each respective case. Only negative fluctuations of the pointwise 
Hölder exponents are considered to examine regions of high inter- 
mittency. 

The near laminar case of helium shows relatively large sweep- 
ing eddies along the outside of the uniform jet. He1460 contains 
minimal Reynolds shear stresses [12] and inconsequential con- 
tributions from the pointwise Hölder exponent when compared 
with the other cases. Therefore, via normalization, 〈 α′ 2 〉 appears 
throughout the field of view. This is attributed to negligible in- 
termittency present and is therefore not discussed further. The 
Reynolds shear stress increases in magnitude near the outside of 
the jet at x/D ∼ 3 , again signifying that the jet may be starting to 
exhibit turbulent behavior at the farthest downstream regions of 
the test section. The transition into turbulent flow for He2800 is 
seen by the increase in |〈 u ′ v ′ 〉| and 〈 α′ 2 〉 near x = 1 . 5 D . At this lo- 
cation, the jet begins to contort, and there is an increase in ambi- 
ent air interaction with the core. Here, increased levels of intermit- 
tent behavior are observed along the outside of the high Reynolds 
shear stress regions. He5520 shows turbulent behavior within the 
entire test field of view. The ambient air is mixing with the jet 
starting from x < 1 D . High values of the Reynolds shear stress and 
increased intermittent levels occur at the same locations. There 
are interactions between the ambient air and the jet within the 
shear layer, with only trace amounts of 〈 α′ 2 〉 present outside of 
the jet. 

The neutrally buoyant jet of air shows comparable features to 
those of the He5520 case, yet the characteristics are dampened. 
For example, the areas of high Reynolds shear stress and 〈 α′ 2 〉 de- 
velop slightly farther downstream near x/D = 1 . 5 and do not tra- 
verse the spanwise direction to the same extent, but the locations 
of 〈 α′ 2 〉 and |〈 u ′ v ′ 〉| in the shear layer and interactions between 
the ambient air and the jet are similar. The case of argon is unique 
as it is a negatively buoyant jet and therefore the Richardson num- 
ber is negative. The convolution highlights the interplay between 
the jet and ambient fluids, showing the near horizontal streamlines 
present in the ambient air near the exit of the jet. This particular 
interaction creates locations of high intermittency that extend be- 
yond the shear layer in the spanwise direction. Further, there exists 
pockets of 〈 α′ 2 〉 within the jet. This behavior relates closely to the 
transitioning jet of He2800, although for argon, the development of 
〈 α′ 2 〉 begins almost immediately after the ejection of the jet, prior 
to the regions of high stress development. 

Through LIC, the interactions at the turbulent/non-turbulent in- 
terface can be visualized and compared between the five cases. 
While He1460 shows large sweeping eddies that touch the outside 
of the jet, these do not interfere with the structure of the jet core 

as their intensity is negligible. The largest interaction between the 
ambient air and the jet is observed within He2800, as it transi- 
tions at x ∼ 1 . 5 D . Here, eddies of all sizes penetrate the jet and 
create discontinuous lines within the center of the jet. The pres- 
ence of varying eddies surrounding the jet is also observed in the 
fully turbulent jet of He5520. Although the jet is affected by the 
ambient air starting near the nozzle exit, the resulting contortion 
to the streamlines is less intense than that observed in He2800. Air 
and argon also show eddies that span the entire jet in the stream- 
wise direction, but both show more uniform-sized eddies that prod 
the edges of the jet and create wave-like streamlines in the shear 
layers. All cases show that the interaction with the ambient air 
is prevalent enough to affect the mechanics of the jet, with the 
exception of He1460. Argon, the most dense gas used as a jet, is 
unique, showing near horizontal interactions with the ambient air 
near the exit of the jet. Argon is the only case that contained re- 
gions of high intermittency outside of the mixing layer in O3 as 
shown in Fig. 7 . 
5. Discussion and conclusions 

Particle image velocimetry data were collected for five jet cases 
to examine the multifractal characteristics and entrainment behav- 
ior due to varying Reynolds and Richardson numbers. The three 
helium cases showed that the shear layers contained the high- 
est degree of multifractality, corresponding well with the region 
of the highest Reynolds shear stress. More specifically, the area of 
increased (h values develops closer to the exit of the jet with in- 
creasing Reynolds number. Air and argon displayed increased com- 
plexity nearer the exit of the jet when compared with He2800, 
signifying that level of buoyancy of the jet impacts the areas of 
increased variability of the flow structures within the field. 

Mechanics of the signal were examined by conditioning 〈 u ′ v ′ α′ 〉 
into octants based on the velocity components and sign of the 
pointwise Hölder exponent. All cases showed negligible contri- 
butions from + α′ . With the exception of He1460, distinct trends 
were observed between the structures present in O5 and O7. The 
advancing-flow ejections, O5, contained high intermittent behav- 
ior at the turbulent/non-turbulent interface and within the mixing 
layer while impeding-flow entrainment, O7, showed high 〈 u ′ v ′ α′ 〉 
values along the inside of the mixing layer. The dependence on 
Reynolds and Richardson number is highlighted by conditioning 
the flow into octants. With respect to Re, the three cases of he- 
lium were compared. In O5, the low Reynolds number helium jet 
showed negligible features. For the transitioning case, a coherent 
feature forms within the mixing layer near x/D = 2. Finally, as the 
Reynolds number increases and the jet becomes turbulent, a struc- 
ture that is similar in shape to that present in He2800 forms near 
the ejection site, showing a dependence in downstream develop- 
ment of intermittent behavior with respect to the Reynolds num- 
ber. The buoyancy of the jet also affects the 〈 u ′ v ′ α′ 〉 values within 
the field of view. The shape of the structures present in He2800 
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contrast with those seen in the air and the argon cases. The jet 
of air creates a distinct, high magnitude feature in O7 that is not 
observed in the helium cases. Argon shows a less defined area of 
high intermittency in O7, which is present within and outside of 
the shear layer. 

Near the jet exit, the differences in density of the jet plays a 
role in the dynamics of the signal with respect to spatial location. 
Helium is lighter than the ambient air and due to its reduced in- 
ertia shortly after exiting the jet, high shearing within the mix- 
ing layer is present, and in turn, increased intermittent behavior. 
In contrast, argon is heavier than the ambient fluid which leads to 
increased inertia of the fluid after ejection. This is seen by the in- 
creased levels of multifractality and stress present within the am- 
bient air for the argon case. The effects of the ejecting fluid buoy- 
ancy presented in the study show intricate multifractal dynamics 
within the near-field of the jet which may not be fully character- 
ized with the simpler one-dimensional modeling of plume dynam- 
ics [51] . Optimal predictions of buoyancy driven volcanic behav- 
ior may require more complex turbulence models [42] to accurate 
capture entrainment mechanics. 

Finally, the application of LIC provided visualization of the 
streamlines of the fluctuating velocity and the spatial relationship 
between the Reynolds shear stress and the pointwise Hölder expo- 
nents. He2800 shows the largest interactions between the jet core 
and the ambient air, which correspond to areas of high Reynolds 
shear stress and 〈 α′ 2 〉 . The turbulent case of helium and air show 
similar trends with respect to locations of the shear stress and 
pointwise Hölder exponent, although He5520 displayed increased 
eddies and subsequent wave-like streamlines within the jet core. 
Argon also shows ripples within the jet core similar to He5520, 
but with high 〈 α′ 2 〉 values directly following the jet ejection as 
well. The effects of the negatively buoyant jet are illustrated by the 
horizontal streamlines lining the jet core and increasing the com- 
plexity of the flow from the jet exit until nearly 2.5 D downstream. 
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Appendix A. Line integral convolution algorithm 
The forward coordinate advection is computed as: 

P i = P i −1 + u (- P i −1 . ) 
|| u (- P i −1 . )) || (s (A.1) 

where u (- P i . ) is the velocity vector for a given grid point, P i , and 
(s i is the positive parametric distance along the unit velocity vec- 
tor from P i to the nearest cell edge. The asymmetric bracketing sig- 
nifies that the grid point is rounded to the nearest integer. The cell 
edge is defined as: 
s e = 

 
 
 

∞ if u is parallel to e 
0 if - P c .−P c 

u c < 0 
- P c .−P c 

u c otherwise (A.2) 
where, 
for (e, c) ∈ 

 
  
  

(top, y ) 
(bottom, y ) 
(le f t, y ) 
(right, y ) 

and, 
(s i = min (s top , s bottom , s le f t , s right ) . 
The subscripts e and c represent the cell edge and the cell cen- 
ter, respectively. To maintain symmetry, the streamline is advected 
backwards by the negative of the vector direction, defined as: 
P ′ i = P ′ i −1 − u (- P ′ i −1 . ) 

|| u (- P ′ 
i −1 . )) || (s ′ i −1 (A.3) 

where the prime denotes the negative direction counterparts. 
The line interval convolution is completed by applying a con- 

volution kernel along the direction of the streamlines presented 
above in the positive and negative directions. The intensity values 
of the output are correlated to the velocity field’s local flow direc- 
tion and can be expressed as: 
G out (x, y ) = ∑ l 

i =0 G in (- P i . ) λi + ∑ l ′ 
i =0 G in (- P ′ i . ) λ′ 

i ∑ l 
i =0 λi + ∑ l ′ 

i =0 λ′ 
i , (A.4) 

where G out (x, y ) is the output pixel value at (x, y ) , G in is the in- 
put pixel value for a given point and l and l ′ are the convolution 
distances in the positive and negative directions respectively. The 
weighting variable, λi , is defined as 
λi = ∫ s i +(s i 

s i κ(w ) dw, (A.5) 
where κ(w ) is the convolution kernel, s 0 = 0 , and (s i is the arc 
length between the point s i and s i +1 along the streamline. 
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