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The jet charge is an old observable that has proven uniquely useful for discrimination of jets initiated by
different flavors of light quarks, for example. In this Letter, we propose an approach to understanding the jet
charge by establishing simple, robust assumptions that hold to good approximation nonperturbatively, such
as isospin conservation and large particle multiplicity in the jets, forgoing any attempt at a perturbative
analysis. From these assumptions, the jet charge distribution with fixed particle multiplicity takes the form
of a Gaussian by the central limit theorem and whose mean and variance are related to fractional-power
moments of single particle energy distributions. These results make several concrete predictions for the
scaling of the jet charge with the multiplicity, explaining many of the results already in the literature, and
new results we validate in Monte Carlo simulation.
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As a conserved quantity unrelated to symmetries of
spacetime, electric charge encodes information distinct from
momentum of the mechanism of particle production in a
high energy collision experiment, like the Large Hadron
Collider (LHC). On collimated streams of particles called
jets, the total electric charge of all particles that compose a jet
should, on average, be directly related to the electric charge
of the short-distance quark or gluon that initiated the jet.
A definition of the jet charge Qκ robust to low-energy
particles was proposed by Feynman and Field [1] where

Qκ ≡
X
i∈J

zκiQi; ð1Þ

where the sum runs over all particles i in the jet J, Qi is the
electric charge of particle i in units of the fundamental
charge e, and κ > 0 is a parameter that is responsible for the
infrared safety of the jet charge. zi is the energy fraction of
particle i in the jet, appropriately defined for the particular
collider environment. This observable has been measured
historically [2–22], as well as at both ATLAS and CMS
experiments at the LHC [23–27].
Despite being extensively studied experimentally, the

jet charge is not both infrared and collinear (IRC) safe
and cannot be predicted within the perturbation theory
of quantum chromodynamics (QCD) exclusively. Many

modern studies have analyzed the jet charge within the
context of Monte Carlo event simulation or developed
theoretical techniques for predictions of infrared but not
collinear safe observables [28–41], but any such theoretical
analysis requires significant input of nonperturbative
data that cannot be predicted from first principles.
Reference [29] pioneered the development of nonlinear
evolution equations that describe the perturbative scale
dependence of the complete distribution of jet charge. This
formalism does enable identification of several predictions
of the jet charge, especially related to its low moments and
optimal choices of the parameter κ.
In this Letter, we construct a nonperturbative theoretical

starting point for understanding the jet charge and to make
concrete, robust predictions that make no reference to a
short-distance description. Other than studies within the
context of simulated data, we are unaware of analyses of jet
charge that forgo any attempt at an understanding based in
perturbation theory. To accomplish this, we present a set of
assumptions that are guaranteed to be a good approxima-
tion nonperturbatively and from which calculations can be
performed, similar to the approach of Ref. [42]. We believe
that these assumptions are the simplest, minimal set
and from them more details can be added, like including
more flavors of quarks or incorporating short-distance
correlations.
The assumptions we use in this Letter are (1) Particles

(hadrons) in the jet are produced through identical, inde-
pendent processes. (2) The multiplicity of particles in the
jet N is large. (3) The only particles are the pions: πþ, π−,
and π0. (4) SU(2) isospin of the pions is an exact symmetry.
These assumptions immediately enable us to write down
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the functional form of the probability distribution for the jet
charge Qκ conditioned on the particle multiplicity N of
the jet. The first two assumptions imply the central limit
theorem and the jet charge distribution is Gaussian dis-
tributed. The mean value hQκi of the Gaussian is

hQκi ¼ NhzκQi; ð2Þ
where hzκQi is the expectation value of the product of a
single particle’s energy fraction zκ and electric charge Q.
The variance σ2κ is

σ2κ ≡
X
i∈J

z2κi Q2
i ¼

X
charged i∈J

z2κi ; ð3Þ

assuming that hQκi ¼ 0. From the third assumption, the
squared electric charge of any particle in the jet is 0 or 1,
and so only the charged particles contribute to the width.
Assuming exact isospin, the mean energy fraction hz2κi is
identical for any of the pions and the number of charged
pions is 2=3 of the total multiplicity N. The variance of the
jet charge distribution can be expressed as

σ2κ ¼
2

3
Nhz2κi; ð4Þ

where the expectation value of the energy fraction hz2κi is
evaluated over all particles in the jet, charged or neutral. By
the translation invariance of the variance, Eq. (4) holds for
any value of the mean hQκi.

The probability distribution for the jet charge condi-
tioned on the particle multiplicity in the jet is then

pðQκjNÞ ¼
exp

h
− ðQκ−NhzκQiÞ2

4
3
Nhz2κi

i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2π 2

3
Nhz2κi

q : ð5Þ

This distribution depends on two moments, hzκQi and hz2κi,
which can, in principle, be calculated from nonperturbative
fragmentation functions [43,44] or its scale dependence
determined through a factorization theorem. Again, we
remain ignorant as to any short-distance description, and
demonstrate the robust consequences of this result.
The first system to which we apply this analysis of jet

charge is on an inclusive jet sample, in which the flavor
(and hence the electric charge) of the parton that initiated
the jet is random. As such, and assuming exact isospin,
the expectation value of the distribution of the jet charge
vanishes, hzκQi ¼ 0.
The expectation value hz2κi, and therefore the variance

σ2κ , is determined from the single-particle energy fraction
distribution conditioned on the particle multiplicity in the
jet, pðzjNÞ. This moment is

hz2κi ¼
Z

1

0

dz z2κpðzjNÞ: ð6Þ

Because the sum of momentum fractions of all N particles
in the jet must be 1, the expectation value of z is

hzi ¼
Z

1

0

dz zpðzjNÞ ¼ 1

N
: ð7Þ

We can express the distribution pðzjNÞ in a moment
expansion about its mean, where

pðzjNÞ ¼ δ

�
z −

1

N

�
þ σ2z

2
δ00
�
z −

1

N

�
þ � � � : ð8Þ

Here, σ2z is the variance of the distribution pðzjNÞ and δ00ðxÞ
is the second derivative of the δ function. While we cannot
say much about the variance σ2z , it is non-negative and
bounded from above, 0 ≤ σ2z < 1=N, as z ∈ ½0; 1� and
hzi ¼ 1=N [45]. However, the variance is maximized by
the pathological energy fraction distribution that consists
of a sum of δ functions at z ¼ 0, 1, with weights such that
hzi ¼ 1=N. For any sufficiently smooth energy fraction
distribution pðzjNÞ the variance scales like σ2z ∼ 1=N2,
which is what we assume in the following. We assume that
higher orders in this moment expansion are small, and so
are suppressed in the ellipses.
The variance of the jet charge distribution is then

σ2κ ¼
2

3
N1−2κ½1þ κð2κ − 1Þσ2zN2 þ � � ��: ð9Þ

The first two terms in this expansion should dominate
for small κð2κ − 1Þσ2zN2, as σ2zN2 scales like N0 by the
smoothness assumption. Note that this is guaranteed to be
small if κ is near 0.5, which is the region in which
measurements have been made. Further, because σ2z ≥ 0
and IR safety requires κ > 0, the sign of the second term in
the moment expansion is exclusively determined by the
value of 2κ − 1. Finite width effects tend to decrease
(increase) the jet charge width for κ < 0.5 (κ > 0.5).

This expression for the jet charge width immediately
makes the following predictions: (i) For fixed particle
multiplicity N, the jet charge distribution narrows as κ
increases. (ii) For κ < 0.5 (κ > 0.5), the width of the jet
charge distribution increases (decreases) as multiplicity N
increases, at a rate just slower than N1−2κ. (iii) For κ ¼ 0.5,
the width of the jet charge distribution is largely indepen-
dent of the multiplicity N. In all recent jet charge mea-
surements [25–27], the narrowing of the jet charge
distribution as κ increases is directly observed. Also,
Refs. [28,29] demonstrated that the jet charge with
κ ¼ 0.5 has reduced dependence on the jet energy com-
pared to other values of κ, which is consistent with the third
prediction of this analysis. However, the latter two pre-
dictions are challenging to discern in experimental data,
because the jet charge distributions have as-of-yet not been
binned in particle multiplicity.
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Given these concrete predictions for the behavior of
the jet charge distribution, we test them in event simulation.
We generate pp → jj events at 5.02 TeV center-of-mass
collisions in PYTHIA 8.303 [46]. Events are analyzed in Rivet
3.1.4 [47] and its internal FastJet [48] distribution. We find
jets with a radius of R ¼ 0.4 with the anti-kT algorithm
[49], and demand that the transverse momentum of the jets
satisfies p⊥ > 120 GeV. We only calculate the jet charge
on the most central jet, with smallest absolute value of
pseudorapidity.
We validate our predictions on this simulated data in

Figs. 1 and 2. In Fig. 1, we plot the jet charge distribution
on jets with charged particle multiplicity fixed to Nch ¼ 12,
which is the mode of the multiplicity distribution on this
sample of jets. As κ increases, the distributions clearly
become more narrow, as our scaling analysis predicts. In
Fig. 2, we plot the jet charge variance σ2κ for several values
of κ, as a function of Nch. The width for κ ¼ 0.5 is constant
to very good approximation, and the logarithm of the width
increases (decreases) for smaller (larger) values of κ
approximately linearly in logNch, exactly as predicted.
Further plots that validate our predictions are presented in
Supplemental Material [50].
Jet charge is a promising observable for discrimination

of jets initiated by different flavors of light quarks, with
perhaps the most interesting scenario of separation of jets
initiated by up versus down quarks [28,35]. We assume
here that a jet’s partonic flavor is well defined, with several
jet flavor definitions developed recently [51–55]. A recent
machine learning study on up versus down quark jet
discrimination [41] demonstrated that there was essentially
no useful kinematical information, and that exclusively
the jet charge provided the separation power. Within the
context of our assumptions, we can understand many of the
results of these and other analyses on this problem.

Unlike jet charge on inclusive jets, the expectation value
of the jet charge distribution on jets initiated by up or down
quarks is nonzero. To evaluate the expectation value hQκi
on up or down quark jets, we assume that the mechanisms
for production of particle electric charge and momentum
are independent, and so

hQκi ¼ NhzκQi ¼ NhzκihQi: ð10Þ
Of course, electric charge and momentum production are
correlated perturbatively, so we expect this assumption to
be approximately accurate to the αs ∼ 10% level. The
average electric charge of a single particle in the jet hQi
is determined by the initiating particle because isospin
conservation forbids the production of additional net
charge. For up and down jets, respectively, the mean
single-particle charges are

hQiu ¼
2

3
N−1; hQid ¼ −

1

3
N−1: ð11Þ

The expectation values of the jet charge on up or down
jets are

hQκiu ¼
2

3
hzκi; hQκid ¼ −

1

3
hzκi: ð12Þ

Generalizing from SU(2) isospin to SU(3) flavor changes
these net charges slightly, as well as introducing contributions
from strange quarks [1], but we do not consider this here.
We assume that the expectation value hzκi is identical for

all quark jets and can be calculated with the moment
expansion of the distribution pðzjNÞ used in the previous
section. We find

hzκi ¼ N−κ
�
1þ κ

2
ðκ − 1Þσ2zN2 þ � � � :

�
: ð13Þ

FIG. 1. Histograms of the jet charge distribution with fixed
charged particle multiplicity Nch ¼ 12 for κ ¼ 0.3, 0.5, 0.7 in
order of decreasing width.

FIG. 2. Plot of the jet charge variance σ2κ as a function of
charged particle multiplicity, for κ ¼ 0.1, 0.3, 0.5, 0.7, 0.9 from
the top curve to bottom.
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For all 0 < κ < 1, finite width effects tend to decrease the
magnitude of the average jet charge. For the width of the jet
charge distribution on these up and down quark jets, we
again assume that their width is identical and can be
expressed in the same form as in Eq. (9). The width σ2z
on up and down jets may be different than for the inclusive
jet sample because of the presence of gluon-initiated jets.
To maximize discrimination power between up and

down jets with jet charge, we choose a value of κ such
that the width σ2κ of the distributions is minimized com-
pared to the difference squared of the expectation values
of the up and down jet charges. Using the notation of
Ref. [29], we consider the quantity

ηðκÞ≡ ðhQκiu − hQκidÞ2
σ2κ

¼ hzκi2
2
3
Nhz2κi ; ð14Þ

and determine the optimal value κ� as where ηðκÞ is
maximized. This ratio of the moments is

ηðκÞ ¼ hzκi2
2
3
Nhz2κi ¼

1
2
3
N
ð1 − κ2σ2zN2 þ � � �Þ: ð15Þ

This predicts that the optimal value of κ that should be
chosen for maximizing discrimination power between up
and down quark jets is κ� → 0. In this limit, the jet charge
loses its IR safety and is very sensitive to contributions
from arbitrarily soft particles, so taking the strict κ� ¼ 0
limit is not optimal. This is a similar feature to the analytic
observation that recoil-free, IRC safe observables with
the weakest angular weighting possible provide optimal
discrimination between jets initiated by quarks and
gluons [56]. As in that case, to ensure IRC safety, the
angular weighting cannot strictly vanish, and here also the
energy weighting cannot disappear. This does predict that
the discrimination power of the jet charge is improved with
small values of κ (down to some minimum imposed by IR
safety), which has been observed in several previous
simulation studies, e.g., Refs. [28,29,41].
The form of the mean-width ratio ηðκÞ also informs the

behavior of the jet charge’s discrimination power as a
function of jet multiplicity N. As the multiplicity increases,
ηðκÞ decreases, corresponding to degraded discrimination
power. Further, particle multiplicity increases as the energy
of the jet increases, so we expect that the power of jet
charge to identify jets initiated by up or down quark jets
also degrades at higher energies. In Refs. [28,29], the
energy dependence of the mean and width of the jet charge
distribution was calculated from a perturbative factorization
theorem. From these results, it was observed that both the
mean and width decrease as jet energy increases, but that
the mean decreased at a faster rate than the width. For up
and down quark jet discrimination, this implies that ηðκÞ
decreases as the jet energy increases, consistent with our
scaling analysis.

We can now construct the joint probability distribution
of the jet charge and particle multiplicity. Assuming that
the normalized multiplicity ī jets are identical, puðNÞ ¼
pdðNÞ≡ pðNÞ, the joint probability distributions are

puðQκ; NÞ ¼ puðQκjNÞpðNÞ; ð16Þ

pdðQκ; NÞ ¼ pdðQκjNÞpðNÞ: ð17Þ

By being differential in both jet charge and multiplicity, we
can potentially construct a discrimination observable that is
more powerful than jet charge alone. By the Neyman-
Pearson lemma [57], the optimal observable O for binary
discrimination is (monotonic in) the logarithm of the
likelihood ratio, where

O≡ logL ¼ log
puðQκ; NÞ
pdðQκ; NÞ ¼ log

puðQκjNÞ
pdðQκjNÞ : ð18Þ

The explicit expression for this observable in terms of Qκ

and N can be established using the Gaussian form of the
distributions. Working to lowest order in the moment
expansion, this observable is

O ¼ 3

2
N−1þκQκ −

N−1

4
: ð19Þ

This is not monotonically related to the jet charge Qκ, but
instead contains nontrivial correlations between multiplic-
ity and jet charge. We expect that this observable is a better
discriminant between jets initiated by up and down quarks
than the jet charge alone. More generally, the form of this
observable demonstrates that discrimination power can be
improved by performing measurements simultaneously
differential in both jet charge and particle multiplicity.

FIG. 3. Plot of the ROC curve for up versus down quark
discrimination with the jet charge observable, for values of
exponent κ ¼ 0.1, 0.3, 0.5, 0.7, 0.9.
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To summarize, the predictions for up and down quark jet
discrimination are (i) As κ → 0, the discrimination power
of the jet charge improves down to some minimal value
below which infrared effects become uncontrolled. (ii) The
discrimination power of the jet charge decreases as the
particle multiplicity increases. (iii) There is useful dis-
crimination information in the joint distribution of jet
charge and particle multiplicity.
We generate pp → Z þ u and pp → Z þ d at leading

order in MadGraph 3.4.1 [58] and have the Z boson decay
exclusively to neutrinos, which are removed before jet
finding. These events are passed to PYTHIA for the same
parton shower and jet finding analysis as for the inclusive
QCD jet samples. In Fig. 3, we plot the receiver operating
characteristic (ROC) curve representing the discrimination
power of the jet charge, inclusive in particle multiplicity, for
different values of the exponent κ. As predicted from the
scaling analysis, there is better discrimination power at
smaller κ; that is, a higher fraction of down quark jets can
be isolated for the same fraction of contamination of up
jets. However, at very small κ ∼ 0.1, IR effects dominate,
and the discrimination power is degraded.
The relationship between the jet charge and charged

particle multiplicity is explored in Figs. 4 and 5. In Fig. 4,
we plot the ROC curve for the jet charge with κ ¼ 0.3 split
into different values of particle multiplicity, and as multi-
plicity increases, the discrimination power decreases, as
predicted. In Fig. 5, we plot the logarithm of the likelihood
ratio of the jet charge for κ ¼ 0.3 versus the charged
particle multiplicity. If these observables were completely
uncorrelated for discrimination, the contours would be
perfectly vertical, but away from Qκ ¼ 0, the contours mix
multiplicity and jet charge, demonstrating that discrimina-
tion can be improved by measuring both jet charge and

multiplicity. In the Supplemental Material [50], we show
that contours of the analytic prediction for the logarithm of
the likelihood ratio, Eq. (19), agree well with the results
from simulation in Fig. 5.
We have introduced simple, nonperturbative assump-

tions that form a foundation for understanding the jet
charge observable. These assumptions make concrete
predictions especially with regards to the relationship
between the jet charge and the particle multiplicity that
are born out in simulation. The central conclusion from this
analysis is that future measurements of the jet charge
should be binned in charged particle multiplicity, as this
both makes scaling properties of the jet charge manifest as
well as improve performance for discrimination problems.
We look forward to applications of this observable at the
LHC and at future colliders like the Electron-Ion Collider.
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