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Abstract—The optimal receiver operating characteristic (ROC)
curve, giving the maximum probability of detection as a function
of the probability of false alarm, is a key information-theoretic
indicator of the difficulty of a binary hypothesis testing problem
(BHT). It is well known that the optimal ROC curve for a given
BHT, corresponding to the likelihood ratio test, is theoretically
determined by the probability distribution of the observed data
under each of the two hypotheses. In some cases, these two
distributions may be unknown or computationally intractable,
but independent samples of the likelihood ratio can be observed.
This raises the problem of estimating the optimal ROC for a
BHT from such samples. The maximum likelihood estimator of
the optimal ROC curve is derived, and it is shown to converge to
the true optimal ROC curve in the Lévy metric, as the number
of observations tends to infinity. A classical empirical estimator,
based on estimating the two types of error probabilities from
two separate sets of samples, is also considered. The maximum
likelihood estimator is observed in simulation experiments to
be considerably more accurate than the empirical estimator,
especially when the number of samples obtained under one of the
two hypotheses is small. The area under the maximum likelihood
estimator is derived; it is a consistent estimator of the true area
under the optimal ROC curve.

I. INTRODUCTION

Consider a binary hypothesis testing problem (BHT) with
observation X. The observation X could be high dimen-
sional with continuous and/or discrete components. Suppose
go and g; are the probability densities of X with respect
to some reference measure, under hypothesis Hy or Hi,
respectively. Then the likelihood ratio is R = Z;g; By
the Neyman—Pearson lemma, the optimal decision rule for a
specified probability of false alarm, is to declare H; to be
true if either R > 7, or if a biased coin comes up heads
and R = 7, for a suitable threshold 7 and bias of the coin.
The optimal receiver operating characteristic (ROC) curve,
giving the maximum probability of detection as a function of
the probability of false alarm, is a key information-theoretic
indicator of the difficulty of the BHT. Because we focus on the
optimal ROC, which is determined by the BHT rather than the
specific decision rule, we use the terms “optimal ROC” and
“ROC” interchangeably.

This paper addresses the problem of estimating the ROC
curve for a BHT from independent samples R;,..., R, of

the likelihood ratio. Specifically, we assume for some deter-
ministic sequence, (I;: i € [n]), that R; is generated from an
instance of the BHT such that hypothesis Hj, is true. This
problem can arise if the densities go and g; are unknown,
but can be factored as gi(z) = u(x)hi(x) for k € {0,1},
for some unknown (or very difficult-to-compute) function
and known functions hg and h;. Then the likelihood ratio
can be computed for an observation X using R = Zég;,
but the distribution of the likelihood ratio depends on the
unknown function w. So if it is possible, through simulation
or repeated physical trials, to generate independent instances
of the BHT, it may be possible to generate the independent
samples Ry, ..., R, as described.

To elaborate a bit more, we discuss a possible specific
scenario related to Cox’s notion of partial likelihood [1]].
Suppose X = (Y1,51,Ys,5s,...,Yr, Sr), where the com-
ponents themselves may be vectors. The full likelihood under
hypothesis Hy, for k = 0, 1 is the product of two factors given
below, each of which is a product of T factors:

T
(H Ty ye-1,501 (yely' 1, 8" k))

t=1

T
: <H fo,|Yt,St*1 (Stlyta St_l; k)) y

t=1

where y* £ (yy: ' € [t]). Cox defined the first factor to be
the partial likelihood based on Y and the second factor to
be the partial likelihood based on S. If the first factor is
very complicated but does not depend on k, and the second
factor is known and tractable, we arrive at the form of the
total likelihood described above: gi(x) = u(x)hy(z) for
ke {0,1}.

To avoid possible confusion, we emphasize that the problem
considered is an inference problem with independent observa-
tions, where the ROC is to be estimated. The space of ROCs
is infinite-dimensional. The observations Ry, ..., R, are not
used for a binary hypothesis testing problem.

There is a large classical literature on ROC curves dating to
the early 1940s. Much of the emphasis relating to estimating



ROC curves is focused on estimating the area under the ROC
curve (AUC), a key performance measure for machine learning
algorithms [2]. For estimation of the ROC curves, a popular
approach is the binormal model such that the distribution of an
observed score is assumed to be a monotonic transformation
of Gaussian under either hypothesis, and maximum likelihood
estimates of the parameters of the Gaussians are found. See
[3], [4] and references therein. The first estimator we consider
for the ROC curve, which we call the “empirical ROC curve,”
is described by that name in [5]]. The empirical ROC curve is
the same up to a rotation as the “sample ordinal dominance
graph” defined in [6]], p. 400.

The paper is organized as follows. Some preliminaries about
ROC curves are given in Section |lI} The empirical estimator
of the optimal ROC curve based on using the empirical
estimators for the two types of error probabilities is considered
in Section A performance guarantee is derived based on
a well-known bound for empirical estimators of CDFs. The
ML estimator of the ROC curve is derived in Section [Vl
Consistency of the ML estimator with respect to the Lévy
metric is demonstrated in Section [Vl The area under the ML
estimator of the ROC curve is derived in Section and
is shown to be a consistent estimator of AUC. Simulations
comparing the accuracy of the empirical and ML estimators
are given in Section and discussion is in Section [VIII]
Proofs are found in the appendix.

II. PRELIMINARIES ABOUT OPTIMAL ROC CURVES

A. An extension of a cumulative distribution function (CDF)

The CDF F' for an extended random variable R (i.e., R
can take the value co) is defined by F'(7) = P{R < 7} for
7 € R. In this paper co always means +oo. Given a CDF F
with F'(0—) = 0 and possibly a point mass at co, we define
an extended version of F', and abuse notation by using F' to
denote both F' and its extension. The extension is defined for
7€ RU{o0} and n € [0,1], by F(r,n) = (1 —n)F(r—) +
nF(7), where F(co—) = lim, o F(7) and F(co) = 1. Let
F({r}) = F(r) — F(7—) denote the mass at 7. Thus, if R
is an extended random variable with CDF F, then F(7,7n) =
P{R < 7} + nP{R = 7}. Note the extended version of F is
continuous and nondecreasing in (7, 7) in the lexicographically
order with F'(0,0) = 0 and F' (00, 1) = 1, and hence surjective
onto [0, 1]. Also, let the extended complementary CDF for F
be defined by F°(r,n) = 1 — F(7,n), so that F°(r,n) =
P{R > 7} +nP{R =1}

B. The optimal ROC curve for a BHT

Consider a BHT and let F{y denote the CDF of the likelihood
ratio R under hypothesis Hj and let F; denote the CDF of the
observation R under hypothesis Hy. Then dFy(r) = r dFy(r)
for r € (0,00) (see Appendix [A| for details) , and F;(0) =
Fy({oo}) = 0, while it is possible that Fy(0) > 0 and/or
Fl({OO}) > 0.

The likelihood ratio test with threshold 7 and randomization
parameter 1 declares H to be true if R < 7, declares H; to
be true if R > 7, and declares H; to be true with probability n

if R = 7. The optimal ROC curve is the graph of the function
ROC(p) : 0 < p < 1 defined by ROC(p) = Ff(7,n) where
7 and 7 are selected such that F§(7,n) = p. Note this is
well-defined because Fy is surjective and for any 7, 7/, 1, and
7' we have F§(r,n) = EF§(r',n') if and only if Ff(r,n) =
Ff(r',n'). Equivalently, the optimal ROC curve is the set of
points traced out by P = (F§(7,n), F{(7,n)) as T and 7 vary.

Proposition 1: Any one of the functions Fy, Fi, or ROC
determines the other two.

Remark 1: ROC is a continuous, concave, nondecreasing
function over [0, 1] with R(0) > 0 and R(1) = 1. Conversely,
any such function is an ROC curve of some BHT.

C. The Lévy metric on the space of ROC curves

Given nondecreasing functions A, B mapping the interval
[0,1] into itself, the Lévy distance between them, L(A, B), is
the infimum of € > 0 such that

Alp—e)—e<B(p) <A(p+e€)+e foralpeR,

with the convention that A(p) = B(p) = 0 for p < 0 and
A(p) = B(p) = 1 for p > 1. A geometric interpretation of
L(A, B) is as follows. It is the smallest value of € such that
the graph of B is contained in the region bounded by the
following two curves: An upper curve obtained by shifting
the graph of A to the left by € and up by ¢, and a lower curve
obtained by shifting the graph of A to the right by € and down
by e.

Remark 2: 1t is easy to see the Lévy metric is dominated
by the L. metric Lo (A, B) £ sup,eoq] 1AP) — B(p)|-
Note the Lévy metric is equivalent to the L., metric on A
and B after rotating the graphs clockwise by 45 degrees, and
hence tolerates horizontal deviation better than L.,. To see
this, consider a perfect ROC curve ROC =1 and an estimate
ROC(p) = min{cp, 1}. Then for large ¢ the uniform norm of
the difference is 1, while the Lévy distance p_%l is small.

Lemma 1: Let F o, F, 1, Fy 0, Fp,1 denote CDFs for proba-
bility distributions on [0, co]. Let A be the function defined on
[0,1] determined by F, o, Fy,1 as follows. For any p € [0, 1],
A(p) = Fg,(m,m), where (7,n) is the lexicographically
smallest point in [0, o] x [0, 1] such that Fy o(7,1) = p. (If
Fy0 and Iy, 1 are the CDFs of the likelihood ratio of a BHT,
then A is the corresponding optimal ROC.) Let B be defined
similarly in terms of F} o and I} ;. Then

L(A, B)

< sup )maX{lFa,o(T) — Foo(7)]; [Fa1 (1) = Foa(7)[}-
T7€[0,00
(1

We remark that [7]] introduces a topology on binary input
channels that is related to the Lévy metric used in this paper.

III. THE EMPIRICAL ESTIMATOR OF THE ROC

Consider a BHT and let £}, denote the CDF of the likelihood
ratio R under hypothesis Hy, for k = 0, 1. Suppose for some
positive integers ng and ni, independent random variables
Rot,...,Romgs Ri1,-..,R1,, are observed such that Ry ;



has CDF Fj for K =0,1 and 1 <7 < ng. A straight forward
approach to estimate ROC is to estimate F}, using only the ny
observations having CDF Fj, for kK = 0, 1. In other words, let

nk

ZI{R,H<T}

for K = 0,1 and let ROCE, the empzrlcal estlmator of ROC,
have the graph swept out by the point (FO (t,m), 2 ( 7))
as T varies over [0,00] and n varies over [0,1]. In general,
R/O\CE is a step function with all jump locations at multiples
of ;L and the jump sizes being multiples of ;. Moreover,

R/O\CE depends on the numerical values of the observatlons
only through the ranks (i.e., the order, with ties accounted
for) of the obser@i&ns.

The estimator ROCg as we have defined it is typically not
concave, and is hence typically not the optimal ROC curve
for a BHT. This suggests the concavified empirical estimator
ROCCE defined to be the least concave majorirl of ROCE
Equivalently, the region under the graph of ROCcg is the
convex hull of the region under ROCg.

We write “X,, — ¢ a.s. as n — 00” where a.s. is the
abbreviation for "almost surely," to mean P{lim, ., X, =
¢} = 1. The following provides some performance guarantees
for the empirical and concavified empirical estimators.

Proposition 2: Let n = ng +n1 and a = nlﬁruno. Then the
empirical estimator satisfies

P{L(ROC,ROCg) > §} < 2219 4 ge=2n(1=e)8” ()

Moreover, if v € (0,1) is fixed and nj — oo for k = 0,1
with 2 = 122 then L(ROC,ROCg) — 0 ass. as n — oc.
In other words, R/O/\£E is consistent in/th\e Lévy metric. In
general, L(ROC,ROC¢g) §/L(\ROC, ROCE), so/tge above
statements are also true with ROCg replaced by ROCgg.

Remark 3: A consistency result for the empirical estimator
in terms of the uniform norm with some restrictions on the
distributions F{; and F; has been developed in [4].

While the bound (2)) seems reasonably tight for « near 1/2,
the bound is degenerate if « is very close to zero or one. The
maximum likelihood estimator derived in the next section is
consistent even if all the observations are generated under a
single hypothesis.

IV. THE ML ESTIMATOR OF THE ROC

Consider a BHT and let F}, denote the CDF of the likelihood
ratio R under hypothesis Hy for £k = 0,1, and suppose for
some n > 1 and deterministic binary sequence I; : i € [n],
independent random variables R, ..., R,, are observed such
that for each i € [n], the distribution of R; is Fp,. The
likelihood of the set of observations is the probability the
observations take their particular values, and that is determined
by Fy and Fy, and hence, by Proposition [I} also by ROC
or by Fy alone or by Fj; alone. Hence, it makes sense
to ask what is the maximum likelihood (ML) estimator of
ROC, or equivalently, what is the ML estimator of the triplet

(Fy, F1,ROCQ), given I, : i € [n] and R;,i € [n]. The answer
is given by the proposition in this section.
Let ¢,, be defined by

on(\) 2 iZZHm if0< A<, 3
! 1 if A=1.

Note that ¢, is finite over (0, 1], continuous over [0,1), and
convex over [0, 1]. Moreover, ¢,,(0) = oo if and only if R; = 0
for some ¢ amd ¢,, has a jump discontinuity at 1 if and only
if R; = oo for some .

Proposition 3: The ML estimator (Fo, F1, ROCML) is
unique and is determined as follows. ROCML is the optimal
ROC curve corresponding to Fo and/or F1, where:

D Ifd = i Ri <1 (implying R; < oo for all 7), then for

€ [0, 00)

Fo(r ZI{R <7Vi Fi(r ZI{R < ;.
=1

2) If L El 1 R < 1 (implying R; > 0 for all 7), then for
re [0,00)

1 — 1
:EZI{Ri>T}E; Fl ZI{R<T}
=1

3) If neither of the previous two cases holds, then for 7 €

[0, 00)

—~ 1< 1

Fo(r) = n; {R; <T}m
and

—_ 1 & R;

Fi(r) = n; {R<‘r}—>\ T (- AR

where \,, is the unique value in (0, 1) so that ¢,,(\,,) = 1.
Remark 4:

1) The estimator does not depend on the indicator variables
I; : i € [n]. That is, the estimator does not take into
account which observations are generated using which
hypothesis.

2) Cases 1) and 2) can both hold only if R; = 1 for all ¢,
because  + 1 > 2 for r € [0,00] with equality if and
only if r = 1

3) If case 1) holds with strict inequality, then F} ({o0}) >
even though R; < oo for all <.

4) Similarly, if case 2) holds with strict inequality, then
Fy(0) > 0 even though R; > 0 for all 4.

5) Suppose case 3) holds. The existence and uniqueness of
A, can be seen as follows. Since case 2) does not hold,
©n(0) > 1. If R; = oo for some i then ¢, (1—) < 1; and
if R; < oo for all 7, then ¢}, (1) = 3" (R; —1) >0,
where we have used the fact case 1) does not hold. Thus,
wn(A) < 1if A < 1 and A is sufficiently close to 1.
Therefore the existence and uniqueness of A, in case 3)
follow from the properties of ,,.



6) The proof of Proposition [3]is in Appendix [D] Maximiz-
ing the likelihood is reduced to a convex optimization
problem and the KKT conditions are used.

The following corollary presents an alternative version of
Proposition [3]that consolidates the three cases of Proposition 3}
It is used in the proof of consistency of the ML estimator.

Corollary 1: The ML estimator is unique and is determined
as follows. For 7 € [0, ),

—c 1< 1
E =— Iig.siy——————
0 (T) n ; {R7,>T} )\n T (1 _ )\n)RZ

and

—~ I R;
Fi(r) = o ;[{Rigr}m’
where A, = min{\ € [0,1] : p,(A) < 1}

Remark 5: 1t is shown in the proof of Proposition [3] that
An — « as. as n — oo if F{y is not identical to F;. Thus,
for n large, A\, is approximately the prior probability that a
given observation is generated under hypothesis Hy and n\,
is approximately the number of observations generated under
Hy. The ML estimator Fy can be written as

—~c 1 < An
Fy (r)=—Y Ipon+—r
O L ST TR

where. )\+(1’\+)\)R can be interpreted as an estimate of the
posterior probability that R; was generated under H.

V. CONSISTENCY OF THE ML ESTIMATE OF THE ROC

Suppose R has CDF Fj under Hy and CDF F} under
H1, such that R is also the likelihood ratio. Let a be fixed
with a € [0,1] and suppose the observations Ry, Ro, ... are
independent, identically distributed random variables with the
mixture distribution a.Fp + (1 — o) Fy. We are considering the
problem of estimating the ROC curve for the BHT for distri-
butions Fy and F; using the ML estimator (ROCyyy,, Fy, FY)
based on the observations R;,..., R, as n — Mor brevity
we suppress n in the notation for ﬁ;, ﬁ’\l, and ROCyr,.

Proposition 4 (Consistency of the ML estimator of the ROC
curve): The ML estimat/or\ of the ROC curve for Hy vs. H; is
consistent. That is, L(ROCyyr,, ROC) — 0 a.s. as n — oo.

The proof of Proposition @] is given in Appendix [F} The first
part of the proof is to establish that if Fp is not identical to
El , then \,, — « a.s. as n — oo. Thus, the estimators F{, and
F are close to functions obtained by replacing \,, by «, and
those resulting functions converge to Fjy and F}, respectively,
by the law of large numbers.

VI. AREA UNDER THE ML ROC CURVE

The area under R/O\CML, which we denote by ﬂJ\CML, is a
natural candidate for an estimator of AUC, the area under ROC
for the BHT. An expression for it is given in the following

proposition. Let )\, be defined as in Corollary [I|and for ,4" €
[n], let
maX{Ri, Ri/ }

2\ + (1= X)) Ri) (M + (1 = A\p)Ryr)’

with the following understanding. Recall that if R; = 0 for
some i € [n] then A, > 0, so the denominator in T ; is
always strictly positive. Also recall that if R; = co for some
i € [n] then A\, < 1, and the following is based on continuity:
If R, = Ry = coset T; = 0. If Ry < Ry = oo, set

Ty = !
2,2 2(An+(1=An)R;)(1=Xy) "
Proposition 5:

Ty =

1) The area under R/O\CML is given by

AUCw = 5 DD T )

i=14'=1

2) The estimator ATl-J\CML is consistent: ATU\CML — AUC as.
as n — oo.

3) Let R, R’ be independent random variables and use Eq to
denote expectation when they both have CDF Fj. Then

AUC = %Eo[maX{R, R’} + Fi({o0}) (3)
_1- %Eo min{R, R'}]. ©)

4) For i # ¢/, ]E[TZ((:,)] = AUC, where Ti(;-y,) is the same as
T; i with X, replaced by «.
Remark 6:

1) The expression (@) can be verified by checking that it
reduces to (@) in case E, is replaced by expectation using
Fy and F} is replaced by Fy. A more direct proof of (@)
is given.

2) The true AUC for the BHT is invariant under swapping
the two hypotheses. Similarly, AUCyy, is invariant under
replacing \, by 1— A, and R; by - forall i. If R; =1
for all i, AUCyy, = 1/2.

3) Part 4) of the proposition is to be expected due to the
consistency of AUCy, and the law of large numbers,
because if n is large, most of the n? terms in @]) are
indexed by 4,4’ with ¢ # 4/, and we know, if Fy is not
identical to Fj, that \,, — « a.s. as n — oo.

VII. SIMULATIONS

In this section we test the estimators in a simple bi-
normal setting. Let X be distributed by A(0,1) under Hy
and by MN(u,1) under H;. Then the likelihood ratio is
R = exp(uX — ip*) and the ROC curve is given by
ROC(p) = 1—®(®~1(1—p)— i), where ® is the CDF of the
standard Gaussian distribution. Simulation results for the three
ROC estimators with 1 = 1 are shown in Fig. [I| with various
numbers of observations under the two hypotheses (ng,n1).
For each pair of (ng,n1) two figures are shown. The left figure
shows the estimated ROC curves and the true ROC curve for a
single sample instance of ny+n; likelihood observations. The
right figure shows the average Lévy distances of the estimators



over N = 500 such sample instances with error bars (i.e., plus A
or minus sample standard deviations divided by v/N). The
simulation code can be found at [§]. 0.10

The two empirical estimators have similar performance,
while CE outperforms E slightly in terms of the Lévy distance. :

Note ROCCE, as the least concave majorant of ROCE, could = ‘ ‘ : ‘ 0.00 - ‘ ‘
be biased toward higher probability of detection as evidenced o p(r){)ZbS. of false alarm " estimator
by the sample instances. (a) For ng = 10, n1 = 10.

It can be seen that the ML estimator (MLE) achieves
much smaller Lévy distance than E or CE. The difference
is more pronounced when the number of observations under
one hypothesis is significantly smaller than that under the
other, as seen in Figs. [[dHTf} This is because E and CE
calculate the empirical distributions based on the likelihood 000 055 050 0Y5 100
ratio observations under the two hypotheses separately before prob. of false alarm estimator
combining the empirical distributions into an estimated ROC (b) For ng = 100, n1 = 100.
curve. As a result, having very few samples under either
hypothesis results in errors in estimating the ROC curve
regardless of how accurate the estimated distribution under the
other hypothesis is. In contrast, every observation contributes
to the joint estimation of the pair of distributions in MLE,
so the ROC curve can be accurately estimated even when 000 025 050 075 1.00 00 TNE ? ?
there are very few samples from one hypothesis. In fact, as prob. °f(fgl)s%f)'fr:0 — 1000, n; = 1008:“"“““
Section [V] suggested, MLE works even if all samples are
generated from the same hypothesis (see Fig. [Tg), while E
and CE do not work because one of the distributions cannot
be estimated at all. This demonstrates that MLE effectively
utilizes samples from either hypothesis based on the relation
between F and F; (Proposition |I[)
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difference p and the sample composition « = ng/(ng + n1) (d) For ng = 10, n1 = 100.

is shown in Fig 2} again averaged over N = 500 instances. In
Fig.[24] different values of y are used for fixed ng = n; = 100.
In Fig. [2b] different values of « are used for 1 = 1 and a fixed
total number of samples ng + n; = 200. In both cases, MLE
outperforms E and CE consistently and is insensitive to x4 and
a. Note all three estimators require the knowledge of u to ! ‘ ‘ ‘ ‘
calculate the likelihood ratios, while MLE does not need the 000 rob, of false alarm cstimator
hypothesis labels and hence is completely oblivious to a. (e) For ng = 10, n1 = 1000.
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VIII. DISCUSSION 0.15-

__The qualitative differences between the empirical estimator 0.10-

ROCE and the ML estimator ROCML are striking. Only
the rank ordering of the samples is used by the empirical
estimator—not the numerical values. So it is important to track ] ] ‘ ‘ ‘ 00 I :

. . . . o . 0.00 0.25 0.50 0.75 1.00 MLE E CE
which samples are generated with which distribution. The ML prob. of false alarm estimator
estimator does not depend on which samples were generated (f) For ng = 100, n1 = 1000.
with which distribution and exact numerical values are used.

We proved a consistency result for ROCyyy, but perhaps it
also satisfies a bound similar to (2). It may be interesting
to explore theoretical guarantees on the accuracy of the ML
estimator for large, fixed n as a function of the fraction, «, of

i i .

observat10n§ that are taken und.er hyppthesm Hy. 000 055 050 075 100 00 MLE

A BHT is the same as a binary input channel. Work of prob. of false alarm estimator

. . (g) For ng = 0, n1 = 100.

Blackwell and others working on the comparison of exper-
iments has led to canonical channel descriptions that are Fig. 1: Sample instances and average errors for p = 1.
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Fig. 2: Average errors.

equivalent to the ROC curve, such as the Blackwell measure.
The Blackwell measure is the distribution of the posterior
probability that hypothesis Hj is true for equal prior probabil-
ities 1/2 for the hypotheses. See [9] and references therein. It
may be of interest to explore estimation of various canonical
channel descriptions besides the ROC under various metrics.
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APPENDIX A
RELATION OF Fjy AND F}

Let P, and g; denote the probability distribution and the
probability density function with respect to some reference
measure p of the observation X in a measurable space (X, )
under hypothesis Hj, for k = 0,1. In other words, Py(A) =
S 9x(z)pu(dz) for any A € 3. Let p: X - R £ RU {00} be
defined by

9l if go(z) > 0,

00 if go(z) =0.

px) =

Then p is a Borel measurable function denoting the likelihood
ratio given an observation. The probability distribution of the
extended random variable R = p(X) under Hy is the push-
forward of the measure P, induced by the function p for
k = 0,1, denoted by v. The probability distribution vy
restricted to R is also the unique Borel measure (known as
the Lebesgue—Stieltjes (L—S) measure corresponding to Fj,
the CDF of R) on [0, 00) such that v ([0, 7]) = Fj(7) for all
T € [0, 00).

Throughout this paper, integrals of the form [ h(r)dF(r)
are understood to be Lebesgue—Stieltjes integrals (for the
extended real numbers). That is,

/ﬂ_{ h(r) dF(r) 2 /R h(r)vp(dr),

for any Borel measurable function h.
Proposition 6: For any Borel set A in R,

Vl(A):/Arl/O(dr).

In other words, when restricted to the Borel sets in R,
v1 1is absolutely continuous with respect to 1y, and the
Radon—Nikodym derivative is the identity function almost
everywhere with respect to 1.

Proof: By the change-of-variables formula for push-
forward measures, for any Borel set A in R,

v (A4) = /RIA(’I”)Vl(dT’)

La(p(z)) P1(dx)

La(p(x))g1(z) p(dx)
(p(z))p(x)go () p(da)
(p(x))p(x) Po(dz)

To(r)rvp(dr)

o

I [
——

~

b

rvg(dr),

implying the proposition. [ ]

APPENDIX B
PROOFS FOR SECTION [[I]

Proof of Proposition[I} The function Fy, determines F}
by Fi(1) = f[o, ]rdFO( r) for 7 € [0,00). Conversely, F;
determines Fy by F§(r f(Too LdF(r) for T € [0,00).
So either one of F{y or F1 determlnes the other, and hence also
determines ROC as described in Section [[I-Bl To complete
the proof it suffices to show that ROC determines Fj. The
function ROC is concave so it has a right-hand derivative on
[0,1) which we denote by ROC', with the understanding that

ROC'(0) € [1, o] and the convention that ROC'(1) = 0. Then
we claim F§(7) = min{p € [0,1]: ROC'(p) < 7} for 7 €
[0, 0). |


https://github.com/Veggente/mleroc
https://www2.isye.gatech.edu/~nemirovs/OPTIII_LectureNotes2018.pdf
https://www2.isye.gatech.edu/~nemirovs/OPTIII_LectureNotes2018.pdf

Proof of Lemma [I] : Let the right-hand side of (I) be
denoted by €. Note that

€= sup

maX{|F5,O(7—7 7)) - FbC,O(T’ 7])|7
7€(0,00),n€10,1]

[Fea(mn) = Foa(mml}, ()

because for 7 fixed, the right-hand side of is the maximum
of a convex function of n and the value at » = 0 and
n = 1 is obtained by the right-hand side of (I) at 7—
and 7, respectively. We appeal to the geometric interpretation
of L(A,B). Consider any point (p, B(p)) on the graph of
B. 1t is equal to (Fy (7, n), Fy (7, n)) for some choice of
(7,m). Let (p/, A(p’)) denote the point on the graph of A
for the same choice of (7,7). In other words, it is the point
(Fgo(r,m), F51(,m)). Then (p, B(p)) can be reached from
(', A(p’)) by moving horizontally at most € and moving
vertically at most €. So (p, B(p)) is contained in the region
bounded between the upper and lower shifts of the graph of
A as claimed. [ |

APPENDIX C
PROOF OF PROPOSITION 2]

Proof: The Dvoretzky—Kiefer—Wolfowitz (DKW) in-
equality with the optimal constant proved by Massart implies:

P{ sup |Fi(r)— Fu(r)| > 6} < 2e 20" (8)
T€[0,00)

Combining (&) with Lemma [I] implies (Z). The consistency
of ROCg follows from the Borel-Cantelli lemma and the fact
the sum of the right-hand side of over n is finite for any
0 >0.

The /ﬁgl inequalitlﬁ)llows from the following gk&erva-
tions: ROCcg(p) > ROCg(p) for p € [0,1], and if ROCg is
less than or equal to the concave function p — ROC(p+e€)+e,
then so is R/O\CCE, by the definition of least concave majorant.

|

APPENDIX D
—_—
DERIVATION OF ROCyy,

Proposition (3| and its corollary are proved in this section.

Proof of Proposition 3}  Given the binary sequence
(I;: 1 € [n]) and the likelihood ratio samples Ry,...,R,,
letO:’Uo<’Ul<7)2<"'<’Um<7)m+1:OO
be the set of unique values of the samples, augmented by
vo = 0 and v,,,+1 = oo even if 0 and/or oo is not among
the observed samples. Let (cJ,c?,c3, ..., c2 ) denote the mul-
tiplicities of the values from among (R;: I; = 0) and let
(ci,¢3,... ¢k ek 1) denote the multiplicities of the values
from among (R;: I; = 1).

Let a; = Fo({v;}) for 0 < j < m and let b = F;({o0}).
Thus a; is the probability mass at v; under hypothesis Hy for
0 < j < m. The corresponding probability mass at v; under
hypothesis Hy is ajv; for 0 < j < m and the probability
mass at v,,+1 under hypothesis H; is b.

The log-likelihood to be maximized is given by

Z c? loga; + Z c} log(a;jv;) + cp, 41 logb,
j=0 j=1
where 0log 0 is understood as 0 and log 0 is understood as neg-
ative infinity. Equivalently, dropping the term 77" ¢} log(v;)
which does not depend on Fj (or F; or ROC), the ML

estimator is to maximize

Z Cj 1Og aj + Cm+1 lOg bv
7=0

where ¢g = ¢, cpy1 = ¢l yq and ¢ £ +cjforl <j<m.
In other words, ¢; is the total multiplicity of v; in all samples
regardless of the hypothesis.

For any choice of Fj (or F; or ROC), the probabilities
satisfy the constraint:

m

Zajgland Zajvj—l—bél- )
=0 =1

The inequalities in (9) both hold with equality if the dis-
tribution F{, (or equivalently F}) assigns probability one to
the set {vg, . . ., Um+1}- Otherwise, both inequalities are strict.
We claim and now prove that any ML estimator is such that
both inequalities in (9) hold with equality. It is true in the
degenerate special case that R; € {0,00} for all ¢, in which
case an ML estimator is given by ROC(p) = 1, F(0) = 1 and
F1({o0}) = 1. So we can assume m > 1 and there is a value
jo (for example, jo = 1) such that 1 < 55 < m. If Fy does not
assign probability one to {vg, ..., ;41 + then the same is true
for F, so that strict inequality must hold in both constraints
in (9). Then the probability mass from Fj (and F}) that is not
on the set {vo,...,Um4+1} can be removed and mass can be
added to Fp at 0 and vj, and to F} at v, and oo such that
both constraints in (@) hold with equality and the likelihood
is strictly increased. This completes the proof of the claim.
Therefore, any ML estimator is such that the distributions
are supported on the set {vg,...,v,,+1} and the probabilities
assigned to the points give an ML estimator if and only if they
are solutions to the following convex optimization problem:
(10)

max
a>0,b>0

m m
S.t. Zaj =1 and Zajvj +b=1.
§=0 j=1

The relaxed Slater constraint qualification condition is sat-
isfied for (I0), so there exists a solution and dual variables
satisfying the KKT conditions (see Theorem 3.2.4 in [10]).
The Lagrangian is

Z cjlogaj + cpq1logh
j=0

L(a,b,\, pn) = ch loga; + ¢ry1logh
§=0

— iajfl A— iajijrbfl 1

=0 j=1



The KKT conditions on (a,b, A, i) are

a>0,b>0; Zajzl; Zajvj—f—b:l;
i=0 j=1
oL oL oL
— < 0; -—=0; — =0fory ;
6&0 =Y, Qg 8&0 ) 8aj orj e [m]a
OL oL
5% <0 b-% =0,
where
oL L if ¢g > 0,
I b )\ ao
Bag (M) {—/\ if co = 0:

OL C; .
aiaj(avb7>\):u’):a7j_)\_vju fOI‘]e[mL
L Cmtl _ if ¢, 0
a—(a,b,x,ﬂ): b —H Mempr >0,
b — lme+1 =0.

Solving the KKT conditions yields:
l) If Cm+41 = 0 and ZTZl U;Cj < Z;mzo Cj, then

~ & .
U = =m—— for 0 < j <my;
> ko Ck
m m
~ D i1 Uiy 3
b =1 7“’ Z —
Z] 06Cj
2) Otherwise, if co = 0 and -7, ¢j/v; < Z;'Hll ¢;j, then
~ Cj .
ajz—j for 1 <j<m;
Ul

J =1, (11)
— A+
=~ Cj Cm+1
=1, (12)
jz::l Avj + p K
and for 0 < j < m,
4= p= Gl
A+t w

Multiplying both sides of (TT)) by A and both sides of (I2)) by u
and adding the respective sides of the two equations obtained,
yields A + p = Z;':Bl ¢; = n. The above conditions can be
expressed in terms of the variables I?;, and then replacing p
by n —n\, and A by n\, yields the proposition. ]

Proof of Corollary [I}  Corollary [T] is deduced from
Proposition [3| as follows. If R; = 1 for 1 < ¢ < n then

the corollary gives that both ﬁg and 131 have all their mass at
r =1, in agreement with Proposition [3] So for the remainder
of the proof suppose R; # 1 for some 1.

Consider the three cases of Proposition [3] If case 1) holds
then ¢, (1—) = 1 and ¢} (1) = £ > (R; — 1) < 0. Also,
R; < oo for 1 < i < n. Since R; ¢ {1,00} for at least
one value of 4, ¢, is strictly convex over [0, 1]. Therefore,
©n(A) > 1 for A € [0,1). Thus, A, defined in the corollary is
given by )\, = 1, and the corollary agrees with Proposition

If case 2) holds then ¢,,(0) < 1. Thus, A, defined in the
corollary is given by A, = 0, and the corollary agrees with
Proposition

If neither case 1) nor case 2) holds, then \,, in the corollary
is the same as A, in Proposition [3| and the corollary again
agrees with Proposition [ ]

APPENDIX E
FROM POINTWISE TO UNIFORM CONVERGENCE OF CDFs

The following basic lemma shows that uniform convergence
of a sequence (F,:n >1) of CDFs to a fixed limit is
equivalent to pointwise convergence of both the sequence and
the corresponding sequence of left limit functions, at each
of a suitable countably infinite set of points. The CDFs in
this section may correspond to probability distributions with
positive mass at —oo and/or oco.

Lemma 2 (Finite net lemma for CDFs): Given a CDF F' and
any integer L > 1, there exist ¢1,...,cp—1 € RU{—00,00}
such that for any CDF G, sup,cp |F(c)—G(c)| < 0+ + where
Gleo)l; [F(ee—) — }-

5= G(ci—)

e max{|F(¢c;) —

Proof: Let ¢, = min{c € RU{—0c0,00}: F(c) > £}
for 1 < ¢ < L — 1. Also, let ¢cg = —o0 and ¢ = oo.
The fact F(cpp1—) — Fe) < + for 0 < ¢ < L -1
and the monotonicity of F' and G implies the following. For
0<{¢<L-1andcé€ (ccos1),

and similarly

G() < Glerpi=) < Fleesa—) +6 < F(e) 45+ 1.
Since R C {c1,...,c -1} U (U; (eq, ce1)), it follows that
|F(c) = G(c)| <6+ 1 forall ¢ € R, as was to be proved. W

Corollary 2: If F' is a CDF, there is a countable sequence
(ce: € > 1) such that, for any sequence of CDFs (F,: n > 1),
sup.cg |F(c) — Fi.(c)| — 0 if and only if F),(c,) — F(ce)
and F,,(cp—) — F(cy—) as n — oo for all £ > 1.

Proof: Given F, let (L;: j > 1) be a sequence of integers
converging to co. For each j, Lemma [2] implies the existence
of L; — 1 values c, with a specified property. Let the infinite
sequence (cg: £ > 1) be obtained by concatenating those finite
sequences. ]



APPENDIX F
PROOF OF CONSISTENCY OF ML ESTIMATOR

The proof of the Proposition ] is given in this section after
some preliminary results. Define ¢(A) for 0 < A <1 by

1 .
1 if A=1.

(13)

For any fixed A € [0, 1], ¢, () is the average of n independent
random variables with mean ¢(\), so by the law of large
numbers, ¢, (A) = ©(A\) a.s. as n — oo. Note that ¢ is finite
over (0, 1], continuous over [0, 1), and convex over [0, 1].

Lemma 3: If Fj is not identical to F}, exactly one of the
following happens:

1) ¢(1—) < 1 and ¢ is convex;
2) p(1—) =1 and g is strictly convex.
Proof: Note that ¢(A) < sup,.¢jg o] m = 1 for
A € (0,1], so ¢(1—) < 1. The function ¢ is convex because

it is the expectation of a convex function. If ¢(1—) = 1, then

P{R; = oo} = 0 and since it is also assumed that Fj is not

identical to Fy, P{R; & {1,00}} > 0. Hence, the function

in the expectation defining ¢ is strictly convex with positive

probability, so ¢ is strictly convex. ]
Lemma 4: Suppose Fj is not identical to F; and let A\, be

defined as in Corollary [I} Then A\, — « a.s. as n — oc.

Proof: Suppose o = (0. Then

{ 1 ] 1
¢(0) =Eq | =/ —rdFy(r)=1- Fy(0) <1
R o+ T
If p(0) < 1, then, since ¢,(0) — ©(0) as. as n — oo,
©n(0) < 1 for all sufficiently large n. So A\, = 0 = « for all
sufficiently large n, with probability one.

If p(0) = 1, then by Lemma [3 it follows that p()\) < 1
for A € (0,1). So for any such A fixed, ¢, () < 1 for all
sufficiently large n with probability one. Thus, for any fixed
A€ (0,1), A\, < A for all large n with probability one, so
An — 0 a.s. as n — oco. This implies the lemma for a = 0.

Suppose « € (0,1). Note that

e 1
o) = [ e+ - R =1

Therefore, Lemma E] implies that, for any ¢ > 0 such that
a+e<1and a—e >0, it holds that p(a + ¢) < 0 and
p(a—€) > 0. Therefore, with probability one, ¢, (a+€) < 0
and ¢, (o — €) > 0 for all sufficiently large n, and therefore
|[An, — a] < e for all sufficiently large n with probability one.
This implies the lemma for o € (0,1).

Suppose a = 1. Since P{R; < oo} = Po{R; < oo} =1 it
holds that p(1—) = 1, so by Lemma [3|} ¢ is strictly convex.
Furthermore, ¢'(1) = Eg[R] — 1 < 0. Therefore, p(A) > 1
for A € [0,1). Thus, for any fixed A € [0,1), p,(A) > 1
for all sufficiently large n, with probability one. This implies
the lemma for o« = 1, as needed. The proof of the lemma is
complete. ]

Define cumulative distribution functions Gy and G; by

—~—c - 1
Go (7) mln{ g {Ri>7} 1—a)Ri’1}
n
— R
G1(7) —mm{ 2:: {R; <T}1ia)va}
for 7 € [0, 00).
Lemma 5: As n — 00,
sup |Fp(7) — Gi(7)] = 0 as. for k € {0,1}.  (14)
T€[0,00)

Proof: The following conditions are equivalent: Fj is
identical to F1; Fo({1}) =1; FA({1}) =L, P{R=1} = 1.
If any of these conditions hold then R; = 1 for all ¢ with
probability one, so by Corollary |1 w2 ({1} = Fl({l}) =1
Also, Go({l}) Gl({l}) =1 So the lemma is true if Fj is
identical to F3y. For the remainder of the proof suppose Fj is
not identical to Fy, which by Lemma ] implies that \,, — «
a.s. as n — oo.

If 0 < a < 1, the convergence (I4) follows immediately
from the fact (based on \,, — «) that, as n — oo, the function
r o m converges uniformly over all » € [0, 0]
to P g v and the function r — m
uniformly over all r € [0, 00] to T

The proof of in case aw = 0 or o = 1 is more subtle.
Here we give the proof for « = 0 and k£ = 0. The other
three possibilities for o and k follow in the same way. So
consider the case a = 0. The random variables Ry, Ro, ...
are independent and all have CDF Fj, and

converges

Go (1) = mln{ ZI{R>T}R 1} (for a = 0).

Fix an arbitrary § > 0 and let € > 0 be so small that € < 1
and 2(Fy(e) — Fo(0)) < 6. For any CDF F and 7 € [0, €],

Fe(r) = (FC( ) — F(€)) + () and |F(r) — F(e)| <
F‘(O ) Also note that (since € < 1) Fy (0)—Fp (e) <
Go (0) — Go (€). Therefore, for 7 € [0, €,
o (1) = Go (1)] < |Fo (¢) — Go (e)] +2|Go (0) — Gy (e)]-
Thus,
sup |Fo (1) —Go (7)]
T€[0,00)
< s[up)\FB%)—c’%c<7)\+2\@)c(0)—é\o”‘(e)|. (15)
TE|€,00

Since A, — 0 with probability one, the function r
Soxy converges uniformly over all 7 € [e,oq] to .
It follows that the supremum term on the right side of (I3)
converges to zero a.s. as n — 00. Since
—~c —~c 1
|Go (0) — Go (e)] ZI{O<R <R,

=1



and
E|I L /6 }dF (r)
{0<R1,SE} RZ - o r 1
= [ dFo(r) = Fo(e) — Fo(0)
0+
the law of large numbers implies
lim sup 2|Go (0) — Go (6)] < 2(Fo(e) — Fo(0)) < &

n—r oo

with probability one. So sup,¢(o ) |f%c(¢) *@)C(T)‘ < § for

all sufficiently large n, with probability one. Since 6 > 0 was

selected arbitrarily, this completes the proof of (I4) for k = 0

in case o = 0, and hence the proof of Lemma 5| overall. m
Lemma 6: As n — o0,

sup |Gr(7) — Fp(r)| = 0 as. for k € {0,1}.  (16)

T€[0,00)

Proof: Note that

1
E |:I{R,;>T}a+ (1 —O[)Ri:|

_ /D: m(a + (1= a)r) dFy(r)

= Fg (1),
R;
E [I{Riéf}a—#(l—a)Rj
-, el e dRe)
= Fi(7).

Hence, by the law of large numbers, for any fixed 7 € [0, 00),
Gi(t) — Fy(r) with probability one as n — oo, for
k € {0,1}. It can similarly be shown that Gy (7—) — Fj(7—)
with probability one as n — oo, for k € {0,1} for each 7
fixed. Pointwise convergence of CDFs and their corresponding
left limits implies uniform convergence (see Appendix [E),
implying (T6). [ |

Proof of Proposition[d; Lemmas [5|and [f] and the triangle
inequality:

|Fi(r) = Fi(r)| < |Fi(r) —

imply that as n — oo,

Gi(7)| + |Gr(7) — Fi(7)],

sup \F;(T) — Fy(r)] — 0 as. for k € {0,1}.
T€[0,00)
Application of Lemma [I] completes the proof. ]

APPENDIX G .

DERIVATION OF EXPRESSIONS FOR AUC AND AUCy,
Proof of Proposition 5} (Proof of 1) Let Rjy) < Rjg) <
. < Ry, denote a reorderlng of the samples Ri,..., R,.
Then the region under ROCML can be partitioned into a union
of trapezoidal regions, such that there is one trapezoid for
each Rp; such that R;; < oco. The trapezoids are numbered
from right to left. If a value v; € (0,00) is taken on by

c; of the samples, then the union of the trapezoidal regions
corresponding to those samples is also a trapezoidal region.
The area of the ith trapezoidal region is the width of the
base times the average of the lengths of the two sides. The
width of the base is 111 W corresponding to a term

in F() The ]ength Of the left S]de 1S = Zi/:i’>i m,
and the length of the right side is greater than the length of
. 1 1 .

the left051de.by TR R cEw vy Summing the areas of the
trapezoids yields:

_ 1< 1
A =—
UCwe = 7z ; { (An + (1= An)Rpi)

_ z”: Riin L1 Ry }
Pt ()\n + (1 — )\n)R[i’]) 2 ()\7,, + (1 — )\n)R[i]) ’

which is equivalent to the expression given 1) of the proposi-
tion.

(Proof of 2) The con51stency of AU CML follows from
Proposition 4} the consistency of ROCML

(Proof of 3) Let 7(p) and n(p) denote values 7(p) €
and 7)(p) € [0,1] such that F§(7(p),n(p)) = p. Then

AUC:/O ROC(p)dpz/0 F{(7(p),n(p)) dp
- / (D) FE(r(p)) + (1 — n(p)) F{ (r(p)—)) dp

0

@ / Fi(r(p)) + Fi(r(p)-)
0

[0, 00)

3 p
®) [Ff(R) +Ff(R—)]

_EO 2

_EO{IR+T dEo(r +f r'dFo(r

+ Fl({oo})}

— E, [R’ <I{R/>R} + ;I{R'—R}ﬂ + Fi({eo})
_ %Eo[maX{R, R'Y] + Fi({o0})

_ % Eo[max{R, R'}] + 1 — Eq[R]

=1- % Eo[R + R — max{R, R'}]

—1- %]Eo[min{R, R'}],

where (a) follows from the fact that ROC(p) is affine over
the maximal intervals of p such that 7(p) is constant, so the
integral is the same if ROC(p) is replaced over each such
interval by its average over the interval, and (b) follows from
the fact that if U is a random variable uniformly distributed
on the interval (0, 1), then the CDF of 7(U) is Fy because
for any ¢ > 0, P{7(U) > ¢} = P{U < F§(c)} = F§(c). This
establishes () and (6).

(Proof of 4) This follows from (3] and the fact the CDF of
R and R’ satisfies dF(r) = (a4 (1—a)r) dFy(r) over [0, 00)
and F({oo}) = (1 — a)F1({o0}). [ |
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