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ABSTRACT

Theoretical modeling of acoustofluidic systems faces extreme challenges as the thickness of the thermoviscous boundary layer is very small
compared to the microscale fluid dimensions. The classical pressure acoustic model overcomes these difficulties and is extensively used in
simulating three-dimensional (3D) or large two-dimensional (2D) acoustofluidic systems. However, this model cannot be applied to thermo-
viscous acoustofluidics, as it does not consider energy conservation. Modeling thermoviscous acoustofluidic systems is, therefore, difficult
and restricted to small 2D systems only. Here, we have developed a thermo-pressure acoustic model that can effectively simulate thermovis-
cous acoustofluidic systems. The model has been validated with the full model by performing numerical simulations for a small 2D acousto-
fluidic system for which capturing the acoustic boundary layer effect is feasible using the full model. After successful validation, we
demonstrate that the thermo-pressure acoustic model can also be applied to studying 3D acoustofluidic systems.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0140656

I. INTRODUCTION

Acoustofluidic devices are gaining significant attention over the
past few decades due to their potential applications in particle manipula-
tions,1–4 cell sorting,5–9 cell trapping,10–13 biosensing,14–18 and nonspe-
cific binding removal19–21 Hence, both theoretical and experimental
understanding of the acoustofluidic phenomena is extremely important
for designing efficient acoustofluidic devices. However, the theoretical
modeling of acoustofluidic systems faces serious challenges due to two
factors. First, the complex interaction of acoustics and fluids causes flow
fields that indicate the presence of a fast-oscillating flow and a mean
slow flow (acoustic streaming) corresponding to two distinct timescales:
the fast timescale, often characterized by the acoustic time period, is
associated with the oscillatory flow, and the slow timescale, which is sev-
eral order magnitudes larger than the fast timescale, is associated with
acoustic streaming.22,23 For fluids interacting with an acoustic wave hav-
ing an angular oscillation frequency x, the fast timescale (t0) can be
characterized by x�1. On the contrary, the slow timescale (s) can be
expressed as s ¼ et0 leading to @t0 ¼ e@s, where e is a smallness param-
eter, such as the acoustic Mach number, which is much smaller than
one ði:e: e � 1Þ. Second, in most of the acoustofluidic devices, the
acoustic boundary layer thickness is much smaller than the fluid
domain, and hence, it is extremely difficult to resolve the boundary layer

while solving numerically. To give an overview, acoustofluidic devices
are usually operated at 1–100MHz frequencies for which the thickness
of the acoustic boundary layer lies within 0.05–0.5 lm and it is much
smaller than the typical dimensions of the devices (�100–500 lm). Due
to such differences, many times, typical computational capability cannot
allow the modeling of 3D or even large 2D fluid domains. In this con-
text, the pressure acoustic model has been developed and it quite effec-
tively handles the acoustofluidic problems. In the classical pressure
acoustic theory, the acoustic boundary layer is neglected due to its small-
ness in compared to the fluid domain. Consequently, it shifts the reso-
nance frequency and often miscalculates the viscous damping. Realizing
that, a pressure acoustic model has been recently developed24 that incor-
porates the boundary layer effects.

In a similar fashion, for thermoviscous acoustofluidic scenarios
where the thermal effect cannot be neglected, there is a need for an
equivalent pressure acoustic model. Previous studies25–28 have shown
that acoustic streaming can be significantly altered by imposing back-
ground temperature gradients. For instance, Fand and Kaye25 experi-
mentally studied the acoustic streaming near a horizontal heated
cylinder and demonstrated that a new type of thermoacoustic stream-
ing consisting of two vortices above the cylinder was generated due to
the thermal effect. On the contrary, Michel and Chini26 showed that a
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thermally stratified fluid can cause strong baroclinic streaming under
the actuation of acoustic waves. Nabavi et al.27 performed an experi-
mental study and illustrated that thermal gradient can significantly
affect the acoustic streaming and a sufficient temperature gradient can
break the symmetry. Recently, Qiu et al.28 demonstrated that a strong
thermoacoustic streaming, having velocity amplitude �100 times
higher than Rayleigh streaming, can be realized in microscale with a
temperature gradient as low as 10K/mm. Thermoacoustic streaming
also enhances heat transfer at microscale. Several previous studies29–34

have analyzed the influence of acoustic streaming on heat transfer. For
example, Lin and Farouk31 studied the heat transfer characteristics in
a closed enclosure with differentially heated walls and concluded that
the presence of acoustic streaming significantly improves heat transfer.
Other than these studies, it is already established that acoustic–fluid
interactions can generate heat inside the fluid and this phenomenon is
known as acoustothermal heating.35–45 Kondoh et al.35 showed for the
first time that the interaction of surface acoustic wave (SAW) with a
water thin film can cause sufficient temperature rise, and the tempera-
ture rise can directly be controlled by the applied SAW voltage. Later,
in a series of studies,36–38 they have shown the effect of duty factor,
applied voltage, and liquid viscosity on the acoustothermal heating.
Roux-Marchand et al.45 examined the temperature uniformity in the
acoustothermal droplet heating by varying droplet volume, SAW fre-
quency, and SAW power and proposed device structures for an effi-
cient temperature distribution. It is important to note here that most
of the acoustothermal heating studies are experimental in nature as
theoretical modeling of such systems is extremely challenging and
requires significant computational resources. With modern-day com-
puters, only small two-dimensional acoustothermal systems can be
numerically solved43 and it is practically impossible to solve three-
dimensional systems.

To alleviate this situation, in this work, we have developed a
thermo-pressure acoustic model that can handle issues related to the
length scales associated with the boundary layer and the fluid domain
and be effectively used for modeling thermoviscous acoustofluidic sys-
tems. We have adopted a perturbative approach to separate the fast
and slow timescales and provided a model that can effectively govern
the acoustic fields. The model has been validated with the full model
for a small two-dimensional fluid domain and extended for three-
dimensional systems.

II. BASIC THEORY
A. Governing equations

For our model development, we focused on the fluid domain
only and represent the fluid–solid vibrating boundary by an oscillating
displacement field. We consider that the fluid domain is filled with a
compressible Newtonian thermoviscous fluid, and its density, shear
viscosity, bulk viscosity, thermal conductivity, heat capacity, isobaric
thermal expansion coefficient, and isothermal compressibility are
denoted by q, l, lb, kth, cp, ap, and jT , respectively. Note here that the
isothermal compressibility, jT , is related to isobaric compressibility,
js ¼ 1

qc02
as jT ¼ cjs, where c0 and c are the sonic speed and the heat

capacity ratio of the fluid, respectively. The governing equations for
the thermoviscous fluid are given by

@tqþr � qvð Þ ¼ 0; (1)

@t qvð Þ ¼ r � r� pI� qvv½ �; (2)

@t qEþ 1
2
qv2

� �
¼ r � v � r� pv þ kthrT � q Eþ 1

2
v2

� �
v

� �
: (3)

In the above, p, T , and E are pressure, temperature, and energy of the
fluid, respectively. The velocity can be expressed in terms of its compo-
nents as v ¼ vxex þ vyey þ vzez , where vi and ei denote the velocity
component and the unit vector along the i-direction. The shear stress
is given by r ¼ l½rv þ ðrvÞT � þ lb � 2

3 l
� �

½r � v�I and v2 ¼ jvj2.
We assume that the vibrating boundary has temperature Tb, and its
displacement field is given by ub ¼ ub0eixt , where x ¼ 2pc0=k is the
angular frequency of the oscillation and k is the wavelength. The
velocity at the vibrating boundary can be obtained from the displace-
ment field as vb ¼ @ub

@t .

B. Separation of timescales

One of the primary difficulties in modeling the acoustofluidic
systems is the presence of the multiple timescales associated with the
fast-oscillating flow and the acoustic streaming. We use the regular
perturbation technique to separate the timescales, and we express the
fluid response to the imposed acoustic wave as summation of three
components: hydrostatic, acoustic, and mean components. Using the
perturbation method,46 we can express each flow and temperature var-
iable in terms of these three components as

g ¼ g0 þ eg1 þ e2g2 þ O e3ð Þ; (4)

where e is a smallness parameter, indicative of the acoustic Mach
number, which is the ratio of the acoustic velocity amplitude and the
sonic speed, and in typical acoustofluidics, this number is extremely
small47 (i.e., e� 1). Here, g represents q, p, T , v, and E. Note here, we
assume that the fluid is at rest before the acoustic excitations and,
hence, v0 ¼ 0. We further denote ~g 1 ¼ eg1 and �g ¼ e2g2. The ther-
mophysical properties of the fluid depend on the temperature and,
therefore, can be expressed in terms of the three components as

l ¼ l0 þ el1 þ e2l2 þ O e3ð Þ; (5)

where el1 � ~l1 ¼ dl
dT

� 	
T¼T0

~T 1 and e2l2 ¼ �l2 ¼ dl
dT

� 	
T¼T0

�T 2

þ 1
2

@2l
@T2

� 	
T¼T0

~T 1
2. We can obtain similar expressions for lb, kth, cp,

ap, and jT . Substituting Eqs. (4) and (5) into the governing Eqs.
(1)–(3) and collecting the similar order terms, we obtain the equations
governing the hydrostatics, oscillatory flow, and hydrodynamics of the
fluid system.

C. Fluid hydrostatics

Zeroth-order, i.e., Oðe0Þ, equations describe the fluid hydrostatics
and are given by

@tq0 ¼ 0; (6)

rp0 ¼ 0; (7)

r � kth0rT0ð Þ ¼ 0: (8)

Note here that the zeroth-order equations have trivial solutions, which
indicate that before the acoustic actuation, there are uniform pressure
and temperature distributions inside the fluid and density, q0, is time
invariant.
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D. Acoustic fields

First-order [i.e., Oðe1Þ] equations describe the oscillatory flow
and temperature fields and are given by

@t~q1 þ q0r � ~v1 ¼ 0; (9)

q0@t~v1 ¼ r � ~r1 � ~p1I

 �

; (10)

q0@t~E1 þ E0@t~q1 ¼ r � �p0~v1 þ kth0r~T 1 � E0q0~v1

 �

; (11)

where ~r1 ¼ l0½rv1 þ ðrv1ÞT � þ lb0 � 2
3 l0

� �
½r � v1�I. In the above

equations, we use following constitutive relationships, expressing ~q1
and ~E1 in terms of ~p1 and ~T 1 as

d~q1 ¼ q0 jT0d~p1 � ap0d~T 1

� 	
(12)

and

q0~E1 ¼ cp0q0 � ap0p0ð Þ~T 1 þ jT0p0 � ap0T0ð Þ~p1 (13)

and simplified further resulting the following equations:

ap0@t ~T 1 � jT0@t~p1 ¼ r:~v1; (14)

q0@t~v1 ¼ l0r2~v1 þ bl0r r � ~v1ð Þ � r~p1; (15)

q0cp0@t ~T 1 � ap0T0@t~p1 ¼ kth0r2~T 1; (16)

where b ¼ 1
3 þ

lb0
l0

� 	
.

E. Mean flow and temperature fields

Second-order equations [i.e., Oðe2Þ] describe the hydrodynamics
of the fluid system and are given by

@t�q2 þ q0r � �v2þr � ~q1~v1ð Þ ¼ 0; (17)

q0@t�v2þ@t ~q1~v1ð Þ ¼ r � �r2��p2I� q0~v1~v1½ �; (18)

@t q0�E2 þ ~q1
~E1 þ �q2E0 þ

1
2
q0~v1

2

� �

¼ r � ~v1 � ~r1 � ~p1~v1 � p0�v2 þ ~kth1r~T 1

h

þkth0r�T 2 � q0E0�v2�q0~E1~v1 � ~q1E0~v1
i
; (19)

where �r2 ¼l0½r�v2þðr�v2ÞT � þ lb0 � 2
3 l0

� �
½r � �v2�Iþ ~l1½r~v1

þðr~v1ÞT � þ ~lb1 � 2
3 ~l1

� �
½r � ~v1�I. We need to express these equa-

tions in the time-averaged form and solve them for a steady state
solution. We set all time derivative to zero and performed a
time-averaging over oscillation time periodX ¼ 2p

x as

hg x; y; tð Þi ¼
1
X

ðtþX

t

g x; y; tð Þdt; (20)

where h�i denotes the time-averaged components. The time-averaging
of the product of two oscillatory components, ~g 1 and

~f 1, can be calcu-
lated as

h~g 1 x; y; tð Þ~f 1 x; y; tð Þi ¼
1
2
Re ~g 1

� x; y; 0ð Þ~f 1 x; y; 0ð Þ
h i

: (21)

Here, Re½�� denotes the real component and asterisk (�) indicates
the complex conjugate. Using Eqs. (14) and (18), we have simplified

Eq. (19) and the final form of equations governing the mean flow and
temperature fields of the fluid at the steady state is given by

q0r � h�v2i þ r � h~q1~v1i ¼ 0; (22)

r � h�r2i � h�p2iI� q0h~v1~v1i

 �

¼ 0; (23)

r � h~v1 � ~r1i � 1� apT0ð Þh~p1~v1i þ h~kth1r~T 1i
h

þkth0rh�T 2i þ h~kth1r~T 1i � q0cph~T 1~v1i
i
¼ 0: (24)

III. THERMO-PRESSURE ACOUSTIC MODEL

In this section, we develop a thermo-pressure acoustic model that
can effectively govern the acoustic fields. To do this, we first differenti-
ate Eq. (15) w.r.t. time, eliminate the acoustic pressure using Eq. (14),
and seek harmonic solutions in the form of ~g 1 ¼ g

_

1e
ixt (therefore,

replace @t with ix) to obtain

�q0~v1x
2 ¼ 1

jT0
r r � ~v1 � ixap0~T 1

� 	
þ ixl0r2~v1

þ ixbl0r r � ~v1ð Þ: (25)

Using classical vector identityrðr � ~v1Þ ¼ r2~v1 þr	r	 ~v1, Eq.
(25) can be simplified to

r r � ~v1ð Þ � kc2

ks2
r	r	 ~v1 þ kc

2~v1 �
ikc2ap0
xq0jT0

r~T 1 ¼ 0; (26)

where kc ¼ x2q0jT0
1þixjT0l0ð1þbÞ is the compressional wave number, ks ¼ 1�i

ds

is the shear wave number, and ds ¼
ffiffiffiffiffiffi
2l0
xq0

q
is the thickness of the

Stokes layer. We next use the standard Helmholtz decomposition of
the acoustic velocity field, ~v1 ¼r~u þr	 ~w, where ~u and ~w are the
scalar and the vector potentials, respectively, and obtain the following
set of equations:

r2~v1d þ ks
2~v1d þ

ks2ap0
ixq0jT0

r~T 1d ¼ 0; (27a)

r r � ~v1sð Þ þ kc
2~v1s �

ikc2ap0
xq0jT0

r~T 1s ¼ 0: (27b)

In the above, ~v1s ¼ r~u and ~v1d ¼ r	 ~w are the acoustic velocity
fields associated with the scalar and the vector potentials, respectively.
Please note that ~v1d basically dictates the acoustic velocity field inside
the Stokes layer where vorticity is non-zero and ~v1s indicates the bulk
acoustic velocity field. The associated temperature fields are denoted
as ~T 1d and ~T 1s, respectively, such that ~T 1 ¼ ~T 1s þ ~T 1d. Similarly, the
acoustic pressure fields due to the scalar and the vector velocity poten-
tials are denoted as ~p1s and ~p1d, respectively, where ~p1 ¼ ~p1s þ ~p1d.
To solve Eq. (27a), we consider the boundary layer thickness ds to be
very small compared to the wavelength scale k�1 ¼ c0=x, which is
true for almost all the acoustofluidic systems. We used the scaling
analysis similar to our previous study47 and obtained the governing
equation for ~v1d inside the Stokes layer as

@2~v1d
@y2


 �ks
2~v1d; (28)

where y is the coordinate normal to the vibrating boundary and the
acoustic velocity field inside the boundary layer can be calculated as
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~v1d ¼ vbe
�iksy: (29)

In a similar way, the energy conservation equation in the Stokes layer
can be derived from Eq. (16). We expressed it as follows by putting
@t ! ix:

ix q0cp0~T 1d � ap0T0~p1d

� 	
¼ kth0r2~T 1d: (30)

Note that, following our previous study,47 the variation of the acoustic
pressure inside the Stokes layer can safely be neglected (~p1d 
 0) lead-
ing to an expression for ~T 1d as

@2~T 1d

@y2

 �kt

2~T 1d: (31)

The solution of the equation is given by

~T 1d ¼ ~Tb1e
�ikty: (32)

In the above, ~Tb1 ¼ Tb � T0 is the acoustic temperature at the vibrat-
ing boundary, kt ¼ 1�i

dt
is the thermal wave number, and

dt ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2kth0=xq0cp0

p
is the thickness of the thermal boundary layer.

Utilizing Eq. (14), Eq. (27b) can be further simplified to

~v1s ¼
ap0Cv

xjT0q0
r~T 1s þ

i� Cvð Þ
xq0

r~p1s; (33)

where Cv ¼ xð1þ bÞl0jT0 is the damping factor associated with the
viscous effect. We substitute above expression of ~v1s in Eq. (14) and
express it in terms of the acoustic pressure and the temperature fields as

1þ iCv½ �r2~p1s ¼
iCvap0
jT0

r2~T 1s þ q0x
2 ap~T 1s � jT~p1s

� 	
: (34)

The associated energy equation becomes

ix q0cp0~T 1s � ap0T0~p1s

� 	
¼ kth0r2~T 1s: (35)

With these, the acoustic field can be governed by the thermo-pressure
acoustic model comprising of Eqs. (34) and (35) in conjunction with
Eqs. (29) and (32).

IV. MODEL VALIDATION

In this section, we have implemented the thermo-pressure acous-
tic model in finite element method based commercial software

COMSOLMultiphysics and validated it with the full model. The prob-
lem considered for the validation is a two-dimensional PDMS (polydi-
methylsiloxane) microchannel excited by a standing SAW as
schematically shown in Fig. 1(a).

We considered the fluid domain as the computational domain
[Fig. 1(b)] where bottom boundary has a SAW displacement field
defined as

ub ¼ ub0xex þ ub0yey on Si; (36)

where

ub0x ¼ nub0 e�cd W
2�xð Þe�ikx W

2�xð Þ þ e�cd W
2þxð Þeikx W

2�xð Þ

 �

eixt ; (37a)

ub0y ¼ ub0 e�cd W
2þxð Þeikx W

2�xð Þ�ip2 � e�cd W
2�xð Þe�ikx W

2�xð Þ�ip2

 �

eixt ;

(37b)

where cd is the attenuation coefficient of the SAW displacement field
and it is given by cd ¼ q0c0

qLN cLNk
. qLN and cLN are the density and the

sonic speed of lithium niobate piezoelectric substrate, respectively. kx
is the wave vector of the SAW, and it is given by kx ¼ 2p=k. We also
assume that the bottom boundary is at ambient temperature T0. On
other sides, acoustic impedance boundary conditions are specified.
The heat loss through the PDMS wall has been taken care of through
convective boundary condition and convective heat loss can be pre-
scribed by n � ð�kthrTÞ ¼ heff ðT � T0Þ.

The appropriate boundary condition at the bottom boundary,
required to solve Eqs. (34) and (35), can be derived from Eq. (33) as

n � r~p1 ¼
iCvap0 n � r~T 1s

� �
þ q0jT0x

2 n � ubð Þ
jT0 1þ iCvð Þ on Si: (38)

The acoustic temperature at the bottom boundary is taken as zero, i.e.,

~T 1s ¼ 0 on Si: (39)

On the other boundaries, the following conditions are used

n � r~p1s ¼ � ixq0
qmcm

~p1s on SW ; (40)

n � �kth0r~T 1s

� �
¼ heff ~T 1s on SW : (41)

The boundary conditions used to calculate the acoustic fields for both
the thermo-pressure acoustic model and the full model are shown in
Table I.

FIG. 1. Schematic diagram showing (a) the physical system of the surface acoustic wave driven PDMS microchannel of width W and height H, filled with Newtonian fluids and
(b) the corresponding computational domain along with the associated coordinate system.
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The acoustic fields are calculated using the thermo-pressure
acoustic model and the full model for the following parameters:
ubo ¼ 1:0 nm, n ¼ 0:86, W ¼ 160lm, H ¼ 80lm, k ¼ 80 lm,
c0 ¼ 1496:7m=s, and heff ¼ 4:286Wm�2K�1. The thermophysical
properties of fluid, PDMS, and lithium niobate, used for the numerical
study, are taken same as specified in Table I of our previous study.43

Figure 2 shows the acoustic pressure (p
_

1), velocity (v_
1
¼v

_

1xex
þv

_

1yey), and temperature (T
_

1) fields at time t ¼ 2pm, where m is an
integer. These fields are correlated with oscillatory acoustic fields as
~g 1 ¼ g

_
eixt (~g 1 represents ~p1, ~v1, ~T 1). Clearly, the thermo-pressure

acoustic model results show excellent agreement with the full model as
observed from the figure. This, therefore, confirms that the thermo-
pressure acoustic model developed in the present study can essen-
tially capture the physics in governing the acoustic fields in a
thermo-viscous acoustofluidic systems. In both the simulations, the
mesh independent tests are performed similar to that reported in
our previous study.48 We have observed an extremely reduced solu-
tion time while solving the thermo-pressure acoustic model. While it
takes 210 s to solve the full model on an Intel Core i7-7500U
@2.70GHz processor with 32 GB ram, the computation time of only
9 s is required to solve the thermo-pressure acoustic model, making
it ca. 23 times faster.

V. MODELING OF THREE-DIMENSIONAL
ACOUSTOFLUIDIC SYSTEMS

After successfully validating the thermo-pressure acoustic model,
we have extended our study by simulating three-dimensional acousto-
fluidic devices. For that, we consider the standing surface acoustic
wave driven PDMS microchannel system of width W and height H,
filled with fluid having similar thermophysical properties specified in
Sec. IV. The surface acoustic wave is applied to the specific region at
the bottom of the microchannel, and the displacement field is given by
Eqs. (36) and (37).

A. Acoustic fields

First, we solved the thermo-pressure acoustic model to compute
the acoustic fields inside the fluid domain. By exploiting the symmetry

around z ¼ 0 plane, only one half of the system has been considered
for the numerical study. We simulated the microchannel of length L
and used perfectly matched layer (PML) of length LPML at the end of
the device to absorb all incoming wavefields. The computational
domain with the associated coordinate system is schematically shown
in Fig. 3. The boundary conditions used to solve the thermo-pressure
acoustic model are shown below:

(i) At planar symmetry (z ¼ 0)

n � r~p1 ¼ 0; (42)

n � r~T 1s ¼ 0: (43)

(ii) At the side (x ¼ 6W
2 ) and top (y ¼ H)

n � r~p1 ¼ � ixq0
qmcm

~p1; (44)

n � �kth0r~T 1s

� �
¼ heff ~T 1s: (45)

(iii) At the bottom (y ¼ 0),

n � r~p1 ¼

iCvap0@y~T 1s þ q0jT0x
2 n � ubð Þ

jT0 1þ iCvð Þ for 0� z � L
2
;

0 for
L
2
� z � L

2
þ LPML;

8>>>><
>>>>:
where ~u1y ¼ ub0y;

(46)
~T 1s ¼ 0: (47)

(iv) At outlet (z ¼ L
2 þ LPML)

~p1 ¼ 0; (48)

~T 1s ¼ 0; (49)

Please note here that at the vibrating bottom boundary, ~Tb1 ¼ 0 and
vb ¼ @ub

@t . We calculated the acoustic pressure, temperature, and veloc-
ity field for the following parameters: ubo ¼ 1:0 nm, n ¼ 0:86,

TABLE I. The governing equations and the associated boundary conditions for the thermo-pressure acoustic model and the full model for the calculation of acoustic fields.

Properties Thermo-pressure acoustic model [Eqs. (34) and (35)] Full model [Eqs. (14)–(16)]

At bottom (on Si)
n � r~p1s ¼

iCvap0ðn � r~T 1sÞ þ q0jT0x
2ðn � ubÞ

jT0ð1þ iCvÞ
;

~v1 ¼ @tub

~T 1s ¼ 0 ~T 1 ¼ 0
At other walls (on Sw) n � r~p1s ¼ � ixq0

qmcm
~p1s n � r~p1 ¼ � ixq0

qmcm
~p1

n � ð�kth0r~T 1sÞ ¼ heff ~T 1s n � ð�kth0r~T 1Þ ¼ heff ~T 1

Closure
~v1s ¼

ap0Cv

xjT0q0
r~T 1s þ

ði� CvÞ
xq0

r~p1

~v1 ¼ ~v1s þ ~v1d
~T 1 ¼ ~T 1s þ ~T 1d

~p1 ¼ ~p1s þ ~p1d
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k ¼ 80 lm, W ¼ L ¼ k, H ¼ k=4, LPML ¼ k=2, c0 ¼ 1496:7m=s,
and heff ¼ 4:286Wm�2K�1. We performed the mesh independence
test (see the supplementary material), and with the appropriate mesh,
the computational time for solving the thermo-pressure acoustic equa-
tion is only 1206 s for this 3D system.

Figure 4 shows the acoustic pressure (p
_

1), temperature (T
_

1), and
velocity components (v

_

1x , v
_

1y) along z ¼ 0, L=4, L=2, and L=2
þLPML=2 planes for t ¼ 2pm. It is observed that a standing wave is
formed in the channel along the x-direction, and it is antisymmetric
along the x ¼ 0 plane. It is also seen that the acoustic pressure [Fig.
4(a)] and the acoustic temperature [Fig. 4(b)] fields are in the same
phase, and their maximum magnitudes are located at planes k=4
shifted from the z ¼ 0 plane. On contrary, maximum value of both

the acoustic velocity components is located at the z ¼ 0 plane [Figs.
4(c) and 4(d)].

The variation of the acoustic velocity magnitude along the length
and the height of the microchannel has also been analyzed. We plot
jv_1j along z ¼ 0, L=4, L=2, and L=2þ LPML=2 planes [Fig. 5(a)]
and along y ¼ H=4 [Fig. 5(b)], y ¼ H=2 [Fig. 5(c)], and y ¼ 3H=4
[Fig. 5(d)] planes. The vector plots of the velocity components on
those planes are also shown to illustrate the flow direction. Due to
antisymmetric nature of the standing waves across x ¼ 0, the oscilla-
tory flow vectors are observed to be in the reverse direction. Another
interesting observation is that the flow (v_1d) and the temperature
(T
_

1d) fields due to the velocity vector potential are insignificant and
can safely be neglected in three-dimensional acoustofluidic devices.

FIG. 2. Comparison of the surface plot of p
_

1 in MPa (a), v
_

1x in m/s (b), v
_

1y in m/s (c), and T
_

1 in mK (d) obtained from the solutions of the thermo-pressure acoustic model
(left) and the full model (right).
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B. Acoustic streaming and thermal fields

Next, we march forward to calculate the mean flow and the tem-
perature fields governed by Eqs. (22)–(24). Note here that Eqs. (22) and
(23) are coupled and can be solved to obtain acoustic streaming fields

inside the microchannel, whereas the acoustothermal field is estimated
by solving Eq. (24) only. We used a well established limiting velocity
approach49 to calculate the acoustic streaming for a three-dimensional
acoustofluidic system where the limiting velocities are given by

FIG. 3. Computational domain and the associated boundary conditions considered for the surface acoustic wave driven 3D acoustofluidic device.

FIG. 4. The variation of the acoustic pressure p
_

1 (a), temperature T
_

1 (b), x-component of velocity v
_

1x (c), and y-component velocity v
_

1y (d) along z ¼ 0, L=4, L=2, and
L=2þ LPML=2 planes for t ¼ 2pm in the surface acoustic wave driven three-dimensional microchannel system described in the text.
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�vx2L ¼ � 1
4x

Re ~vx1
d~v�x1
dx

þ ~vz1
d~v�x1
dz




þ~v�x1 2þ ið Þr � ~v1 � 2þ 3ið Þ d~vy1
dy

� ��
; (50)

�vz2L ¼ � 1
4x

Re ~vx1
d~v�z1
dx

þ ~vz1
d~v�z1
dz




þ~v�z1 2þ ið Þr � ~v1 � 2þ 3ið Þ d~vy1
dy

� ��
: (51)

FIG. 5. The variation of the acoustic velocity magnitude jv_1j along z ¼ 0, L=4, L=2, and L=2þ LPML=2 (a), y ¼ H=4(b), y ¼ H=2 (c), and y ¼ 3H=4 (d) planes. Black
arrows depict the velocity vectors on each plane. Results are shown for the surface acoustic wave driven three-dimensional microchannel system described in the text.

FIG. 6. Color plot of acoustic streaming magnitude along y ¼ H=4 (a), y ¼ H=2 (b), and y ¼ 3H=4 (c) planes. Black arrows show the acoustic streaming vectors on those planes.
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In the limiting velocity method, we solved the Stokes equation with
no body force and the fluid motion is actuated inside the fluid by the
limiting velocities assigned at the bottom boundary (y ¼ 0,
0 � z � L

2). In other boundaries, a slip velocity is prescribed. Figure
6 shows the acoustic streaming velocity magnitude along y ¼ H=4
[Fig. 6(a)], y ¼ H=2 [Fig. 6(b)], and y ¼ 3H=4 [Fig. 6(c)] planes.
We observed that the velocity field is symmetric along x ¼ 0 and the
maximum velocity magnitude is observed near z ¼ 0 and z ¼ L=2.
We plot acoustic streaming velocity magnitude along z ¼ 0, L=4,
and L=2 planes in Fig. 7, and it indicates that with increasing dis-
tance from the microchannel bottom, the acoustic streaming fields
weaken, ensuring a steep velocity gradient near the vibrating
boundary.

To calculate the mean thermal fields, Eq. (24) is solved in con-
junction with the following boundary conditions:

(i) At z ¼ 0, we used an insulation boundary condition
(n � rh�T 2i ¼ 0).

(ii) At z ¼ L=2þ LPML and y ¼ 0 planes, the temperature is
same as that of the ambient leading to h�T 2i ¼ 0.

(iii) At other boundaries, a convective heat loss is prescribed,
i.e., n � ð�kth0rh�T 2i � hkth1r~T 1iÞ ¼ heff h�T 2i.

FIG. 7. Color plot of the acoustic streaming magnitude along z ¼ 0, z ¼ L=4, and
z ¼ L=2 planes. Black arrows show the acoustic streaming vectors on those
planes.

FIG. 8. Color plot of the acoustothermal temperature field along z ¼ 0, L=4, L=2, and L=2þ LPML=2 planes (a), y ¼ H=4 (b), y ¼ H=2 (c), and y ¼ 3H=4 (d). Results are
shown for the surface acoustic wave driven three-dimensional microchannel system described in the text.
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Figure 8 shows the acoustothermal temperature profile on vari-
ous planes. The temperature profile is observed to be symmetric along
the x ¼ 0 plane, similar to that observed for the acoustic streaming.
We also showed that the maximum temperature is estimated to be
4.03 mK only, and it is observed near the top surface along the z ¼ 0
plane.

VI. CONCLUSION

In conclusion, we have developed a thermo-pressure acoustic
model to effectively simulate the acoustic fields in thermoviscous
acoustofluidic systems. The model assumes that the acoustic boundary
layer thickness is very small compared to the acoustic wavelength
scale, i.e., ds � k�1. Please note that such assumptions are true for
almost all the acoustofluidic devices unless the fluid is highly viscous
or the device is operated at very high frequencies (�GHz).47 The
model has been validated with the full model for a small two-
dimensional fluid domain since the full model requires a significant
number of fine meshes near the boundary for capturing acoustic
boundary layer phenomena. The thermo-pressure acoustic model con-
sumes a less computational memory and calculates the acoustic field
extremely rapidly. After successful validation, we have demonstrated
the usability of the thermo-pressure acoustic model by simulating a
three-dimensional acoustofluidic system, which is otherwise almost
impossible to simulate using the full model. The present study also
shows that the calculated acoustic fields can be effectively used to
model the mean temperature and flow fields.

SUPPLEMENTARY MATERIAL

See the supplementary material for the mesh convergence results,
which are used to select the appropriate mesh for carrying out the
numerical study for the 3D acoustofluidic system.
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