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Elastoplastic lattice models for the response of solids to large-scale deformation typically incorporate structure
only implicitly via a local yield strain that is assigned to each site. However, the local yield strain can change in
response to a nearby or even distant plastic event in the system. This interplay is key to understanding phenomena
such as avalanches in which one plastic event can trigger another, leading to a cascade of events, but is typically
neglected in elastoplastic models. To include the interplay one could calculate the local yield strain for a given
particulate system and follow its evolution, but this is expensive and requires knowledge of particle interactions
that aren’t necessarily pairwise additive or possible to extract from experiments. Instead, we use a structural
quantity, “softness,” obtained using machine learning to correlate with imminent plastic rearrangements. We
show that softness correlates with local yield strain and use it to construct a “structuro-elasto-plasticity” model
that reproduces particle simulation results reasonably well for several observable quantities, confirming that we
capture the influence of the interplay of local structure, plasticity, and elasticity on material response.
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I. INTRODUCTION

Many disordered solids exhibit ductile behavior when
placed under a large mechanical load such as shear, and can
be strained indefinitely without fracturing. Such systems have
stress-strain curves that are monotonic except for fluctuations
due to crackling noise arising from avalanches, in which one
localized plastic event (particle rearrangement) triggers an-
other and so on. The avalanches are typically described by
distributions of energy and stress drops, which have power-
law tails reflecting the range of avalanche sizes, from localized
to extended across the entire system [1-4].

This ductile behavior is often described by a class of
models known as elastoplastic (EP) models [5] that capture
the interplay between elasticity and plasticity. Local regions
yield (deform plastically) under sufficient elastic strain, while
the plastic deformation generates elastic strain elsewhere. EP
models incorporate plasticity by imposing a threshold on the
amount of strain that a local region can withstand before it
yields (the local yield strain). However, such models usually
neglect [6], or highly simplify [7,8], the well known effects of
both plasticity and elasticity on local yield strain [9]. These fa-
cilitation effects arise because local yield strain is determined
by local structure. Yielding scrambles local structure, so when
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a region yields, it not only changes its own local yield strain
but also the local yield strains of nearby regions. Furthermore,
yielding generates elastic strain, which changes more distant
local yield strains.

A previous study addressed the role of local structure in
ductile jammed packings of two-dimensional Hertzian bidis-
perse disks [10]. There, the local structure was quantified by
softness [11], a machine-learned predictor of the propensity
of a particle to rearrange. Softness is a weighted sum of
quantities that characterize local structure and has provided
useful insight into the mechanical response of disordered
solids, including the size of particle rearrangements, origin of
a universal yield strain [12], and precursors to shear banding
[13,14].

Zhang et al. [10] established a simple relation describing
the average change in softness due to rearrangements. Here
we incorporate softness and that relation, as well as the con-
nection between softness and local yield strain, to develop a
“structuro-elasto-plastic” (StEP) model for the response of the
system to applied strain. Our model connects the microscopic
observations of Ref. [10] to the collective response with no
tunable parameters, in contrast to EP models that typically
contain parameters fitted to reproduce collective responses ob-
served in particle simulations [5]. We obtain good agreement
with simulations, validating the model.

II. PARTICLE SIMULATIONS AND STEP MODEL

The “ground truth” for this study is provided by simulation
[10] of two-dimensional systems of particles with short-
ranged pairwise Hertzian repulsions: U(r) = (1 — r/o )2,
where o is the sum of the radii of the two interacting
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particles. We choose length and energy units such that the
small particle diameter and the maximum interaction between
two particles are unity. Each configuration contains Ny =
50, 000 small particles and N = 50, 000 large particles with
radius ratio rg/rq4 = 1.4. We repeatedly apply a small strain
step of 8¢ = 10~ and minimize the potential energy to ap-
proximate quasistatic athermal shear. We studied the interplay
between rearrangements, strain, and softness. Details of how
we identify rearrangements are provided in Appendix A. The

strain is a rank-2 tensor, which is represented by a 2-by-2
€11 €12
€21 €2

dom, but one is ignored because it represents rotation. The
other three are the volumetric strain k = Tr(e)/2, shear strain
in the xy direction (the direction of the global shear) €., =
(€12 + €21)/2, and shear strain in the direction orthogonal to
the global shear, €,,_,, = (€11 — €22)/2. The shear strain in
these two directions together constitutes the deviatoric strain

€.

matrix ( ) in 2D. The matrix has four degrees of free-

We calculate local yield strain by shearing a local region
of the system in a certain orientation 0 [15]. Particles within
a circle of radius R, can move freely, and far-away particles
that are not interacting with any particles inside R, are ig-
nored. The first point at which the local stress-strain curve
oy(€) decreases marks the local yield strain in this direc-
tion, €yg. A particle’s overall local yield strain, €y, is the
minimum of eyy over 6, since we have found that during
an avalanche of our particular system, rearrangement-induced
shear strain of any direction is almost equally likely to in-
duce a future rearrangement [10]. In simulations we used 6 =
{—85°, —75° ...,85° and R, = 2. We find that increasing
R, to 3 makes the resulting local yield strain less correlated
with softness, which is undesirable since our model depends
on such a correlation.

The distributions of local yield strain for particles with
different softness values are plotted in Fig. 1(a). We see that
softer particles tend to have lower local yield strain values, as
expected. For each softness, the distribution is well described
by the Weibull distribution [16]:

Kk—1
P(ey. ) = f(e—y> expl—(ey /1)1, (1)
A\ A

where «(S) and A(S) characterize the distribution at each
softness S. Equivalently, one can characterize the Weibull dis-
tribution in terms of x and the mean local yield strain, (ey) =
A'(1 4+ 1/k), where I'(x) is the gamma function. Fig. 1(b)
shows the shape parameter «(S) and mean local yield strain
(ey)(S). As we will detail later, these functions are used to

draw local yield strain values at given softness values.
The StEP model is summarized in Fig. 2. The system is
a square lattice of blocks. Each block is characterized by
the local deviatoric strain [a 2D vector, € = (€yy, €xx—yy)], the
softness (a scalar, S), and a yield strain percentile (a scalar,
which we will detail later). When the system is strained, the
xy-strain is increased for each block. The amount of increment
(i.e., the strain step size) is chosen to be the minimum xy-strain
needed to trigger the next rearrangement, so that the model
is effectively event-driven. Beyond this, our model deviates
from typical EP models in several ways. First, the local yield
strain is no longer an explicit variable with a distribution that
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FIG. 1. (a) Probability density function (PDF) of local yield
strain for particles with various softness values. Curves are Weibull
distribution fits. (b) Mean local yield strain (black dots) and shape
parameters (blue stars) for each softness bin. Curves are lowest-order
polynomial fits, giving (ey) = 0.087 — 0.0050S and x = 2.08 —
0.024S + 0.002952, respectively.

is immutable and crafted by hand. Rather, it is related to
softness. We initially assign to each block a softness, S;, drawn
from the softness distribution of the particle simulations [10].
It then determines the distribution of local yield strains to draw
from. Upon randomly selecting €y (i) from its distribution,
we also store the percentile of the yield strain distribution

Rearrangement

Externally
applied strain

<

Yield Strain

Deviatoric strain

|€] > ey

FIG. 2. Schematic of our model. A plastic strain release event at
a given block changes the softness of nearby blocks, and propagates
a deviatoric strain field to all other blocks. Softness determines a
yield strain distribution, which in turn determines the yield strain of
a block. A new rearrangement is triggered if the deviatoric strain
is larger than the yield strain. Structural components are in blue,
elasticity components are in green, and plasticity components are in
gray; each arrow represents an equation.
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corresponding to the sampled €y (7). When a block rearranges,
its yield strain percentile is redrawn and stored; otherwise the
percentile is fixed, and the yield strain evolves only when S;
evolves, since changing S; changes the distribution.

Second, we explicitly take into account both components
of the deviatoric strain, not simply the xy-strain. This is
because Ref. [10] found that rearrangements are triggered
by both components of the deviatoric strain, not just the
xy-strain, arising from other rearrangements. Once the devi-

atoric strain magnitude [€| = ve?, + €7, exceeds ey (i) and
the block rearranges, it loses all of its elastic strain while the
local deviatoric strain of each other block is updated through
the elastic kernel function calculated using the “Fourier dis-
cretized” method [7]. However, unlike Ref. [7], we assume
that the rearrangement direction aligns with the local loading
direction, not with the macroscopic applied shear, so that the
strain released has the same magnitude and orientation as the
accumulated strain in the rearranging block. To capture this,
we use four elastic kernel functions: a €, to €, kernel, a
€xx—yy [0 €4x_yy, kernel, and two cross-term kernels. Although
the global applied strain is in the €,, direction, the elastic
kernel functions create strain in both the e, direction and
the orthogonal €,,_,, direction, eventually making the two
components’ order of magnitude equal.

Third, we set the block side length equal to the small
particle diameter, rather than a mesoscopic scale. This is be-
cause softness is a particle-based quantity. While softness can
be coarsegrained, and it is known that tuning block size is
important for obtaining good agreement with simulations in
a standard EP model [8,17,18], we choose to fix it based on
physical grounds instead of treating it as a parameter that can
be tuned to fit simulation data. Our system size is L = 360
blocks per side, consistent with the side length of the particle
simulations.

One result of this choice is that we cannot assume a rear-
rangement, which inevitably involves more than one particle,
resides in a single block. As detailed in Appendix B, we find
that the initial decay of the instant-time D? . correlation
function in the particle simulations is well fitted by C(r) =
exp(—r/&), where & = 1.40 provides a measure of the rear-
rangement size. Our measured £ is similar to a previous result,
& = 1.35, for a thermal system of 2D binary packings [19].
To incorporate these correlations into the StEP model, we
assume that when a block rearranges, other blocks within
a distance r < 10 also release strain with probability C(r).
These strain releases are part of the rearrangement at » = 0,
rather than multiple independent rearrangements.

Fourth, to facilitate comparison with the simulations, we
fix the timestep in the StEP model to match the simula-
tions. As a consequence, we cannot assume that a plastic
event occurs in a single timestep. The supplemental video of
Ref. [10] shows that most frames in the particle simula-
tions contain a single site of rearrangement. As detailed in
Appendix C, the distance between two time frames in the sim-
ulations corresponds to a strain release of about 0.1 per unit
volume. To match this in the StEP simulation, we sequentially
choose the site with the largest stress overshoot, |& |2 — 6}2;, and
let it rearrange over a period of r = [/ [€|>/0.17 time steps,
where [x] represents the smallest integer that is larger than x,

the sum is over the rearranging site and all neighbor sites that
release strain due to C(r), and € is the strain released. The
amount of strain released in each timestep is thus &/¢. Other
sites with a stress overshoot continue to accumulate strain, but
do not start rearranging until the current one finishes.

Fifth, and most important, the model allows the softness
field to evolve under strain. From previous simulations [10]
we know that the softness field changes whenever a rear-
rangement occurs, with two contributions: AS = AS| + AS,,
corresponding to the near-field plastic and far-field elastic
responses to a rearrangement at the origin, respectively. The
first term describes the near-field plastic effect of a rearrange-
ment on softness [10] and has the form AS; = —0.3r731 +
0.06r732((S) — ). The two exponents in this equation, —3.1
and —3.2, were obtained from numerical fits. We assume
their small difference is not significant and simplify this
expression to

ASi(r) = n(r)(S) =S + ). @)

where n(r) = 0.06r3! and ¢ = —5. The AS, term is pro-
portional to the far-field volumetric strain, k(r), due to the
rearrangement. It suffices to track only the change of softness
and not the volumetric strain itself, since the primary effect of
this volumetric strain is to change softness. Ref. [10] showed
that for the system studied here, this effect is well described
by AS, ~ 207k(r) where k(r) = (v — 1)|€| sin(26)/ (2 r?),
v = 0.443 is the Poisson’s ratio, 6 is the orientation of r
relative to the orientation of the strain release, and d = 2 is
the spatial dimension. Combining these two equations yields

ASy(r) = al&|sin(20)r™9, 3)

where a = —18.3, for a strain release of |€]|.

Equations (2) and (3) are empirical formulas obtained from
particle simulations for the softness change in response to a
rearrangement at the origin, but require three adjustments to
be implemented in the StEP model. The first adjustment is
to the interpretation of (S) in Eq. (2). It is unreasonable to
assume that AS; is affected by the average softness value
over the entire system. This problem is particularly acute in
systems without time-translation symmetry. For example, if
we wanted to simulate a granular pillar breaking under tensile
or compressive stress, then (S) changes with time. It is hard
to justify why Eq. (2), a particle-scale equation governing
the evolution of softness, should contain a time-dependent
parameter. To fix this problem, we replace (S) with (S(r)), the
average of softness of particles at distance r to a rearranger
over the most recent 1000 timesteps.

The second adjustment arises because global deviatoric
strain tends to increase the average softness [12]. Our orig-
inal analysis [10] did not report this effect because it was
applied to avalanches (stress drops) in quasistatically sheared
systems, where no strain is applied during the avalanche. We
have measured the initial linear-elastic part of the stress-strain
relation in our particle simulations and find that this effect
indeed exists. This “loading” contribution can be summarized
as the first term below:

AS; = bA(E?) + ¢/, 4)
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FIG. 3. Global statistics of the StEP model (blue dashed line) compared with particle simulations (black solid line), including the
(a) softness distribution, (b) stress-strain curve, and (c) pair correlation function of rearrangers. The reasonable semiquantitative agreement
emerges as a consequence of fixing the StEP model parameters through auxiliary measurement, not by fitting these three statistics.

where b = 101.3 and A(€?) is the change of square of the
elastic deviatoric strain, by symmetry. To understand the sec-
ond term in Eq. (4), note that on average, Eq. (2) causes
the average softness of the whole system to drop, but this is
not observed in particle simulations. This suggests that there
exists a term that counters the drop, which is likely spread over
a sufficiently large area so that it is too small to be observed in
the particle simulations in Ref. [10]. To represent this, we add
a small constant softness change ¢’ = —c(n(r)) to all sites,
where (n(r)) is n(r) numerically averaged over all sites.

Finally, Eqs. (2) and (3) describe the average softness
change. To find the softness of a given block (i.e., particle),
we have added a Gaussian-distributed random noise term,
8(r). Its magnitude is derived using a detailed balance argu-
ment detailed in Appendix D. That argument normally applies
to a system in thermal equilibrium, but even for quasistati-
cally sheared systems, an effective temperature well describes
particle-level dynamics [20-23].

In summary, the softness change of a particle with softness
S, at distance r from a rearrangement releasing strain € is

AS(r, S, €) = n(r)((S(r)) — S + ¢) + ae sin(20)r ™
+bA@?) + 4+ 8(r), )

where all terms are separately established from particle sim-
ulations. To put the StEP model in the context of previous
EP models as reviewed in Table I of Ref. [5], we include
nontrivial barrier (yield strain) distributions, our plastic events
have a nonzero time duration and we use elastic propagators.

II1. RESULTS

The process of an avalanche in our StEP model, as well as
the pattern of all rearrangements during an entire avalanche, is
similar to that in particle simulations [10]. At any given time,
there are only one rearrangement consisting of a few blocks
releasing strain, but the total avalanche can be extended as
one event triggers another, see the supplemental video [24].

We now compare quantitative results from the StEP model
with the particle simulations (Fig. 3). The steady-state soft-
ness distribution is an emergent property that does not depend
on the initial distribution. Here we calculate P(S) by averaging
over the entire run in both the StEP model and the simulations
[Fig. 3(a)]. The softness distribution from the StEP model

(blue dashed curve) is in good agreement with that of the
particle simulations (black solid curve).

The stress-strain curves are likewise in good agreement,
as are the pair correlation function of rearrangers [Figs. 3(b)
and 3(c)]. Note that while the stress-strain curve rises more
sharply for the StEP model, it is monotonic with fluctu-
ations, indicating that the system is ductile, in agreement
with the simulations. Nevertheless, large stress drops in the
StEP model are rarer than in particle simulations. The pair
correlation function of rearrangers compares results over
shorter length scales. Its agreement for r 2 5 demonstrates
the success of our model over those length scales. In con-
tradistinction, standard EP models are generally considered
mesoscopic, with block side lengths larger than five times
particle diameters [5].

We also calculate the scaling exponents of the avalanche
size distributions and compare them to particle simulations
for 2D overdamped Lennard-Jones systems [25], since the
exponents should not be sensitive to interaction potential. For
particle simulations, the rate of an energy drop of size E
follows the finite-size scaling ansatz R(E, L) = LPg(E /L*),
where L is the system length, g(x) is an unknown function that
scales as x~* for small x, and o and B are exponents satisfy-
ing B + 2o = d in d dimensions [25]. Defining y = 8 + «art,
then R(E, L) o« LYE ™" for small E. Salerno and Robbins [25]
found « =0.9+0.05, 8 =0.2+0.1, y =1.3+£0.05, and
T =1.2540.05. As shown in Fig. 4, excellent agreement
with the ansatz can be found for the StEP model with ex-
ponents o = 0.98, B =0.04, y = 1.30, and v = 1.29. The
ansatz holds not only for the energy-drop rate, but also for
the rate of the rescaled stress drops ¥ = oL¢. Using X, we
obtain scaling exponents « = 0.99, § = 0.02, y = 1.29, and
T = 1.28. Clearly, the exponents «, y, and t are very similar
for the StEP and particle-based calculations.

IV. DISCUSSION

In this paper, we have explicitly incorporated local struc-
ture into a standard elastoplastic (EP) framework to build a
structro-elasto-plasticity (StEP) model. Elastoplastic models
typically contain the effects of long-ranged elastic facilita-
tion triggered by elastic strain arising from a rearrangement.
Our model contains not only long-ranged facilitation but also
short-ranged facilitation due to near-field plastic effects. The
effects of such short-ranged facilitation have recently been
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FIG. 4. Finite-size scaling collapse of energy-drop rate R(E, L) for the StEP model. The curves for different system sizes align well with
exponents reported in the main text. (bottom) Same as top, except for the rate of the rescaled stress drop oL, where d = 2 is the space

dimension.

characterized in detail [26]. Both facilitation terms are charac-
terized fully by parameters directly measured from numerical
simulations, and our model produces results similar to those of
the simulations without tuning any fitting parameters in order
to match macroscopic quantities like the stress-strain curve.
In contrast, standard EP models generally require empirical
tuning to achieve quantitative agreement with simulations [8].
The inclusion of structural information into EP models is an
important natural extension of such models, and the agree-
ment we have achieved suggests that our model captures the
key physics. Our model can be used to gain a microscopic
understanding of the factors that control nonlinear mechanical
response. Changes in preparation history, for example, should
change only the softness distribution, while other changes
will be reflected in Eq. (5), which quantifies short-ranged and
elastic facilitation. The next step is to build StEP models for
particle-based systems that can be tuned to varying behavior
across the spectrum of ductile to brittle response.
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APPENDIX A: IDENTIFYING REARRANGEMENTS
IN PARTICLE SIMULATIONS

We calculate the nonaffine displacement of each particle n
[27]: Din. = ((r), — Jr,)?), where (- - - ) indicates an average
over all neighbor particles within a distance of Rp = 2, r,, and

r, are the vector separations between particle n and neighbor
n’ during a period where the root mean squared total displace-

V3V 812, is 0.15. J is the “best-fit” local deformation
gradient tensor that minimizes Dinin' A small/large particle
“rearranges” if D?> . > 0.0025/D? . > 0.0015.

min min

ment,

APPENDIX B: INSTANTANEOUS Dinin CORRELATION

FUNCTION

One component of our model is the spatial scale of a
rearrangement. To measure that from the particle simulations,
we calculated the Dﬁlin correlation function using the shortest

possible time scale (corresponding to a strain release of 107),
shown in Fig. 5. As shown in the supplemental video of Ref.

rnin)

Corr(D’

0.01 :
0 2 4

r

FIG. 5. The Pearson correlation function of D? . at two points
with a distance of r in our particle simulation. Magenta line is the fit
Corr(D?nin) = exp(—r/1.40179).

043026-5



GE ZHANG et al.

PHYSICAL REVIEW RESEARCH 4, 043026 (2022)

FIG. 6. The fitted deviatoric strain &, times the area of the fitted
region A(Rp) = mR? versus the fitting radius Rp.

[10], most of these frames contain zero or one rearrangement
event. Thus, this D% . correlation function measures the size
of a single rearrangement rather than the spatial correlation of
multiple rearrangement events.

APPENDIX C: STRAIN RELEASE PER FRAME
IN PARTICLE SIMULATIONS

In particle simulations described in Ref. [10], where we
studied the evolution during stress drops, we recorded a frame
when the sum of particle displacement squared reached a
threshold. Here we show multiple pieces of evidence that this
approach leads to a deviatoric strain release of about € = 0.1
per unit volume per frame. The measured € is used as a
parameter in our StEP model, to make fair comparison of the
StEP model predictions with particle simulations for the pair
correlation function of rearrangers [Fig. 3(c) of the main text].

First we calculate the locally extracted deformation tensor.
Within a distance of Rp from a rearranger, we perform a local
fit to find the local affine deformation tensor J, and extract a
deviatoric strain &7 from J, as detailed in Ref. [10]. As shown
in Fig. 6, the fitting area times &, approaches about 0.1 as the
fitting range increases.

Second, we found earlier that the deviatoric strain field per
frame caused by a rearranger is well fitted by the function
&(r) = 0.03r72 in the particle simulations, see Fig. 3 of Ref.
[10]. In our StEP model, each block has a side length of 1, so
for the rearranging block, the distance between its center and
one of its edge is about » = 0.5. Thus the strain field at the
edge of the block is €(r = 0.5) ~ 0.1.

Finally, we collected Ny =7.2 x 10° frames per unit
global strain in our particle simulation. Most of these frames
contain a single rearrangement. Since we have a total of N =
103 particles, and since the global strain is imposed upon each
particle, the strain release per frame is roughly N/N; ~ 0.1.

APPENDIX D: DETAILED BALANCE ARGUMENT
FOR THE NOISE TERM

The softness change due to rearrangements in our model
is captured by the sum of three terms: a restoring term, an
angular term, and a noise term. We plan to use this model to
study thermal systems in the future, thus we also incorporate

constraints to satisfy detailed balance. The restoring term and
noise term can be correlated in the spirit of detailed balance,
because rearrangements should not lead to change in average
softness when the system is in equilibrium. Due to the exis-
tence of angular terms, we assume detailed balance is satisfied
at each distance from the rearranger.

Our numerical measurements suggest that (1) system soft-
ness follows a Gaussian distribution, with a constant mean, (,
and variance, o2, during shearing (P(S) oc N'(i, 02)); (2) the
probability that a particle will rearrange increases exponen-
tially with its softness (P(R|S) o e”%); (3) the mean softness
change of a particle at a distance r from a rearranger, ug(7),
is a linear function of the particle’s current softness:

wr(r) = n(r) x (So(r) — ).

This is the restoring term, where the prefactor n(r) decays
with distance r, and Sy (r). We will show later that Sy(r) is the
average softness at r, if we assume the distribution of softness
change in every step is also Gaussian:

P(ASg) o< N (pg, 0%).

(D1)

D2)

We start our derivation from rearranging particles. By def-
inition, P(R) is the ratio of rearranging particles over the
total number of particles. Thus, for a given system at a given
global strain value, the overall rearranging probability, P(R),
is a constant. Since detailed balance is satisfied at different
distances to the rearrangers, respectively, rearranging particles
(r = 0) themselves satisfy detailed balance:

P(S1) - P(RIS1) - G(S1, $2) = P(S2) - P(R]S2) - G(S2, S1),
(D3)

where P(S) is particle’s probability of having softness S,
P(R|Sy) is particle’s rearranging probability when it has soft-
ness S, G(S1, S») is the transition probability that softness
change from S to S, after one step. By the definition above,
we can write the expression of G(Sy, S2):

[(S2 — 1) — url?
201%

G(S1, $2) < exp ( - ) (D4)
where pugr = n(r)(So(r) — §). Substituting it back to the de-
tailed balance equation, we can finally see that softness of
rearranging particles also follows a normal distribution:

N %
P(S|R) (So, —)

n2—mn)
From Eq. (D5) above, we know that Sy is the average softness
of rearranging particles. To solve for o7, we can employ Bayes
theorem:

(D5)

P(R|S) - P(S)

P(SIR) = PR

(D6)

While P(R) is a constant, P(R|S) increases exponentially with
softness. Thus,

p (S —p)?
(SIR) < P(R|S) - P(S) cxexpysS - exp -
20
_ 2112
O(exp<_(5 (L+yo”)) ) D7)
202
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Here, we get a new expression for the softness distribution of
rearranging particles, P(S|R) oc N'(u + yo?, o?). This leads
to the first conclusion we can draw from detailed balance:

w0’
n(0) - (2 —n(0))
The standard deviation, ok, of softness change for rearrangers

is correlated with 5. For nonrearranging particles, the detailed
balance equation is different:

(D8)

P(Si|r =ry) - G(S1, 82) = P(S2|r =1p) - G(S2, S1),
(D9)

where P(S||r = ro) is the probability that we see softness S|
at r = ry. Similar as rearranging particles, we can arrive at a

new expression of P(S|r = ry) by substituting all terms:

~ ()2 = n(r0))

P(S|rp) o exp ( 202(0)
R

(So(ro) — S)z).

(D10)

By definition of P(S|ry), we know that Sy(rg) should be the
angular average softness at r = ry (same for the the variance).
This leads to the second conclus ion we can draw from de-
tailed balance:

So(r) = (S(r)) (D11)

OR (r)2 2

LS S —— (D12)
n(r)-(2—n(r)
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