Functional central limit theorem via nonstationary projective
conditions

Florence Merlevede*and Magda Peligrad?

February 25, 2022

Abstract

In this paper we survey some recent progress on the Gaussian approximation for
nonstationary dependent structures via martingale methods. First we present general
theorems involving projective conditions for triangular arrays of random variables and
then present various applications for rho-mixing and alpha-dependent triangular arrays,
stationary sequences in a random time scenery, application to the quenched FCLT, ap-
plication to linear statistics with alpha-dependent innovations, application to functions
of a triangular stationary Markov chain.
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1 Introduction and notations

A time dependent series, in a discretized form, consists of a triangular array of random
variables. Examples of this kind are numerous and we can cite, for instance, the time varying
regression model. On another hand, a Markov chain with stationary transition operator is
not stationary when it does not start from its equilibrium and it rather starts at a point.
Nonstationary type of behavior also appears when we study evolutions in random media. It
is also well-known that the blocking procedure, used to weaken the dependence for studying a
stationary process or a random field, introduces triangular arrays of variables. Furthermore,
many of the results for functions of stationary random fields, often incorporate in their proofs
complicated inductions, which lead to triangular arrays of random variables.

Historically, the most celebrated limit theorems in nonstationary setting are, among oth-
ers, the limit theorems involving nonstationary sequences of martingale differences. For more
general dependent sequences one of the basic techniques is to approximate them with mar-
tingales. A remarkable early result obtained by using this technique is due to Dobrushin [8],
who studied the central limit theorem for nonstationary Markov Chains. In order to treat

*Université Gustave Eiffel, LAMA and CNRS UMR 8050. Email: florence.merlevede@Quniv-eiffel.fr
TDepartment of Mathematical Sciences, University of Cincinnati, PO Box 210025, Cincinnati, Oh 45221-
0025, USA. Email: peligrm@ucmail.uc.edu



more general dependent structures, McLeish [23, 24] introduced the notion of mixingales,
which are martingale-like structures, and imposed conditions to the moments of projections
of an individual variable on past sigma fields to derive the functional form of the central limit
theorem. This method is very fruitful, but still involves a large degree of stationarity. In gen-
eral, the theory of nonstationary martingale approximation has remained much behind the
theory of martingale methods for stationary processes. In the stationary setting, the theory
of martingale approximations was steadily developed. We mention the well-known results,
such as the celebrated results by Gordin [13], Heyde [19], Maxwell and Woodroofe [22] and
the more recent results by Peligrad and Utev [31], Zhao and Woodroofe [44], Gordin and
Peligrad [15], among many others. In the context of random fields, the theory of martingale
approximation has been developed in the last decade, with several results by Gordin [14],
Volny and Wang [42], Cuny et al. [3], El Machkouri and Giraudo [11], Peligrad and Zhang
[33, 34, 35], Giraudo [12] and Volny [40, 41]. Due to these results we know now necessary and
sufficient conditions for various types of martingale approximations which lead to a variety
of maximal inequalities and limit theorems.

The goal of this paper is to survey some results obtained in the recent book [26] and the
recent papers [25, 27] concerning the functional form of the central limit theorem for non nec-
essarily stationary dependent structures. These results are obtained by using nonstationary
martingale techniques and, as we shall see, the results are in the spirit of those obtained by
McLeish [23, 24]. More precisely the conditions can be compared to the mixingales conditions
imposed in his paper.

Still concerning Gaussian approximation for non necessarily stationary dependent struc-
tures, we would like to mention the paper by Wu and Zhou [43] who show that, under mild
conditions, the partial sums of a non homogeneous function of an i.i.d. sequence can be ap-
proximated, on a richer probability space, by sums of independent Gaussian random variables
with nearly optimal errors in probability. As a byproduct, a CLT can be derived provided the
underlying random variables have moments of order 2+ 6§, § > 0. Their proof combines mar-
tingale approximation with m-dependent approximation. The fact that the random variables
are functions of an i.i.d. sequence is a crucial assumption in their paper.

We shall point out classes of nonstationary time series, satisfying certain projective cri-
teria (i.e. conditions imposed to conditional expectations), which benefit from a martingale
approximation. We shall stress the nonstationary version of the Maxwell-Woodroofe condi-
tion, which will be essential for obtaining maximal inequalities and asymptotic results for the
following examples: functions of linear processes with nonstationary innovations; quenched
version of the functional central limit theorem for a stationary sequence; evolutions in ran-
dom media such as a process sampled by a shifted Markov chain; nonstationary p—mixing
and a—mixing processes.

The basic setting will be mostly of a sequence of real-valued random variables (Xj)r>1
defined on the probability space (2, K, P), adapted to an increasing filtration Fj, C K. Set
Sp =i, X; forn>1and Sy=0.

We shall also consider real-valued triangular arrays (Xp,)i1<k<n adapted to Fj, C K.
This means that X}, , is Fj , measurable and Fj,_1, C Fj, foralln >1and all 1 <k < n.

In this case we set S = Sk, = Zle Xinn>1,and Sy = 0.



We shall be interested in both CLT, i.e.

Sp — an

= V0,07,

where = denotes the convergence in distribution and N is a normal distributed variable, and
also in its functional (FCLT) form, i.e.

{Wa(t),t € 0,1} = [o[W in (D([0,1]), [| - [loo),

where Wy, (t) = by, ' (S} — ajny) and W is a standard Brownian motion (here and everywhere
in the paper [z] denotes the integer part of x).

We shall consider centered real-valued random variables which are square integrable. The
normalizations will be taken a, = 0 and b2 = n or b2 = o2 = Var(S,).

In the sequel, we shall often use the notation E; (X ) = E(X|F;), to replace the conditional
expectation. In addition all along the paper we shall use the notation a,, < b, to mean that
there exists a universal constant C' such that, for all n, a, < Cb,.

2 Projective criteria for nonstationary time series

One of the first projection condition, in the nonstationary setting, goes back to McLeish
[23]. To simplify the exposition let us state it in the adapted case, i.e. when (F;)i>o is a
non-decreasing sequence of o-algebras such that X; is F;-measurable for any ¢ > 1.

Theorem 1 Let (Xy)rez be a sequence of random variables, centered, with finite second mo-
ment and adapted to a non-decreasing sequence (Fi)rez of o-algebras. Assume that (X2)kez,
is uniformly integrable and that, for any k and 1,

IE(XisklFi)ll2 < Ok (log k) =149, (1)

and there exists a nonnegative constant ¢® such that

— 2t for any t € [0,1] and —cin Ly,

E(Shg) Errm(Stn — Si)?
n n

as min(k, m,n) — co. Then {nil/QS[m],t €[0,1]} = W in (D([0,1]), || - ||oo ), where W is a
standard Brownian motion.

However, in the stationary case, a more general projection condition than (1) is known
to be sufficient for both CLT and its functional form. Let us describe it briefly.

Let (Xg)kez be a strictly stationary and ergodic sequence of centered real-valued random
variables in L2, adapted to a strictly stationary filtration (Fj)xcz and such that

Eo(Sk)
ZH (23/1; M _ @

k>1

Under condition (2), Maxwell-Woodroofe [22] proved the CLT under the normalization \/n



and Peligrad-Utev [31] proved its functional form, namely:
{n™'2Sp,t € 0,1]} = W in (D([0,1]), ] - [|<).

where ¢? = lim,, n71E(S2).
It is known that (2) is equivalent to 3, 27K/2||Eg(Sqr) |2 < oo and it is implied by

> k2B (X)|f2 < oo (3)
k>0

It should be noted that condition (2) is a sharp condition in the sense that if it is barely
violated, then the sequence (n~1/2S,,) fails to be stochastically bounded (see [31]).

The Maxwell-Woodroofe condition is very important for treating the class of p—mixing
sequences whose definition is based on maximum coefficient of correlation. In the stationary
case this is

p(k) = sup corr(f(Xi,, i <0),9(Xj,5 > k)) =0,

where sup is taken over all functions f,g which are square integrable.

It can be shown that condition (2) is implied by Y ,+qp(2%) < oo (which is equivalent
to Y is1 b ip(k) < 00). It is therefore well adapted to measurable functions of stationary
Gaussian processes. To give another example of a sequence satisfying (2) let

Xy = f(Z ai5k7i> - Ef(Z az‘é‘kﬂ'),
>0 >0

where (g),) are i.i.d. with variance o2 and let f be a function such that

1f(x) — f(y)| < c(|lz—y|) for any (z,y) € R?,

where c¢ is a concave non-decreasing function such that
Zk_1/20<2az |ai\) < 00.
E>1 i>k

Then (3) holds (and then (2) also).
The question is, could we have similar results, which extend condition (2) to the nonsta-
tionary case and improve on Theorem 17

2.1 Functional CLT under the standard normalization \/n

We shall discuss first FCLT in the non-stationary setting under the normalization \/n. With
this aim, we impose the Lindeberg-type condition in the form:

1 « Ol
sup — » E(X7) < C < oo and, for any € > 0, Jim_ ~ D E{XFI(|Xk| > evn)} =0. (4)
j=1 k=1

n>1 T “—

For any k£ > 0, let
0(k) = max [[E(Sk+; — il Fi)ll2



and for any k,m > 0, let

m—1

P=m ) Ei(Skri — Sk).

=1

The following FCLT in the non-stationary setting under the normalization y/n was proven
by Merlevede et al. [25, 26].

Theorem 2 Assume that the Lindeberg-type condition (4) holds. Suppose also that

> 27k 25(2F) < oo (5)

k>0
and there exists a constant ¢ such that, for any t € [0,1] and any € > 0,

nt]
lim_limn sup P %Z (X2 + 2X,07) — th] >e) =0. (6)
k=1

m—00 n—oo

Then {nfl/zs[nt],t €10,1]} = W in (D([0,1]), ] - |loc)-

We mention that (5) is equivalent to ), k=3/25(k) < oo and it is implied by

> k2 sup By (Xppi)||2 < o0 (7)
k>0 i20

About condition (6) we would like to mention that in the stationary and ergodic case, it
is verified under condition (2). Indeed, by the ergodic theorem, for any k& > 0,

nd]
1
lim IE‘— (X2 4 2X,07) — c2t‘ = t|EX2 + 2E(Xo0") — 2| .

and note that, under condition (2), it has been proved in [31] that
1
—E(S%) = E(X3) + 2E(X065") — ¢* as m — oo.
m

Therefore Theorem 2 is indeed a generalization of the results in Peligrad and Utev [31].
A first application of Theorem 2 is the following:

Example 3 Application to stationary sequences in a random time scenery.
We are interested to investigate the limiting behavior of the partial sums associated with
the process defined by

Xk = Chtoy, »

where {(;}jez is a stationary sequence (observables/random scenery), and {¢x}r>0 is a
Markov chain (random time).

The sequence {¢y,}n>0 is a “renewal”’-type Markov chain defined as follows: {¢;k > 0}
is a discrete Markov chain with the state space ZT and transition matrix P = (p; ;) given by
Pri—1=1for k>1and py;—1 :=p;=P(r=3),j=12,...



We assume that E[r] < oo which ensures that {¢,},>0 has a stationary distribution
7 = (m;,% > 0) given by

o0
T =T Z pi, j=1,2... where mp = 1/E(7).
i=j+1

We also assume that p; > 0 for all j > 0. Hence the Markov chain is irreducible.

We are interesting by the asymptotic behavior of

[nt]

{72y Xi,te 0,1}

k=1

when the Markov chain starts at 0 (so under Py,—o).
Under Py,—o, one can prove that E(X;X5) # E(X2X3) and hence stationarity is ruled
out immediately. Let assume the following assumption on the random time scenery:

Condition (A1) {¢;}j>0 is a strictly stationary sequence of centered random variables in L2,
independent of (¢y)r>0 and such that

E
s MEGH 902 o and tim sup [E(G;160) — B(GG) ] =0,
k>1 vk "t yzizn

where G; = o (g, k < 1).

Corollary 4 Assume that E(7?) < oo and that {(;};>0 satisfies condition (A1). Then, under
Pyo=o0, {n_l/QS[m],t € [0,1]} converges in distribution in D|0,1] to a Brownian motion with
parameter ¢ defined by

A =E(@) (142D im) +2 > Elom) 3 (P o
i>1 m>1 j=1
where (P7)op = Pgo—o(¢pj = b).

The idea of proof is the following. We take A = o (¢, k > 0) and Fj, = 0(A, X;,1 < j <
k). One can show that

sup (X ket F) 13 < 6% ([m0/2]) + 02 (0)P( > [m/2]),
where b(k) = ||E(Cx|Go)||l2- To prove that condition (6) holds, we use in particular the ergodic
theorem for recurrent Markov chains (together with many tedious computations).

An additional comment. In the stationary case, other projective criteria can be con-
sidered to get the FCLT such as the so-called Hannan’s condition [18]:

E(Xo|F-x) =0 a.s. and Z IPo(X;)]]2 < oo,

i>0

where P[)() = Eo() — Efl(-).



The Hannan’s condition and condition (2) have different areas of applications and are not
comparable (see [10]).

If the scenery is a sequence of martingale difference sequence and the process is sampled
by the renewal Markov Chain, then under Py —g, one can prove that

i{;}o) ||Pk—m(Xk)||2 ~ C\/P(T > m)

Hence, in this case, supy>q [|[Pr—m(Xz)|l2 and supysg [|[E(Xgrm|Fr)||l2 are of the same
order of magnitude and

ZsupHPk m(Xk)|2 < 00 <= Z\/ T >m)

m>0 = m>0

On the other hand (7) holds provided Y ;> /P(1 > k)/Vk < oc.

2.2 A more general FCLT for triangular arrays

Let {X;,,1 < i < n} be a triangular array of square integrable (E(an) < 00), centered
(E(Xin) = 0), real-valued random variables adapted to a filtration (F; ,)i>o0-
We write as before E; ,(X) = E(X|Fj,) and set

m—1

k
= ZXi’” and HZ’LH = m_l Z Ekﬁn(SkH,n - Sk,n) . (8)

=1

We assume that the triangular array satisfies the following triangular Lindeberg-type condi-
tion:

n>1

supZE ) < C < oo, and T}LHQOZE{XgnI(|an| >e)} =0, foranye >0. (9)
k=1

For a non-negative integer u and positive integers ¢, m, define the following martingale-type
dependence characteristics:

n—1
A2 (u) = SHPZHEkn Sktun — Skn)ll3
=0
and
[n/¢]
B2(¢,m) —supz 1Sk (€;m)|[3,
L k=0
where
1 m—1
Skn ,m) E Z E(k 1)6+1, n( (k+1)£+u,n - Sk/f+u,n)) :
u=0



We mention that if X, = X;/v/n,
A?(u) < 6%(u) and B2(¢,m) < 6%(¢ —1)/¢.
The next theorem was proven by Merlevede et al. [25].

Theorem 5 Assume that the Lindeberg condition (9) holds and that

lim 279/2A(27) = 0 and liminf Y B(2,27) = 0. (10)
2]
Moreover, assume that there exists a sequence of non-decreasing and right-continuous func-
tions vy () : [0,1] — {0,1,2,...,n} and a non-negative real ¢ such that, for any t € (0,1],

<

—

t)
(X,fm + 2Xpn0i,) — t2
1

n

>5> —0. (11)

lim limsupP (‘
m—=00 n—oo

i

Then {ZZ’;(P Xin,t € [0,1]} converges in distribution in D([0,1]) to ¢W where W is a
standard Brownian motion.

The proof is based on a suitable triangular (non-stationary) martingale approximation.
More precisely, for any fixed integer m, we write

X€,n = Dgfn + 021—1,71 - QZLn + anjl,n ) (12)

where 6} is defined in (8), Y, = %E&n(SNm,n — S¢n) and, with the notation Py, (-) =
Ef,n(') - Eéfl,n(')y

m—1 m—1
1
Dy, = p— > Pru(Seqs) = - > " Py(Sesi — Se-1). (13)
i=0 =0

Then we show that the FCLT for {ZZ":(P Xin,t €[0,1]} is reduced to prove the FCLT for
sums associated to a triangular array of martingale differences, namely for { ZZ":(P Dyt e
[0,1]}, where (my,) is a suitable subsequence.

Comment 6 Let us make some comments on the Lindeberg-type condition (9) which is
commonly used to prove the CLT when we deal with dependent structures. We refer for
instance to the papers by Neumann [28] or Rio [37] where this condition is also imposed and
examples satisfying such a condition are provided. In addition, in many cases of interest, the
considered triangular array takes the following form: Xy, /o, where o2 = Var(S,) and then
the first part of (9) reads as : there exists a positive constant C' such that for any n > 1,

zn: E(X7,) < CVar(S,), (14)
k=1

which then imposed a certain growth of the variance of the partial sums. Let us give another
example where this condition is satisfied. Assume that X; = f;(Y;) where Y] is a Markov chain



satisfying py (1) < 1, then according to [29, Proposition 13], C' < (1 + py (1))(1 — py (1))~ %
Here (py (k))g>0 is the sequence of p-mixing coefficients of the Markov chain (Y;);. On another
hand, avoiding a condition as (14) is a big challenge and is one of the aims of the Hafouta’s
recent paper [17]. His main new idea is a linearization of the variance of the partial sums,
which, to some extent, allows us to reduce the limit theorems to the case when Var(.S,,) grows
linearly fast in n. To give more insights, the partial sums are partitioned into blocks, so we
write S,, = 25‘21 Yi n, where k, is of order Var(S,,) and the summands Y;, are uniformly
bounded in some LP (see [17, section 1.4] for more details). Then the FCLT has to be obtained
for the new triangular array (Yj,,1 <1i <k,).

To verify condition (11), one can use the following proposition proved in [25].

Proposition 7 Assume that the Lindeberg-type condition (9) holds. Assume also that for
any non-negative integer ¢,

n
lim lim sup Z | Ek—b0 (XknXiton) — Eon(XinXiten)1 =0

and, for any t € [0, 1],

on (t)

> (Bow(X70) + 2Bon(Xinb]l) —t02’ >¢) =0. (15)
k=1

lim lim supP(’
Mm—=00 n—o0

Then condition (11) is satisfied.

Starting from (12) and summing over ¢, we get

o (¢) vn (¢) on (t)
/=1 (=1 /=1
where
vn(t)—1 vp(t)—1
=0 k=0
Clearly

v (t) vn(t)

> E(XZ, +2X0nb7) = > E(DF)? +E0F)° — B0 1).,)° + E(Rn) .-
/=1 /=1

The Lindeberg’s condition implies that E(HS%)Q + E(Gﬁ(t) )% is tending to zero as n — oo,

whereas
m

E(Rn) < m™2(A%(m) + A(m) > A(i)).

=1



Hence, if we assume that m~'A4%(m) — 0 as m — oo, we derive

vn (t) vn (t)
nlglmhgszp‘ ; E(X2, +2X,,60,) — ; E(DJ) ‘ -

Note also that under the Lindeberg’s condition and the following reinforced version of con-
dition (10)
. ~1/2 _ : ¢ _
%gnoom A(m) =0 and nlgnoo Z B(2°,m) =0, (16)
£>[logy(m)]

we have
v (t)

. . _ m
i, limsup | Z Xen = 3 Din|, =

Lemma 5.4 in [25] can be used to see this (note that in this lemma, there is a misprint in
the statement since in the last term of the RHS of its inequality, the term 277/2 has to be
deleted, as it can be clearly derived from their inequality (5.22)). Therefore, as soon as we
consider Fy , = {0, Q} (so Egn(-) = E(-)), condition (15) can be verified with the help of the
following proposition.

Proposition 8 Assume that the Lindeberg-type condition (9) holds and that (16) is satisfied.
Assume also that there exists a constant ¢ such that, for any t € [0,1],

E(S’l%n(t),n) — CQt . (17)
Then

v (t)
lim hmbup‘ Z Xl%,n + 22X nb7) 7tc2‘ =0.

m—=30 p—oo 1

3 Applications

3.1 Application to p-mixing triangular arrays

Theorem 5 gives the following result for p-mixing triangular arrays.
Let {Xin,1 < i < n} be a triangular array of square integrable centered real-valued
random variables. Denote by O']%’ = Var( Zz 1 X n) and 02 =2 ,. For 0 <t <1, let

2
: Tk -
vn(t):mf{k:;lgkgnza—gnzt} and Wy ( 1 E in (18)
Assume that the triangular array is p-mixing in the sense that

p(k) =sup max p( (Xin,1<i<j),0(Xin,j+k<i< n)) —0
n>11<j<n—k

where p(U, V) = sup{|corr(X,Y)|: X € L?(U),Y € L*(V)}.
The following is a FCLT for p-mixing triangular arrays:

10



Theorem 9 Assume that .

supo,” Y (E(X3,) < C < oo,

n>1 j=1

n
lim o, > ZE{Xz,nI(\Xk,n\ >eop)} =0, foranye >0

n—00
k=1

and

Zp(2k) < 00.

k>0

Then {Wn(t),t € [0, 1]} converges in distribution in D([0,1]) (equipped with the uniform
topology) to W.

This is the functional version of the CLT obtained by Utev [39]. It answers an open
question raised by Ibragimov in 1991.

Theorem 9 follows from an application of Theorem 5 to the triangular array {o, !X k1 <
k < n}p>1 and the o-algebras Fy,, = 0(X;n,1 < i < k) for k > 1 and Fy, = {0,Q} for
k <O0.

In what follows, to soothe the notations, we omit the index n involved in the variables
and in the o-algebras.

To check condition (5), we used the fact that, by the definition of the p-mixing coefficient,
for any b > a > 0,

Bk (Sktb — Skta)ll2 < p(@)[| Skt — Sktall2,

and that, under 3, p(2¥) < oo, by the variance inequality of Utev [39], there exists x such
that for any integers a and b,

b
1S5 = Sall3 < % Y I1Xll3-
i=a+1

We then obtain
m 1A% (m) < {p*([vm]) + m~/?} and B(2",m) < p(2" —1).

Since p(n) — 0, in order to prove condition (11), we use both Proposition 7 (by recalling that
Fon is the trivial field {0, Q}) and Proposition 8. Therefore the proof of (11) is reduced to
show that
—2m Q2
o, E(Svn(t)) —t, asn — 0o,
which holds by the definition of v,(¢) and the Lindeberg’s condition (9).

For the p—mixing sequences we also obtain the following corollary:

Corollary 10 Let (X,),>1 be a sequence of centered random variables in L?(P). Let S,, =
S ey Xk and o2 = Var(S,). Suppose that the Lindeberg condition is satisfied and that
> k>0 p(2F) < 0. In addition assume that o2 = nh(n) where h is a slowly varying function
at infinity. Then W, = {o,;! Zgi]l X, t € (0,1]} converges in distribution in D([0,1]) to W
where W is a standard Brownian motion.

11



If W,, converges weakly to a standard Brownian motion, then necessarily O‘?L = nh(n
where h(n) is a slowly varying function. If in Corollary 10 we assume that o2 = n®h(n
where a > 0, then one can prove that W,, = {G(t),t € [0,1]} in D([0,1]) where G(t)
Va [ 210 (u).

In the strictly stationary case, condition ) ;- p(2%) < oo implies that o2 /n — o2 and if

~— ~—

02 — oo then o > 0. Therefore the functional limit theorem holds under the normalization
v/no. We then recover the FCLT obtained by Shao [38] (the CLT was first proved by Ibrag-
imov [20]). In this context, condition Y",~,p(2%) < oo is minimal as provided by several
examples by Bradley, which are discussed in [1, Chap. 34] .

Comment 11 In a recent paper, denoting by Px the law of a random variable X and by G,
the normal distribution N (0, a), Dedecker et al. [7] have proved quantitative estimates for the
convergence of Pg /, to Gy, where S, is the partial sum associated with either martingale
differences sequences or more general dependent sequences, and o2 = Var(S,,). In particular
they considered the case of p-mixing sequences and, under reinforced conditions compared
to those imposed in Theorem 9 or in Corollary 10, they obtained rates in the CLT. Let us
describe their result. Let (X;);>1 be a sequence of centered (E(X;) = 0 for all 7), real-valued
bounded random variables, which are p-mixing in the sense that

p(k) =sup sup p(o(X;1<i<j),0(Xy, Xy)) =0, a5k — o0,
7>l ov>u>j+k

where o(X;,t € A) is the o-field generated by the r.v.’s X; with indices in A. Let us assume
the following set of assumptions

1) © = Sy kplk) < o0 :
H):= n 4
()= S 3) For any n > 1, Gy i e et BKD)

1<t<n E(S, — Sp_1)? <

Denoting by K, = maxi<;<n ||Xi||c, they proved in their Section 4.2 that if K, is uniformly
bounded then, for any positive integer n,

/ |F (t (t)|dt < Croy M 1og(2 4+ Cro?) and ||Fp — ®joe < 0 /23/Cplog(2 + Cpo2)

where F), is the c.d.f. of S, /o, and ® is the c.d.f. of a standard Gaussian r.v. We also refer
to [17, Section 2.2] for related results concerning rates in the FCLT in terms of Prokhorov
distance.

3.2 Application to functions of linear processes

Xy = fk(zaiék—i) - Efk(zaﬁk—i),

i>0 i>0

Assume that

where (g;);cz are independent random variables such that (E?)Z’GZ is a uniformly integrable
family and sup;cy ||l€i]|2 := 0. The functions f;, are such that, for any k,

[fu(@) = fu(y)] < c(lz —yl) for any (z,y) € R,

12



where ¢ is concave, non-decreasing and such that lim, ,oc(x) = 0 (we shall say that f; €

L(c)).
Applying Theorem 5 with X, = X /0y, we derive the following FCLT.

Corollary 12 Assume that o2 = nh(n) where h(n) is a slowly varying function at infinity
such that liminf,_, h(n) > 0 and

Zk‘_l/zc<2az ]ai\) < o00. (19)

k>1 i>k

Then {o,* ZEZ]I Xj,t €[0,1]} converges in distribution in D([0,1]) to a standard Brownian
motion.

The detailed proof can be found in Section 5.6 of [25] but let us briefly describe the arguments
allowing to verify conditions (7) and (11) with v,(¢t) = [nt] and X, = Xj/op (recall that
(7) implies (5), which in turn implies (10) since 02 = nh(n) with liminf, . h(n) > 0).

We first consider the following choice of (F;)i>0: Fo = {0,Q} and F; = (X1, ..., X;),
for i > 1. Denote by E. the expectation with respect to ¢ := (g;);ez and note that since
Fi C Fe,i where F.; = o(e, k <), for any i > 0, ||E(Xppi|Fi)ll2 < |E(Xgti|Fe,i)|l2- Next,
for any 7 > 0, note that

E. (f ( ka a€5§c+i—e+z @£€k+z’—z> ) —E. (f ( kZi az€2+i_e+z GZE;H.Z'_()) ‘ ;
=0 >k =0

1>k

|E(Xpil Fei) | =

where (£});cz is an independent copy of (g;);ez. Therefore, using [6, Lemma 5.1],

1Bkl Fo)llz < ||e( D lacllenrioe = chpinel)||, < (202 ladl)
>k 0>k

proving that (7) holds under (19).

On another hand, to verify condition (11) with v,(t) = [nt] and X}, = X;/on, Propo-
sition 7 can be used. Hence, because of the Lindeberg’s condition and the choice of the
filtration (F;)i>o it is sufficient to prove

lim limsupo,? > B p(XpXppe) — BE(XpXps0) |1 = 0 (20)
b—00 n—oo
k=b+1
and that, for any t € [0,1],
[nt]
N 2 m _
Tr}lg{l)ohgs;pﬁ Z{E(Xk)+2E(Xk0k )} —t’ =0. (21)

n k=1

Condition (20) can be proved by using similar arguments as those leading to (7). On another
hand, (21) follows from an application of Proposition 8 with v,(t) = [nt] and Xy, = Xp/0op.
Indeed, the Lindeberg’s condition can be verified, (7) is satisfied and it is also assumed that
02 = nh(n) where h(n) is a slowly varying function at infinity with liminf, ., h(n) > 0.

13



3.3 Application to the quenched FCLT

We should also note that the general FCLT in Theorem 2 also leads as an application to the
quenched FCLT under Maxwell-Woodroofe condition (previously proved by Cuny-Merlevede
[2], with a completely different proof).

More precisely the result is the following:

Corollary 13 Let (Xj)rez be an ergodic stationary sequence of L2 centered random vari-
ables, adapted to (Fi) and satisfying

> kT2 Eo(Sp) 2 < oo
k>0

then lim, o nil/zE(S%) = ¢ and, on a set of probability one, for any continuous and
bounded function f from (D([0,1),| - ||s) to R,

lim Eo(f(Wy)) = /f(zc)W(dz),

n—oo

where W, = {n~1 Z[nt] Xk, t € [0,1]} and W is the distribution of a standard Wiener process.

The idea of proof is to work under Py (the conditional probability given Fy) and verify
that the conditions of our general FCLT hold with probability one. For instance, we need to
verify (6), that is: with probability one, there exists a constant c? such that, for any ¢ € [0, 1]

[nt] m—1
Tim limsup]P’()(’% S (x2+ %Xk S Ei(Skes — ) — tC2‘ > s) ~0.
=1

m— o0
n—o00
k=1

But, by the ergodic theorem,

[nt] m—1

1 2 2 2| _
Jim T |~ > (XP+ = X > Er(Skai — Sk)) —tc*| =0 as.

k=1 i=1

Hence, by the properties of the conditional expectation, the desired convergence follows.

3.4 Application to locally stationary processes

Let consider {n_1/2 Zgi]l Xt € [0,1]} when (Xj,,1 < k < n) is a locally stationary
process in the sense that X, can be locally approximated by a stationary process X, (u) in
some neighborhood of u, i.e. for those k where |(k/n) — u| is small.

Assume that E(X},) = 0. For each u € [0,1], let Xz(u) be a stationary and ergodic
process such that

(So) maxi<;<n n’l/Ql Zi:l Xk,n — Ei:l Xk(k/n)’ —)P 0.
(51) supyeo,1 [ Xk(w)]l2 < co and

lim sup [ Xp(u) - Xp(v)]2 = 0.

=0 |y—y|<e

14



(D) There exists a stationary non-decreasing filtration (F)x>o0 such that, for each u € [0, 1],
Xg(u) is adapted to Fj, and the following condition holds: ;- 27k/2 §(2F) < oo, where

5(k) = supyepp 1) [E(Sk(w)| Fo)llz and Sy (u) = 323 Xi(w).

Let us give an example. For any u € [0, 1], let

Yi(u) =) (a(u))ep—; and Xi(u) = f(Yi(u)) — Ef (Yi(u))

>0

with f € £(c) (this space of functions has been defined in subsection 3.2) and «(-) a Lipschitz

continuous function such that sup,¢jo 1) lo(u)| = a < 1.
Define }
Xpom = Xi(k/n) + 073 2wy (e 4+ + €5-)

where u,, — 0.
Condition (Sp) is satisfied and conditions (S71) and (D) also, provided

/1 Lalt < 00
0 ty/[logt| '

Theorem 14 Assume the above conditions. Then there exists a Lebesgue integrable function
a2(-) on [0,1] such that, for any u € [0, 1], where

lim E(S,(u))? = o?(u)

m—r0o0

and the sequence of processes {n"'2W,(t), t € [0,1]} converges in distribution in D([0,1])
to

{/Ota(u)dW(u), telo, 1]},

where W is a standard Brownian motion.

Compared to the results in Dahlhaus, Richter and Wu [4], this result has a different range
of applications. In addition, we do not need to assume that || sup,cp ] | X5 (u)]]]2 < oo nor
that Xp,(u) takes the form H(u,n;) with H a measurable function and n, = (¢4, < k) where
(ej)jez a sequence of iid real-valued random variables.

4 The case of a-dependent triangular arrays

We start this section by defining weak forms of strong-mixing-type coefficients for a triangular
array of random variables (X; ;). For any integer i > 1, let f;n(t) = 1(x, <) — P(Xin < 2).
For any non-negative integer k, set

a1, (k) = sup max su]g HIE(fun(t)LFm)‘
€

i>0 i+k<u ¢ L’

and
a?,n(k) = Ssup max Sup HE(fU,TL(t)fv,n(s)‘Fl,n) - E(fu,n(t)fv,n(s)) Hl )

i>0 i+k<u<v g teR
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where, for ¢ > 1, Fi,, = 0(X;nl < j < i} and Fop, = {0,Q}. In the definitions above we
extend the triangular arrays by setting X;, = 0 if ¢ > n. Assume that

n
02, = Var(z Xg,n) ~1, (22)
=1
and, for 0 <t <1, define v, (t) and W, () as in (18).
We shall now introduce two conditions that combine the tail distributions of the variables
with their associated a-dependent coefficients:

n n o1 7 (1)
lim limsup / 2 (w)du=0 23
Jim_ limsu ;;ﬂo ) (23)
and m)
n a2 n(m
lim limsu 2 (wWdu=0, 24
Jim s 32 [ 0 29

where Q) ,, is the quantile function of X}, i.e., the inverse function of t — P(| Xy | > ?).

Under the conditions above and using a similar martingale approximation approach as in
the proof of Theorem 2, the following result holds (see [27]):

Theorem 15 Suppose that (9), (22), (23) and (24) hold. Then {Why(t),t € [0,1]} converges
in distribution in D([0,1]) (equipped with the uniform topology) to W, where W is a standard
Brownian motion.

Under the assumptions of Theorem 15, we then get that ;| Xz, = N(0,1). To see
this, it suffices to notice that by (22), proving that ||W,(1) — > ;_; Xk7nH2 — 0 is reduced
to prove that Cov( Z’;(ll) Xbns ZZ=1+vn(1) Xi.n) — 0 which follows from (23) by using Rio’s
covariance inequality [36] and taking into account the Lindeberg’s condition.

Very often, for the sake of applications, it is convenient to express the conditions in terms
of mixing rates and moments:

Corollary 16 Assume that conditions (9) and (22) hold. Suppose in addition that, for some

d € (0,00],
n
supz | Xk |3 < 0o and Zi2/5a1(i) < 00
" k=1 i>1

and that

lim limsup ag,(m) =0.
m—=00 n—oo

Then the conclusion of Theorem 15 holds.

There are numerous counterexamples to the CLT, involving stationary strong mixing
sequences, in papers by Davydov [5], Bradley [1], Doukhan et al. [9], Higgstrom [16] among
others. We know that in the stationary case our conditions reduce to the minimal ones.
These examples show that we cannot just assume that only the moments of order 2 are finite.
Furthermore the mixing rate is minimal in some sense (see [9]).
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We also would like to mention that a central limit theorem was obtained by Rio [37] which
also implies the CLT in Corollary 16.

4.1 Application to functions of a-dependent Markov chains.

Let Vi, = fin(X;) where X = (Xj;);ez is a stationary Markov process with Kernel operator
K and invariant measure v and, for each i and n, fi , is such that v(f;,,) = 0 and v(f?,) < oo.
Let 02 = Var(3>_l, Yi) and X, = 0, Y .. Note that the weak dependent coefficients o (i)
of X can be rewritten as follows: Let BV] be the class of bounded variation functions A such
that |h|, <1 (where |h|, is the total variation norm of the measure dh). Then

We mention that asg(i) will have the same order of magnitude as «; (i) if the space BV is
invariant under the iterates K™ of K, uniformly in n, i.e., there exists a positive constant C
such that, for any function f in BV and any n > 1,

K™ (f)lo < Clflo-

The Markov chains such that as(n) — 0, as n — oo, are not necessarily mixing in the sense
of Rosenblatt.

Let us give an example. In what follows, for v €]0,1[, we consider the Markov chain
(X&)k>1 associated with the transformation 7', defined from [0, 1] to [0, 1] by

(2) = x(1+2727) ifxz€[0,1/2]
N P if z e [1/2,1].

This is the so-called LSV [21] map with parameter 7. There exists a unique T -invariant
measure v~ on [0,1], which is absolutely continuous with respect to the Lebesgue measure
with positive density denoted by h,. We denote by K, the Perron-Frobenius operator of T,
with respect to v, (recall that for any bounded measurable functions f and g, v, (f-goTy) =
vy(K+(f)g)). Then (X;);>0 will be the stationary Markov chain with transition Kernel K and
invariant measure v,. In addition, we assume that, for any ¢ and n fixed, f;, is monotonic
on some open interval and 0 elsewhere. It follows that the weak dependence coefficients
associated with (X;,) are such that ag (k) < Ck=1/7, where C is a positive constant not
depending on n. By applying Corollary 16, we derive that if the triangular array (X;,)
satisfies the Lindeberg condition (9) and if

2/(2+46) 2
2+5 - i
€ (0,1/2) and 21;1302 g / fim 7d x) < oo for some 6 > o

then the conclusion of Theorem 15 is satisfied for the triangular array (X;,) defined above.
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4.2 Application to linear statistics with a—dependent innovations

We consider statistics of the type
n
Sn =Y dn;Xj, (25)
j=1

where d,, ; are real valued weights and (X;) is a strictly stationary sequence of centered real-
valued random variables in L.?. This model is also useful to analyze linear processes with
dependent innovations and regression models. It was studied in Peligrad and Utev [30], Rio
[37] and also in Peligrad and Utev [32], where a central limit theorem was obtained by using
a stronger form of the mixing coefficients.

We assume that the sequence of constants satisfy the following two conditions:

n n
Zdiﬂ- — ¢* and Z(dn,j —dpj-1)> =0 asn— oo, (26)
i=1 i=1

where ¢ > 0. Also, we impose the conditions

a1 (i)
Z/o Q*(u)du < oo (27)

i>0

and
az(m) — 0, (28)

where @ is the quantile function assciated with Xj.

Condition (27) implies that ) - |Cov(Xo, X})| < oo and therefore that the sequence
(X;) has a continuous spectral density f(x). Note also that if the spectral density f is
continuous and (26) is satisfied then

02 = Var(S,) — 2nc2f(0), as n — cc.

We refer for instance to [26, Lemma 1.5] for a proof of this fact. Note also that (26) implies
the Lindeberg condition (4). Indeed, condition (26) entails that maxj</<y |d,¢| — 0, as
n — oo (see [26, Lemma 12.12]).

By applying Theorem 15 we obtain the following result (see Merlevede-Peligrad [27]).
Theorem 17 Let S, = Z;‘Zl dn ; X, where dy, j are real valued weights and (X;) is a strictly

stationary sequence. Assume that (26), (27) and (28) are satisfied. Then S,, converges in
distribution to /27 f(0)|c|N where N is a standard Gaussian random variable. Let v}, =

SF_d2 .. Define

i=1"n,z"

vn (t)
Up(t) = inf {k; 1<k<n: v,%m > cQt} and Wy (t) = Z dni X; .
i=1

Then Wy (-) converges weakly to /2w f(0)|c|W where W is the standard Brownian motion.
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Comment 18 To apply Theorem 15, we do not need to impose condition (26) in its full
generality. Indeed, this condition can be replaced by the following ones

n
2 2
Z dy,; — ¢ and 121%}(” |dn.e| = 0 as n — oo, (29)

and, for any positive k, there exists a constant ¢ such that

lim g 1 dn Zdn A+k cn
5 .
N0 ZZ:I dn!

Indeed condition (29) implies the Lindeberg condition (4) whereas condition (30) together
with >~ |Cov(Xo, Xi)| < co (which is, in particular, implied by (27)) entail that

(30)

2
n07”2 — 0 = Var(Xp) + 2 chCov(Xo,Xk) , asn — 00. (31)
ZEZI dn,Z k>1

Note that if condition (26) holds then (30) is satisfied with ¢, = 1 for all positive integer
k and therefore 02 = 27 f(0). Hence, if in the statement of Theorem 17, condition (26) is
replaced by conditions (29) and (30) then, its conclusions hold with o2 replacing 27 f(0),
where o2 is defined in (31). To end this comment, let us give an example where conditions
(29) and (30) are satisfied but the second part of (26) fails. With this aim, let x be a real
such that = ¢ 7Z and let d, j = sin(xzk)//n. For this choice of triangular array we have
S d? . — 1/2 and, for any positive k, S0 F dp dnoix — 271 cos(zk). Therefore (30) is

i=1"n,

satisfied with ¢, = cos(zk) and (26) does not hold.

Remark 19 We refer to Dedecker et al. [7, Section 4] for various results concerning rates of
convergence in the central limit theorem for linear statistics of the above type with dependent
innovations. In particular, they proved the following result (see their corollary 4.1 and their
remark 4.2). Let p € (2,3]. Assume that

P(|Xo| > t) < Ct™* for some s > p and Zk(ag(k))wpﬁ/s < 00,

k>1

and that the spectral density of (X;) satisfies infie|_r 1 [f(t)| = m > 0. Then, setting m,, =
maxi<¢<p |dne|, the following upper bounds holds: for any positive integer n,

(Zd )(3p/ ifpe(23)
/|F (t)|dt < C(n,p) := (32)

—log( 1Zd ) if p=3,

where we recall that F, is the c.d.f. of Syp/opn and ® is the c.d.f. of a standard Gaussian r.v.
Note that if we replace the condition that the spectral density has to be bounded away from
0 by the weaker one: f(0) > 0, and if, as a counterpart, we assume the additional condition
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Y k0 k2| Cov(Xo, X1)| < 0o, then an additional term appears in (32); namely, we get

n 1/2
kill (dn,k - dn,k71)2>

On

/ |Fn(t) — ®(t)|dt < C(n,p) + <
R

See [T, Corollary 4.2].

In what follows, we apply Theorem 17 to the model of the nonlinear regression with fixed
design. Our goal is to estimate the function ¢(x) such that

y(z) = () + &(),
where £ is an unknown function and £(z) is the noise. If we fix the design points z,; we get
Yoi = y(@ni) = Uwns) + &i(wn,)-

According to [32], the nonparametric estimator of ¢(x) is defined to be

bn(x) = wni(z) Y, (33)
i=1

where

ot (75 ) S ().

We apply Theorem 17 to find sufficient conditions for the convergence of the estimator @n(x)
To fix the ideas we shall consider the following setting: The kernel K is a density func-
tion, continuous with compact support [0,1]. The design points will be z,; = i/n and
(&i(xn,1),- .., &(xn,)) is distributed as (Xq,...,X,,), where (Xy)gez is a stationary sequence
of centered sequence of random variables satisfying (27) and (28). We then derive the normal
asymptotic limit for

n —1/2
Va(a) = <Z w,%,xx)) (#n(@) = E(fa(a)))
i=1
The following theorem was established in Merlevede-Peligrad [27].

Theorem 20 Assume for x fized that 0y (z) in defined by (33) and the sequence (X;) is a
stationary sequence satisfying (27) and (28). Assume that the kernel K is a density, it is
square integrable, has compact support and is continuous. Assume nh, — oo and h, — O.
Then /hy (b () —E(,(z))) converges in distribution to \/2m f(0)|c|N where N is a standard
Gaussian random variable and ¢ is the second moment of K.

4.3 Application to functions of a triangular stationary Markov chain

Let us consider a triangular version of the Markov chain defined in Example 3.
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For any positive integer n, (&;,)i>0 is an homogeneous Markov chain with state space N
and transition probabilities given by

P(fl,n = i’goyn =17+ 1) =1 and ]P)(fl,n = i’foyn = 0) = Di+1n for ¢ > 1,

where, for i > 2, p;, = o/ (0i%72) with a > 0, ¢ > 59 1/i%T2 = 1/2, (vn)n>1 a sequence of
positive reals and pi, =1 —1/(2v,,). (& n)i>0 has a stationary distribution 7, = (7;,);>0
satisfying
1
Ton = (Zzpm) and 7;, = mop Z pin for j > 1.
i>1 i>j+1
Let Yin = I, =0 — Ton Let b2 = Var( 7, Yin ) and set Xy = Yin/by. Provided that

a > 1andv,/n — 0, (Xj,)k>0 satisfies the functional central limit theorem given in Theorem
15.
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