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Relations of Radial Vibration

of the Arterial Wall to Pulsatile
Parameters in Blood Flow

for Extraction of Arterial Indices

Given the wide utility of radial vibration of the arterial wall for clinical values, this paper
presents a theoretical study on the relations of radial vibration of the arterial wall to pul-
satile parameters in blood flow. Pulse wave propagation in an artery is formulated as a

Zhili Hao combination of the governing equations of blood flow and the arterial wall and no-slip

Department of Mechanical and Aerospace conditions at the blood-wall interface and is analyzed to obtain the wave velocity and the
Engineering, theoretical expressions for blood flow rate and radial wall displacement in terms of pul-
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Norfolk, VA 23529 tion of the arterial wall to pulsatile parameters in blood flow are derived under two
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assumptions for the simplified relations employed in the utility of radial vibration of the
arterial wall for clinical values. With the arterial wall treated as a unit-mass vibration
system, these simplified relations are utilized for extraction of arterial indices from radial
vibration of the arterial wall. Other applications of such relations for clinical values are
discussed, and the interaction between the arterial wall and blood flow is further revealed
from the perspective of energy and one-dimensional wave equations. With harmonics and
wave reflection considered, the derived theoretical expressions for radial wall vibration,
pulsatile parameters in blood flow, and the relations between them provide theoretical
guidance for improving their interpretation of clinical values with clearly defined physio-
logical implications and assumptions. [DOI: 10.1115/1.4055390]
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tile pressure, wave reflection, harmonics, arterial indices

1 Introduction velocity (or rate) in an artery, the first-order derivative (velocity)
of a PPG signal is intuitively considered to represent the blood
flow velocity [6—12]. Then, the second-order derivative (accelera-
tion) of a PPG signal is considered to represent the acceleration of
blood flow [4-10]. Yet, a clear theoretical basis for such interpre-
tation of the two derivatives is still missing [6—12]. Without relat-
ing to pulsatile parameters in blood flow, different ratios of peaks
and valleys in the second-order derivative of a PPG signal were
found to carry clinical values via statistical analysis [4,7], but
physiological implications of these ratios are unclear. In recent
years, great similarity in waveform between a PPG signal and a
pulsatile pressure signal has been identified [9,10,13]. Owing to
their unparalleled convenience, PPG sensors have been increas-
ingly studied for continuous, cuffless blood pressure measure-
ment. Without theoretical guidance, different features of a PPG
signal and its derivatives are combined for estimation of blood
pressure via statistical analysis and machine-learning techniques
[9,14,15]. With the goal of developing an at-home solution to arte-
rial health assessment, the author’s group has developed a
microfluidic-based tactile sensor for arterial pulse signal measure-
ment, which features ease of use by a layperson and low cost [2,3].
The measured arterial pulse signal is treated as the radial displace-
ment of the arterial wall. Consequently, its first-order and second-
order derivatives represent the velocity and acceleration of the
arterial wall, respectively. Due to its time-harmonic nature, the pulsa-
tile radial motion of the arterial wall at an artery site is radial vibra-
tion. Then, the arterial wall is modeled as a unit-mass vibration
system, and its system parameters are extracted from the measured
pulse signal and its two derivatives. A scaling analysis is conducted
- to relate the system parameters to pulsatile parameters in blood flow
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Arterial pulse signals carry physiological and pathological
information about the cardiovascular (CV) system and are inter-
preted to extract various arterial indices for detection and diagno-
sis of CV disease [1-5]. Based on the pulse wave propagation
theory, the arterial pulse signals measured at the carotid and femo-
ral artery sites using dual tonometry are utilized to extract the
carotid-femoral pulse wave velocity (PWV) as an assessment of
the global arterial stiffness (or elasticity) [1,2]. According to force
equilibrium of the arterial wall, the local arterial elasticity is
extracted from a combination of the arterial radial displacement
signal and the pulsatile pressure signal at an artery site, which are
measured simultaneously by an imaging instrument and a tonome-
ter, respectively [2]. These two interpretations utilize only the
measured arterial pulse signals themselves but involve high cost
and operation complexity of the medical instruments, rendering
them unsuitable for routine and at-home use.

Due to its simplicity and low cost, photoplethysmography
(PPG) sensors are widely used to acquire arterial pulse signals,
commonly referred to as PPG signals [4-10]. A PPG signal essen-
tially captures the blood volume change in an artery. Its first-order
and second-order derivatives have been utilized to extract arterial
indices [4-10]. Since the blood volume change in an artery is
caused by the radial displacement of the arterial wall and this dis-
placement is only a small percentage of the arterial radius, it is
reasonable to treat the PPG signal as the radial displacement of
the arterial wall (or arterial vasomotion) [5,6,8—10]. Since the
radial displacement of the arterial wall facilitates the blood flow
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Fig. 1 Schematic of the arterial wall and blood flow in it and
the associated geometries and pulsatile parameters

Given the above-mentioned utility of radial vibration (displace-
ment, velocity, and acceleration) of the arterial wall for extraction
of arterial indices, this paper presents a theoretical study on the
relations of radial vibration of the arterial wall to pulsatile parame-
ters in blood flow. Previously, the author developed a pulse wave
propagation theory for obtaining theoretical expressions for vari-
ous pulsatile parameters in terms of pulsatile pressure, without har-
monics in a pulse signal and wave reflection [16]. Later on,
harmonics in a pulse signal and wave reflection were included in
the theory for calculating the waveforms of various pulsatile
parameters [17]. In this paper, the developed theory is tailored to
investigate the relations of the radial displacement and its two
derivatives of the arterial wall to blood flow rate and pulsatile pres-
sure. It is worth mentioning that axial displacement of the arterial
wall [16,17] is omitted in this paper, due to its negligible influence
on the pulsatile parameters considered in this paper. The pulse
wave propagation theory is first presented for the wave velocity
and the theoretical expressions for a radial displacement of the arte-
rial wall and blood flow rate in terms of pulsatile pressure. With the
harmonics of a pulse signal, theoretical relations of radial vibration of
the arterial wall to pulsatile parameters in blood flow are derived
under two conditions: without and with wave reflection. These
derived theoretical relations identify the assumptions that are needed
to simplify the relations of radial vibration of the arterial wall to pulsa-
tile parameters in blood flow for clinical values [2,3,6]. With the arte-
rial wall modeled as a unit-mass vibration system, these simplified
relations are utilized to extract arterial indices from radial vibration of
the arterial wall. Finally, some other applications of such relations for
clinical values are discussed, and new insights into the interaction
between the arterial wall and blood flow are revealed from the per-
spective of energy and one-dimensional (1D) wave equations.

2 Pulse Wave Propagation Theory

As shown in Fig. 1, the arterial wall is treated as a thin-walled
tube with two geometrical parameters: a as the inner radius at dia-
stolic blood pressure (DBP) and 4 as the thickness. It is assumed
that both @ and % do not vary in a pulse cycle. Due to DBP, the
arterial wall contains an initial tension T,=DBP X a per unit
length in the circumferential direction. With no axial displace-
ment, the arterial wall undergoes solely the pulsatile radial dis-
placement u,(x, ) to facilitate blood flow in the artery. Blood in
the artery is assumed to be an incompressible, Newtonian fluid
and contains three pulsatile parameters: radial velocity w(x,r,t),
axial (x-axis) velocity u(x,r,t), and pulsatile pressure Ap(x,?).
Note that blood is known to be a non-Newtonian fluid, but it
behaves as a Newtonian fluid in large arteries [18]. In small
arteries (i.e., @ <0.3mm), blood behaves as a non-Newtonian
fluid and causes a noticeable reduction in wall shear stress [19].
Since all the pulse signals measured at the skin surface [1-15] are
from large arteries, it is reasonable to treat blood as a Newtonian
fluid. It is further assumed that (1) the four pulsatile parameters
are axisymmetric and have small perturbations and (2) the arterial
radius @ is much smaller than the wavelength A of the pulse wave
(a < 2)[16,17,20,21].

Based on the above assumptions, the governing equations of
blood flow in the artery include the continuity equation and the
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Navier—Stokes equations in the axial (x-axis) and radial (r-axis)
directions [16,17,20,21]
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where p, and p denote the blood density and viscosity,
respectively.

Womersley derived the solution to Eq. (1)—the wave expres-
sions for w, u, and Ap [20] at the nth harmonic of the heart rate
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where cx(z) = 3o? with o = a\/p,nw/p being the Womersley num-
ber and f, = ianw/c = iff [20]; w and k, =nw/c are the angular
frequency of the heart rate and the nth wave number, respectively.
Note that Ap, and B are two constant unknowns.

The governing equation of the arterial wall is given as

&u,
or?

ph &2 = Ap — [(E + qnosi)h — T % (a)

where E and 7 denote the elasticity and viscosity, respectively, of
the arterial wall in the circumferential direction. No-slip condi-
tions at the blood-wall interface demand the blood flow velocities
being equal to the arterial wall velocities in the radial and axial
directions at the blood-wall interface

ou,
Wy=q = E (3]7)
Ur—qg =0 (o)

The wave expression for u,(x,t) at the nth harmonic of the heart
rate can be written as

Uy = Uy - e[(n(utfk,,x) (4)

Substituting Egs. (2) and (4) into Eq. (3) give rise to the following
3 x3 matrix equation with a vector of the three constant
unknowns of Apy, B, and u,:

o 0
ot
foa 1 .
_ 2,uot% E,BOFIO — inw
Eh
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APO 0
B =<0
Uy 0
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where

2./1 (OC())

=Ty /(Eh d Fiy=
o/( ) an 10 Otofo(ao)

(6)

Note that F'( arises from fluid-loading and takes a complex value,
and 7 is the normalized initial tension. A nonzero solution to the
vector demands that the determinant of the 3 x 3 matrices in
Eq. (5) be equal to zero, giving rise to the wave velocity

c=co\/(1F10){ [(1 4 nnwi/E) — 1] £

where

Eh
2ppa

co =PWV = (7b)

where ¢ is the same as the PWV commonly used in clinical stud-
ies [1-3]. Evidently, F¢, 7o, and viscous and inertial terms of the
arterial wall are all neglected in the estimation of PWV. The iner-
tial term and viscous term in Eq. (7a) are both small quantities, as
compared with the rest terms. Moreover, 1-F, does not vary
much with the harmonics (or 7) of the heart rate. Thus, ¢ remains
the same for different harmonics in a pulse signal.
Based on Eq. (5), B and u,( can be expressed in terms of Ap,

—1
B=—"Ap (8a)
CPp
1-F
wo = LT (8)
Py

Based on Eq. (2b), the amplitude of axial blood velocity varies
along the r-axis and is written as

1 {I_J()(aor/a)} Apo

“lr) = Py Jo(o0)

(8¢)

Consequently, the blood flow rate amplitude Qy is expressed as

a 2
Qo = J uo(r)2nrdr = e (1 =Fyo) - Apo = 2macu,o (9)
0 CPp

The relations of Qy and Apg to u,o remain the same for different
harmonics in a pulse signal.

3 Relations of Radial Vibration of the Arterial Wall to
Pulsatile Parameters in Blood Flow

An arterial pulse signal is a collection of the harmonics of the
heart rate and experiences wave reflection in the CV system
[22,23]. In this section, with the harmonics of a pulse signal con-
sidered, the relations of radial vibration of the arterial wall to pul-
satile parameters in blood flow are derived under two conditions:
without and with wave reflection.

3.1 Without Wave Reflection. Pulsatile pressure is the driv-
ing force for the pulse wave propagation in the artery
[16,17,20,21]. When there is no wave reflection, the pulsatile pres-
sure input at an artery site (or at a fixed-x position) is expressed as

f) — ZAne[(n(Utfk,,,\f) (10)

where A, denotes the amplitude of the nth harmonic in a pulsatile
pressure signal. According to Sec. 2, the radial displacement of
the arterial wall and the blood flow rate are
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As the time-derivative of the blood flow rate, the acceleration
of blood flow 0Q(1)/0t is expressed as

20(r) _1-Fup
ot Pb

na® Z ik A e ) 13)
n

The pulsatile pressure gradient Ap,(t) is given by

Api(t) = —ikyA e 19 (14)

n

Comparison of Egs. (13) and (14) leads to

90(r) ~ 1—Fy
o Pp

7a® Ap, (1) (15)

Thus, the acceleration of blood flow can represent the pulsatile
pressure gradient.

Now, we relate the above pulsatile parameters in blood flow to
radial vibration of the arterial wall. The first-order derivative of
the radial wall displacement is the velocity v,(¢) of the arterial
wall

dur 1 — F10
() =—= k A i(nwt—kyx) 16
== e, S e (16)

n

Comparison of Egs. (12) and (16) gives rise to the following
relation:

l-knAnei(nwt—k,,x)
du, 1 zn:

v (1) = T %W
n

o(1) (17a)

By only keeping the first harmonic (z = /) in the equation, the fol-
lowing relation is obtained:

v (t) = 5—0(1) (17b)

Thus, the first harmonic of the radial velocity can represent the
first harmonic of the blood flow rate.

Based on Eq. (16), the second-order derivative of the radial dis-
placement of the arterial wall is the acceleration of the arterial wall is

dzu - (1 — Flo)a > .
(1) = LA S Y KA, i(nowt—k,x) 18
a ( ) a2 2/7}) Z wAn€ ( )

n

Then, a combination of Egs. (18), (13), and (14) gives rise to
Z k2Anei(nrur7k”x)

du, -1 5" 20(1)

= e - 2na Z l-knAnei(n(utfk,,x) ot

kZAnei(na)t—k”x)
E : n
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n
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Similarly, by only keeping the first harmonic in the equation, the
above equation is simplified as
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arl(t)
where Ap,,(t) is the first harmonic of the pulsatile pressure
gradient

Apxl (I) = —iklApl (l) (20)

Based on Eq. (19b), the first harmonic of the radial acceleration
can represent the first harmonic of the acceleration of blood flow
and the first harmonic of the pulsatile pressure gradient.

3.2 With Wave Reflection. When wave reflection is consid-
ered, the pulsatile pressure input at an artery site becomes

Ap(t) = Z(A”e—ik,,x +A’neik,,x)einu;t @n

n

where the first and the second terms denote the forward and back-
ward waves of the pulsatile pressure, respectively. Then, the radial
displacement of the arterial wall becomes

(1 *Flo)d

I/l,~(f) = 262‘0}) Z(Ane_ik”)( + A:leik,,x) einu)f (22)
n

Since both Ap(t) and u,(t) are in the radial direction, wave reflec-
tion augments them. Based on Egs. (21) and (22), the waveform
of u,(t) is the same as the waveform of Ap(1).

The blood flow rate is written as

1-F . o
Q(t) _ ” 10 7'[(12 Z (Aneflk,,x _ A;elk,,).)em(ut (23)
b n

Wave reflection reduces the blood flow rate, due to its axial direc-
tion. The acceleration of blood flow 0Q(t)/0t is expressed as

00(t 1-F . o
Q( ) — 71071-“2 Z ik,, (A,,é’_lk”X _ A;‘e—lk,,,x>€1muf (24)
n

ot Py

The pulsatile pressure gradient Ap,(t) is given by

Api(t) = —ikn(Ane " — Ajer)e™! (25)

Comparison of Egs. (24) and (25) leads to

8Q([)__1—F10 5
o - ™ Ap. (1) (26)

Equations (15) and (26) imply that the waveform of 0Q(t)/0t can
represent the waveform of Ap,(t), regardless of wave reflection.
The velocity of the arterial wall is expressed as

(I1—Fipo

V,~(l) _ )a Z ikn (Anefik,,x + A;leik,,x)eimut 27)

2ep,

By keeping only the first harmonic in Eqgs. (23) and (27), the fol-
lowing relations are obtained:

1-F —ikyx ikix ic
0:(1) = Tmmz(Ale ke Al ) e = Qg (1) — Opi (1)
b
(28a)
1—F oo SN s
v () = wikl (A=t 4 A et (28b)

2ep,,

where QO (t) and Qp(t) are the first-harmonic forward and back-
ward waves of the blood flow rate, respectively. A comparison of
the above two equations shows

011002-4 / Vol. 6, FEBRUARY 2023

v (1) = zi% {0n1(1) + 0w (1)} (29)

Due to the opposite effects of wave reflection on v,(¢) and Q(t),
the waveform of v,() fails to represent the waveform of Q(¢), even
when only their first harmonics are considered.

The acceleration of the arterial wall is expressed as

1—-F - o
a,»(t) _ ( zp 10)“ Z k,21 (A"eftkn)‘ + A;etk,,,k)emwr (30)
b n

By keeping only the first harmonics of the pulsatile parameters in
Egs. (24), (25), and (30), the following relations are obtained:

1-F . N
8Q811([) _ o 10 ﬂdzikl (Alefzklx 7 All etk.,\)em)t
001 (1) 90y (7)
= — 1
ot ot (31a)
Ap. (1) = —iki(Are % — ALe™ ™) e = Ap.yi (t) + Apap (1)
(31b)
an ([) _ (1 - F]())Tfa k% (Alefiklx +A/leik|,\’)eiw1 (316)
2cp,,

where Ap, and Ap,, denote the first-harmonic forward and
backward waves of Ap.(t), respectively. A comparison of the
above three equations gives rise to

B iky aQﬂ(l‘) 8le([)}
an (1) =5 {—a, or
ik
- _lz—la (1= F10){Apys1 (1) — Apwi (1) } (32)
Pb

Due to wave reflection, the waveform of a,(7) neither represents
the waveform of 0Q(t)/0t nor the waveform of Ap,(t), even when
only their first harmonics are considered. Note that Ap,(t) is
related to Ap(t) by

—iky (Alefiklx — A/l eiqu)
(Alefiklx + A’l eiklx)

Apa (1) = Ap: (1) (33)

4 Extraction of Arterial Indices With the Arterial
Wall as a Unit-Mass Vibration System

4.1 Relation of Radial Vibration of the Arterial Wall to Its
Mechanical Properties and Geometries. At an artery site, the
pulsatile radial motion of the arterial wall is essentially radial
vibration. As such, the arterial wall at an artery site can be mod-
eled as a unit-mass vibration system with pulsatile pressure as the
driving force [2,3]

d’u, du, Ap(t)
 pr gy, =220 4
dr + dt AR ph 34

M
where the damping coefficient D and the spring stiffness K are
related to the elasticity and viscosity of the arterial wall by

K:E(l —‘L'())

n
D=—"
pa*’ pa’

(35)

To simplify the measurement method for extraction of arterial
indices, the following theory is developed for extracting arterial
indices solely from one single measured arterial radial displace-
ment signal with no calibration [2,3]. Figure 2 shows a measured
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arterial radial displacement signal and its first-order and second-
order derivatives. The key features labeled in the figure can be
easily obtained by using built-in functions in MATLAB.

The pulsatile pressure amplitude Ap, can be approximated by
the difference between the maximum and minimum acceleration
of the arterial wall

Apo
—— X (@r_max — dr_min) * At/T (36)
ph

Note that A#/T is utilized to factor in difference in heart rate
between different conditions (e.g., before versus postexercise) and
subjects. Consequently, K and D can be estimated by

K o Ay_max — dr_min . §7 D Ar_max — dr_min . & (37)
Uy T Vro T

where u,9 and v,y are the radial displacement and velocity ampli-
tudes of the arterial wall, respectively.

4.2 Extraction of Arterial Indices. As analyzed in Sec. 2,
when wave reflection is neglected and only the first harmonics of
the pulsatile parameters are considered, v,(¢) can represent Q(t)
and Ap(t) can represent Ap.(t). The following analysis for extrac-
tion of arterial indices from the key features in Fig. 2 is based on
these two assumptions. Note that subscript 1 for the first harmonic
is dropped for simplicity here, and subscript O denotes the ampli-
tude of a pulsatile parameter. According to Eq. (17b), the blood
flow rate amplitude Q, can be approximated by the velocity
amplitude v,q of the arterial wall

21a - vy

Qo=—7 (3%)

Based on Eq. (33), the pulsatile pressure gradient amplitude
Ap.o is associated with the pulsatile pressure amplitude Apg by

Apyo = (—ik)Apo (39)

The peripheral vascular resistance (PVR) at an artery site is given
by [2,3,23]

ur[]

u,

—— a

1
1
1
1
PO S R R
]
1

At

Fig. 2 The radial displacement, velocity, and acceleration of
the arterial wall in one pulse cycle, labeled with the associated
key features (adapted from Ref. [3])
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—Apxo _ 8_//‘

PVR = =
Qo nat

(40)

By substituting Eqgs. (38) and (39) into Eq. (40), the following
relation is obtained:

KApo  8u

- = o 41
2na - v,y mat S

Note that the wave number £ is related to the wavelength A by

o 2m

c 27 77 HR

_c00_ o p 42)

where HR denotes the heart rate. It is assumed that A and u do not
vary between subjects and different conditions, substituting
Egs. (36) and (37) into Eq. (41) leads to the following relation:

1/3
a o< (Vr()) x D73 (43a)

Apo

Consequently, based on Eq. (35), the elasticity and viscosity of
the arterial wall and PWV can be estimated by

noc D3 E(1 — 1) <K -D?3 (43b)

PWV -y/1—1yx VK- -D-1/3 (43¢)

5 Discussion

With harmonics and wave reflection, the theoretical expressions
for radial wall vibration and pulsatile parameters in blood flow
better represent the pulsatile parameters measured in clinical stud-
ies, and the derived theoretical relations between radial wall vibra-
tion and pulsatile parameters in blood flow better manifest the
intrinsic relations between them in an artery. Measurement com-
plexity and high-cost prevent from measuring all the pulsatile
parameters in an artery for best assessing the cardiovascular sys-
tem. As such, theoretically solid relations between different pulsa-
tile parameters become more important for interpreting only one
measured pulse signal for clinical values with clearly defined
physiological implications and assumptions.

5.1 Applicability of the Assumptions in Interpretation of
the Radial Vibration of the Arterial Wall for Clinical Values.
As shown in Sec. 4, to extract the arterial radius a from radial
vibration of the arterial wall, two assumptions are necessary: (1)
wave reflection is neglected; and (2) only the first harmonics of
the pulsatile parameters are considered. Given that the early time
duration of a pulse cycle is considered to be free of wave reflec-
tion and the first harmonics of the pulsatile parameters are domi-
nant [22,23]; and v,y and Ap, are extracted from the key features
in the early time duration of a pulse cycle, these two assumptions
are reasonably realistic. Additionally, v,y and Ap, are calculated
from Eqgs. (36) and (37) include both wave reflection and all the
harmonics, with wave reflection having the same augmenting
effect in v,y and Apy. Then, according to Eq. (43a), the inclusion
of wave reflection and all the harmonics in both v, and Ap, might
alleviate the effect of wave reflection and harmonics on the
extraction of a. The estimation of arterial indices based on
Eq. (43) has been experimentally validated by the measured dif-
ference of arterial indices on healthy subjects between at-rest and
immediately after postexercise with statistical significance [3].

For measurement simplicity, PPG signals have been utilized to
represent other pulsatile parameters. As pointed out earlier, A
PPG signal essentially represents the radial displacement of the
arterial wall [5,6,8-10]. The velocity of the PPG signal (or
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velocity of PPG) is considered to represent the blood flow rate in
an artery; the acceleration of the PPG signal is considered to rep-
resent the acceleration of blood flow in an artery and consequently
the pulsatile pressure gradient in the literature [4—10]. As derived
in Sec. 3, interpretation of the velocity and acceleration of a PPG
signal as blood flow rate and acceleration of blood flow, respec-
tively, is only valid, when wave reflection is not considered and
only the first harmonics of the pulsatile parameters are considered.
This may explain the algorithms for adjusting the velocity of a
PPG signal to match the waveform of the blood flow rate meas-
ured using an imaging instrument in the literature [11,12]. Due to
the technical difficulty in measuring Ap,, the first-order derivative
of measured blood flow rate Q(t) was utilized to represent the
waveform of Ap,(t) [24]. It is interesting to note that only this rep-
resentation is valid, regardless of wave reflection and harmonics.
Taken together, wave reflection and harmonics modify the rela-
tions of different pulsatile parameters and their time-derivatives
that are obtained under the assumptions of no wave reflection and
one harmonic term [25].

Without relating to pulsatile parameters in blood flow, a PPG
signal and its derivatives are also utilized for clinical values via
statistical analysis [4,7-10]. Without relating to forward and
backward waves of a pulse signal, peaks and valleys in the
second-order derivative of a PPG signal were arbitrarily labeled
as a, b, ¢, d, e waves, and different ratios of these peaks and val-
leys were explored for their clinical values [4,7-10]. Among
them, b/a ratio (|a, min/d, max| 1atio in Fig. 2) was most studied. It
was positively correlated with age and arterial stiffness but was
negatively correlated with arterial distensibility [4]. When the
second-order derivative of a PPG signal is interpreted as radial
wall acceleration, a large b/a ratio implies reduced radial wall
displacement and then increased arterial elasticity. With aging,
arterial elasticity is increased and arterial distensibility is
reduced. As such, the physiological implication of the b/a ratio
becomes clear, when it is interpreted in terms of the radial wall
acceleration. Similarly, without physiological implications, dif-
ferent features (i.e., peaks and valleys and their time intervals)
and their combinations of a PPG signal and its two derivatives
have been utilized for estimating blood pressure [9,14,15] in
recent years. Given the complexity of the combination of differ-
ent features [15], the physiological implication of such a combi-
nation is not discussed here.

5.2 Characteristic Impedance. Characteristic impedance is
an important clinical marker for the CV system and is defined as
(23]

(44)

where Ap and Q denote the forward waves of the two parameters,
and according to the above equation, Z. manifests the wave veloc-
ity ¢ and is also affected by F'o. The majority of the studies on Z,.
neglect F'y [22,23,26]. To extract the value of Z. from the meas-
ured Q and Ap, the following equation is utilized:

0 oA
Op 7? = —nd® 8—xp — 21, Ta 45)
where 7, is wall shear stress (wss). When wave reflection is
neglected, the pulsatile pressure gradient and wall shear stress
[23] can be represented by

ot 1o

o~ o 56
- aF 10 8Ap
T (X, 1) = e o (46b)
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Substituting Eq. (46) into Eq. (45) gives rise to

PpC , 0Ap 00
7 =—2 - )=
CTU-Fo) o o

“47
Consequently, the value of Z. can be extracted from the time
derivatives of the measured Q and Ap. It is worth emphasizing
that the extracted value of Z. is based on Eq. (47) factors in 1,
and harmonics. In the study of Lucas et al. [23], the authors did
not include the influence of Fy on Z. and thus failed to recognize
the inclusion of t,, in the extracted value of Z. from Eq. (47).
Table 1 lists the calculated values of Z. for the first ten harmonics
at the carotid artery, based on the related mechanical properties
and geometries [27]. The calculated values for the two parameters
without Fo: ¢co=28.29 m/s, p,co = 8741 Pa-s/m, are independent
of harmonics. Evidently, F;, (or t,,) reduces wave velocity but
introduces wave attenuation. Meanwhile, the influence of F, on
Z.is overall negligible.

5.3 Evidence of Harmonics in the Measured Acceleration
Signal of the Arterial Wall. Due to their small size and low cost,
accelerometers have also been utilized to measure the acceleration
signal caused by radial vibration of the arterial wall [28]. The meas-
ured acceleration signal is then integrated once to obtain the velocity
and twice to obtain the displacement of the arterial wall. It was found
[28] that the velocity amplitude of the arterial wall is well above
wX 1,9, and the maximum acceleration of the arterial wall is well
above m xv,o, manifesting the existence of the harmonics in a pulse
signal, given the same effect of wave reflection on them. Accord-
ingly, the inclusion of the harmonics in both v, and Apg in Eq. (43a)
might alleviate the effect of harmonics on the extraction of a.

5.4 New Insights on the Interaction Between the Arterial
Wall and Blood Flow

54.1 Energy Associated With the Arterial Wall and Blood
Flow. As analyzed in Sec. 2, the pulse wave propagation in an
artery is a coordinated response of blood flow and the arterial
wall. The maximum potential elastic energy and the maximum
kinetic energy in the arterial wall per unit length (along the x-axis)
are given by

1 (u0\* 1
PEgar = =E(“2) 2nah, KE,u == p2rahv’,  (48)
2 a 2
Due to a high £ and a small a, KE,,; < PEy,;. The maximum

kinetic energy of blood flow per unit length is given by

1 02
KEiooa = 3 phn—a(; (49)

It is interesting to note that equating PE,,; to KEpjo0q giVes rise to
co in Eq. (7b).

Now, it is tempted to conclude that elastic energy of the arterial
wall and kinetic energy of blood flow keep exchanging to facili-
tate blood flow. Yet, according to Eq. (9), since the imaginary part
of the wave velocity is much smaller than its real part, Q(7) and
u,(t) reach their maximum values at very similar times in a pulse
cycle, suggesting that the blood flow and the arterial wall reach
their peak values at similar times. This is opposite to a mass-
spring vibration system, in which the kinetic energy of the mass is
out of phase with the elasticity energy of the spring. As such, it is
unreasonable to treat the blood as the mass and the arterial wall as
the spring for an equivalent vibration model, which would further
lead to an extremely high angular frequency (or heart rate). Then,
the unit-mass vibration model of the arterial wall with the pulsa-
tile pressure from blood flow as the driving force is more realistic
to relate the pulsatile radial motion of the arterial wall to pulsatile
parameters in blood flow for extraction of arterial indices. Note
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Table 1 The calculated values of wave velocity and character-
istic impedance for the first ten harmonics at the carotid artery
(a=3.3mm, h=0.62mm, heart rate =75 bpm, and E=771kPa
[27])

¢ (m/s) Ze =5
n Real Imaginary Value (Pa-s/m) Phase (deg)
1 6.68 0.33 9607.8 -9.9
2 7.03 0.48 9209.9 6.7
3 7.18 0.55 9035.0 5.4
4 7.27 0.60 8932.3 —4.6
5 7.34 0.64 8862.7 —4.1
6 7.38 0.67 8811.7 -3.7
7 7.42 0.69 8772.2 34
8 7.45 0.71 8740.5 -32
9 7.47 0.72 8714.4 -3.0
10 7.49 0.73 8692.3 -2.8

that the discussion on the energy involved in an artery here is
focused on large healthy arteries with the assumptions in Sec. 2.
Whether CV disease affects the energy relation depends on how
CV disease affects the relation between radial vibration of the
arterial and blood flow rate.

5.4.2  One-Dimensional Wave Equation for the Interaction
Between the Arterial Wall and Blood Flow. The pulse wave prop-
agation in an artery results from the interaction between the arte-
rial wall and blood flow, but Egs. (1) and (3) are totally different
from the 1D wave equations. Here, we attempt to derive a 1D
wave equation that manifests the interaction between the arterial
wall and blood flow. To this end, average axial blood velocity
ii(x, ) is chosen as the pulsatile parameter for deriving a 1D wave
equation, given that this parameter directly represents blood circu-
lation. As shown in Fig. 3, for a segment of dx in an artery, its
mass m is from the blood flow

m= phnazdx (50)

The 1D wave equation for i(x, 7) is written as
— = 51)

Note that i (x, t) propagates with the same wave velocity as pulsa-
tile pressure and radial displacement of the arterial wall. By sub-
stituting Eq. (7b) into Eq. (51) and multiplying m on both sides of
Eq. (51), the following equation is obtained:

0% Pa . Eh
p;,nazﬁ = E\axis - nazg with Evois =5 (52)

where E,_,, arises from the arterial wall.

&> le >|
E i (x,t) i u(x.1)
—— e g N I e
' 1 3 X
I I | VS
bl PE

Fig. 3 The interaction between the arterial wall and the blood flow
is equivalent to longitudinal wave propagation with average axial
blood flow velocity u(x, t) as the pulsatile parameter in an elastic
rod with elasticity E,..xis, density p,, and cross section area na?

Journal of Engineering and Science
in Medical Diagnostics and Therapy

The wave equation for an elastic rod is

&Pu u

where E, p, and A denote the elasticity, density, and cross section
area of the elastic rod, respectively, and the pulsatile parameter
u(x, t) is the axial displacement of the elastic rod. In an elastic rod,
the same medium provides mass and the elasticity. In contrast, in
an artery, the arterial wall provides the elasticity E, ,xs and the
blood provides the mass m. Comparison of Egs. (52) and (53)
reveals that the interaction between the arterial wall and blood
flow is equivalent to longitudinal wave propagation with i (x, r)as
the pulsatile parameter in an elastic rod with elasticity E,_,;s, den-
sity pp, and cross section area ma”.

6 Conclusion

With two physiological realities: harmonics and wave reflec-
tion, being considered, the theoretical expressions for radial vibra-
tion of the arterial wall and pulsatile parameters in blood flow are
first derived. Afterward, the theoretical relations between them
are derived, revealing the effect of harmonics and wave reflection
on these relations. The derived theoretical relations identify the
assumptions that are needed in the utility of radial vibration of the
arterial wall for extraction of arterial indices. With the arterial
wall modeled as unit-mass vibration system, the obtained relations
under the assumptions are utilized to relate radial wall vibration to
arterial indices, providing a solid theoretical basis for the previous
related experimental work [3]. These theoretical relations further
identify some misconceptions in the interpretation of a PPG signal
and its two derivatives for clinical values. New insights on the
interaction between the arterial wall and blood flow are further
revealed from the perspective of energy and 1D wave equations.
Given the ever-increasing need for measurement simplicity for
routine and at-home monitoring of the cardiovascular system,
interpretation of only a PPG signal or a pulse signal measured by
a tactile sensor for clinical values becomes more important. The
derived theoretical expressions for all the pulsatile parameters and
their relations in this paper provide theoretical guidance for
improving their interpretation of clinical values with clearly
defined physiological implications and assumptions.
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