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Higher-order topological phases emerging from Su-Schrieffer-Heeger stacking
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In this work, we develop a systematic approach of constructing and classifying the model Hamiltonians for
two-dimensional (2D) higher-order topological phase with corner zero-energy states (CZESs). Our approach is
based on the direct construction of an analytical solution of the CZESs in a series of 2D systems stacking the 1D
extended Su-Schrieffer-Heeger (SSH) model, two copies of the two-band SSH model, along with two orthogonal
directions. Fascinatingly, our approach not only gives the celebrated Benalcazar-Bernevig-Hughes and 2D SSH
models but also reveals a novel model and we name it 2D crossed SSH model. Although these three models
exhibit completely different bulk topology, we find that the CZESs can be universally characterized by edge
winding number for 1D edge states, attributing to their unified Hamiltonian construction form and edge topology.
Remarkably, our principle of constructing CZESs can be readily generalized to 3D and superconducting systems.
Our work sheds new light on the theoretical understanding of the higher-order topological phases and paves the
way to looking for higher-order topological insulators and superconductors.
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I. INTRODUCTION

Over the past few years, the concept of topological phases
has been generalized to higher order [1–4], which has been ex-
tensively studied in electronic [5–8], bosonic [9–15], Floquet
[16–23], non-Hermitian [24–28], and quasicrystal systems
[29–33]. Especially in condensed matter system, the higher-
order topological insulators [34–38] and superconductors
[39–45], featuring robust corner or hinge states, have been
attracting increasing attention. Generally speaking, the cor-
ner states of higher-order topological phases with additional
chiral or particle-hole symmetry, will appear at the center
of their energy spectrum, namely zero energy. Particularly
in the superconducting system with intrinsic particle-hole
symmetry, the exact zero-energy corner states, dubbed as
Majorana corner states, follow non-Abelian braiding statistics
[46–48] and allow the implementation of topological quantum
computation [49]. Recently, it has been shown that the cor-
ner zero-energy states (CZESs) in the electronic system also
present nontrivial braiding properties [50].

The CZESs have been studied in various higher-order topo-
logical systems [51–63]. However, the established topological
invariants characterization of CZESs is usually case by case.
For example, the well-known Benalcazar-Bernevig-Hughes
(BBH) [1,2] and 2D SSH models [64] are two paradigms
featuring the CZESs, which are known to be characterized by
quantized quadruple moment [65–67] and bulk polarization
[64,68,69], respectively. Although exhibiting different topo-
logical characterizations, the BBH and 2D SSH models are
both constructed from stacking the extended SSH models,
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two copies of the two-band SSH model [70]. This motivates
us to systematically investigate the 2D systems consisting of
stacking the 1D extended SSH models along different direc-
tions. For these systems, two open questions are urgent to be
answered. First, do these systems always support the CZESs?
Second, are there general topological characterizations for the
obtained CZESs?

In this work, we establish a general analytical theory to
provide the CZESs existing condition in the systems, stacking
the 1D extended SSH model along two orthogonal directions.
This condition not only naturally presents the BBH and 2D
SSH models, but also leads to a novel model displaying
second-order topology. As shown in Fig. 1(a), this model
exhibits dimerized hoppings along both the x and y directions
as the 1D SSH model but the dimerized hoppings along the
y direction cross. We thus call it 2D crossed SSH model. We
present a detailed study of the 2D crossed SSH model and find
that the topology of the BBH, 2D SSH, and 2D crossed SSH
models can be universally characterized by the well-defined
edge winding number for 1D edge states, which elucidates the
unified edge-corner correspondence [71–73]. Moreover, Our
theory can be easily generalized to 3D and superconducting
systems, and the mass of higher-order topological phases fea-
turing the CZESs can be predicted.

II. CONSTRUCTING CORNER ZERO ENERGY STATES

Generally, we consider the 2D model Hamiltonian written
as

H (k) =
∑

s=x,y

hs(ks),

hs(ks) = Ms(ks)!a
s + λs sin ks!

b
s , (1)
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FIG. 1. Schematic diagram for the lattice hoppings of 2D crossed
SSH model. (a) Red and black bonds represent the intracellular
hoppings tx,y and intercellular hoppings λx,y, respectively. (b) The
limit case tx,y = 0 in (a).

where Ms(ks) is ts + λs cos ks and !a(b)
s , belonging to 15

traceless 4 × 4 Dirac matrices (see Appendix A), satisfy the
anticommutation relation {!a

s ,!
b
s } = 0. Therefore, 1D Hamil-

tonian hs respects chiral symmetry Cs = i!a
s !

b
s , with C2

s = 1.
As each Dirac matrix has twofold degenerate eigenvalues, the
three Dirac matrices {!a

s ,!
b
s ,Cs} form the reducible represen-

tation of SU(2) Lie algebra: hs(ks) can be considered as the
direct sum of two copies of SSH models. Correspondingly,
the topology of hs is determined by the winding number
νs of the vector (Ms, λs sin ks) around the origin point. The
topologically nontrivial phase is constrained in the region
|tx,y| < |λx,y|, corresponding to νs = 1. Taking s = x for ex-
ample, each end exists two end zero states in the topologically
nontrivial region, and their wave functions can be obtained by
solving the equation

hx(x)|$α (x)〉 = 0, (2)

with hx(x) the real space Hamiltonian. We find that the end
zero states are the eigenstates of Cx with eigenvalue zx = ±1,
and the end states labeled by zx = −1 and zx = 1 are localized
at the left and right ends, respectively. Therefore, the 1D end
zero states wave function can be generically written as

∣∣$x
zx

(x)
〉
= f x

zx
(x)

∣∣ψx
zx

〉
, (3)

where f x
−(+)(x) is the spatial wave function localized at the left

(right) end and its analytical form is presented in Appendix B,
the spinor |ψzx 〉 satisfies Cx|ψzx 〉 = zx|ψzx 〉.

Similarly, for the 1D Hamiltonian hy, we have

hy(y)
∣∣$y

zy
(y)

〉
= 0,

∣∣$y
zy

(y)
〉
= f y

zy
(y)

∣∣ψy
zy

(y)
〉
. (4)

To understand the above solution visually, the end zero states
labeled by the eigenvalue zx or zy are schematically denoted
by the color balls in Figs. 2(a) and 2(b). However, we note
that only the nontrivial topology of both hx and hy cannot
guarantee the existence of CZESs for 2D Hamiltonian H . This
can be best exemplified by the well-known Bernevig-Hughes-
Zhang model [74], which satisfies the Hamiltonian form in
Eq. (1) with !a

x = !a
y and {!b

x ,!
b
y } = 0. Nevertheless, this

case is known to host the gapless edge states rather than corner
states. Remarkably, we find that the CZESs can be obtained
when an additional general condition, namely [Cx,Cy] = 0 is
satisfied. Under this condition, 4 × 4 matrices Cx and Cy have

FIG. 2. (a, b) Schematic diagram of the end zero states and
CZESs spatial distributions under different situations. The black
square frame denotes the boundary of the 2D system described by the
Hamiltonian H . The horizontal and perpendicular lines correspond
to the 1D systems described by Hamiltonians hx and hy, respectively.
The four color balls are the four common eigenstates of operators Cx

and Cy, denoting the end zero states labeled by zx/y or CZESs, labeled
by eigenvalues (zx, zy). The relation between the end zero states and
CZESs can be guided by the color of the balls, which shows that the
formation of the CZESs by the end zero states requires that the end
zero states of different directions have the same spinor wave function
part.

four common eigenstates |ψ(zx,zy )〉, labeled by their eigenval-
ues (zx, zy), with (zx, zy) ∈ {(+,+), (+,−), (−,+), (−,−)}.
Then we can construct the 2D wave function

|$(zx,zy )(r)〉 = f x
zx

(x) f y
zy

(y)|ψ(zx,zy )〉. (5)

It is easy to see that

hx(x)|$(zx,zy )(r)〉 = 0, hy(y)|$(zx,zy )(r)〉 = 0, (6)

resulting in H (r)|$(zx,zy )(r)〉 = 0. The state |$(zx,zy )(r)〉 ex-
ponentially decays along both the x and y directions, which
indicates that it is a CZES for the 2D system. Thus, we
can conclude that H (r) hosts four CZESs when νx,y = 1 and
[Cx,Cy] = 0. Notably, we have not considered any crystal
symmetry limitations for H , which indicates that the CZESs
can be realized when only local chiral symmetry is involved.
Therefore, the obtained phases with CZESs belong to extrinsic
higher-order topological phases [6,75].

Explicitly, the condition [Cx,Cy] = 0 can be divided into
two situations, namely (a) Cx %= ±Cy and (b) Cx = ±Cy. For
situation (a), the four common eigenstates of Cx and Cy form
a complete set of basis in four-dimensional spinor space and
these four nondegenerate states are labeled by the eigenval-
ues (zx, zy) = {(+,+), (+,−), (−,+), (−,−)}. Therefore,
the corresponding four CZESs, schematically distinguished
by the red, yellow, green, and blue balls in Fig. 2(a), are
localized at each corner according to Eq. (5). For situation
(b), the four common eigenstates of Cx and Cy have twofold
degeneracies with zx = ±zy. For example, when Cx = Cy,
the four common eigenstates of Cx and Cy are labeled by
(zx, zy) = {(+,+), (+,+), (−,−), (−,−)}. As a result, the
four corresponding CZESs are localized at the diagonal cor-
ners with each corner a pair of CZESs, as shown in Fig. 2(b).
On the contrast, when Cx = −Cy the four CZESs are labeled
by (zx, zy) = {(+,−), (+,−), (−,+), (−,+)} and localized
at the off-diagonal corners. Notably, up to now, our analysis
is general and the specific form of H (k) has not been given.
However, the topological property of H (k) deeply depends on
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the given form. In the following, we perform the classification
of H (k) under the condition [Cx,Cy] = 0.

As any two Dirac matrices either commute or anticom-
mute to each other and the anticommutation relation between
!a

x/y and !b
x/y has been assigned, the second-order topological

phase described by H (k) can be further classified by the com-
mutation relations between !a,b

x and !a,b
y under the condition

[Cx,Cy] = 0, or equivalently [i!a
x !

b
x ,Cy] = 0. This condition

means that both matrices !a
x and !b

x either commute or anti-
commute with Cy, written as [!a,b

x ,Cy] = 0 or {!a,b
x ,Cy} = 0.

The former case further implies that matrices !a
x and !b

x com-
mute or anticommute with both matrices !a

y and !b
y . The latter

case indicates that both matrices !a
x and !b

x commute with one
of the two matrices {!a

y ,!
b
y } and anticommute with the an-

other one. Therefore, there are four topologically inequivalent
cases with the commutation relations

(i) :
{
!a

x ,!
a,b
y

}
= 0,

{
!b

x ,!
a,b
y

}
= 0;

(ii) :
[
!a

x ,!
a,b
y

]
= 0,

[
!b

x ,!
a,b
y

]
= 0;

(iii) :
[
!a

x ,!
a,b
y

]
= 0,

{
!b

x ,!
a,b
y

}
= 0;

(iv) :
[
!a

x ,!
a
y

]
= 0,

{
!a

x ,!
b
y

}
= 0,

{
!b

x ,!
a
y

}
= 0,

[
!b

x ,!
b
y

]
= 0. (7)

To show the possible realization of the above four types
of commutation relations, we consider the concrete repre-
sentation of the Dirac matrices. We define the 15 traceless
Dirac matrices as {!α,!β} = 2δαβ , with α,β = 1, 2, 3, 4, 5,
and the other ten Dirac matrices are expressed as !αβ =
[!α,!β]/2i. For instance, we may choose !1,2,3 = τ3σ1,2,3,
!4 = τ1σ0, !5 = τ2σ0, with τi and σi two sets of Pauli matri-
ces and σ0 the identity matrix. Without loss of generality, we
choose {!a

x ,!
b
x ,Cx} = {!1,!2,!21}. We can list all possible

choices of {!a
y ,!

b
y ,Cy} as

(i) : {!α,!β ,!βα};
(ii) : {!αβ,!βγ ,!αγ };
(iii) : {!2α,!2β ,!βα};
(iv) : {!2α,−!1α,!21}, {!1,!2,!21},

{!2α,!2,−!α}, {!1,!1α,!α}; (8)

with α %= β %= γ ∈ (3, 4, 5). Therefore, the situations Cx %=
±Cy and Cx = ±Cy correspond to cases (i–iv) and (iv), re-
spectively. However, it can be readily verified that H (k)
has bulk chiral symmetry C with {C, H (k)} = 0 for all the
cases. Concretely, C = CxCy and C = Cx for cases (i–ii) and
cases (iii–iv), respectively. Since the CZESs are the common
eigenstates of Cx and Cy, the CZESs are the eigenstate of C,
with eigenvalue z = zxzy or z = zx. With this property, the
CZESs labeled by the same eigenvalue of operator C cannot
be coupled by the perturbation hp preserving the bulk chiral
symmetry C with {hp, C} = 0, because

〈$z|hp|$z〉,= z〈$z|(Chp + hpC)/2|$z〉 = 0, (9)

with |$z〉 the eigenstate of C with eigenvalue z. Consequently,
the CZESs are topologically protected by the bulk chiral sym-
metry C. For a similar reason, it can be shown that the chiral
symmetry Cx and Cy also protect the CZESs, which implies

that only the perturbation hp, breaking all three chiral symme-
tries {C,Cx,Cy} simultaneously, can remove the CZESs.

Notably, once the commutation relations between the Dirac
matrices are given by Eq. (7), the topological property of
H (k) are fully determined. In the case (i), matrices {!a

x,y,!
b
x,y}

anticommute with each other and this scenario can be best
exemplified by the celebrated BBH model. In case (ii), hx and
hy commute with each other, corresponding to the 2D SSH
model [64]. In cases (i) and (ii), the CZESs can be com-
pletely characterized by the topological invariant ν = νxνy,
which takes the value 1 or 0 and the value 1 corresponds
to the presence of the CZESs. In the BBH and 2D SSH
models, topological invariants (νx, νy) are revealed by topo-
logical invariants nested Wilson loop (pνy

x , pνx
y ) [1,2] and bulk

polarization (Px, Py) [64,76], respectively. Remarkably, cases
(iii) and (iv) predict two unprecedented models, and case (iii)
corresponds to the 2D crossed SSH model, which exhibits
rich bulk phases and provides a new paradigm of second-order
topological insulators. In the case (iv), we have [!a

x !
a
y , H] =

0. Thus, H (k) is block-diagonal in the eigenbasis of operator
!a

x !
a
y and each block brings us to a two-band model (see

Appendix C). We find that the CZESs in this two-band model
always coexist with the edge flat band, which brings difficulty
in identifying and characterizing the predicted CZSESs. Fol-
lowing, we mainly focus on the 2D crossed SSH model.

III. 2D CROSSED SSH MODEL

Considering the concrete representation of the Dirac matri-
ces, the Hamiltonian for case (iii) can be written as

H(k) = hx(kx ) + hy(ky),

hx(kx ) = Mx(kx )τxσ0 + λx sin kxτyσ0,

hy(ky) = My(ky)τxσx + λy sin kyτxσy. (10)

The corresponding lattice hopping of H(k) is schematically
shown in Fig. 1(a), which has the dimerized hoppings along
both the x and y directions as the 1D SSH model. Distin-
guished from the BBH and 2D SSH models, the two sets of
dimerized hoppings along the y direction cross rather than
parallel with each other. Therefore, we call this model the 2D
crossed SSH model, which is essentially different from the
BBH and 2D SSH models owing to the different commutation
relations in Eq. (7). Note that the choice of chiral symmetry
Cx for hx is not unique such as Cx = τzσx or Cx = τzσy. We
explicitly define Cx as the product of the two Dirac matrices
in hx and similar for hy. Only for this choice, the end states at
the same end have the same eigenvalue of Cx and therefore are
protected by Cx. Under our definition Cx = −τzσ0 and Cy =
−τ0σz, which satisfies [Cx,Cy] = 0. Thus, when |tx,y| < |λx,y|,
the 2D crossed SSH model hosts four CZESs localized at the
four corners of the system, which is consistent with the limit
case tx,y = 0 in Fig. 1(b) that there are one isolated atom at
each corner.

To study the bulk phase and band structures of H(k), we
simplify H(k) as

H(k) = Mx(kx )τxσ0 + λx sin kxτyσ0 + Eyτxσϕ, (11)
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with σϕ = cos ϕσx + sin ϕσy, cos ϕ = My/Ey, Ey =√
M2

y + (λy sin ky)2. In the eigenbasis of σϕ (σϕ = ±1),

H(k) is block-diagonal and the two block Hamiltonians can
be written as

h±(k) = (Mx ± Ey)τx + λx sin kxτy, (12)

with ± the eigenvalues of σϕ . As a result, we can reveal the
2D bulk spectrum of H(k) in Eq. (11) through the spectrum
of h±(k), which can be considered as the 1D SSH model
along the kx direction with ky-dependent intracell hopping
tx ± Ey. With ky given, the topology of 1D SSH Hamiltonians
h±(k) is characterized by the quantized Berry phases α±(ky)
of occupied states. We classify the bulk states of Eq. (11) into
three phases based on the first-order topological band theory:
when α+(ky) and α−(ky) are both quantized to π over all the
range of ky, the SSH models in Eq. (12) are fully gapped so
that the bulk energy spectrum of H(k) in Eq. (11) is also
fully gapped. In this case, the 2D system can be viewed as
the pile-up of 1D topologically nontrivial SSH model, which
is the weak topological insulator with flat edge band (see
Appendix D 1); when α+(ky) and α−(ky) are both quantized to
0 over all the range of ky, the SSH models in Eq. (12) and the
bulk energy spectrum of H(k) in Eq. (11) are also fully gapped
and the system is a trivial insulator; when α+(ky) or α−(ky)
has a transition with varying ky, the SSH models in Eq. (12)
and the bulk energy spectrum of H(k) in Eq. (11) close their
gaps at certain ky along high symmetry line kx = 0 or π . As
the chiral operator C = τzσ0 anticommutes with the mirror-x
operator Mx = τxσ0, the degenerate two states at the nodal
point have opposite eigenvalues of mirror-x. The perturbations
preserving the mirror symmetry can not remove the nodes.
Thus, we obtain the chiral symmetry and mirror symmetry
protected Weyl semimetal, which is characterized by the edge
flat bands (see Appendix D 1).

Having clarified the bulk phase, we display the bulk phase
diagram in Fig. 3(a) under the parameters λy = 1, ty = 0.3,
and 0 < tx < λx. In this CZESs existing parameters region,
the bulk states are divided into trivial insulator, weak topolog-
ical insulator, and Weyl semimetal, which have been defined
before. Owing to the existence of the CZESs, the trivial in-
sulator listed here belongs to the second-order topological
insulator in the category of higher-order topology. The yellow
lines in Fig. 3(a) denote the bulk phase transitions associated
with the creation or annihilation of a pair of Weyl nodes
at high symmetry points. In Fig. 3(b), we numerically plot
the real-space distribution of the CZESs in the second-order
topological insulator phase. Our phase diagram shows that
although the bulk phase transition occurs by closing the bulk
energy gap, the CZESs exist through the whole phase tran-
sition process. The absence of one-to-one correspondence
between the CZESs and bulk phase implies that the CZESs
are not protected by bulk topology associated with α±(ky). In
the following, we show that the CZESs can be characterized
by the edge winding number for 1D edge states which can also
detect the topology of the BBH and 2D SSH models.

Under the open boundary conditions along the x and y di-
rections, the energy spectrum of the 2D crossed SSH model in
a wire geometry is shown in Figs. 3(c) and 3(d), respectively.
We find that there are edge-localized states along the x direc-

FIG. 3. (a) The phase diagram is plotted under the CZESs exist-
ing parameters region ty = 0.3, λy = 1, 0 < tx < λx . The bulk phase
transitions, represented by the yellow lines, divide the bulk states
into weak topological insulator (WTI), Weyl semimetal (WS), and
second-order topological insulator (SOTI) phases, corresponding to
the green, blue, and red regions. (b) Spatial distribution of the CZESs
in the 2D crossed SSH model, the inset plots the eigenenergies close
to zero. (c) Energy dispersion of nanoribbon structure along the y
direction. (d) Energy dispersion of nanoribbon structure along the x
direction. The red bands denote the gapped edge states characterized
by edge winding number ν̃x = 1. Common parameters in (b, c, d) are
taken with tx = 0.1, λx = 0.2, ty = 0.3, λy = 1.

tion, corresponding to the in-gap red energy bands in Fig. 3(d).
Notably distinguished from the edge states of the topologi-
cal insulator, the edge states here extend over the whole 1D
Brillouin zone. Therefore, these edge states can be described
by truly 1D lattice Hamiltonian, which is essential to define
edge winding number for 1D edge states unambiguously. Di-
rectly, the wave function of the edge states can be obtained by
solving the equation H(kx, y)|.(kx, y)〉α = E (kx )|.(kx, y)〉α .
Note that the zero energy states of hy are the eigenstates of
Cy and [hx,Cy] = 0, state |$(kx, y)〉α can be considered as the
common eigenstates of Cy and hx with the requirements

hy|.(kx, y)〉α = 0,

hx|.(kx, y)〉α = E (kx )|.(kx, y)〉α. (13)

Therefore, the wave function of these edge states can be writ-
ten as

|$(kx, y)〉zy = f y
zy

(y)Pzy |φ(kx )〉,
hx(kx )|φ(kx )〉 = Ex(kx )|φ(kx )〉, (14)

where Ex(kx ) =
√

M2
x + (λx sin kx )2 and the edge projection

operator is Pzy = (1 + zyCy) with zy = ±1. Here, the edge
states |.(kx, y)〉− and |$(kx, y)〉+ are localized close to the
opposite edges. The edge Hamiltonian of describing these
edge states can be extracted by projecting hx to the zero-
energy subspace defined by Pzy . Picking up the nonzero block
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of Pzy , the obtained edge Hamiltonian can be written as

h̃x(kx ) = Mx(kx )τ̃x + λx sin kx τ̃y, (15)

with τ̃ acting on the subspace defined by Pzy . Obviously,
h̃x(kx ) behaves as the SSH model and it is topologically non-
trivial when νx = 1. However, the existence of edge states
depends on the condition that hy is topologically nontriv-
ial, namely νy = 1. Thus, the edge winding number ν̃x = 1
defined by the occupied states of h̃x can precisely charac-
terize the CZESs existing condition νx,y = 1. Notably, the
commutation relation [hx,Cy] = 0 for the 2D crossed SSH
model is the main reason for the existence of edge states and
well-defined edge winding number ν̃x. Furthermore, it can
be readily verified that [hx,Cy] = 0 and [hy,Cx] = 0 in cases
(i) and (ii) according to the Eq. (7). Therefore, there are 1D
edge states localized at the both x and y edges for the cases
(i) and (ii), which is consistent with the previous numerical
results of the edge energy spectrums in the BBH [1,2] and
2D SSH models [64]. Analogously, the edge Hamiltonians
of these edge states in BBH and 2D SSH models behave as
the 1D SSH model and the winding number defined by the
edge states can characterize the CZESs. Moreover, the com-
mutation relation [hx,Cy] = 0 or [hy,Cx] = 0 also leads to the
CZESs existing condition [Cx,Cy] = 0, which further displays
the correspondence between the 1D edge winding number and
CZESs. Therefore, the edge winding number characterization
method applies to the BBH, 2D SSH, and 2D crossed SSH
models, which reveals the unified edge-corner correspondence
[71–73].

IV. GENERALIZATION TO THREE-DIMENSIONAL AND
SUPERCONDUCTING SYSTEMS

Our principle of constructing the CZESs can be easily
generalized to a 3D cubic system. Here, we consider 3D
eight-band Hamiltonian

H (k) =
∑

s=x,y,z

hs(ks),

hs(k) = (ts + λs cos ks)!8
as + λs sin ks!

8
bs, (16)

where 8 × 8 ! matrices !8
as and !8

bs (see Appendix A) an-
ticommute with each other and the chiral symmetry of hs is
given by Cs = i!8

as!
8
bs. Similarly, hs can be deemed as the

direct sum of four copies of SSH model and hs has four end
zero states at each end when |ts| < |λs|. The end zero states of
hs are the eigenstates of Cs and the wave function of the end
zero states can be generically written as

∣∣$s
zs

(s)
〉
= f s

zs
(s)

∣∣ψ s
zs

〉
, (17)

where the spinor |ψ s
zs
〉 is the eigenstate of Cs with the eigen-

value of zs = ±1, and f s
−,+(s) is the scalar function localized

close to the opposite ends.
Remarkably, when 8 × 8 matrices {Cx,Cy,Cz} commute

with each other, they have eight common eigenstates labeled
as |ψzxzyzz 〉. Correspondingly, H hosts eight CZESs under the
open boundary condition and the wave function of the CZESs

can be written as

|$zxzyzz (r)〉 =
∏

s=x,y,z

f s
zs

(s)|ψzx,zy,zz 〉. (18)

When Cs %= ±C′
s for {s, s′} ∈ {x, y}, {x, z}, {y, z}, the eight

common eigenstates of matrices {Cx,Cy,Cz} form a complete
set basis in eight-dimensional spinor space. In this case, every
corner of the 3D cubic system described by H has one CZESs.
Once the condition Cs %= ±C′

s is relaxed, the eight common
eigenstates must have the degeneracies owing to the limitation
zs = ±z′

s, which gives rise to the multi CZESs localized at
the certain corner of the 3D system. However, to determine
the topological property of H (k), we need to specify the
commutation relations between all the ! matrices in Eq. (16).

Our 2D classification indicates that there are four
types of commutation relations between matrices
{!8

as,!
8
bs,!

8
as′ ,!8

bs′} under the condition [Cs,Cs′ ] = 0,
with {s, s′} ∈ {x, y}, {x, z}, {y, z}. Thus, classifying H (k)
can predict 64 models featuring CZESs when are not
distinguished the equivalent states between different
directions. A typical example is the topological octupole
insulator model [1,2,77], in which all the ! matrices
anticommute with each other. We will study other predicted
models featuring the CZESs in our future work.

Notably, the topological property of our constructed the-
oretical model Hamiltonians does not depend on the chosen
physics basis. If the constructed Hamiltonians are written
in the superconducting Bogoliubov-de Gennes (BdG) basis,
the obtained higher-order topological phase corresponds to
the higher-order topological superconductors featuring Majo-
rana corner states. For example, in the spinful Nambu basis
$(k) = (c↑,k, c↓,k, c†

↑,k, c†
↓,k ) with c↑,k the annihilate operator

of the spin-up electron, we consider the superconducting BdG
Hamiltonian

HBdG =
∑

s=x,y

Ms(ks)!a
s + λs sin ks!

b
s . (19)

The Hamiltonian HBdG respects the particle-hole symmetry
P = ρxK with the Pauli matrix ρx in the particle-hole space.
Under the restriction of the particle-hole symmetry, we find
that the commutation relations listed in Eq. (7) can be satisfied
(see Appendix E) when considering the concrete represen-
tation of the Dirac matrices. Correspondingly, Hamiltonian
HBdG behaves as a second-order topological superconductor
featuring Majorana corner states.

V. DISCUSSION AND CONCLUSION

Several studies show that the higher-order topological
phases can be constructed by coupling a pair of lower-
dimensional topological phases in a dimerized way [8,78–80].
Especially the 2D SSH models can be obtained through this
construction method [81]. These studies usually only consider
the nearest-neighbor hopping. Differently, our construction is
based on the direct construction of the analytical solutions of
the CZESs, which leads to the 2D crossed SSH model with
the next-nearest-neighbor hopping.

Note that the 2D crossed SSH model shown in Fig. 1(a)
has only the next-nearest-neighbor hopping along the y direc-
tion, and it is challenging to eliminate the coupling between
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nearest neighbors. However, our further study (see Ap-
pendix F) shows that the CZESs are robust against a small
nearest-neighbor hopping along the y direction, which re-
duces the experimental requirements for the realization of 2D
crossed SSH model. Given the experimental realization of the
BBH and 2D SSH models in various artificial lattice systems
[10–12,82–86], we believe that the phononic crystals, acoustic
crystals, and electrical circuits are promising platforms to
realize the 2D crossed SSH model.

In summary, we establish a general theory of the higher-
order topological phases emerging from SSH stacking. Our
theory not only gives the well-known BBH and 2D SSH mod-
els but also predicts the 2D crossed SSH model. We establish
the unified topological characterizing of these three models.
Our work provides a broad venue for looking for higher-order
topological phases.
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APPENDIX A: DIRAC MATRICES
AND THEIR GENERALIZATION

Starting from the three anticommuting Pauli matrices σx,y,z
and 2 × 2 identity matrix σ0, the 16 Dirac matrices can be
generated by their direct product, showing as !

p
i j = σi ⊗

σ j (σiσ j ), with i = j = x, y, z, 0 and matrix dimension index
p = 4. Besides 4 × 4 identify matrix, the other 15 Dirac ma-
trices are traceless and square to identify. In the 15 traceless
Dirac matrices, the five of them anticommute with each other.
Without loss of generality, we choose the five anticommuting
matrices as

!4
1 = σzσx,!

4
2 = σzσy,

!4
3 = σzσz,!

4
4 = σxσ0,!

4
5 = σyσ0. (A1)

These anticommuting matrices act as the generators and the
other 10 traceless Dirac matrices can be generated by !4

mn =
1
2i [!

4
m,!4

n], with m = n = 1, 2, 3, 4, 5.
Generalizing to higher dimension, the direct product of

arbitrary d sets of Pauli matrices can generate 4d ! ma-
trices !2d

i,··· , j··· ,k = σi · · · σ j · · · σk , with the matrix dimension
2d × 2d . In these 4d ! matrices, 2d + 1 matrices anticommute
with each other, forming complex Clifford algebra. Generally,
the 2d + 1 anticommuting matrices can be obtained through
the iteration from 2d − 1 anticommuting ! matrices

!2d

1,2,··· ,2d−1 = σz ⊗ !2d−1

1,2,··· ,2d−1,!
2d

2d = σx ⊗ I2d−1
,

!2d

2d+1 = σy ⊗ I2d−1
, (A2)

where I2d−1
denotes the 2d−1 × 2d−1 identify matrix, and

!2d−1

1,2,··· ,2d−1 represents 2d − 1 anticommuting ! matrices with
matrix dimension 2d−1 × 2d−1. These anticommuting matri-

ces act as generators and other ! matrices can be generated
by their successive products.

When d = 3, there are seven ! matrices anticommuting
with each other, and we choose them as

!8
1,2,3,4,5 = σz ⊗ !4

1,2,3,4,5,!
8
6 = σxσ0σ0,!

8
7 = σyσ0σ0. (A3)

With these seven anticommuting ! matrices, other 8 × 8 !
matrices can be generated by the successive products of two
or three anticommuting ! matrices, showing as i!m!n or
i!m!n!l , with m, n, l = 1, · · · , 7.

APPENDIX B: 1D EXTENDED SSH MODEL

In the momentum space, we consider the 1D model Hamil-
tonian

h(k) = M(k)!p
1 + λ sin k!

p
2 , (B1)

where M(k) = (t + λ cos k), !
p
1,2 are p × p ! matrices and

satisfy the anticommutation relation {!p
1 ,!

p
2 } = 0. For our

purpose, we following consider the two cases p = 4 and
8. When p = 4, we know that there are three additional !
matrices !4

3,4,5 anticommuting with !4
1,2. Thus, we have the

commutation relation [i!4
3!

4
4, h(k)] = 0, which implies that

1D Hamiltonian h(k) is block-diagonal in the eigenbasis of
matrix i!4

3!
4
4 . In this case, each 2 × 2 block Hamiltonian be-

haves as the two-band SSH model. Thus, h(k) is the direct sum
of two SSH models. When p = 8, we know that there are five
additional ! matrices anticommuting with the matrices !8

1,2.
Thus, we have the commuting relations [i!8

3!
8
4, h(k)] = 0 and

[i!8
5!

8
6, h(k)] = 0, which imply that h(k) is block-diagonal

in the common eigenbasis of matrices i!8
3!

8
4 and i!8

5!
8
6. In

this case, h(k) is made of the direct sum of four blocks and
each block behaves as the two-band SSH model. Because h(k)
always can be viewed as the direct sum of multiple copies of
the SSH model, we call it the extended SSH model.

In Eq. (B1), the chiral symmetry of h can be written as
C = i!p

1!
p
2 , with {C, h} = 0. Thus, 1D Hamiltonian h belongs

to the AIII symmetry class with Z topological classification.
We now calculate the topological invariant winding number to
characterize the band topology of h(k). The energy spectrum
of h is E =

√
(t + λ cos k)2 + (λ sin k)2. For simplicity, h can

be normalized as

h̄ = cos ϕ!
p
1 + sin ϕ!

p
2 , (B2)

with cos ϕ = (t + λ cos k)/E . Then the winding number con-
tributed by the occupied states can be calculated as [87]

ν = − 1
4iπ

∫ π

−π

Tr[Ch̄dh̄]

= − 1
4iπ

∫ π

−π

Tr
[
(cos ϕ∂k cos ϕ + sin ϕ∂k sin ϕ)C

+ (cos ϕ∂k sin ϕ − sin ϕ∂k cos ϕ)C!
p
1!

p
2

]

= p
4π

∫ π

−π

(cos ϕ∂k sin ϕ − sin ϕ∂k cos ϕ)

= p
4π

∫ π

−π

∂kϕ. (B3)
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Here, we have used the traceless property of matrix C. In
the parameter region |t | < |λ|, the above integration yields
topological invariant ν = p/2; otherwise, ν = 0. Owing to the
bulk-boundary correspondence, the nonzero winding number
ν means that there are p/2 end zero states localized at each
end under the open boundary condition. In the following, we
solve the analytical wave function of these end zero states.

Considering the semi-infinite system (r > 0) described by
h, we solve the end zero states localized close to the end r = 0.
Expanding h(k) at k = 0 to second order of k and replacing
k → −i∂r , we have

h(−i∂r ) =
(
m + λ/2∂2

r

)
!

p
1 − iλ∂r!

p
2 , (B4)

with m = t + λ. Solving the eigen equa-
tion h(−i∂r )|.α (r)〉 = 0 gives rise to

(
m + λ/2∂2

r

)
!

p
1 |.α (r)〉 − iλ∂r!

p
2 |.α (r)〉 = 0. (B5)

Multiplying both sides by !
p
1 gives

(
m + λ/2∂2

r

)
|.α (r)〉 = λ∂rC|.α (r)〉. (B6)

Therefore, state |.α (r)〉 should be the eigenstate of chiral
operator C, namely C|.z(r)〉 = z|.z(r)〉 with z = ±1. We
set the trial wave function |.z(r)〉 = eξzr |ψz〉, where C|ψz〉 =
z|ψz〉 and ξz is a complex number. By inserting this ansatz
solution into Eq. (B6), we have

λ/2ξ 2
z − zλξ + m = 0. (B7)

The two roots are ξ 1,2
z = zλ±

√
λ2−2mλ
λ

. In the region |t | < |λ|,
the real part of ξ 1,2

z are negative and positive when z = −1 and
z = 1, respectively. Under the boundary condition |.z(0)〉 =
|.z(∞)〉 = 0 restrictions, the wave function of end states can
be written as

|.−(r)〉 = N (eξ 1
−r − eξ 2

−r )|ψ−〉, (B8)

with the normalization factor N .
In the contrast, if we consider the semi-infinite system

r < 0, then we will find that the end zero states should be the
eigenstate of the chiral operator C with eigenvalue z = 1. As
a result, for a finite system with length L, the end zero states
localized close to the end r = 0 and r = L are the eigenstates
of the chiral operator C, with eigenvalue z = −1 and z = 1,
respectively. For p × p matrix C, there are p/2 eigenstates
with eigenvalue z = 1 and z = −1, respectively. Thus, there
are p/2 end zero states localized at each end for h(r). In the
main text, we take p = 4 and p = 8, then there are two and
four end zero states localized at each end, respectively. The
spatial parts of the wave function for these end zero states are

f s
−(rs) = N −

s (eξ 1
−rs − eξ 2

−rs ),

f s
+(rs) = N +

s (eξ 1
+(rs−Ls ) − eξ 2

+(rs−Ls ) ), (B9)

where N −
s ,N +

s are the normalization factors, and the index s
denotes the different directions.

APPENDIX C: THE MODEL PREDICTED BY THE
COMMUTATION RELATION (IV)

Considering the concrete representations of the ! matri-
ces, the bulk Hamiltonian, corresponding to the commutation

relation (iv) in Eq. (7), can be written as

Hiv(k) = hiv
x (kx ) + hiv

y (ky),

hiv
x (kx ) = Mx(kx )τzσx + λx sin kxτzσy,

hiv
y (ky) = My(ky)τ0σx + λy sin kyτ0σy, (C1)

with τ, σ two sets Pauli matrices. The lattice hopping of
Hiv(k) is shown in Figs. 4(d) and 4(h). For this concrete
model, we have chiral symmetries Civ

x = Civ
y = −σz which

commute with each other. Hiv is block diagonal in τ space and
the two block Hamiltonians can be written as hiv

± = (±Mx +
My)σx + (±λx sin kx + λy sin ky)σy. Here, h+ and h− have the
identical physics and we focus on the Hamiltonian hiv

+. This
two-band model can be separated into two 1D Hamiltonians as
h+ = h′

x + h′
y, with h′

s = (t ′
s + λs cos ks)σx + λs sin ksσy and

t ′
x + t ′

y = tx + ty = t . As long as h′
x and h′

y are topologically
nontrivial with end zero states, the 2D Hamiltonian h+ has
CZESs localized at the diagonal corners. Thus, there are
CZESs for h+ when |t | < |λx| + |λy|.

hiv
+ can be viewed as a modulated SSH along kx/y, with

ky/x given. The band structures can be clearly revealed by
the Berry phase ν iv(kx ) or ν iv(ky) of the occupied state
of h+, with kx or ky given. When ν iv(kx ) or ν iv(ky) is
quantized to π over all the range, the bulk states behave
as a weak topological insulator characterized by edge flat
band, corresponding to the condition |t | + |λx| < |λy| or |t | +
|λy| < |λx|. When ν iv(ky) and ν iv(kx ) are both quantized to
0 over all the range, corresponding to the condition |t | >
|λx| + |λy|, the bulk is a normal insulator. When ν iv(kx )
or ν iv(ky) is not successive, corresponding to the condition
||t | − |λx|| < |λy| < |t | + |λx| or ||t | − |λy|| < |λx| < |t | +
|λy|, the bulk is a Weyl semimetal characterized by edge flat
band. Therefore, distinguished from case (iii), the predicted
CZESs here always coexist with the edge flat band, which
brings difficulty to identify and characterize the predicted
CZESs.

APPENDIX D: THE BBH, 2D SSH, AND 2D
CROSSED SSH MODELS

1. Band structures

Considering the concrete matrix representations of com-
mutation relations (i–iii) in Eq. (7), we obtain the model
Hamiltonians

Hg(k) = hg
x (kx ) + hg

y (ky),

hi,ii,iii
x = Mx(kx )τxσ0 + λx sin kxτyσ0,

hi
y = My(ky)τzσx + λy sin kyτzσy,

hii
y = My(ky)τ0σx + λy sin kyτ0σy,

hiii
y = My(ky)τxσx + λy sin kyτxσy, (D1)

with index g = i,ii,iii, corresponding to different cases. The
Hamiltonians Hi(k), Hii(k), and Hiii(k) describe the BBH,
2D SSH, and 2D crossed SSH model, respectively. For
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(a) (b) (c) (d)

(f) (g) (h)(e)

FIG. 4. (a–d) The schematic diagram of the lattice hoppings for Hamiltonians Hi-iv. The red and black bonds represent the intracellular and
intercellular hoppings, respectively. (e–h) Schematic of the lattice hoppings in the limit case tx = ty = 0 for Hamiltonians Hi-iv. The presence
of the isolated atoms at the corners in this limit case corresponds to the CZESs. For (e–g), the existence of isolated edge atoms coupled in a
dimerized way corresponds to the existence of edge states described by the SSH model.

Hamiltonians Hi,ii,iii(k), we have the chiral symmetries

Ci
x = −τzσ0,Ci

y = −τ0σz,
[
Ci

x,Ci
y

]
= 0,

Cii
x = −τzσ0,Cii

y = −τ0σz,
[
Cii

x ,Cii
y

]
= 0,

Ciii
x = −τzσ0,Ciii

y = −τ0σz,
[
Ciii

x ,Ciii
y

]
= 0, (D2)

where {Cg
s , hg

s } = 0, with indexes s = x, y. The three models
Hi,ii,iii respect the bulk chiral symmetry

C i = Ci
xC

i
y = τzσz, C ii = Cii

x Cii
y = τzσz,

C iii = Ciii
x = −τzσ0, (D3)

with {Cg,Hg} = 0. The lattice hoppings, corresponding
to Hamiltonians Hi,ii,iii(k), are schematically shown in
Figs. 4(a)–(c). In Figs. 4(e)–(g), the presence of isolated atoms
at the corners in the limit case tx,y = 0 corresponds to the
existence of the CZESs.

To reveal the band structures of the Hamiltonians Hi,ii,iii(k),
we rewrite these Hamiltonians as

Hi(k) = Mx(kx )τxσ0 + λx sin kxτyσ0 + Eyτzσϕ,

Hii(k) = Mx(kx )τxσ0 + λx sin kxτyσ0 + Eyτ0σϕ,

Hiii(k) = Mx(kx )τxσ0 + λx sin kxτyσ0 + Eyτxσϕ, (D4)

where we have defined Ey =
√

M2
y + (λy sin ky)2 and σϕ =

cos ϕσx + sin ϕσy, with tan ϕ = λy sin ky/My. Thus, in the
eigenbasis of σϕ , Hi,ii,iii are block-diagonal and two blocks
Hamiltonians are

hi
±(k) = Mx(kx )τx + λx sin kxτy ± Eyτz,

hii
±(k) = Mx(kx )τx + λx sin kxτy ± Eyτ0,

hiii
± (k) = (Mx(kx ) ± Ey)τx + λx sin kxτy, (D5)

with ± the eigenvalues of σϕ . With given a ky, hi
±, hii

±(k),
and hiii

± (k) can be viewed as the SSH model along kx, with
additional chiral symmetry breaking term ±Eyτz, modulated
chemical potential term ±Eyτ0, modulated intracell hopping
term ±Eyτx, respectively. According to the Eq. (D5), we know

that the bulk energy spectrums of Hamiltonians Hi-iii(k) can
be written as

E i(k) = ±
√

E2
x + E2

y , E ii(k) = ±Ex ± Ey,

E iii(k) = ±
√

(Mx ± Ey)2 + (λx sin kx )2, (D6)

with Ex =
√

M2
x + (λx sin kx )2. Thus, for Hi(k), as long as

Ex %= 0 and Ey %= 0, the bulk states are fully gapped. For
Hii(k), when |Ex|min < |Ey|max or |Ey|min < |Ex|max, the bulk
states are fully gapped. Otherwise, the bulk states are gapless
and behave as a metal. For Hiii(k), when ||tx| − |Ey||min >
|λx|, the bulk states are fully gapped and behave as a trivial
insulator or a second-order topological insulator when |tx,y| <
|λx,y|. When |tx| + |Ey|max < |λx|, or ||tx| − |Ey||max < |λx|
and |tx| + |Ey|min > |λx|, the bulk states are fully gapped and
behave as a weak topological insulator characterized by the
edge flat bands, as shown in Figs. 5(a) and 5(b). Otherwise,
the bulk states are gapless and behave as mirror symmetry-
protected Weyl semimetal characterized by edge flat bands, as
shown in Figs. 5(c)–(f).

When the bulk states are fully gapped, the wave func-
tion of the occupied states for Hamiltonians Hi-iii(k) can be
written as

∣∣$ i
1

〉
= (sin θ/2,− cos θ/2eiφ )T ⊗ (1, eiϕ )T /

√
2,

∣∣$ i
2

〉
= (cos θ/2,− sin θ/2eiφ )T ⊗ (1,−eiϕ )T /

√
2,

∣∣$ ii
1

〉
= (1, eiφ )T ⊗ (1,−eiϕ )T /2,

∣∣$ ii
2

〉
= (1,−eiφ )T ⊗ (1,−eiϕ )T /2,

∣∣$ iii
1

〉
= (1,−eiβ1 )T ⊗ (1, eiϕ )T /2,

∣∣$ iii
2

〉
= (1,−eiβ2 )T ⊗ (1,−eiϕ )T /2, (D7)

with cos θ = Ey/|E i|, tan φ = λx sin kx/Mx, tan β1 =
λx sin kx/(Mx + Ey), and tan β2 = λx sin kx/(Mx − Ey). Here,

045118-8



HIGHER-ORDER TOPOLOGICAL PHASES EMERGING FROM … PHYSICAL REVIEW B 107, 045118 (2023)

(a)

(b)

(c)

(d)

(e)

(f)

FIG. 5. (a, b) The bulk energy spectrums and edge flat bands of the weak topological insulator phase are plotted. We take the parameters
as λx = 1, tx = 0.6, λy = 1, ty = 0.5. (c, d) The bulk energy spectrums and edge flat bands of the Weyl semimetal with two Weyl points
are plotted. We take the parameters as λx = 1, tx = 0.6, λy = 0.7, ty = 0.4. (e, f) The bulk energy spectrums and edge flat bands of the Weyl
semimetal with four Weyl points are plotted. We take the parameters as λx = 1, tx = 0.6, λy = 1, ty = 0.2.

the state |$g
n〉 denotes the nth occupied state of Hg(k), with

n = 1, 2.

2. Topological characterizations

For characterizing the CZESs, several topological invari-
ants have been established, including nested Wilson loop
(pνy

x , pνx
y ) [1,2], edge polarization [1,2], and bulk polarization

(Px, Py) [64,68,69,76]. Here, we test the applicability of char-
acterizing the 2D crossed SSH model by these topological
invariants and compare them to the characterization of the
BBH and 2D SSH models.

The nested Wilson loop characterization for the CZESs is
based on the gapped Wannier bands [1,2]. For the BBH model,
the Wannier bands are gapped and the nested Wilson loop
method can characterize the CZESs [1,2]. For the 2D SSH
and 2D crossed SSH models, the Wannier bands are gapless,
as shown in Figs. 6(a) and 6(b), respectively. Therefore, the
nested Wilson loop characterization method only applies to
the BBH model.

For the 2D SSH model, it is shown that the CZESs can
be characterized by the bulk polarization [64,68,69]. The po-

-1 1
−π

π

kx/π

ν
(k
x
)

(a) 2D SSH model

-1 1
−π

π

kx/π

ν
(k
x
)

(b) 2D crossed SSH model

FIG. 6. (a) The gapless Wannier bands for the 2D SSH model.
(b) The gapless Wannier bands for the 2D crossed SSH model. The
model parameters are the same as those used for Fig. 3(b).

larization of nth occupied state along the x direction can be
written as

Pg
n = 1

4π2

∫
dkyν

g
n (ky),

νg
n (ky) = i

∫
dkx

〈
$g

n (k)
∣∣∂kx

∣∣$g
n (k)

〉
, (D8)

where ν
g
n (ky) is the Berry phase for occupied state |$g

n 〉.
For the 2D SSH model, ν ii

1 and ν ii
2 are both quantized to π

(0), corresponding to the existence (absence) of CZESs, and
therefore Pii

n can characterize the 2D SSH model. For the
BBH model, ν i

1 and ν i
2 are not quantized and they can take

the same values no matter CZESs exist or not. Therefore the
CZESs cannot be characterized by bulk polarization. For the
2D crossed SSH model, Berry phases ν iii

1 and ν iii
2 take value 0

for the SOTI phase in Fig. 3(a), and therefore bulk polarization
cannot characterize the CZESs.

The BBH model can be characterized by the quantized
edge polarizations pedge

x = pedge
y = 0.5. For the 2D crossed

SSH model, there are edge states only along the x direction.
Correspondingly, the 2D crossed SSH model exhibits nontriv-
ial edge polarization only along the x direction, as shown in
Figs. 7(a) and 7(b). For completeness, we also calculate the
quantized corner charge of the 2D crossed SSH model, as
shown in Fig. 7(c).

In the main text, we have shown that the edge winding
number ν̃x = 1 can completely reflect the CZESs existing
condition νx,y = 1. For the BBH and 2D SSH models, there
are edge states along the kx and ky directions, as shown in
Figs. 8(a) and 8(b) and Figs. 8(c) and 8(d), respectively. Gen-
erally, the wave function of the edge states along kx and ky can
be written as

|$g(kx, y)〉zy = f g
zy

(y)Pg
zy
|ψg(kx )〉,

hg
x (kx )|ψg(kx )〉 = Ex(kx )|ψg(kx )〉,
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FIG. 7. (a, b) The numerical calculations of edge polarizations (pedge
x , pedge

y ) for the second-order topological phase in case (iii). (c) The
charge density distribution of the second-order topological insulator phase in the 2D crossed SSH model. The red and blue regions correspond
to the positive and negative corner charge distribution, respectively. Here, we add the perturbations 0.001τzσz to shift the energy of the corner
states. We take the parameters as tx = 0.1, λx = 0.2, ty = 0.3, λy = 1 for (a–c).

|$g(x, ky)〉zx = f g
zx

(x)Pg
zx
|ψg(ky)〉,

hg
y (ky)|ψg(ky)〉 = Ey(ky)|ψg(ky)〉, (D9)

with the projection operators Pg
zx = (1 + zxC

g
x )/2 and Pg

zy =
(1 + zyC

g
y )/2. It can be readily verified that

H(kx, y)|$g(kx, y)〉zy = Ex(kx )|$g(kx, y)〉zy ,

H(x, ky)|$g(x, ky)〉zx = Ey(ky)|$g(x, ky)〉zx , (D10)

which means that the edge states |$g(kx, y)〉zy and
|$g(x, ky)〉zx have the same energy spectrums as hx and hy,
respectively.

Notably, the existence of the edge states along kx and ky re-
quires [Cg

y , hg
x] = 0 and [Cg

x , hg
y] = 0, respectively. Otherwise,

|$g(kx, y)〉zy or |$g(ky, x)〉zx is a null vector after the projec-
tion. It can be readily verified that [Ci,ii

x , hy] = 0, [Ci,ii
y , hx] =

0 for both cases (i) and (ii), and {Ciii
x , hy} = 0, [Ciii

y , hx] = 0

for case (iii). Therefore, there are both edge states along kx
and ky for cases (i, ii), but there are edge states only along
kx for case (iii), as shown in Figs. 8(e) and 8(f). Corre-
spondingly, the edge Hamiltonian describing these edge states
can be obtained by projecting hx or hy into the subspace
defined by Pzy or Pzx . Then we will find that these edge
states are described by the two-band SSH model, which is
consistent with the existence of edge isolated atoms coupled
in a dimerized way in the limit case tx = ty = 0, as shown in
Figs. 4(e)–(g).

Remarkably, the existence of edge states along kx and ky re-
quire that hy and hx are topologically nontrivial, respectively.
Thus, the edge winding number ν̃x = 1 or ν̃y = 1 of the 1D
edge states can completely reflect the CZESs existing condi-
tions νx = νy = 1. As a result, the edge winding number can
completely characterize the existence of the CZESs for cases
(i–iii), revealing the unified edge-corner correspondence.

(a)

(b)

(c)

(d)

(e)

(f)

FIG. 8. (a, b) The energy spectrum for Hi (k) with ribbon geometry along the kx and ky directions, respectively. We take model parameters
as λx = λy = 1, tx = 0.2, ty = 0.3. (c, d) The energy spectrum for Hii (k) with ribbon geometry along the kx and ky directions, respectively. We
take model parameters as λx = 0.2, λy = 1, tx = 0.1, ty = 0.3. (e, f) The energy spectrum for Hiii (k) with ribbon geometry along the kx and ky

directions, respectively. We take model parameters as λx = 0.2, λy = 1, tx = 0.1, ty = 0.3.

045118-10



HIGHER-ORDER TOPOLOGICAL PHASES EMERGING FROM … PHYSICAL REVIEW B 107, 045118 (2023)

APPENDIX E: THE CZESS IN
THE SUPERCONDUCTING SYSTEM

In the superconducting Bogoliubov-de Gennes (BdG) basis
$(k) = (c↑,k, c↓,k, c†

↑,k, c†
↓,k ), we consider the superconduc-

tor BdG Hamiltonian

HBdG =
∑

s=x,y

Ms(ks)!a
s + λs sin ks!

b
s , (E1)

with the particle-hole symmetry P = ρxK and ρ the Pauli ma-
trix in the particle-hole space. Restricted to the particle-hole
symmetry, we have

!a
x ,!

a
y ∈ {ρzs0, ρzsx, ρzsz, ρ0sy, ρysy, ρxsy},

!b
x ,!

b
y ∈ {ρ0sx, ρ0sz, ρzsy, ρxs0, ρxsz,

ρxsx, ρys0, ρysx, ρysz}. (E2)

with s the Pauli matrices in the spin space. Under the CZESs
existing condition [i!a

x !
b
x , i!a

y !
b
y ] = 0 for the Hamiltonian

HBdG, we will show that all four types of commutation re-
lations listed in Eq. (7) can be realized.

For case (i), we require {!a
x ,!

a,b
y } = 0, {!b

x ,!
a,b
y } = 0.

This case can be realized by considering the following six
kinds of possible representations:

(1) !a
x = ρzsx,!

b
x = ρysx,!

a
y = ρ0sy,!

b
y = ρxsx,

(2) !a
x = ρzsx,!

b
x = ρxs0,!

a
y = ρzsz,!

b
y = ρys0,

(3) !a
x = ρysy,!

b
x = ρ0sx,!

a
y = ρxsy,!

b
y = ρzsy,

(4) !a
x = ρzs0,!

b
x = ρxsz,!

a
y = ρxsy,!

b
y = ρys0,

(5) !a
x = ρzs0,!

b
x = ρxs0,!

a
y = ρysy,!

b
y = ρysx,

(6) !a
x = ρzsz,!

b
x = ρ0sx,!

a
y = ρ0sy,!

b
y = ρxsz. (E3)

The Hamiltonians with the above ! matrices representations
are fully gapped and behave as second-order topological
superconductors, which have completely identical topology
properties to that of the BBH model. It is noted that the
representations (1) and (2) in Eq. (E3) have been considered
in references [88,89]. The realization of the model HBdG with
the ! matrices representation (3) only needs the even parity
pairings, which has been considered in reference [40]. Be-
sides representation (3), the other representations require the
p-wave pairings.

For case (ii), we require [!a
x ,!

a,b
y ] = 0, [!b

x ,!
a,b
y ] = 0.

This case can be realized by considering the representation

!a
x = ρzs0, !b

x = ρxsx, !a
y = ρzsz, !b

y = ρ0sx. (E4)

The realization of the model HBdG with the above ! matrix
representation requires the p-wave pairing.

For case (iii), we require [!a
x ,!

a,b
y ] = 0, {!b

x ,!
a,b
y } = 0.

This case can be realized by considering the following two
kinds of possible representations

(1) !a
x = ρzsx, !b

x = τys0, !a
y = ρzs0, !b

y = ρxsz,

(2) !a
x = ρzsx, !b

x = ρzsy, !a
y = ρysy, !b

y = ρ0sx. (E5)

(a) (b)(a) (b)

FIG. 9. (a) The 2D crossed SSH model with nearest-neighbor
hopping (thin lines) along the y direction. The corner states of the 2D
crossed SSH model with nearest-neighbor hopping. The inset shows
the eigenenergies close to zero which are not symmetric about zero
energy owing to the broken of the bulk chiral symmetry. We take the
model parameters as λx = t ′

y = 0.2, tx = λ′
y = 0.1, λy = 1, ty = 0.3.

The realization of the model HBdG with the ! matrices repre-
sentation (1) needs the p-wave pairing. The realization of the
model HBdG with the ! matrices representation (2) only needs
the even parity pairing.

For case (iv), we require [!a
x ,!

a
y ] = 0, {!a

x ,!
b
y } =

0, {!b
x ,!

a
y } = 0, [!b

x ,!
b
y ] = 0. This case can be realized

by considering the representation

!a
x = ρzs0, !b

x = ρxsz, !a
y = ρzs0, !b

y = ρysx. (E6)

The realization of the model HBdG with the above ! matrix
representation needs the p-wave pairing.

APPENDIX F: 2D CROSSED SSH MODEL WITH
THE NEAREST-NEIGHBOR HOPPING ALONG

THE y DIRECTION

Based on the 2D crossed SSH model [Eq. (D1)], we con-
sider the additional nearest-neighbor hopping along the y
direction, represented by the thin lines in Fig. 9(a). These
hoppings generates the addition terms (t ′

y + λ′
y cos ky)τ0σx and

λ′
y sin kyτ0σy to Hiii, which are also the two terms along the y

direction of the 2D SSH model Hii [see Eq. (D1)].
Combining with Eqs. (D2) and (D3), we can find that the

generated two terms break the bulk chiral symmetry C iii =
−τzσ0, but preserve the chiral symmetry Ciii

y = τ0σz of the
2D crossed SSH model. Although the bulk chiral symmetry
is broken (the bulk energy spectrum is not symmetry about
zero energy), the CZESs still exist, as shown in Fig. 9(b). This
is because the CZESs are also protected by Ciii

y as

〈$zx,zy |hp|$zx,zy〉,= zy〈$zx,zy |
(
Ciii

y hp + hpCiii
y

)
/2|$zx,zy〉 = 0.

(F1)

Here hp denotes the perturbation preserves Ciii
y with

{hp,Ciii
y } = 0, |$zx,zy〉 denotes the CZES labeled by the eigen-

values zx (zy) of Ciii
x (Ciii

y ). Therefore, a small nearest-neighbor
hopping in the y direction cannot destroy the CZESs and is
not important for realizing the 2D crossed SSH model.
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