
1.  Introduction
Relativistic electron losses in the inner magnetosphere are mainly attributed to magnetopause shadowing due 
to outer radial diffusion (e.g., Shprits et al., 2006; Sorathia et al., 2018; Turner et al., 2012) and electron scat-
tering into the atmosphere due to their resonant interaction with various electromagnetic waves (e.g., Millan & 
Thorne, 2007, and references therein). The most effective wave mode responsible for such a scattering is electro-
magnetic ion cyclotron (EMIC) waves (Thorne & Kennel, 1971). The EMIC wave intensity is often sufficiently 
high to provide fast electron scattering in quasi-linear diffusion or (Drozdov et al., 2017; Ni et al., 2015) nonlinear 
resonant interactions (Albert & Bortnik, 2009; Grach & Demekhov, 2020; Kubota et al., 2015). The good corre-
lation between low-altitude measurements of relativistic electron precipitation and near-equatorial EMIC wave 
measurements supports the hypothesis that EMIC waves play a key role in relativistic electron losses from the 
Earth’s radiation belts (Blum et al., 2015; Capannolo, Li, Ma, Shen, et al., 2019; Zhang et al., 2021).

Resonant energies of electrons interacting with EMIC waves are well determined by the cold plasma dispersion 
(Bashir & Ilie, 2018; Summers & Thorne, 2003) and for typical H- and He-band waves this energy is usually 
larger than 1 MeV (Ni et  al.,  2015). Therefore, multiple observations of EMIC wave scattering of sub-MeV 
electrons (e.g., Capannolo, Li, Ma, Chen, et al., 2019; Hendry et al., 2017) pose questions for models of EMIC 
wave resonances with such electrons. Besides the effects of nonresonant electron scattering (Chen et al., 2016) 
and the resonance broadening due to high wave amplitude (see discussion in Cai et  al.,  2020; Karimabadi 
et al., 1992), the most possible solution to this puzzle is the inclusion of hot plasma effects in the EMIC wave 
dispersion, because  EMIC waves are indeed often observed in association with energetic ion injections from the 
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magnetotail (e.g., Jun et al., 2019) and such ion populations may significantly modify the EMIC dispersion (X. 
Cao et al., 2020; Chen et al., 2011; Silin et al., 2011; Yoon et al., 2011). It has been reported, however, that hot 
plasma effects for observed EMIC waves only result in an increase in the energy of resonant electrons (J. Cao 
et al., 2017; Chen et al., 2019). But these estimates were focused on EMIC wave frequencies corresponding to 
the peak wave intensity, whereas low-intensity higher-frequency part of EMIC waves may be more promising to 
scatter sub-MeV electrons (Bashir et al., 2022; Denton et al., 2019; Zhang et al., 2021). This study aims to reveal 
and model the hot plasma effects for relativistic electron scattering by observed EMIC waves.

We analyze the hot plasma effects on relativistic electron resonant scattering based on three EMIC events 
observed by the Time History of Events and Macroscale Interactions during Substorms (THEMIS) spacecraft 
(Angelopoulos et al., 2008) and develop a hot plasma model applicable to a wide range of plasma parameters in 
the Earth’s magnetosphere. Section 2 describes the data set, spacecraft instruments, and the analysis of EMIC 
wave events for the observed ion and wave characteristics. Based on observed EMIC waves and plasma proper-
ties, the hot plasma effects on the EMIC wave dispersion are analyzed in Section 3 by numerically solving the 
dispersion relation for EMIC waves. An analytical hot plasma model is then generalized and compared with 
numerical solutions in Section 4. We show that the hot plasma model agrees very well with numerical results for 
a wide range of plasma parameters and thus can be used to estimate pitch angle diffusion rates in radiation belt 
diffusion models and test particle simulations. The pitch angle diffusion rates for the observed parameters are 
estimated in Section 5, which demonstrate that the presence of hot plasma significantly changes the scattering 
rates. The main results are summarized in Section 6.

2.  THEMIS Observations: Data Set and Event Analysis
We use measurements in the inner magnetosphere and near-Earth plasma sheet from two probes (A and E) 
of THEMIS (Angelopoulos, 2008) mission, which are ideal for capturing EMIC waves in the near-equatorial 
magnetosphere. We use magnetic field data from Flux Gate Magnetometer (FGM) (Auster et al., 2008). In the 
fast mode, FGM measures waveforms at a sufficiently high time resolution (1/4 s before July 2015 and 1/16 s 
afterward) to cover the EMIC wave frequency range at L > 6. We will also use THEMIS electrostatic analyzer 
(ESA) (McFadden et al., 2008) measurements for <25 keV ion distribution functions with pitch-angle and energy 
resolutions sufficient to investigate EMIC wave dispersion (Bashir et  al.,  2022). The cold plasma density is 
inferred from the spacecraft potential measurements (Nishimura et al., 2013) and the L-shell values are calculated 
using the dipole magnetic field model.

We have selected three events with EMIC waves as shown by the overview plots in Figure 1; Gaussian fittings 
to the observed ion distributions and wave spectra are further shown in Figure 2. Figure 1 depicts that all three 
events are field-aligned EMIC waves with left-handed polarization and accompanied by anisotropic ion distribu-
tions. For all three events, we have three ion populations consisting of cold, warm and energetic ions over a wide 
range of plasma and wave spectrum parameters, as shown in Figure 2 (top). Plasma and wave characteristics for 
these three events will be used to test our model of the hot plasma effects on the EMIC wave dispersion.

3.  Hot Plasma Dispersion Effects
The generalized dispersion relation for parallel propagating EMIC waves in the presence of cold and hot aniso-
tropic ion populations (following Chen et al. (2011)) can be written as.

𝐷𝐷(𝜔𝜔𝜔 𝜔𝜔) =
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where the subscript e, cs, and hs represent the cold electrons, cold ion populations, and hot ion populations, 
respectively. 𝐴𝐴 𝐴𝐴 = 𝜔𝜔∕Ω𝑝𝑝 = ℜ𝜔𝜔∕Ω𝑝𝑝 + 𝑖𝑖𝑖𝑖∕Ω𝑝𝑝 is the normalized complex frequency, with 𝐴𝐴 ℜ𝜔𝜔 being the real 
frequency and γ the growth rate, y = ck∥/ωpi is the normalized field-aligned wavenumber and f = ωpe/Ωe represents 
the electron plasma frequency to gyro frequency ratio with 𝐴𝐴 𝐴𝐴(𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝) =

√

𝑛𝑛0𝑒𝑒𝑒𝑒2∕ (𝜖𝜖0 (𝑚𝑚𝑒𝑒, 𝑚𝑚𝑝𝑝)) and Ω(e,p) = eB0/m(e,p). 
B0 is the ambient magnetic field, me; mp are the mass of an electron and proton; n0e is the electron density which 
satisfies the quasi-neutrality condition (n0e = ∑cs ncs + ∑hs nhs), where ncs and nhs represent the density of cold and 
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hot ion populations, respectively. The fractional ion composition is defined as η(cs,hs) = n(cs,hs)/n0e and fractional 
mass as ϵ(cs,hs) = m(cs,hs)/mp. The temperature anisotropy is defined as A(hs) = Ths⊥/Ths∥ − 1 for additional ion popu-
lations, with Ths⊥ and Ths∥ being the temperature in the perpendicular and parallel directions with respect to the 
magnetic field. 𝐴𝐴  =  (𝜉𝜉ℎ𝑠𝑠) is the usual plasma dispersion function (Fried & Conte, 1961) with the argument 

𝐴𝐴 𝐴𝐴ℎ𝑠𝑠 = (𝑥𝑥 − 1∕𝜖𝜖ℎ𝑠𝑠) ∕

(

𝑦𝑦
√

𝛽𝛽ℎ𝑠𝑠‖

)

 , where 𝐴𝐴 𝐴𝐴ℎ𝑠𝑠‖ = (2𝑇𝑇ℎ𝑠𝑠‖∕𝑚𝑚ℎ𝑠𝑠) ∕𝑣𝑣
2

𝐴𝐴
 and 𝐴𝐴 𝐴𝐴𝐴𝐴 = 𝐵𝐵0∕

√

𝜇𝜇0𝑚𝑚𝑝𝑝𝑛𝑛0𝑒𝑒 is the Alfven speed. Note 
that the last term related to the hot plasma contains contributions from both warm and energetic ion popula-
tions. The number of additional hot ions and their energy will be determined from particle measurements from 
THEMIS.

In these dimensionless variables, the minimum resonant energy of electrons resonating with EMIC waves is given 
by Chen et al. (2011)

𝐸𝐸min =

(√
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For a fixed wave frequency, this equation shows that a larger wavenumber corresponds to smaller energies of 
electrons resonating with EMIC waves.

4.  Hot Plasma Model for EMIC Waves
In order to model and parameterize the hot plasma effects, we will obtain the analytical expression for field-
aligned wavenumber k∥ with hot plasma corrections. We, therefore, expand the plasma dispersion func-
tion in the large argument limit, that is, ξ(hs)  ≫  1, by keeping the higher order thermal effects resulting in 

𝐴𝐴 𝐴𝐴 (𝜉𝜉ℎ𝑠𝑠) = −𝜉𝜉−1
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)

+ 𝑖𝑖
√

𝜋𝜋exp
[

−𝜉𝜉2
ℎ𝑠𝑠

]

 and after some simple mathematical steps for the weakly 

Figure 1.  Overview of three electromagnetic ion cyclotron wave events captured by Time History of Events and Macroscale Interactions during Substorms (THEMIS). 
Each set of panels from top to bottom show the fpe/fce, magnetic wave power, ellipticity, wave normal angle (WNA), ion omnidirectional flux and ion flux anisotropy 
(f⊥ − f∥)/(f⊥ + f∥). The proton and helium cyclotron frequencies are shown by the curves fcp (top) and fcHe (bottom) in the wave panels respectively. Event 1 and 3 are 
observed at THEMIS-A and Event 2 is taken from THEMIS-E probes.
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growing condition, that is, 𝐴𝐴 𝐴𝐴 𝐴 ℜ𝜔𝜔 , we obtain the analytical expressions for the EMIC wave growth rate 
𝐴𝐴 𝐴𝐴 = −𝐷𝐷𝑖𝑖∕ (𝜕𝜕𝜕𝜕𝑟𝑟∕𝜕𝜕𝜕𝜕𝑟𝑟) by using real and imaginary parts of the dispersion relation Equation 1 as given by
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and EMIC waves dispersion relation Dr (ωr, k∥) = 0 simplified to
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Using Equation 5, we obtain the wavenumber ratio of hot plasma to cold plasma as

𝑘𝑘ℎ𝑜𝑜𝑜𝑜

𝑘𝑘𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

=

[

1 +
∑

ℎ𝑠𝑠

𝜂𝜂ℎ𝑠𝑠

{(

𝐴𝐴ℎ𝑠𝑠 +
𝑥𝑥

𝜖𝜖ℎ𝑠𝑠𝑥𝑥 − 1

)(

𝛽𝛽ℎ𝑠𝑠‖

2(𝑥𝑥 − 1)
2

)}

]−1∕2

� (6)

The hot plasma effects on EMIC properties and minimum resonant energies and their comparison with the cold 
plasma results are presented in Figure 3 based on observed plasma parameters (see Figure 2) during three EMIC 
wave events. We note that for all events, the hot plasma effects decrease the wavenumber at lower frequencies 

Figure 2.  (a–c) Fitted ion distribution functions consisting of cold, warm, and energetic protons (top panels) and (d–f) electromagnetic ion cyclotron (EMIC) wave 
spectrum (bottom panels) during the three EMIC events from Figure 1: fitted parameters are inserted in each panel respectively.
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which results in a higher minimum resonant energy (Emin). For higher frequencies, the wavenumber can either 
approach or exceed the cold plasma result based on ion distributions; the highest frequency of the observed 
EMIC wave brings Emin either down to or even lower than the result from the usual cold plasma dispersion. The 
wavenumber decrease (Emin increase) for the frequency of maximum wave power is a well-known effect of hot 
plasma (e.g., J. Cao et al., 2017; Chen et al., 2019). Figure 3, however, demonstrates that hot plasma effects can 
lower Emin as close to the cold plasma result (see Event 1, panel c) or even lower than that (see Events 2 and 3, 
panel c) for the highest frequencies of positive growth rate (i.e., more marginally stable waves that have a finite 
intensity in observations).

Figure 3a shows that our analytical hot plasma model Equation 6 agrees very well (i.e., within 10%–15% error) 
with the numerical results for the wavenumber estimation and also the growth rate and instability threshold 
(maximum possible frequency with Di ≥ 0). The instability threshold actually determines the maximum EMIC 
frequency available for khot/kcold evaluations. This parameter may be determined directly from the analysis of the 
observed wave spectrum.

Figure 3.  Comparison of the numerical and analytical model for the observed electromagnetic ion cyclotron (EMIC) wave events based on ion distribution fits from 
Figure 2. In top panels (a), we show the normalized wave number ck/ωpi as a function of normalized frequency ω/Omegap for the cold plasma (black). For the hot 
plasma case, we present results from the numerical solution (blue) and analytical model (red), respectively. The ratios of numerical to analytical model wave number 
knum/kmodel and cold to hot plasma wave number kcold/kmodel are shown in magenta and cyan colors, respectively. The growth rate comparison for numerical and analytical 
cases is presented in panels (b), with the observed EMIC wave power (nT 2/Hz) overlaid. The minimum resonant energy (Emin) as a function of the normalized frequency 
ω/Ωp is shown in panels (c). The solid curves show the range of frequencies for which the wave growth rate is positive and dashed curves show the results for the 
extended frequency range.
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5.  Pitch Angle Scattering of Relativistic Electrons Based on the Hot Plasma Model
To quantify the hot plasma effects described by the model Equation 6 for relativistic electron scattering by EMIC 
waves and to estimate the corresponding resonant electron energy range, we apply the analytical approximation 
Equation 6 to quasi-linear diffusion equations. The local pitch angle diffusion coefficient for field-aligned EMIC 
waves, Dαα, is given by Summers (2005), Ni et al. (2018)

𝐷𝐷𝛼𝛼𝛼𝛼 =
𝜋𝜋

2

Ω2
𝑒𝑒

𝑊𝑊0
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|𝑣𝑣𝑣𝑣 − 𝑑𝑑𝑑𝑑∕𝑑𝑑𝑑𝑑|
,� (7)

where Ωe is the electron cyclotron frequency, 𝐴𝐴 𝐴𝐴0 = 𝐵𝐵2

0
∕8𝜋𝜋 is the magnetic energy density of the background 

magnetic field, and Ek is the dimensionless particle kinetic energy given by Ek = γ − 1 with γ being the relativ-
istic Lorentz factor. ω and k represent the frequency and wavenumber of parallel propagating EMIC waves. The 
wavenumber k(ω) and the group velocity 𝐴𝐴 |𝑑𝑑𝑑𝑑∕𝑑𝑑𝑑𝑑| are calculated from the cold plasma dispersion relation with 
the correction given by model Equation 6, the resonant velocity v is obtained from the resonant condition of 
EMIC waves with relativistic electrons, that is, ω − vμk = −Ωe/γ and μ = cos α, with α being the pitch angle. The 
magnetic energy density of the turbulent magnetic field is given by
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Here, |ΔB| 2 is the mean wave intensity, � =
√

�
2

[

erf
(

��−�1
��

)

+ erf
(

�2−��
��

)]

 with erf being the error function.  
ω, ωm, and δω are the frequency of EMIC waves, the frequency of the maximum wave power and the bandwidth, 
respectively. ω1 and ω2 are the lower and upper cutoff frequencies.

Our estimates of local pitch angle scattering rates, Dαα, in Figure 4 are based on the realistic ion distributions and 
plasma and wave spectrum parameters. In comparison with the cold plasma result, the large differences indicate 
that hot plasma effects can change the scattering rates significantly. We note that the hot plasma correction may 
decrease the scattering rate magnitude, but enhance the resonant pitch angle range available for scattering (see 
panels a–f). In panels g–h, it is also evident that hot plasma effects can decrease (increase) the scattering rate 
for Event 1 (Event 2 and 3) for low-energy electrons but increase the scattering rate for higher-energy electrons 
during all cases. Changes in the scattering rate depend on the observed ion distribution and the wave spectrum in 
each case. Among all these parameters, the anisotropy, Ah, plays the most significant role in controlling the reso-
nant pitch-angle range and the scattering rate magnitude. Although this parameter cannot always be determined 
(due to the absence of reliable plasma measurements for the majority of EMIC wave statistics), there is a direct 
relation between Ah and the maximum EMIC wave frequency: Ahp = ωmax/(Ωp − ωmax). Therefore, this parameter 
in Equation 6 can be substituted by the measurable EMIC wave characteristic, ωmax.

6.  Conclusions
We have presented an analytical hot plasma model for EMIC wave dispersion relation and verified this model 
with numerical solutions based on observed EMIC wave parameters during three cases. Note that although we 
focused on proton-electron plasma, the model provided in Equations 3–6 can be applied to multi-ion (including 
heavy ions) plasma. The main conclusions of our study are:

1.	 �The presented analytical model of hot plasma effects for EMIC waves outputs the wavenumber (and growth 
rate) in an excellent agreement with the numerical solutions (with a 10%–15% error). This model can be used 
to evaluate more precisely the diffusion coefficients and nonlinear wave-particle interactions.

2.	 �The hot plasma effects significantly increase the minimum energy of electrons resonating with the most 
intense EMIC waves (waves with frequencies corresponding to the maximum growth rate), but can decrease 
the minimum resonant energy for the higher-frequency part of EMIC spectra corresponding to smaller wave 
intensity (marginally stable waves). Therefore, a proper evaluation of the minimum energy of electrons that 
undergo resonant scattering by EMIC waves requires investigation of the entire unstable wave frequency 
range.
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3.	 �The estimated pitch angle scattering rate based on the hot plasma model, realistic plasma and wave spectrum 
parameters show that the hot plasma effects significantly change the scattering rates and expand the electron 
pitch angle range for the interaction between EMIC and relativistic electrons.

Data Availability Statement
THEMIS data is available at http://themis.ssl.berkeley.edu/data/themis. Data analysis was done using SPEDAS 
V4.1 (Angelopoulos et al., 2019) available at https://spedas.org/.
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