
C o p ri m e a u t o m o r p hi s m s of fi ni t e g r o u p s

Cri sti n a A c ci arri, R o b ert M. G ur al ni c k, a n d P a v el S h u m y at s k y

A b s t r a c t. L et G b e a fi nit e gr o u p a d mitti n g a c o pri m e a ut o-
m or p hi s m α of or d e r e . D e n ot e b y I G (α ) t h e s et of c o m m ut at or s
g − 1 g α , w h er e g ∈ G . S u p p o s e t h at e a c h s u b gr o u p g e n er at e d b y a
s u b s et of I G (α ) c a n b e g e n er at e d b y at m o st r el e m e nt s. We s h o w
t h at t h e r a n k of [ G, α ] i s (e, r )- b o u n d e d. Al o n g t h e w a y, w e e st a b-
li s h s e v er al r e s ult s of i n d e p e n d e nt i nt er e st. I n p arti c ul ar, w e pr o v e
t h at if e v er y el e m e nt of I G (α ) h a s o d d or d er, t h e n [ G, α ] ≤ O (G ).
F urt h er, if e v er y p air of el e m e nt s fr o m I G (α ) g e n er at e s a s ol u bl e,
or nil p ot e nt, s u b gr o u p, t h e n [ G, α ] i s s ol u bl e, or r e s p e cti v el y nil p o-
t e nt.

1. I n t r o d u c ti o n

A n a ut o m or p his m α of a fi nit e gr o u p G is c o pri m e if (|G |, |α |) = 1.
We d e n ot e b y C G (α ) t h e fi x e d- p oi nt s u b gr o u p { x ∈ G ; x α = x } a n d
b y I G (α ) t h e s et of all c o m m ut at ors g − 1 g α , w h er e g ∈ G . T h e n [G, α ]
st a n ds f or t h e s u b gr o u p g e n er at e d b y I G (α ).

It is w ell k n o w n t h at pr o p erti es of t h e c e ntr ali z er C G (α ) of a c o pri m e
a ut o m or p his m h a v e str o n g i n fl u e n c e o v er t h e str u ct ur e of G . T h er e is
a w e alt h of r es ults ill ustr ati n g t his p h e n o m e n o n, pr o b a bl y t h e m ost
f a m o us of w hi c h is T h o m ps o n’s T h e or e m t h at if α h as pri m e or d er
a n d C G (α ) = 1, t h e n G is nil p ot e nt [2 2 ]. O v er t h e y e ars, t his w as
g e n er ali z e d i n s e v er al dir e cti o ns. I n p arti c ul ar, K h u k hr o pr o v e d t h at
if G a d mits a n a ut o m or p his m α of pri m e or d er p wit h C G (α ) of or d er
m , t h e n G h as a nil p ot e nt s u b gr o u p of ( m, p )- b o u n d e d i n d e x a n d p -
b o u n d e d cl ass [ 1 3 ]. F urt h er, if G a d mits a c o pri m e a ut o m or p his m
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α of pri m e or d er p wit h C G (α ) of r a n k r , t h e n G h as c h ar a ct eristi c
s u b gr o u ps R a n d N s u c h t h at N / R is nil p ot e nt of p - b o u n d e d cl ass,
w hil e R a n d G / N h a v e ( p, r )- b o u n d e d r a n ks [ 1 4 ]. R e c all t h at a r a n k
of a fi nit e gr o u p G is t h e l e ast n u m b er r s u c h t h at e a c h s u b gr o u p of G
c a n b e g e n er at e d b y at m ost r el e m e nts. T hr o u g h o ut, w e us e t h e t er m
(a, b, c . . . )- b o u n d e d t o m e a n “ b o u n d e d fr o m a b o v e b y s o m e f u n cti o n
d e p e n di n g o nl y o n t h e p ar a m et ers a, b, c . . . ”.

Gi v e n a c o pri m e a ut o m or p his m α of a fi nit e gr o u p G , t h er e is a ki n d
of (r at h er v a g u e) d u alit y b et w e e n C G (α ) a n d I G (α ). O ur p ur p os e i n
t h e pr es e nt arti cl e is t o s h o w t h at als o pr o p erti es of I G (α ) m a y str o n gl y
i m p a ct t h e str u ct ur e of G . It is e as y t o s e e t h at if |I G (α )| ≤ m , t h e n t h e
or d er of [ G, α ] is m - b o u n d e d. We a d dr ess t h e q u esti o n w h et h er a r a n k
c o n diti o n i m p os e d o n t h e s et I G (α ) h as a n i m p a ct o n t h e str u ct ur e of
G . We e m p h asi z e t h at I G (α ) i n g e n er al is n ot a s u b gr o u p a n d t h er ef or e
t h e us u al c o n c e pt of r a n k d o es n ot a p pl y t o I G (α ). I nst e a d w e c o nsi d er
t h e c o n diti o n t h at e a c h s u b gr o u p of G g e n er at e d b y a s u bs et of I G (α )
c a n b e g e n er at e d b y at m ost r el e m e nts. O ur m ai n r es ult is as f oll o ws.

T h e o r e m 1. 1 . L et G b e a fi nit e g r o u p a d mitti n g a c o p ri m e a ut o-
m o r p hi s m α of o r d e r e a n d s u p p o s e t h at a n y s u b g r o u p g e n e r at e d b y a
s u b s et of I G (α ) c a n b e g e n e r at e d b y r el e m e nt s. T h e n [G, α ] h a s (e, r )-
b o u n d e d r a n k.

T h e m u c h e asi er p arti c ul ar c as e of t h e t h e or e m f or e = 2 w as e arli er
d e alt wit h i n [ 1 ]. As mi g ht b e e x p e ct e d, T h e or e m 1. 1 d e p e n ds o n
t h e cl assi fi c ati o n of fi nit e si m pl e gr o u ps. Al o n g t h e w a y, w e est a blis h
s e v er al r es ults of i n d e p e n d e nt i nt er est. I n p arti c ul ar, w e pr o v e t h e
f oll o wi n g r es ult.

T h e o r e m 1. 2 . L et G b e a fi nit e g r o u p a d mitti n g a c o p ri m e a ut o-
m o r p hi s m α s u c h t h at g − 1 g α h a s o d d o r d e r f o r e v e r y g ∈ G . T h e n
[G, α ] ≤ O (G ).

As us u al, O (G ) st a n ds f or t h e m a xi m al n or m al s u b gr o u p of o d d
or d er of G . R e c all t h at a n i m m e di at e c or oll ar y of Gl a u b er m a n’s c el e-
br at e d Z ∗ -t h e or e m is t h at if G c o nt ai ns a n i n v ol uti o n x s u c h t h at [ g, x ]
h as o d d or d er f or e v er y g ∈ G , t h e n [G, x ] ≤ O (G ) [4 ]. A t h e or e m
o bt ai n e d i n [ 1 0 ] st at es t h at if G c o nt ai ns a n el e m e nt x of pri m e or d er p
s u c h t h at [ g, x ] h as p - p o w er or d er f or e v er y g ∈ G , t h e n [G, x ] ≤ O p (G ).
T h us, o n e m a y w o n d er w h et h er t h e ass u m pti o n t h at α is c o pri m e i n
T h e or e m 1. 2 is r e all y n e c ess ar y. I n S e cti o n 3 w e gi v e e x a m pl es s h o wi n g
t h at t h e t h e or e m is n o l o n g er tr u e if t h e ass u m pti o n is o mitt e d.

It is w ell k n o w n t h at if a n y p air of el e m e nts of a fi nit e gr o u p g e n er-
at es a s ol u bl e (r es p e cti v el y nil p ot e nt) s u b gr o u p, t h e n t h e w h ol e gr o u p



C O P RI M E A U T O M O R P HI S M S O F FI NI T E G R O U P S 3

is s ol u bl e (r es p e cti v el y nil p ot e nt). I n d e e d, G u est [7 ] s h o w e d t h at if g
is of pri m e or d er at l e ast 5 a n d if e v er y t w o c o nj u g at es of g g e n er at e a
s ol u bl e gr o u p, t h e n g is i n t h e s ol u bl e r a di c al of G . We will est a blis h a
si mil ar r es ult f or gr o u ps wit h c o pri m e a ut o m or p his ms.

T h e o r e m 1. 3 . L et G b e a fi nit e g r o u p a d mitti n g a c o p ri m e a ut o-
m o r p hi s m α . If a n y p ai r of el e m e nt s f r o m I G (α ) g e n e r at e s a s ol u bl e
s u b g r o u p, t h e n [G, α ] i s s ol u bl e. If a n y p ai r of el e m e nt s f r o m I G (α )
g e n e r at e s a nil p ot e nt s u b g r o u p, t h e n [G, α ] i s nil p ot e nt.

G u est [ 7 ] als o g a v e e x a m pl es of al m ost si m pl e gr o u ps a n d el e m e nts
of pri m e or d ers 2 or 3 s o t h at a n y t hr e e c o nj u g at es g e n er at e a s ol u bl e
gr o u p ( p ossi bl y 4 f or p = 2). T his s h o ws t h at t h e c o pri m e n ess as-
s u m pti o n is n e e d e d i n t h e pr e vi o us t h e or e m. It s e e ms li k el y t h at t h e
ass u m pti o n c a n b e r e m o v e d i n t h e c as e w h er e α is of pri m e or d er at
l e ast 5.

2. P r eli mi n a r y r e s ul t s

All gr o u ps c o nsi d er e d i n t his p a p er ar e fi nit e. T h e Feit- T h o m ps o n
t h e or e m t h at gr o u ps of o d d or d er ar e s ol u bl e [ 3 ] will b e us e d wit h o ut
e x pli cit r ef er e n c es. We st art wit h a c oll e cti o n of w ell- k n o w n f a cts a b o ut
c o pri m e a ut o m or p his ms of fi nit e gr o u ps (s e e f or e x a m pl e [ 5 ]).

L e m m a 2. 1 . L et a g r o u p G a d mit a c o p ri m e a ut o m o r p hi s m α . T h e
f oll o wi n g c o n diti o n s h ol d:

(i) G = [ G, α ]C G (α ) a n d |I G (α )| = [ G : C G (α )];
(ii) If N i s a n y α -i n v a ri a nt n o r m al s u b g r o u p of G w e h a v e C G / N (α ) =

C G (α )N / N , a n d I G / N (α ) = { g N | g ∈ I G (α )} ;
(iii) If N i s a n y α -i n v a ri a nt n o r m al s u b g r o u p of G s u c h t h at N =

C N (α ), t h e n [G, α ] c e nt r ali z e s N ;
(i v) T h e g r o u p G p o s s e s s e s a n α -i n v a ri a nt S yl o w p - s u b g r o u p f o r

e a c h p ri m e p ∈ π (G ).

T hr o u g h o ut, b y a si m pl e gr o u p w e m e a n a n o n a b eli a n si m pl e gr o u p.
We will oft e n us e wit h o ut s p e ci al r ef er e n c es t h e w ell- k n o w n c or oll ar y
of t h e cl assi fi c ati o n t h at if a si m pl e gr o u p G a d mits a c o pri m e a ut o-
m or p his m α of or d er e , t h e n G = L (q ) is a gr o u p of Li e t y p e a n d α is
a fi el d a ut o m or p his m. F urt h er m or e, C G (α ) = L (q 0 ) is a gr o u p of t h e
s a m e Li e t y p e d e fi n e d o v er a s m all er fi el d s u c h t h at q = q e

0 (s e e [6 ]).

L e m m a 2. 2 . L et r b e a p o siti v e i nt e g e r a n d G a si m pl e g r o u p a d-
mitti n g a c o p ri m e a ut o m o r p hi s m α of o r d e r e > 1 .

( 1) If t h e o r d e r of [P, α ] i s at m o st r w h e n e v e r P i s a n α -i n v a ri a nt
S yl o w s u b g r o u p of G , t h e n t h e o r d e r of G i s r - b o u n d e d.
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( 2) If t h e r a n k of [P, α ] i s at m o st r w h e n e v e r P i s a n α -i n v a ri a nt
S yl o w s u b g r o u p of G , t h e n t h e r a n k of G i s r - b o u n d e d.

P r o o f. We k n o w t h at G = L (q e
0 ) is a gr o u p of Li e t y p e a n d q 0 = p s

is a p - p o w er f or s o m e pri m e p . M or e o v er C G (α ) = L (q 0 ) is a gr o u p of
t h e s a m e Li e t y p e. C h o os e a n α -i n v ari a nt S yl o w p -s u b gr o u p U i n G
s u c h t h at C U (α ) is a S yl o w p -s u b gr o u p of C G (α ).

N ot e t h at |G | ≤ |U |3 a n d s o f or ( 1), it s u ffi c es t o s h o w t h at U
is b o u n d e d i n t er ms of |[U, α ]|. N ot e t h at |U | = q e d

0 f or s o m e d a n d

|C U (α )| = q d
0 , it f oll o ws t h at |[U, α ]| = q

d ( e − 1 )
0 > |U |1 / 2 .

We n o w pr o v e ( 2). T o b o u n d t h e r a n k of G , it s u ffi c es t o b o u n d t h e
r a n k of e a c h S yl o w -s u b gr o u p of G [9, 1 8 ]. If = p , it is w ell k n o w n
t h at t h e r a n k of a S yl o w -s u b gr o u p of G is at m ost t h e ( u nt wist e d)
Li e r a n k of G pl us t h e r a n k of t h e We yl gr o u p [ 6 , S e c. 4. 1 0].

N o w c o nsi d er U . B y [6 , 3. 3. 1, T h m. 3. 3. 3], t h er e e xists a n el e m e n-
t ar y a b eli a n α -i n v ari a nt s u b gr o u p A of U of or d er p e s f ( m ) w h er e m is
t h e u nt wist e d Li e r a n k of G a n d f (m ) is s o m e f u n cti o n w hi c h gr o ws
q u a dr ati c all y i n t h e Li e r a n k of m . M or e o v er, t his s u b gr o u p A is a
pr o d u ct of r o ot s u b gr o u ps if t h e gr o u p is u nt wist e d a n d a pr o d u ct of
a b eli a n s u b gr o u ps of r o ot s u b gr o u ps i n t h e t wist e d c as e a n d e a c h of
t h es e s u b gr o u ps is α -i n v ari a nt. It f oll o ws as i n t h e pr o of of ( 1), t h at
[A, α ] h as r a n k at l e ast (e − 1) s f (m ). O ur h y p ot h esis i m pli es t h at e, s
a n d m ar e b o u n d e d. Si n c e |U | ≤ p e s m 2 , t his b o u n ds t h e r a n k of U
a n d t h e Li e r a n k of G . T h e r es ult n o w f oll o ws.

L e m m a 2. 3 . L et G b e a si m pl e g r o u p a d mitti n g a c o p ri m e a ut o-
m o r p hi s m α . T h e r e i s a p ri m e p ∈ π (G ) s u c h t h at G i s g e n e r at e d
b y t w o p - s u b g r o u p s P 1 a n d P 2 wit h t h e p r o p e rt y t h at P 1 = [ P 1 , α] a n d
P 2 = [ P 2 , α].

P r o o f. A g ai n, G is a gr o u p of Li e t y p e, s a y o v er t h e fi el d of q
el e m e nts a n d α is a fi el d a ut o m or p his m of o d d or d er e ( a n d s o e ≥ 5
or e = 3 a n d G = S z (q )). F urt h er m or e, C G (α ) is t h e gr o u p of t h e
s a m e Li e t y p e o v er t h e fi el d of q 0 el e m e nts w h er e q = q e

0 . I n p arti c ul ar,
α n or m ali z es a B or el s u b gr o u p B = U T , w h er e T is a t or us a n d U
is a S yl o w p -s u b gr o u p, w h er e q is a p - p o w er. T h e n B − = U − T is
t h e o p p osit e B or el s u b gr o u p ( wit h U ∩ U − = 1). T his is o bt ai n e d b y
c o nj u g ati n g B b y t h e l o n g est el e m e nt i n t h e We yl gr o u p. We cl ai m
t h at G = [U, α ], [U − , α] .

First c o nsi d er t h e r a n k 1 gr o u ps: P S L ( 2, q), P S U( 3, q), 2 G 2 (q ), S z(q ).
N ot e t h at |[U, α ]| ≥ (q / q 0 )

m w h er e |U | = q m a n d b y i ns p e cti o n of t h e
m a xi m al s u b gr o u ps ( cf [ 2 3 ]), d e d u c e t h at t h e o nl y m a xi m al s u b gr o u p
c o nt ai ni n g [ U, α ] is B a n d s o t h e r es ult h ol ds.
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I n a si mil ar w a y w e tr e at t h e gr o u p 2 F 4 ( 2 d ) – all m a xi m al s u b gr o u ps
ar e k n o w n ([ 2 3 , 4. 9. 3]) a n d n o n e of t h e m c o nt ai ns b ot h [U, α ] a n d
[U − , α].

S o ass u m e t h at G h as (t wist e d) Li e r a n k at l e ast 2. T h e a ut o-
m or p his m α l e a v es i n v ari a nt e a c h p ar a b oli c s u b gr o u p P c o nt ai ni n g B
( a n d si mil arl y f or B − ). N ot e t h at P = Q L w h er e Q is t h e u ni p ot e nt
r a di c al a n d L is t h e st a n d ar d L e vi s u b gr o u p. B y i n d u cti o n, w e h a v e
[L, L ] ≤ [U ∩ L, α ], [U − ∩ L, α ] . O bs er v e t h at [L, L ] is g e n er at e d b y
t h e r o ot s u b gr o u ps c orr es p o n di n g t o t h e s yst e m of a s u bs et of p ositi v e
r o ots. S o e v er y si m pl e r o ot is c o nt ai n e d i n s o m e p ar a b oli c s u b gr o u p.
We c o n cl u d e t h at i n p arti c ul ar t h e r o ot s u b gr o u ps U ± a ar e c o nt ai n e d
i n [U, α ], [U − , α] f or e a c h p ositi v e si m pl e r o ot a . Si n c e t h e p ositi v e
si m pl e r o ots U a g e n er at e U ( a n d U − a g e n er at e U − ), w e s e e t h at U a n d
U − ar e c o nt ai n e d i n [U, α ], [U − , α] a n d it is w ell k n o w n (s e e S e cti o n
2. 9 i n [ 6 ]) t h at t h es e g e n er at e G .

T hr o u g h o ut, t h e t er m “s e misi m pl e gr o u p ” m e a ns dir e ct pr o d u ct of
si m pl e gr o u ps.

L e m m a 2. 4 . L et C b e a p o siti v e i nt e g e r a n d G a fi nit e g r o u p a d-
mitti n g a c o p ri m e a ut o m o r p hi s m α s u c h t h at G = [ G, α ]. S u p p o s e t h at
t h e o r d e r of [P, α ] i s at m o st C w h e n e v e r P i s a n α -i n v a ri a nt S yl o w
s u b g r o u p of G . T h e n t h e o r d e r of G i s C - b o u n d e d.

P r o o f. First, n ot e t h at t h e r es ult is o b vi o us if G is a b eli a n s o
w e ass u m e t h at G is n o n a b eli a n. If G is si m pl e, t h e n t h e r es ult is
i m m e di at e fr o m L e m m a 2. 2( 1). If G is s e misi m pl e a n d α tr a nsiti v el y
p er m ut es t h e si m pl e f a ct ors, t h e n a n y α -i n v ari a nt S yl o w s u b gr o u p Q is
a pr o d u ct Q 1 × · · · × Q l, w h er e α tr a nsiti v el y p er m ut es t h e f a ct ors Q i.
O bs er v e t h at |[Q, α ]| ≥ |Q 1 |

l− 1 a n d t h e r es ult f oll o ws. S o s u p p os e t h at
G h as pr o p er α -i n v ari a nt n or m al s u b gr o u ps. L et π (G ) = { p 1 , . . . , pk }
a n d f or e a c h i ≤ k c h o os e a n α -i n v ari a nt S yl o w p i-s u b gr o u p P i i n G .
L et s (G ) d e n ot e t h e pr o d u ct 1 ≤ i≤ k |[P i, α]|. O b vi o usl y s (G ) ≤ C k

a n d n ot e t h at k is C - b o u n d e d. T h us s (G ) is C - b o u n d e d a n d s o w e will
us e i n d u cti o n o n s (G ). S u p p os e first t h at α a cts n o ntri vi all y o n e v er y
α -i n v ari a nt n or m al s u b gr o u p of G . L et M b e a mi ni m al α -i n v ari a nt
n or m al s u b gr o u p. B y i n d u cti o n t h e or d er of G / M is C - b o u n d e d. T h e
s u b gr o u p M is eit h er a n el e m e nt ar y a b eli a n p - gr o u p f or s o m e pri m e
p ≤ C or a s e misi m pl e gr o u p. I n a n y c as e [ M, α ] h as C - b o u n d e d
or d er. Si n c e [ M, α ] is n or m al i n M , w hi c h h as C - b o u n d e d i n d e x i n G ,
w e c o n cl u d e t h at t h e n or m al cl os ur e [M, α ]G h as C - b o u n d e d or d er.
B e c a us e of mi ni m alit y of M w e h a v e [M, α ]G = M a n d s o t h e or d er
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of G is C - b o u n d e d. T his c o m pl et es t h e pr o of i n t h e p arti c ul ar c as e
w h er e α a cts n o ntri vi all y o n e v er y α -i n v ari a nt n or m al s u b gr o u p of G .

N e xt, s u p p os e t h at G h as n o ntri vi al n or m al s u b gr o u ps c o nt ai n e d
i n C G (α ). L et N b e t h e pr o d u ct of all s u c h s u b gr o u ps. I n vi e w of t h e
a b o v e G / N h as C - b o u n d e d or d er. Si n c e N ≤ Z (G ), w e d e d u c e fr o m
S c h ur’s T h e or e m [ 1 9 , T h e or e m 4. 1 2] t h at G h as C - b o u n d e d or d er.
H e n c e t h e r es ult.

L e m m a 2. 5 . L et G = H a b e a g r o u p wit h a n o r m al s u b g r o u p H
a n d a n el e m e nt a s u c h t h at (|H |, |a |) = 1 a n d H = [ H, a ]. S u p p o s e t h at
G f ait hf ull y a ct s b y p e r m ut ati o n s o n a s et Ω i n s u c h a w a y t h at t h e
el e m e nt a m o v e s o nl y m p oi nt s. T h e n t h e o r d e r of G i s m - b o u n d e d.

P r o o f. First, n ot e t h at t h e or d er of a is o b vi o usl y m - b o u n d e d.
A n ot h er us ef ul o bs er v ati o n is t h at b e c a us e of L e m m a 2. 4 wit h o ut l oss
of g e n er alit y w e c a n ass u m e t h at H is a p - gr o u p f or s o m e pri m e p .
Als o r e m ar k t h at wit h o ut l oss of g e n er alit y t h e a cti o n of G o n Ω c a n
b e ass u m e d tr a nsiti v e a n d s o it is s u ffi ci e nt t o b o u n d t h e c ar di n alit y of
Ω. C o nsi d er t h e c orr es p o n di n g p er m ut ati o n al r e pr es e nt ati o n of G o v er
C . S o G n at ur all y a cts o n t h e |Ω |- di m e nsi o n al li n e ar s p a c e V . T h e
di m e nsi o n of [ V, a ] is m − 1. T h e s p a c e V is a dir e ct s u m of irr e d u ci bl e
G - m o d ul es a n d t h er e ar e at m ost m of t h es e (t h e tri vi al m o d ul e a n d
at m ost m − 1 n o ntri vi al o n es). E a c h of t h e irr e d u ci bl e G - m o d ul es h as
(m, |a |)- b o u n d e d di m e nsi o n b y t h e H artl e y-Is a a cs T h e or e m B [ 1 1 ]. It
f oll o ws t h at t h e di m e nsi o n of V is m - b o u n d e d, as r e q uir e d.

T h e f oll o wi n g l e m m a will b e us ef ul.

L e m m a 2. 6 . L et G b e a g r o u p a d mitti n g a c o p ri m e a ut o m o r p hi s m
α s u c h t h at G = [ G, α ]. S u p p o s e t h at G = N H i s a p r o d u ct of a n
α -i n v a ri a nt n o r m al s u b g r o u p N a n d a n α -i n v a ri a nt s u b g r o u p H . A s-
s u m e t h at [H, α ] i s g e n e r at e d b y a 1 , . . . , as w hil e [N, α ] i s g e n e r at e d b y
b 1 , . . . , bt . T h e n G = a 1 , . . . , as , b1 , . . . , bt .

P r o o f. Si n c e G = N [H, α ], wit h o ut l oss of g e n er alit y w e c a n as-
s u m e t h at H = [ H, α ]. T h us, H = a 1 , . . . , as . H e n c e t h e s u b gr o u p
[N, α ]H is c o nt ai n e d i n a 1 , . . . , as , b1 , . . . , bt . B y L e m m a 2. 1(iii) t h e

i m a g e of N i n t h e q u oti e nt gr o u p G / [N, α ]H b e c o m es c e ntr al a n d
t h er ef or e t h e i m a g e of H b e c o m es n or m al. H e n c e, [N, α ]H H is n or m al
i n G . O b vi o usl y, α a cts tri vi all y o n G / [N, α ]H H . Si n c e G = [ G, α ],
w e c o n cl u d e t h at G = [N, α ]H H a n d t h e r es ult f oll o ws.

I n t h e s e q u el w e will r e q uir e t h e f oll o wi n g w ell- k n o w n f a ct (s e e [ 2 0 ,
6 1 8 at p. 2 7 1]).
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L e m m a 2. 7 . L et N b e a n o r m al s u b g r o u p of a fi nit e g r o u p G . L et H
b e a mi ni m al s u b g r o u p of G s u c h t h at G = N H . T h e n H ∩ N ≤ Φ( H ).

3. T h e o r e m s 1. 2 a n d 1. 3

I n t his s e cti o n T h e or e m 1. 2 a n d T h e or e m 1. 3 will b e pr o v e d. N at-
ur all y, t h e pr o of r eli es o n t h e cl assi fi c ati o n of si m pl e gr o u ps. We first
pr o v e r es ults a b o ut P S L ( 2, q).

L e m m a 3. 1 . L et e ≥ 5 b e a n o d d p o siti v e i nt e g e r, q 0 a n o d d p ri m e
p o w e r, a n d l et q = q e

0 . L et α b e a fi el d a ut o m o r p hi s m of H : = P S L ( 2, q)
of o r d e r e ( n e c e s s a ril y wit h C H (α ) = P S L ( 2, q0 )). L et C = α H . T h e n
C C − 1 = H .

P r o o f. F or c o n v e ni e n c e it is e asi er t o w or k wit h J = P G L ( 2, q).
Si n c e J = H C J (α ), t his s u ffi c es (i. e. α J = α H ). S et M = J α .

N ot e t h at J h as q + 1 c o nj u g a c y cl ass of or d er pri m e t o q a n d 1
c o nj u g a c y cl ass of el e m e nts w h os e or d er is n ot r el ati v el y pri m e t o q . S o
J h as q + 2 n o ntri vi al irr e d u ci bl e c h ar a ct ers of di m e nsi o n q − 1 , q, a n d
q + 1. N ot e t h at α l e a v es pr e cis el y q 0 + 2 c o nj u g a c y cl ass es i n v ari a nt
a n d s o b y Br a u er’s p er m ut ati o n l e m m a, t h e s a m e is tr u e f or irr e d u ci bl e
c h ar a ct ers.

B y t h e cl ass e q u ati o n f or m ul a, t h e l e m m a is e q ui v al e nt t o s a yi n g
t h at

φ (α )φ (α − 1 )φ (y )/ φ ( 1) = 0 , (∗ )

f or e v er y y ∈ H . H er e t h e s u m is t a k e n o v er t h e irr e d u ci bl e c h ar a ct ers
φ of M .

N ot e t h at if φ is a n irr e d u ci bl e c h ar a ct er of M a n d is n ot irr e d u ci bl e
w h e n r estri ct e d t o J , t h e n χ (α ) = 0. S o it s u ffi c es t o c o nsi d er t h e α -
i n v ari a nt c h ar a ct ers of J . E a c h h as pr e cis el y e disti n ct e xt e nsi o ns t o
M , w hi c h ar e t h e s a m e u p t o a t wist b y a li n e ar c h ar a ct er of M / J
a n d s o gi v e t h e s a m e v al u e i n t h e s u m a b o v e – t h us, t o s h o w t h at t h e
cl ass s u m is n o n z er o, it s u ffi c es t o pi c k o n e e xt e nsi o n of e a c h i n v ari a nt
c h ar a ct er t o J, α .

B y i ns p e cti o n of t h e c h ar a ct er t a bl e f or P G L ( 2, q), it f oll o ws t h at
if χ is a n irr e d u ci bl e c h ar a ct er, |χ (y )| ≤ 2 f or e a c h y ∈ H . If χ is
α -i n v ari a nt, w e cl ai m t h at |χ (α )| ≤ q 0 + 1.

T o s e e t his, n ot e t h at if U is a S yl o w p -s u b gr o u p of or d er q , t h e n
e v er y n o ntri vi al c h ar a ct er of U o c c urs o n c e a n d t h e tri vi al c h ar a ct er
wit h m ulti pli cit y at m ost 2. T h us, α p er m ut es t h e n o ntri vi al c h ar a ct ers
of U fi xi n g e x a ctl y q 0 − 1 of t h e m a n d s o t h e cl ai m h ol ds.

If φ is n ot irr e d u ci bl e o v er J ( e q ui v al e ntl y n ot α -i n v ari a nt), t h e n
φ (α ) = 0 a n d s o d o es n ot c o ntri b ut e t o t h e s u m i n ( ∗ ). If φ ( 1) = 1,
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t h e n φ (y ) = 1 as w ell (si n c e y ∈ H = [ J, J ]) a n d s o t h e c o ntri b uti o n is
1 f or e a c h. T h er e ar e t w o s u c h c h ar a ct ers.

T h er e ar e q 0 irr e d u ci bl e c h ar a ct ers n ot of d e gr e e 1 t h at ar e α -
i n v ari a nt. F or a n y s u c h c h ar a ct er φ , w e h a v e

|φ (α )φ (α − 1 )φ (y )/ φ ( 1)| ≤ 2( q 0 + 1) 2 / (q − 1) .

Si n c e t h er e ar e q 0 s u c h c h ar a ct ers, t h e a bs ol ut e v al u e of t h e s u m of
t h es e is at m ost 2 q 0 (q 0 + 1) 2 / (q − 1) < 2. T h e l ast i n e q u alit y f oll o ws
si n c e q ≥ q 5

0 . T his i m pli es t h e cl ai m.

Ess e nti all y t h e s a m e pr o of yi el ds:

L e m m a 3. 2 . L et e ≥ 4 b e a p o siti v e i nt e g e r, q 0 a p o w e r of 2 , a n d
q = q e

0 . L et α b e a fi el d a ut o m o r p hi s m of H : = P S L ( 2, q) of o r d e r e
( s o wit h c e nt r ali z e r P S L ( 2, q0 )). L et C = α H . T h e n C C − 1 = H .

P r o o f. N ot e t h at si n c e q is e v e n, P S L 2 (q ) = P G L 2 (q ). I n t his
c as e, t h er e ar e q c o nj u g a c y cl ass es of el e m e nts of o d d or d er a n d 1
c o nj u g a c y cl ass of i n v ol uti o ns f or a t ot al of q + 1 c o nj u g a c y cl ass es.
As i n t h e pr e vi o us r es ult, w e s e e t h at t h er e ar e q 0 + 1 α -i n v ari a nt
irr e d u ci bl e c h ar a ct ers of H of p ossi bl e di m e nsi o ns q − 1 , q a n d q + 1.
T h e tri vi al c h ar a ct er of H is t h e o nl y li n e ar c h ar a ct er. T h e esti m at es
f or t h e c h ar a ct er v al u es ar e t h e s a m e as i n t h e pr e vi o us l e m m a a n d s o
e a c h n o ntri vi al c h ar a ct er c o ntri b ut es at m ost 2( q 0 + 1) 2 / (q − 1). Si n c e
e ≥ 4 a n d t h er e ar e q 0 c h ar a ct ers t o a c c o u nt f or, t h e a bs ol ut e v al u e
of t his s u m is at m ost 2 q 0 (q 0 + 1) 2 / (q − 1) < 1 (si n c e e ≥ 4) u nl ess
p ossi bl y q 0 = 2 a n d e ≤ 5. I n t h os e t w o c as es, o n e j ust c o m p ut es t h e
cl ass s u m dir e ctl y t o o bt ai n t h e r es ult.

We ar e r e a d y t o pr o v e T h e or e m 1. 2. F or t h e r e a d er’s c o n v e ni e n c e
w e r est at e it h er e.

T h e o r e m 3. 3 . L et G b e a fi nit e g r o u p a d mitti n g a c o p ri m e a ut o-
m o r p hi s m α s u c h t h at g − 1 g α h a s o d d o r d e r f o r e v e r y g ∈ G . T h e n
[G, α ] ≤ O (G ).

P r o o f. Ass u m e t h at t his is f als e a n d l et G b e a c o u nt er e x a m pl e of
mi ni m al or d er. T h e n G = [ G, α ] a n d O (G ) = 1. L et M b e a mi ni m al
α -i n v ari a nt n or m al s u b gr o u p of G . B y i n d u cti o n, G / M h as o d d or d er.
T h e s u b gr o u p M is eit h er el e m e nt ar y a b eli a n or s e misi m pl e.

If M is a b eli a n, t h e n M is a 2-s u b gr o u p a n d s o b y h y p ot h es es
M ≤ C G (α ). It f oll o ws t h at M ≤ Z (G ), w hi c h l e a ds t o a c o ntr a di cti o n
si n c e G / M h as o d d or d er a n d O (G ) = 1.

H e n c e, w e c a n ass u m e t h at M is a dir e ct pr o d u ct of is o m or p hi c
n o n a b eli a n si m pl e gr o u ps a n d α tr a nsiti v el y p er m ut es t h e si m pl e f a c-
t ors. M or e o v er b e c a us e of mi ni m alit y G = M . If M is a pr o d u ct of
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m or e t h a n o n e si m pl e gr o u p, a n d if S is a si m pl e f a ct or i n w hi c h g is
a n i n v ol uti o n, o bs er v e t h at g − 1 g α h as or d er t w o, a c o ntr a di cti o n.

S o w e ar e r e d u c e d t o t h e c as e t h at G is si m pl e. It f oll o ws t h at G
is a gr o u p of Li e t y p e a n d α is a fi el d a ut o m or p his m, s a y of c o pri m e
or d er e .

If G is a gr o u p of Li e t y p e i n c h ar a ct eristi c 2, t h e n fi el d a ut o m or-
p his ms d o n ot c e ntr ali z e S yl o w 2-s u b gr o u ps ( b ut d o n or m ali z e o n e) a n d
s o w e h a v e a c o ntr a di cti o n a g ai n.

S o G is a gr o u p of Li e t y p e i n o d d c h ar a ct eristi c p , d e fi n e d o v er a
fi el d of si z e q = q e

0 wit h all di vis ors of e at l e ast 5 (t h e o nl y c as e w h er e
t h er e is a c o pri m e a ut o m or p his m of or d er 3 is f or t h e S u z u ki gr o u ps
w hi c h ar e i n c h ar a ct eristi c 2).

First s u p p os e t h at G h as (t wist e d) Li e r a n k 1. If G = P S L ( 2, q)
w e a p pl y L e m m a 3. 1. If G = P S U ( 3, q) or 2 G 2 (q ), w e o bs er v e t h at
t h er e is a n α -i n v ari a nt s u b gr o u p is o m or p hi c t o P S L ( 2, q) w hi c h is n ot
c e ntr ali z e d b y α a n d s o a g ai n t h e l e m m a a p pli es.

S o w e m a y ass u m e t h at G h as r a n k at l e ast 2. N ot e t h at α n or m al-
i z es a B or el s u b gr o u p a n d, b y t h e str u ct ur e of fi el d a ut o m or p his ms, α
n or m ali z es e a c h p ar a b oli c s u b gr o u p of G c o nt ai ni n g B . We s e e t h at α
n or m ali z es a L e vi s u b gr o u p L ( a n d s o its d eri v e d s u b gr o u p). B y c h o os-
i n g t h e p ar a b oli c s u b gr o u p t o b e mi ni m al pr o p erl y c o nt ai ni n g t h e B or el
s u b gr o u p, w e c a n ass u m e t h at L is of r a n k 1. T h er e m a y b e a c e nt er
b ut si n c e t h e r a n k 1 c as e r e d u c es t o P S L ( 2, q), t h e c e nt er will b e a
2- gr o u p. T h e r es ult f oll o ws.

We will n o w s h o w t h at t h e c o pri m e n ess ass u m pti o n is r e all y n e c es-
s ar y i n T h e or e m 1. 2. First, q u ot e a li n e ar al g e br a r es ult fr o m [ 8 ].

T h e o r e m 3. 4 . L et k b e a n al g e b r ai c all y cl o s e d fi el d a n d l et A, B ∈
M n (k ) b e m at ri c e s s u c h t h at A B − B A h a s r a n k 1 . T h e n A a n d B c a n
b e si m ult a n e o u sl y t ri a n g ul a ri z e d.

T his i m pli es t h at if F is a n y fi el d a n d x, y ∈ G L (n, F ) s u c h t h at
t h e gr o u p c o m m ut at or [ x, y ] is a tr a ns v e cti o n, t h e n x, y h as u ni p ot e nt
d eri v e d gr o u p, a n d i n p arti c ul ar x, y is s ol u bl e.

T o s e e t his, w e c a n ass u m e t h at F is al g e br ai c all y cl os e d a n d writ e
x − 1 y − 1 x y = I + A , w h er e A is a nil p ot e nt r a n k o n e m atri x. T h us,
x y − y x = y x A h as r a n k 1 a n d s o x, y ar e si m ult a n e o usl y tri a n g ul ar,
w h e n c e t h e c o m m ut at or s u b gr o u p x, y is u ni p ot e nt.

C o r o l l a r y 3. 5 . L et x ∈ G L (V ) a ct o n V i r r e d u ci bl y. T h e n f o r
a n y y ∈ G L (V ) t h e c o m m ut at o r [x, y ] i s n ot a t r a n s v e cti o n.

P r o o f. B y w a y of c o ntr a di cti o n s u p p os e t h at t h er e is y ∈ G L (V )
s u c h t h at t h e c o m m ut at or [ x, y ] is a tr a ns v e cti o n. O n t h e o n e h a n d, t h e
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s u b gr o u p x, y is irr e d u ci bl e b e c a us e s o is x . O n t h e ot h er h a n d, x, y
is u ni p ot e nt a n d t h er ef or e C V ( x, y ) = 0. T his is a c o ntr a di cti o n.

T h e f oll o wi n g e x a m pl e s h o ws t h at T h e or e m 1. 2 is n o l o n g er tr u e if
t h e ass u m pti o n t h at t h e a ut o m or p his m α is c o pri m e is o mitt e d.

L et q = 2 a > 2 a n d l et G = S L ( 2, q). L et x ∈ G b e a n el e m e nt of
or d er q + 1. T h e n [ x, y ] h as o d d or d er f or all y ∈ G . T his is b e c a us e t h e
o nl y el e m e nts of e v e n or d er i n G ar e tr a ns v e cti o ns a n d, b y C or oll ar y
3. 5, t h es e ar e n ot c o m m ut at ors [ x, y ].

We will n o w pr o v e T h e or e m 1. 3.

P r o o f o f T h e o r e m 1. 3. R e c all t h at G is a gr o u p a d mitti n g a
c o pri m e a ut o m or p his m α s u c h t h at a n y p air of el e m e nts fr o m I G (α )
g e n er at es a s ol u bl e s u b gr o u p. We wis h t o pr o v e t h at [ G, α ] is s ol u bl e.
Ass u m e t h at t his is f als e a n d l et G b e a c o u nt er e x a m pl e of mi ni m al
or d er. Ar g ui n g pr e cis el y as i n t h e pr o of of T h e or e m 3. 3, w e s e e t h at
eit h er G is si m pl e or G is a pr o d u ct of r > 1 c o pi es of a si m pl e gr o u p
L a n d α p er m ut es t h e f a ct ors tr a nsiti v el y.

C o nsi d er t h e s e c o n d c as e. B y c o nj u g ati n g (i n A ut( G )), w e m a y
ass u m e t h at α = ( x, 1 , . . . , 1) ρ w h er e x is a n a ut o m or p his m of L a n d ρ
p er m ut es t h e c o or di n at es of G . It is cl e ar t h at a n el e m e nt of I G (α ) c a n
h a v e a n ar bitr ar y first c o or di n at e i n L a n d si n c e L c a n b e g e n er at e d
b y 2 el e m e nts, t h e r es ult h ol ds i n t his c as e.

If G is si m pl e, it f oll o ws b y mi ni m alit y t h at a n y pr o p er n o ns ol v a bl e
α -i n v ari a nt s u b gr o u p m ust b e c o nt ai n e d i n t h e c e ntr ali z er of α . As i n
t h e pr o of of T h e or e m 3. 3, it f oll o ws t h at G = P S L ( 2, q) or S z (q ).

S u p p os e first t h at G = P S L ( 2, q). L e m m a 3. 1 i m pli es t h at e v er y
el e m e nt of G is c o nj u g at e t o s o m e el e m e nt i n I G (α ). I n p arti c ul ar,
t h er e ar e el e m e nts of or d er ( q ± 1) (if q is e v e n) or (q ± 1) / 2 (if q is
o d d). Si n c e q ≥ 3 2, t h er e ar e n o pr o p er s u b gr o u ps c o nt ai ni n g el e m e nts
of b ot h or d ers.

T h er ef or e G = S z (q ) a n d pr o p er α -i n v ari a nt s u b gr o u ps of G ar e ei-
t h er s ol u bl e or c o nt ai n e d i n C G (α ). C h o os e t w o α -i n v ari a nt c y cli c H all
s u b gr o u ps J a n d K of or d er q +

√
2 q + 1 a n d q −

√
2 q + 1, r es p e cti v el y.

It is str ai g htf or w ar d t h at [J, α ], [K, α ] is a n o ntri vi al α -i n v ari a nt s u b-
gr o u p g e n er at e d b y t w o el e m e nts fr o m I G (α ). H e n c e, [J, α ], [K, α ] is
s ol u bl e. T h e s u b gr o u p str u ct ur e of t h e S u z u ki gr o u ps is gi v e n i n [ 2 3 ,
p. 1 1 7]. We s e e t h at n o pr o p er s u b gr o u p of G c o nt ai ns [J, α ], [K, α ] ,
a c o ntr a di cti o n.

T h us, [ G, α ] is s ol u bl e, as cl ai m e d. We will n o w s h o w t h at if a n y
p air of el e m e nts fr o m I G (α ) g e n er at es a nil p ot e nt s u b gr o u p, t h e n [ G, α ]
is nil p ot e nt.
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A g ai n, l et G b e a c o u nt er e x a m pl e of mi ni m al or d er. T h e n G =
[G, α ] = N H , w h er e N is a n α -i n v ari a nt el e m e nt ar y a b eli a n n or m al p -
s u b gr o u p a n d H is a n α -i n v ari a nt nil p ot e nt p -s u b gr o u p s u c h t h at H =
[H, α ]. B y L e m m a 2. 6, G = I N (α ), IH (α ) . Si n c e a n y p air of el e m e nts
fr o m I G (α ) g e n er at es a nil p ot e nt s u b gr o u p a n d si n c e ( |N |, |H |) = 1,
w e d e d u c e t h at I N (α ) c e ntr ali z es I H (α ). T a ki n g i nt o a c c o u nt t h at N is
a b eli a n d e d u c e t h at I N (α ) ≤ Z (G ). It f oll o ws t h at G / Z (G ) is nil p ot e nt
a n d t his c o m pl et es t h e pr o of.

4. P r o of of T h e o r e m 1. 1

We ar e r e a d y t o e m b ar k o n t h e pr o of of T h e or e m 1. 1. It will b e
c o n v e ni e nt t o d e al s e p ar at el y wit h t h e c as e w h er e G is nil p ot e nt.

4. 1. T h e c a s e of nil p o t e n t g r o u p s. As us u al, w e writ e Z i(H )
a n d γ i(H ) f or t h e it h t er m of t h e u p p er a n d l o w er c e ntr al s eri es of a
gr o u p H , r es p e cti v el y.

L e m m a 4. 1 . L et p b e a p ri m e a n d G a g r o u p a d mitti n g a c o p ri m e
a ut o m o r p hi s m α s u c h t h at G = [ G, α ]. L et M b e a n α -i n v a ri a nt n o r m al
p - s u b g r o u p of G a n d a s s u m e t h at |I M (α )| = p m f o r s o m e n o n n e g ati v e
i nt e g e r m . T h e n M ≤ Z 2 m + 1 (O p (G )).

P r o o f. If m = 0, t h e n t h e r es ult is i m m e di at e fr o m L e m m a 2. 1(iii),
s o ass u m e t h at m ≥ 1 a n d us e i n d u cti o n o n m .

L et K = O p (G ) a n d N = M ∩ Z 2 (K ). If N ≤ Z (K ), t h e n L e m m a
2. 1(iii) i m pli es t h at I N (α ) = 1, i n w hi c h c as e w e h a v e |I M / N (α )| <
|I M (α )| = p m . B y i n d u cti o n M / N ≤ Z 2 m − 1 (K / N ), w h e n c e M ≤
Z 2 m + 1 (K ). If N ≤ Z (K ), t h e n it t ur ns o ut t h at M ∩ Z (K ) = M ∩ Z i(K )
f or a n y i ≥ 2 a n d s o, o b vi o usl y, M ≤ Z (K ). T his c o n cl u d es t h e
pr o of.

T h e f oll o wi n g r es ult is w ell k n o w n (s e e f or e x a m pl e [ 2 1 , L e m m a
2. 2]). It will b e us ef ul l at er o n.

L e m m a 4. 2 . L et G b e a g r o u p of p ri m e e x p o n e nt p a n d r a n k r 0 .
T h e n t h e r e e xi st s a n u m b e r s = s (r 0 ), d e p e n di n g o nl y o n r 0 , s u c h t h at
|G | ≤ p s .

T hr o u g h o ut t his s u bs e cti o n, u nl ess st at e d ot h er wis e, G is a p - gr o u p
a d mitti n g a c o pri m e a ut o m or p his m α s u c h t h at G = [ G, α ] a n d a n y
s u b gr o u p g e n er at e d b y a s u bs et of I G (α ) c a n b e g e n er at e d b y at m ost
r el e m e nts.

L e m m a 4. 3 . S u p p o s e t h at G i s of p ri m e e x p o n e nt p . T h e r e e xi st s
a n u m b e r l = l(r ), d e p e n di n g o n r o nl y, s u c h t h at t h e r a n k r (G ) of G
i s at m o st l.
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P r o o f. L et C b e T h o m ps o n’s criti c al s u b gr o u p of G (s e e [5 , T h e-
or e m 5. 3. 1 1], a n d s et A = Z (C ). O bs er v e t h at [ A, α ] is a n r - g e n er at e d
a b eli a n s u b gr o u p of e x p o n e nt p a n d s o t h e or d er of [ A, α ] is at m ost
p r . B y L e m m a 4. 1 A is c o nt ai n e d i n Z 2 r + 1 (G ). Si n c e [G, C ] is c o n-
t ai n e d i n A , w e c o n cl u d e t h at C is c o nt ai n e d i n Z 2 r + 2 (G ). R e c all t h at
γ 2 r + 2 (G ) c o m m ut es wit h Z 2 r + 2 (G ) a n d s o i n p arti c ul ar γ 2 r + 2 (G ) c e n-
tr ali z es C . A g ai n b y T h o m ps o n’s t h e or e m, C G (C ) = A . T h us γ 2 r + 2 (G )
is c o nt ai n e d i n A , t h at is, t h e q u oti e nt gr o u p G / A is nil p ot e nt of cl ass
2 r + 1. We d e d u c e t h at G h as r - b o u n d e d nil p ot e n c y cl ass. Si n c e
G = [ G, α ] is r - g e n er at e d b y h y p ot h esis, it f oll o ws t h at t h e r a n k r (G )
of G is r - b o u n d e d, as d esir e d.

We will r e q uir e t h e c o n c e pt of p o w erf ul p - gr o u ps. T h es e w er e i ntr o-
d u c e d b y L u b ot z k y a n d M a n n i n [ 1 7 ]: a fi nit e p - gr o u p H is p o w erf ul
if a n d o nl y if H p ≤ [H, H ] f or p = 2 ( or H 4 ≤ [H, H ] f or p = 2).
T h e r e a d er c a n c o ns ult b o o ks [ 2 ] or [1 2 ] f or m or e i nf or m ati o n o n t h es e
gr o u ps.

L e m m a 4. 4 . T h e r e e xi st s a n u m b e r λ = λ (r ), d e p e n di n g o nl y o n r ,
s u c h t h at γ 2 λ + 1 (G ) i s p o w e rf ul.

P r o o f. L et s (r 0 ) b e as i n L e m m a 4. 2 a n d l et l(r ) b e as i n L e m m a
4. 3. T a k e N = γ 2 λ + 1 (G ), w h er e λ = s (l(r )). I n or d er t o s h o w t h at
N ≤ N p , w e ass u m e t h at N is of e x p o n e nt p a n d pr o v e t h at N is
a b eli a n.

N ot e t h at t h e s u b gr o u p [ N, α ] is of e x p o n e nt p . B y L e m m a 4. 3
t h e r a n k of [ N, α ] is at m ost l(r ). It f oll o ws fr o m L e m m a 4. 2 t h at
|[N, α ]| ≤ p s ( l( r ) ) = p λ . N o w L e m m a 4. 1 yi el ds N ≤ Z 2 λ + 1 (G ). Si n c e
[γ i(G ), Zi(G )] = 1 f or a n y p ositi v e i nt e g er i, w e c o n cl u d e t h at N is
a b eli a n, as r e q uir e d.

L e m m a 4. 5 . F o r a n y i ≥ 1 , t h e r e e xi st s a n u m b e r m i = m i(i, r),
d e p e n di n g o nl y o n i a n d r , s u c h t h at γ i(G ) i s a n m i- g e n e r at e d g r o u p.

P r o o f. L et N = γ i(G ). We c a n p ass t o t h e q u oti e nt G / Φ( N ) a n d
ass u m e t h at N is el e m e nt ar y a b eli a n. It f oll o ws t h at |I N (α )| ≤ p r .
T h us, b y L e m m a 4. 1, w e h a v e N ≤ Z 2 r + 1 (G ) a n d d e d u c e t h at G h as
nil p ot e n c y cl ass b o u n d e d o nl y i n t er ms of i a n d r . Si n c e G = [ G, α ] is
r - g e n er at e d, w e c o n cl u d e t h at r (G ) is (i, r)- b o u n d e d as w ell. T h er ef or e
N is m i- g e n er at e d f or s o m e (i, r)- b o u n d e d n u m b er m i. T his c o n cl u d es
t h e pr o of.

T h e n e xt pr o p ositi o n s h o ws t h at T h e or e m 1. 1 is v ali d i n t h e c as e
w h er e G is a p - gr o u p.

P r o p o si ti o n 4. 6 . T h e r a n k of G i s r - b o u n d e d.
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P r o o f. L et s (r 0 ) b e as i n L e m m a 4. 2 a n d l(r ) as i n L e m m a 4. 3.
T a k e N = γ 2 λ + 1 (G ), w h er e λ = λ (r ) = s (l(r )). L et d b e t h e mi ni m al
n u m b er s u c h t h at N is d - g e n er at e d. L e m m a 4. 5 t ells us t h at d is a n
r - b o u n d e d i nt e g er. M or e o v er, b y L e m m a 4. 4 N is p o w erf ul. It f oll o ws
fr o m [2 , T h e or e m 2. 9] t h at r (N ) ≤ d , a n d s o t h e r a n k of N is r -
b o u n d e d. Si n c e t h e nil p ot e n c y cl ass of G / N is r - b o u n d e d (r e c all t h at
λ d e p e n ds o nl y o n r ) a n d G = [ G, α ] is r - g e n er at e d, w e c o n cl u d e t h at
r (G / N ) is r - b o u n d e d as w ell. N ot e t h at r (G ) ≤ r (G / N ) + r (N ) a n d
t h e r es ult f oll o ws.

C o r o l l a r y 4. 7 . A s s u m e t h e h y p ot h e s e s of T h e o r e m 1. 1 a n d l et G
b e nil p ot e nt. T h e n t h e r a n k of [G, α ] i s r - b o u n d e d.

P r o o f. T h e r a n k of [ G, α ] is e q u al t o t h e r a n k of [P, α ], w h er e
P is s o m e S yl o w p -s u b gr o u p of G , a n d t h e r es ult e asil y f oll o ws fr o m
Pr o p ositi o n 4. 6.

4. 2. T h e c a s e of s ol u bl e g r o u p s. As us u al, w e d e n ot e b y F (G )
t h e Fitti n g s u b gr o u p of a gr o u p G . Writ e F 0 (G ) = 1, F1 (G ) = F (G )
a n d l et F i+ 1 (G ) b e t h e i n v ers e i m a g e of F (G / F i(G )). If G is s ol u bl e,
t h e n t h e l e ast n u m b er h s u c h t h at F h (G ) = G is c all e d t h e Fitti n g
h ei g ht of G .

T h e p ur p os e of t his s u bs e cti o n is t o s h o w t h at if u n d er t h e h y-
p ot h es es of T h e or e m 1. 1 t h e gr o u p G is s ol u bl e, t h e n h ([G, α ]) is (e, r )-
b o u n d e d a n d m or e o v er [ G, α ] c a n b e g e n er at e d b y (e, r )- b o u n d e dl y
m a n y el e m e nts fr o m I G (α ). O n e k e y st e p c o nsists i n s h o wi n g t h at
t h er e e xists a n ( e, r )- b o u n d e d n u m b er f s u c h t h at t h e f t h t er m of t h e
d eri v e d s eri es of [ G, α ] is nil p ot e nt. F or t his w e will r e q uir e t h e f oll o w-
i n g r es ult w hi c h is a n i m m e di at e c or oll ar y of H artl e y-Is a a cs T h e or e m
B i n [ 1 1 ].

P r o p o si ti o n 4. 8 . L et H b e a fi nit e s ol u bl e g r o u p a d mitti n g a c o-
p ri m e a ut o m o r p hi s m α of o r d e r e s u c h t h at H = [ H, α ]. L et k b e a n y
fi el d wit h c h a r a ct e ri sti c p ri m e t o e , a n d V a si m pl e k H α - m o d ul e.
S u p p o s e t h at di m[ V, α ] = r . T h e r e e xi st s a n (e, r )- b o u n d e d n u m b e r
δ = δ (e, r ) s u c h t h at di m V ≤ δ .

I n t h e pr o of of t h e n e xt pr o p ositi o n w e will us e t h e w ell- k n o w n
t h e or e m of Z ass e n h a us (s e e [ 2 4 , S at z 7] or [1 9 , T h e or e m 3. 2 3]) st ati n g
t h at f or a n y n ≥ 1 t h er e e xists a n u m b er j = j (n ), d e p e n di n g o nl y o n
n , s u c h t h at, w h e n e v er k is a fi el d, t h e d eri v e d l e n gt h of a n y s ol u bl e
s u b gr o u p of G L (n, k ) is at m ost j .

P r o p o si ti o n 4. 9 . A s s u m e t h e h y p ot h e s e s of T h e o r e m 1. 1. S u p p o s e
t h at G i s s ol u bl e a n d G = [ G, α ]. T h e r e e xi st s a n u m b e r f = f (e, r ),
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d e p e n di n g o nl y o n e a n d r , s u c h t h at t h e f t h t e r m G ( f ) of t h e d e ri v e d
s e ri e s of G i s nil p ot e nt.

P r o o f. L et δ = δ (e, r ) b e as i n Pr o p ositi o n 4. 8 a n d f = j (δ ) b e
t h e n u m b er gi v e n b y t h e Z ass e n h a us t h e or e m.

S u p p os e t h at t h e pr o p ositi o n is f als e a n d l et G b e a gr o u p of mi n-
i m al p ossi bl e or d er s u c h t h at t h e h y p ot h es es h ol d w hil e G ( f ) is n ot
nil p ot e nt. T h e n G h as a u ni q u e mi ni m al α -i n v ari a nt n or m al s u b gr o u p
M . I n d e e d, s u p p os e t h at G h as t w o mi ni m al α -i n v ari a nt n or m al s u b-
gr o u ps, s a y M 1 a n d M 2 . T h e n M 1 ∩ M 2 = 1. Si n c e |G / M 1 | < |G |, t h e
mi ni m alit y of G i m pli es t h at (G / M 1 )

( f ) is nil p ot e nt. B y a s y m m etri c
ar g u m e nt ( G / M 2 )

( f ) is nil p ot e nt t o o. T his yi el ds a c o ntr a di cti o n si n c e
G ( f ) c a n b e e m b e d d e d i nt o a nil p ot e nt s u b gr o u p of G / M 1 × G / M 2 .

We cl ai m t h at M = C G (M ). Si n c e M is a p -s u b gr o u p f or s o m e
pri m e p a n d b e c a us e of t h e u ni q u e n ess of M , t h e Fitti n g s u b gr o u p F =
F (G ) is a p -s u b gr o u p t o o. If Φ(F ) is n o ntri vi al, t h e n w e i m m e di at el y
g et a c o ntr a di cti o n b e c a us e F (G / Φ( F )) = F / Φ( F ) a n d, a g ai n b y t h e
mi ni m alit y of G , w e k n o w t h at (G / Φ( F )) ( f ) is nil p ot e nt, s o i n p arti c ul ar
G ( f ) ≤ F .

S o ass u m e t h at Φ( F ) = 1 a n d t h us F is el e m e nt ar y a b eli a n. If
M = F , t h e n M = C G (M ) si n c e t h e Fitti n g s u b gr o u p of a s ol u bl e
gr o u p c o nt ai ns its o w n c e ntr ali z er (s e e, f or e x a m pl e, [ 5 , T h e or e m 1. 3,
C h a p. 6]). T h us w e c a n ass u m e t h at M < F . B y h y p ot h es es, o n o n e
h a n d, w e k n o w t h at G ( f ) ≤ F 2 (G ) a n d, o n t h e ot h er h a n d, ( G / M ) ( f ) is
nil p ot e nt ( a g ai n b y t h e mi ni m alit y of G ). N o w l et T b e a n α -i n v ari a nt
H all p -s u b gr o u p of G ( f ) . It f oll o ws t h at b ot h F T a n d M T ar e α -
i n v ari a nt n or m al s u b gr o u ps of G . I n d e e d, F T / F is n or m al i n G / F ,
si n c e ( G / F ) ( f ) is nil p ot e nt a n d, si mil arl y, M T / M is n or m al i n G / M
si n c e ( G / M ) ( f ) is nil p ot e nt as w ell.

S u p p os e t h at C F (T ) = 1. N ot e t h at C F (T ) = Z (F T ) si n c e F is
a b eli a n. T h us C F (T ) is a n α -i n v ari a nt n or m al s u b gr o u p of G b e c a us e
F T is n or m al a n d α -i n v ari a nt. H e n c e M ≤ C F (T ). T his i m pli es t h at
T c e ntr ali z es M a n d s o M T = T × M . R e c all t h at T ≤ F 2 (G ) a n d
T ∩ F = 1. It f oll o ws t h at T is nil p ot e nt. T h e n T × M is n or m al
nil p ot e nt a n d T ≤ F , a c o ntr a di cti o n.

T h us, C F (T ) = 1. O n t h e ot h er h a n d, w e s e e t h at [ F, T ] ≤ M , si n c e
t h e nil p ot e nt p -s u b gr o u p M T / M a n d t h e p -s u b gr o u p F / M ar e b ot h
c o nt ai n e d i n F (G / M ) a n d t h er ef or e c o m m ut e. N o w w e h a v e M < F
a n d F = [ F, T ] × C F (T ), s o it s h o ul d b e C F (T ) = 1, a c o ntr a di cti o n.
T h us M = C G (M ), as cl ai m e d a b o v e.

T h er ef or e G / M a cts f ait hf ull y a n d irr e d u ci bl y o n M . M or e o v er
[M, α ] is r - g e n er at e d a n d el e m e nt ar y a b eli a n, s o |[M, α ]| ≤ p r . We vi e w
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M as a G / M α - m o d ul e o v er t h e fi el d wit h p el e m e nts. O bs er v e t h at p
d o es n ot di vi d e e , si n c e α is a c o pri m e a ut o m or p his m. B y Pr o p ositi o n
4. 8 w e h a v e di m( M ) ≤ δ (e, r ). A p pl yi n g t h e t h e or e m of Z ass e n h a us
c o n cl u d e t h at t h e d eri v e d l e n gt h of G / M is at m ost f = f (δ (e, r )).
T h e n G ( f ) ≤ F , w hi c h c o n cl u d es t h e pr o of.

As a b y- pr o d u ct of t h e pr e vi o us r es ult w e d e d u c e t h at t h e Fitti n g
h ei g ht of G is (e, r )- b o u n d e d.

C o r o l l a r y 4. 1 0 . U n d e r t h e h y p ot h e si s of P r o p o siti o n 4. 9 t h e Fit-
ti n g h ei g ht h (G ) i s (e, r )- b o u n d e d.

P r o o f. B y Pr o p ositi o n 4. 9 w e k n o w t h at G ( f ) is nil p ot e nt f or s o m e
(e, r )- b o u n d e d n u m b er f . T h e r es ult f oll o ws si n c e h (G ) ≤ f + 1.

P r o p o si ti o n 4. 1 1 . U n d e r t h e h y p ot h e si s of P r o p o siti o n 4. 9 t h e
g r o u p G i s g e n e r at e d b y (e, r )- b o u n d e dl y m a n y el e m e nt s f r o m I G (α ).

P r o o f. If G is a p - gr o u p, t h e n t h e cl ai m f oll o ws fr o m t h e B ur nsi d e
B asis T h e or e m si n c e G = [ G, α ] is r - g e n er at e d. I n t h e c as e w h er e G is
nil p ot e nt, w e h a v e G = [ P 1 , α] × · · · × [P s , α], w h er e { P 1 , . . . , Ps } ar e
t h e S yl o w s u b gr o u ps of G . S o it f oll o ws fr o m t h e c as e of p - gr o u ps t h at
G is g e n er at e d b y r el e m e nts fr o m I G (α ).

Ass u m e t h at G is n ot nil p ot e nt. L et h = h (G ) ≥ 2. Si n c e w e k n o w
fr o m C or oll ar y 4. 1 0 t h at h is (e, r )- b o u n d e d, w e ar g u e b y i n d u cti o n
o n h . L et F = F (G ). B y i n d u cti o n t h er e ar e ( e, r )- b o u n d e dl y m a n y
el e m e nts a 1 , . . . , ad ∈ I G (α ) s u c h t h at G = F a 1 , . . . , ad . We c a n
c h o os e a 1 , . . . , ad i n s u c h a w a y t h at t h e s u b gr o u p H = a 1 , . . . , ad is
α -i n v ari a nt. We h a v e s e e n i n t h e pr e vi o us p ar a gr a p h t h at [F, α ] c a n b e
g e n er at e d b y at m ost r el e m e nts fr o m I F (α ). T h us, L e m m a 2. 6 t ells
us t h at G c a n b e g e n er at e d b y d + r el e m e nts fr o m I G (α ).

4. 3. T h e g e n e r al c a s e. L et G b e a fi nit e gr o u p a d mitti n g a c o-
pri m e a ut o m or p his m α of or d er e s u c h t h at a n y s u bs et of I G (α ) g e n er-
at es a n r - g e n er at or s u b gr o u p. We w a nt t o pr o v e t h at [G, α ] h as (e, r )-
b o u n d e d r a n k. T h us, t hr o u g h o ut t h e r e m ai ni n g p art of t h e p a p er w e
ass u m e t h at G = [ G, α ].

L e m m a 4. 1 2 . If G i s si m pl e, t h e n t h e r a n k of G i s r - b o u n d e d.

P r o o f. T his is i m m e di at e fr o m L e m m a 2. 2 ( 2).

L e m m a 4. 1 3 . S u p p o s e t h at G i s s e mi si m pl e a n d α t r a n siti v el y p e r-
m ut e s t h e si m pl e f a ct o r s. T h e n t h e r a n k of G i s (e, r )- b o u n d e d.

P r o o f. Writ e G = S 1 × · · · × S k . Si n c e t h e c as e k = 1 w as c o n-
si d er e d i n L e m m a 4. 1 2, w e ass u m e t h at k ≥ 2. H er e k is a di vis or of e
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a n d s o it is s u ffi ci e nt t o s h o w t h at t h e r a n k of S 1 is at m ost r . S u p p os e
t h at t his is n ot t h e c as e a n d c h o os e a s u b gr o u p H ≤ S 1 w hi c h c a n-
n ot b e g e n er at e d wit h l ess t h a n r + 1 el e m e nts. C o nsi d er t h e s u b gr o u p
K ≤ S 1 × S α

1 g e n er at e d b y all el e m e nts of t h e f or m x − 1 x α , w h er e x ∈ H .
O n t h e o n e h a n d, K is g e n er at e d b y a s u bs et of I G (α ) a n d s o it c a n
b e g e n er at e d b y r el e m e nts. O n t h e ot h er h a n d, H is a h o m o m or p hi c
i m a g e of K a n d s o w e h a v e a c o ntr a di cti o n wit h t h e f a ct t h at H c a n n ot
b e g e n er at e d wit h l ess t h a n r + 1 el e m e nts.

L e m m a 4. 1 4 . S u p p o s e t h at G i s s e mi si m pl e. T h e n t h e r a n k of G i s
(e, r )- b o u n d e d.

P r o o f. Si n c e G = [ G, α ], it f oll o ws t h at G = G 1 × · · · × G m , w h er e
e a c h f a ct or G i is eit h er si m pl e s u c h t h at G i = [ G i, α] or a dir e ct pr o d u ct
of m or e t h a n o n e si m pl e gr o u ps w hi c h ar e tr a nsiti v el y p er m ut e d b y α .
We alr e a d y k n o w fr o m t h e t w o pr e vi o us l e m m as t h at t h e r a n k of G i

is (e, r )- b o u n d e d s o it r e m ai ns t o s h o w t h at t h e n u m b er m of s u c h
f a ct ors is (e, r )- b o u n d e d t o o. I n vi e w of T h e or e m 1. 2 e a c h s u b gr o u p
G i h as a n el e m e nt g i s u c h t h at x i = g − 1

i g α
i h as e v e n or d er. T h e a b eli a n

s u b gr o u p x 1 , . . . , xm h as S yl o w 2-s u b gr o u p of r a n k m a n d s o it c a n n ot
b e g e n er at e d wit h l ess t h a n m el e m e nts. H e n c e, m ≤ r .

Writ e G 0 = G α .

L e m m a 4. 1 5 . L et N b e a n α -i n v a ri a nt n o r m al s u b g r o u p of G a n d
a s s u m e t h at N = S 1 × · · · × S l i s a di r e ct p r o d u ct of n o n a b eli a n si m pl e
f a ct o r s S i. T h e n b ot h l a n d t h e r a n k of N a r e (e, r )- b o u n d e d.

P r o o f. I n vi e w of L e m m a 4. 1 4 t h e r a n k of [N, α ] is (e, r )- b o u n d e d.
Si n c e all f a ct ors S i h a v e e v e n or d er a n d si n c e t h e r a n k of t h e S y-
l o w 2-s u b gr o u p of [N, α ] is (e, r )- b o u n d e d, it f oll o ws t h at o nl y ( e, r )-
b o u n d e dl y m a n y, s a y m , of t h e s u b gr o u ps S 1 , . . . , Sl ar e n ot c o nt ai n e d
i n C G (α ). O n t h e ot h er h a n d, b e c a us e of L e m m a 2. 1(iii) n o n o ntri vi al
n or m al s u b gr o u p of G c a n b e c o nt ai n e d i n C N (α ). T h us, e v er y si m pl e
f a ct or i n t h e list S 1 , . . . , Sl is c o nj u g at e i n G wit h a f a ct or w hi c h is
n ot c e ntr ali z e d b y α a n d s o b y L e m m a 4. 1 4 e a c h S i h as ( e, r )- b o u n d e d
r a n k. H e n c e, w e o nl y n e e d t o s h o w t h at l is (e, r )- b o u n d e d.

T h e gr o u p G 0 n at ur all y a cts o n t h e s et { S 1 , . . . , Sl} b y c o nj u g ati o n.
T h e a b o v e ar g u m e nt s h o ws t h at t h er e ar e at m ost m G 0 - or bits i n t his
a cti o n. It is s u ffi ci e nt t o s h o w t h at e a c h G 0 - or bit h as (e, r )- b o u n d e d
l e n gt h. L et K b e t h e k er n el of t h e a cti o n, t h at is, t h e i nt ers e cti o n of
n or m ali z ers of S i. It is str ai g htf or w ar d fr o m L e m m a 2. 5 t h at t h e i n d e x
of K i n G 0 is m - b o u n d e d. Si n c e t h e l e n gt h of e a c h G 0 - or bit is at m ost
t h e i n d e x [G 0 : K ], t h e r es ult f oll o ws.
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L e m m a 4. 1 6 . S u p p o s e t h at G h a s a n α -i n v a ri a nt s u b g r o u p K of
i n d e x i s u c h t h at [K, α ] i s of r a n k s . T h e n t h e r a n k of G i s (i, s)-
b o u n d e d.

P r o o f. We c a n ass u m e t h at K is n or m al i n G . Si n c e [K, α ] is
n or m al i n K , it f oll o ws t h at t h e i n d e x of t h e n or m ali z er of [K, α ] i n G
is a di vis or of i. Usi n g t h e f a ct t h at t h e r a n k of [K, α ] is s w e c o n cl u d e
t h at t h e r a n k of t h e n or m al cl os ur e K 1 of [ K, α ] is (i, s)- b o u n d e d. I n
vi e w of L e m m a 2. 1(iii) t h e q u oti e nt K / K 1 is c e ntr al i n G / K 1 . H e n c e,
b y S c h ur’s T h e or e m [ 1 9 , T h e or e m 4. 1 2], t h e i m a g e i n G / K 1 of t h e
c o m m ut at or s u b gr o u p G h as i- b o u n d e d or d er. T h er ef or e w e c a n p ass
t o t h e q u oti e nt G / K 1 G a n d ass u m e t h at G is a b eli a n. I n t his c as e t h e
l e m m a is o b vi o us.

We will n o w est a blis h s e v er al l e m m as a b o ut g e n er ati o n of G b y
el e m e nts fr o m I G (α ). R e c all t h at Pr o p ositi o n 4. 1 1 t ells us t h at if G
is s ol u bl e, t h e n G c a n b e g e n er at e d b y a n ( e, r )- b o u n d e d n u m b er of
el e m e nts fr o m I G (α ).

L e m m a 4. 1 7 . If G i s s e mi si m pl e, t h e n G c a n b e g e n e r at e d b y a n
(e, r )- b o u n d e d n u m b e r of el e m e nt s f r o m I G (α ).

P r o o f. L et G = S 1 × · · · × S l w h er e t h e f a ct ors S i ar e si m pl e. T h e
a ut o m or p his m α p er m ut es t h e si m pl e f a ct ors a n d t h e pr o of of L e m m a
4. 1 4 s h o ws t h at t h er e ar e at m ost r or bits u n d er t his a cti o n. T h er ef or e
wit h o ut l oss of g e n er alit y w e ass u m e t h at α tr a nsiti v el y p er m ut es t h e
f a ct ors S i a n d s o l is a di vis or of e . If G is si m pl e, t h e n b y L e m m a
2. 3 G is g e n er at e d b y t w o nil p ot e nt s u b gr o u ps P 1 a n d P 2 s u c h t h at
[P 1 , α] = P 1 a n d [ P 2 , α] = P 2 . E a c h of t h e s u b gr o u ps P i is g e n er at e d
b y at m ost r el e m e nts fr o m I G (α ) a n d s o G is g e n er at e d b y at m ost 2r
s u c h el e m e nts. We will t h er ef or e ass u m e t h at l ≥ 2.

We will us e t h e f a ct e a c h n o n a b eli a n si m pl e gr o u p c a n b e g e n er at e d
b y t w o el e m e nts. L et a, b g e n er at e S 1 .

S et

x 1 = a − 1 a α , x2 = b − 1 b α a n d x 3 = a b ((a b ) − 1 ) α .

N ot e t h at all x i b el o n g t o I G (α ). L et K b e t h e mi ni m al α -i n v ari a nt
s u b gr o u p of G c o nt ai ni n g x 1 , x2 , a n d x 3 . O b vi o usl y K is g e n er at e d b y
at m ost 3 e el e m e nts fr o m I G (α ). O bs er v e t h at 1 = x 1 x 2 x 3 = [ a, b ] ∈
S 1 ∩ K . E vi d e ntl y, t h e pr oj e cti o n of K t o S 1 is t h e w h ol e gr o u p S 1 ,
t h at is, K is a s u b dir e ct pr o d u ct of t h e f a ct ors S i. We d e d u c e t h at t h e
c o nj u g a c y cl ass [ a, b ]K g e n er at es S 1 a n d s o S 1 is c o nt ai n e d i n K . Si n c e
K is α -i n v ari a nt w e ar e f or c e d t o c o n cl u d e t h at K = G a n d t h e r es ult
f oll o ws.
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L e m m a 4. 1 8 . S u p p o s e t h at G i s s e mi si m pl e- b y- s ol u bl e. T h e n G i s
g e n e r at e d b y a n (e, r )- b o u n d e d n u m b e r of el e m e nt s f r o m I G (α ).

P r o o f. L et N b e a n α -i n v ari a nt n or m al s e misi m pl e s u b gr o u p of G
s u c h t h at G / N is s ol u bl e. C h o os e a mi ni m al s u b gr o u p H 0 of G 0 s u c h
t h at G 0 = N H 0 . Wit h o ut l oss of g e n er alit y w e c a n ass u m e t h at α ∈ H 0 .
S et H = H 0 ∩ G a n d n ot e t h at H = [ H, α ]. N ot e t h at H is s ol u bl e
b y L e m m a 2. 7. We h a v e G = N H a n d w e k n o w fr o m Pr o p ositi o n
4. 1 1 a n d L e m m a 4. 1 7 t h at b ot h H a n d [ N, α ] c a n b e g e n er at e d b y a n
(e, r )- b o u n d e d n u m b er of el e m e nts fr o m I G (α ). T h e r es ult f oll o ws fr o m
L e m m a 2. 6.

L e m m a 4. 1 9 . A s s u m e t h at G 0 / Φ( G 0 ) i s s e mi si m pl e- b y- s ol u bl e. T h e n
G i s g e n e r at e d b y a n (e, r )- b o u n d e d n u m b e r of el e m e nt s f r o m I G (α ).

P r o o f. L et G 0 = G 0 / Φ( G 0 ) a n d d e n ot e b y G t h e i m a g e of G i n
G 0 . B y L e m m a 4. 1 8 G is g e n er at e d b y (e, r )- b o u n d e dl y m a n y el e m e nts
fr o m I G (α ), s a y x 1 , . . . , x s a n d s o G 0 = α, x 1 , . . . , x s . H e n c e G 0 =
α, x 1 , . . . , xs , w h er e x 1 , . . . , xs ∈ I G (α ). T h us G is g e n er at e d b y t h e

α - or bits of x 1 , . . . , xs a n d t h e r es ult f oll o ws.

I n w h at f oll o ws S (K ) d e n ot es t h e s ol u bl e r a di c al of a gr o u p K .

L e m m a 4. 2 0 . S u p p o s e t h at G i s s ol u bl e- b y- s e mi si m pl e- b y- s ol u bl e.
T h e n G i s g e n e r at e d b y a n (e, r )- b o u n d e d n u m b e r of el e m e nt s f r o m
I G (α ).

P r o o f. L et S = S (G ). L et H 0 b e a mi ni m al s u b gr o u p of G 0 s u c h
t h at G 0 = S H 0 . A g ai n, wit h o ut l oss of g e n er alit y w e c a n ass u m e
t h at α ∈ H 0 . Si n c e H 0 ∩ S ≤ Φ( H 0 ), L e m m a 4. 1 9 s h o ws t h at H =
H 0 ∩ G is g e n er at e d b y a n (e, r )- b o u n d e d n u m b er of el e m e nts fr o m
I G (α ). N ot e t h at b y Pr o p ositi o n 4. 1 1 als o [ S, α ] is g e n er at e d b y a n
(e, r )- b o u n d e d n u m b er of el e m e nts fr o m I G (α ). T h e r es ult f oll o ws fr o m
L e m m a 2. 6.

L e m m a 4. 2 1 . A s s u m e t h at S (G ) = 1. T h e n G h a s a n α -i n v a ri a nt
s e mi si m pl e- b y- s ol u bl e n o r m al s u b g r o u p of (e, r )- b o u n d e d i n d e x.

P r o o f. L et N = S 1 × · · · × S l b e t h e s o cl e of G . H er e S 1 , . . . , Sl
ar e t h e s u b n or m al si m pl e s u b gr o u ps. I n vi e w of L e m m a 4. 1 5 l is (e, r )-
b o u n d e d. T h e gr o u p G 0 n at ur all y a cts o n t h e s et { S 1 , . . . , Sl} b y c o n-
j u g ati o n. L et K b e t h e k er n el of t his a cti o n. B y [ 1 5 , L e m m a 2. 1],
t h e q u oti e nt K / N is s ol u bl e. T h er ef or e K is a s e misi m pl e- b y-s ol u bl e
n or m al s u b gr o u p of ( e, r )- b o u n d e d i n d e x.

L e m m a 4. 2 2 . T h e g r o u p G 0 h a s a s ol u bl e- b y- s e mi si m pl e- b y- s ol u bl e
n o r m al s u b g r o u p of (e, r )- b o u n d e d i n d e x.
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P r o o f. T his is i m m e di at e fr o m L e m m a 4. 2 1.

I n vi e w of L e m m a 4. 1 6 it is s u ffi ci e nt t o pr o v e T h e or e m 1. 1 i n t h e
c as e w h er e G is s ol u bl e- b y-s e misi m pl e- b y-s ol u bl e. We alr e a d y k n o w
t h at i n t his c as e G is g e n er at e d b y (e, r )- b o u n d e dl y m a n y el e m e nts
fr o m I G (α ).

L e m m a 4. 2 3 . A s s u m e t h at G i s s ol u bl e- b y- s e mi si m pl e- b y- s ol u bl e.
L et N b e a n α -i n v a ri a nt a b eli a n n o r m al s u b g r o u p of G . T h e n [N, G ]
h a s (e, r )- b o u n d e d r a n k.

P r o o f. B y L e m m a 4. 2 0 w e k n o w t h at G is g e n er at e d b y (e, r )-
b o u n d e dl y m a n y el e m e nts fr o m I G (α ), s a y b 1 , . . . , bt . N ot e t h at [N, G ] =
[N, b 1 ] . . . [N, b t ]. S o it is s u ffi ci e nt t o b o u n d t h e r a n k of [N, b i], f or e a c h
b i ∈ { b 1 , . . . , bt } . B y L e m m a 2. 1(i) w e h a v e N = C N (α ) × [N, α ].
T a k e a n y b ∈ { b 1 , . . . , bt } a n d c h o os e a ∈ G s u c h t h at b = a − 1 a α .

S et N 0 = C N (α ) ∩ C N (α ) a − 1
. Si n c e [N, α ] h as r a n k r b y h y p ot h esis,

w e h a v e r (N / N 0 ) ≤ 2 r . We cl ai m t h at N 0 ≤ C G (b ). I n d e e d, c h o os e

x ∈ C N (α ) s u c h t h at x a − 1
∈ C N (α ). T h e n, w e h a v e x a − 1

= ( x a − 1
) α

a n d s o x c o m m ut es wit h b = a − 1 a α as cl ai m e d. C h o os e n o w el e m e nts
x 1 , . . . , x2 r t h at g e n er at e N m o d ul o N 0 . B y usi n g li n e arit y i n N a n d
t h e f a ct t h at N 0 c e ntr ali z es b , w e d e d u c e t h at [N, b ] is g e n er at e d b y
[x 1 , b], . . . , [x 2 r , b]. H e n c e t h e r es ult.

P r o o f o f T h e o r e m 1. 1. R e c all t h at G is a fi nit e gr o u p a d mit-
ti n g a c o pri m e a ut o m or p his m α of or d er e s u c h t h at a n y s u b gr o u p
g e n er at e d b y a s u bs et of I G (α ) c a n b e g e n er at e d b y r el e m e nts. We
wis h t o pr o v e t h at [ G, α ] h as (e, r )- b o u n d e d r a n k. Wit h o ut l oss of
g e n er alit y w e ass u m e t h at G = [ G, α ].

As n ot e d a b o v e, t h e c o m bi n ati o n of L e m m a 4. 1 6 a n d L e m m a 4. 2 2
e ns ur es t h at it is s u ffi ci e nt t o pr o v e t h e r es ult i n t h e c as e w h er e G
is s ol u bl e- b y-s e misi m pl e- b y-s ol u bl e. H e n c e, w e ass u m e t h at G h as a
c h ar a ct eristi c s eri es

1 ≤ S ≤ T ≤ G

s u c h t h at S a n d G / T ar e s ol u bl e w hil e T / S is s e misi m pl e. C or oll ar y
4. 1 0 s h o ws t h at t h e Fitti n g h ei g ht of G / T a n d [ S, α ] is (e, r )- b o u n d e d.
N ot e t h at [ S, α ] is s u b n or m al i n G . T h er ef or e t h e Fitti n g h ei g ht of
t h e n or m al cl os ur e [S, α ]G e q u als t h at of [ S, α ]. I n vi e w of L e m m a
2. 1(iii) t h e q u oti e nt S / [S, α ]G is c e ntr al i n G / [S, α ]G . T h er ef or e G
h as a c h ar a ct eristi c s eri es of ( e, r )- b o u n d e d l e n gt h, s a y l = l(e, r ), all
of w h os e f a ct ors ar e eit h er s e misi m pl e or nil p ot e nt. M or e o v er, t h er e is
at m ost o n e s e misi m pl e f a ct or i n t h e s eri es a n d, b y L e m m a 4. 1 4, it is
of ( e, r )- b o u n d e d r a n k. We will pr o v e t h e t h e or e m b y i n d u cti o n o n l.
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If l = 1, t h e n G is eit h er s e misi m pl e or nil p ot e nt. I n t h e f or m er
c as e t h e r es ult f oll o ws fr o m L e m m a 4. 1 4 a n d i n t h e l att er o n e fr o m
C or oll ar y 4. 7. T h er ef or e w e ass u m e t h at l ≥ 2. L et N b e t h e l ast t er m
of t h e s eri es. B y i n d u cti o n G / N h as ( e, r )- b o u n d e d r a n k.

If N ≤ Z (G ), t h e n t h e r a n k of G / Z (G ) is b o u n d e d a n d a t h e or e m
of L u b ot z k y a n d M a n n [ 1 7 ] g u ar a nt e es t h at G h as ( e, r )- b o u n d e d r a n k
(s e e als o [1 6 ]). T h us w e c a n p ass t o G / G a n d si m pl y ass u m e t h at G is
a b eli a n, w h e n c e t h e r es ult is i m m e di at e. We t h er ef or e ass u m e t h at N
is n ot c e ntr al i n G . If N is s e misi m pl e, w e h a v e n ot hi n g t o pr o v e si n c e
t h e s e misi m pl e q u oti e nt of t h e s eri es h as ( e, r )- b o u n d e d r a n k. H e n c e,
w e ass u m e t h at N is nil p ot e nt. I n t his c as e t h e r a n k of N is e q u al t o
t h e r a n k of s o m e S yl o w p -s u b gr o u p P of N . T h us, p assi n g t o G / O p (N )
wit h o ut l oss of g e n er alit y, w e c a n ass u m e t h at N = P .

We n ot e t h at P h as a n ( e, r )- b o u n d e d n u m b er of g e n er at ors. R e all y,
p ass t o t h e q u oti e nt G / Φ( P ) a n d ass u m e t h at P is el e m e nt ar y a b eli a n.
B y L e m m a 4. 2 3 [ P, G ] h as (e, r )- b o u n d e d r a n k a n d b y t h e a b o v e t his is
als o tr u e f or G / [P, G ]. H e n c e, P h as ( e, r )- b o u n d el y m a n y g e n er at ors
as w ell.

N e xt, w e cl ai m t h at f or a n y i ≥ 2 t h er e e xists a n u m b er m i =
m i(i, e, r), d e p e n di n g o nl y o n i, e a n d r , s u c h t h at V = γ i(P ) h as m i-
b o u n d e d n u m b er of g e n er at ors. We c a n p ass t o t h e q u oti e nt G / Φ( V )
a n d ass u m e t h at V is el e m e nt ar y a b eli a n. N o w [V, α ] is a n el e m e nt ar y
a b eli a n r - g e n er at e d gr o u p, s o |[V, α ]| ≤ p r . T h us, b y L e m m a 4. 1, w e
h a v e V ≤ Z 2 r + 1 (O p (G )) s o, i n p arti c ul ar, V ≤ Z 2 r + 1 (P ) a n d d e d u c e
t h at t h e nil p ot e n c y cl ass of P / Φ( V ) is b o u n d e d i n t er ms of i a n d r o nl y.
Si n c e P h as a n ( e, r )- b o u n d e d n u m b er of g e n er at ors, w e c o n cl u d e t h at
r (P / Φ( V )) is (i, e, r)- b o u n d e d as w ell. T h er ef or e V is m i- g e n er at e d f or
s o m e ( i, e, r)- b o u n d e d n u m b er m i, as cl ai m e d.

L et s (r 0 ) b e as i n L e m m a 4. 2 a n d l et l(r ) b e as i n L e m m a 4. 3.
T a k e M = γ 2 λ + 1 (P ), w h er e λ = s (l(r )). We w a nt t o pr o v e t h at M is
p o w erf ul. I n or d er t o s h o w t h at M ≤ M p , w e ass u m e t h at M is of
e x p o n e nt p a n d pr o v e t h at M is a b eli a n. N ot e t h at t h e s u b gr o u p [M, α ]
is of e x p o n e nt p . B y L e m m a 4. 3 t h e r a n k of [M, α ] is at m ost l(r ). It
f oll o ws fr o m L e m m a 4. 2 t h at |I M (α )| ≤ p s ( l( r ) ) = p λ . N o w L e m m a 4. 1
yi el ds t h at M ≤ Z 2 λ + 1 (P ) . Si n c e [γ i(P ), Zi(P )] = 1, f or a n y p ositi v e
i nt e g er i, w e c o n cl u d e t h at M is a b eli a n, as r e q uir e d.

L et n o w d 0 b e t h e mi ni m al n u m b er s u c h t h at M is d 0 - g e n er at e d.
It w as s h o w n a b o v e t h at d 0 is a n (e, r )- b o u n d e d i nt e g er. Si n c e M is
p o w erf ul, it f oll o ws fr o m [ 2 , T h e or e m 2. 9] t h at r (M ) ≤ d 0 , a n d s o
t h e r a n k of M is (e, r )- b o u n d e d. Si n c e t h e nil p ot e n c y cl ass of P / M is
(e, r )- b o u n d e d a n d P h as ( e, r )- b o u n d el y m a n y g e n er at ors, w e d e d u c e
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that r(P/M) is (e, r)-bounded as well. Now r(P ) ≤ r(P/M) + r(M)
and the result follows. This concludes the proof. �
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