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Principal Component Analysis (PCA) is a powerful tool in statistics and
machine learning. While existing study of PCA focuses on the recovery of
principal components and their associated eigenvalues, there are few pre-
cise characterizations of individual principal component scores that yield
low-dimensional embedding of samples. That hinders the analysis of various
spectral methods. In this paper, we first develop an £, perturbation theory for
a hollowed version of PCA in Hilbert spaces which provably improves upon
the vanilla PCA in the presence of heteroscedastic noises. Through a novel
£, analysis of eigenvectors, we investigate entrywise behaviors of principal
component score vectors and show that they can be approximated by linear
functionals of the Gram matrix in £, norm, which includes /2 and ¢ as spe-
cial cases. For sub-Gaussian mixture models, the choice of p giving optimal
bounds depends on the signal-to-noise ratio, which further yields optimality
guarantees for spectral clustering. For contextual community detection, the
£, theory leads to simple spectral algorithms that achieve the information
threshold for exact recovery and the optimal misclassification rate.

1. Introduction.

1.1. Overview. Modern technologies generate enormous volumes of data that present
new statistical and computational challenges. The high throughput data come inevitably with
tremendous amount of noise, from which very faint signals are to be discovered. Moreover,
the analytic procedures must be affordable in terms of computational costs. While likelihood-
based approaches usually lead to non-convex optimization problems that are NP-hard in gen-
eral, the method of moments provides viable solutions to the computation challenges.

Principal Component Analysis (PCA) (Pearson, 1901) is arguably the most prominent tool
of this type. It significantly reduces the dimension of data using eigenvalue decomposition of
a second-order moment matrix. Unlike the classical settings where the dimension d is much
smaller than the sample size n, nowadays it could be the other way around in numerous
applications (Ringnér, 2008; Novembre et al., 2008; Yeung and Ruzzo, 2001). Reliability of
the low-dimensional embedding is of crucial importance, as all downstream tasks are based
on that. Unfortunately, existing theories often fail to provide sharp guarantees when both the
dimension and noise level are high, especially in the absence of sparsity structures. The matter
is further complicated by the use of nonlinear kernels for dimension reduction (Scholkopf,
Smola and Miiller, 1997), which is de facto PCA in some infinite-dimensional Hilbert space.

In this paper, we investigate the spectral embedding returned by a hollowed version of
PCA. Consider the signal-plus-noise model

(1.1) x; =T; + z € RY, i€ [n].
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Here {x;}! , are noisy observations of signals {Z;}" ; contaminated by {z;}!" . De-
fine the data matrices X = (x1,---,x,) € R™% and X = (&1, ,%,) € R™% Let
G = XX € R™" be the Gram matrix of {#;}" ,, and G = H(X X ") be the hollowed
Gram matrix of {z;}!" ; where H(-) is the hollowing operator, zeroing out all diagonal en-
tries of a square matrix. Denote by {\;, u;}7_; and {\;,@;}7_, the eigen-pairs of G and G,
respectively, where the eigenvalues are sorted in descending order. While PCA computes the
embedding by eigen-decomposition of X X ', here we delete its diagonal to enhance con-
centration and handle heteroscedasticity (Koltchinskii and Giné, 2000). We seek an answer
to the following fundamental question: how do the eigenvectors of G relate to those of G?
Roughly speaking, our main results state that

(1.2) uj = Guj/\j ~ Gu;/\j,

where the approximation relies on the £, norm for a proper choice of p. In words, the eigen-
vector u; is a nonlinear function of G but can be well approximated by the linear function
Gu;/ 5\]- in the ¢, norm where p is given by the model’s signal-to-noise ratio (SNR). This
linearization facilitates the analysis and allows to quantify how the magnitude of the signal-
to-noise ratio affects theoretical guarantees for signal recovery.

In many statistical problems such as mixture models, the vectors {&;}} ; live in a low-
dimensional subspace of R?. Their latent coordinates reflect the geometry of the data, which
can be decoded from eigenvalues and eigenvectors of G Our results show how well the spec-
tral decomposition of G reveals that of G, characterizing the behavior of individual embed-
ded samples. From there we easily derive the optimality of spectral clustering in sub-Gaussian
mixture models and contextual stochastic block models, in terms of both the misclassification
rates and the exact recovery thresholds. In particular, the linearization of eigenvector (1.2)
helps develop a simple spectral method for contextual stochastic block models, efficiently
combining the information from the network and the node attributes.

Our general results hold for Hilbert spaces. It is easily seen that construction of the hol-
lowed Gram matrix G' and the subsequent steps only depend on pairwise inner products
{(z;, ;) }1<i j<n. This makes the “kernel trick” applicable (Cristianini and Shawe-Taylor,
2000), and our analysis readily handles (a hollowed version of) kernel PCA.

1.2. A canonical example. We demonstrate the merits of the ¢, analysis using spec-
tral clustering for a mixture of two Gaussians. Let y € {+1}" be a label vector with i.i.d.
Rademacher entries and g € R be a deterministic mean vector, both of which are unknown.
Consider the model

(1.3) Ti=yip+z, i€n],

where {z;}!" ; are i.i.d. N(0,1I;) vectors. The goal is to estimate y from {x;}7 ;. (1.3)
is a special case of the signal-plus-noise model (1.1) with &; = y;u. Since P(y; = 1) =
P(y; = —1) =1/2, {z;}?, are i.i.d. samples from a mixture of two Gaussians N (p, I;) +
%N(_pﬂ Id)

By construction, X = (Z1,--- ,&,)' =yu' and G = |u/2yy" with @; = y//n and
A1 = n||p|%. Hence, sgn(u;) becomes a natural estimator for y, where sgn(-) is the en-
trywise sign function. A fundamental question is whether the empirical eigenvector u; is
informative enough to accurately recover the labels in competitive regimes. To formalize the
discussion, we denote by

(1.4) s — il
l2l13 +d/n
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the signal-to-noise ratio of model (1.3). Consider the challenging asymptotic regime where
n — oo and 1 < SNR < logn!. The dimension d may or may not diverge. According to
Theorem 3.2, the spectral estimator sgn(w;) achieves the minimax optimal misclassification
rate

(1.5) e~ 3SNR[1+o(1)]
In order to get this, we start from an £, analysis of u;. Theorem 3.3 shows that
(1.6) IP( min [lsui — G /Ml < snualup) >1-Ce?
sS=

for p = SNR, some constant C' > 0 and some deterministic sequence {e,,};> tending to
zero. On the event ||su; — Guy /A1 ||, < en||w1||p, we apply a Markov-type inequality to the

entries of (su; — Guy/\1):

I . 5 i | (5w — Gy /)il
EHZ |(su1 — Guy/A1)i| > Ven/n} < (m)p

) ey P
e
SNR/2

where (i) follows from w1 = y//n and ||u1|/h = n(1/y/n)P. Hence all but an &), frac-
tion of w1 s entries are well-approximated by those of G'i1 /1. On the other hand, since the
misclassification error is always bounded by 1, the exceptional event in (1.6) may at most
contribute an C'e™SN® amount to the final error. Both eiNR/ ? and CeSNR are negligible
compared to the optimal rate e SNR/2 jp (1.5). This helps us show that the ¢, bound (1.6)
ensures sufficient proximity between u; and G1/\1, and the analysis boils down to the
latter term.

We now explain why Gy /)\; is a good target to aim at. Observe that

(-9 (G )i = [M(XX T)wns = ) (@i, 25)y;/v/m o< (i, p7Y),
j#i

where [1(-9) = ﬁ > ji Tjyj 1s the leave-one-out sample mean. Consequently, the (unsu-
pervised) spectral estimator sgn[(wy);] for y; is approximated by sgn((z;, 1(=")), which
coincides with the (supervised) linear discriminant analysis (Fisher, 1936) given additional
labels {y;} ;. This oracle estimator turns out to capture the difficulty of label recovery. That
is, sgn(Gu /A1) achieves the optimal misclassification rate in (1.5).

Above we provide high-level ideas about why the spectral estimator sgn(wy) is optimal.
Inequality (1.6) ties u; and its linearization Gi1 /\; together. The latter is connected to the
genie-aided estimator through (1.8). As a side remark, the relation (1.8) hinges on the fact that
G is hollowed. Otherwise there would be a square term (x;, ;) making things entangled.

1.3. Related work. Early works on PCA focus on classical settings where the dimension
d is fixed and the sample size n goes to infinity (Anderson, 1963). Motivated by modern
applications, in the past two decades there has been a surge of interest in high-dimensional
PCA. Most papers in this direction study the consistency of empirical eigenvalues (John-
stone, 2001; Baik, Arous and Péché, 2005) or Principal Component (PC) directions (Paul,
2007; Nadler, 2008; Jung and Marron, 2009; Benaych-Georges and Nadakuditi, 2012; Perry

'In Theorem 3.2 we derive results for the exact recovery of the spectral estimator, i.e. P(sgn(u;) = +y) — 1,
when SNR > log n. Here we omit that case and discuss error rates.
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et al., 2016; Wang and Fan, 2017) under various spiked covariance models with d growing
with n. Similar results are also available for infinite-dimensional Hilbert spaces (Koltchinskii
and Giné, 2000; Zwald and Blanchard, 2006; Koltchinskii and Lounici, 2016). The analysis
of PCs amounts to showing how the leading eigenvectors of X ' X = Yo :cz:c;r € Rdxd
recover those of E(mlm:) When it comes to dimension reduction, one projects the data onto
these PCs and get PC scores. This is directly linked to leading eigenvectors of the Gram ma-
trix XX ' € R™ ™, In high-dimensional problems, the n-dimensional PC scores may still
consistently reveal meaningful structures even if the d-dimensional PCs fail to do so (Cai
and Zhang, 2018).

Analysis of PC scores is crucial to the theoretical study of spectral methods. However,
existing results (Blanchard, Bousquet and Zwald, 2007; Amini and Razaee, 2021) in related
areas cannot precisely characterize individual embedded samples under general conditions.
This paper aims to bridge the gap by a novel analysis. In addition, our work is orthogonal
to those with sparsity assumptions (Johnstone and Lu, 2009; Jin and Wang, 2016). Here
we are concerned with (i) the non-sparse regime where most components contribute to the
main variability and (ii) the infinite-dimensional regime in kernel PCA where the sparsity
assumption is not appropriate.

There is a vast literature on perturbation theories of eigenvectors. Most classical bounds
are deterministic and use the 5 norm or other orthonormal-invariant norms as error met-
rics. This includes the celebrated Davis-Kahan theorem (Davis and Kahan, 1970) and its
extensions (Wedin, 1972); see Stewart and Sun (1990) for a review. Improved ¢5-type results
are available for stochastic settings (O’Rourke, Vu and Wang, 2018). For many problems
in statistics and machine learning, entrywise analysis is more desirable because that helps
characterize the spectral embedding of individual samples. Fan, Wang and Zhong (2019),
Eldridge, Belkin and Wang (2018), Cape, Tang and Priebe (2019) and Damle and Sun (2020)
provide /., perturbation bounds in deterministic settings. Their bounds are often too conser-
vative when the noise is stochastic. Recent papers (Koltchinskii and Xia, 2016; Abbe et al.,
2020; Mao, Sarkar and Chakrabarti, 2020; Zhong and Boumal, 2018; Chen et al., 2019; Lei,
2019) take advantage of the randomness to obtain sharp ¢, results for challenging tasks.

The random matrices considered therein are mostly Wigner-type, with independent en-
tries or similar structures. On the contrary, our hollowed Gram matrix G has Wishart-type
distribution since its off-diagonal entries are inner products of samples and thus dependent.
What is more, our ¢, bounds with p determined by the signal strength are adaptive. If the
signal is weak, existing ¢/, analysis does not go through as strong concentration is required
for uniform control of all the entries. However, our £,, analysis still manages to control a vast
majority of the entries. If the signal is strong, our results imply £, bounds. The ¢, eigen-
vector analysis in this paper shares some features with the study on £,,-delocalization (Erdds,
Schlein and Yau, 2009), yet the settings are very different. It would be interesting to establish
further connections.

The applications in this paper are canonical problems in clustering and have been exten-
sively studied. For the sub-Gaussian mixture model, the settings and methods in Giraud and
Verzelen (2019), Ndaoud (2018) and Loffler, Zhang and Zhou (2019) are similar to ours. The
contextual network problem concerns grouping the nodes based on their attributes and pair-
wise connections, see Binkiewicz, Vogelstein and Rohe (2017), Deshpande et al. (2018) and
Yan and Sarkar (2020) for more about the model. We defer detailed discussions on these to
Sections 3 and 4.

1.4. Organization of the paper. We present the general setup and results for £, eigenvec-
tor analysis in Section 2; apply them to clustering under mixture models in Section 3 and
contextual community detection in Section 4; show a sketch of main proofs in Section 5; and
conclude the paper with possible future directions in Section 6.
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1.5. Notation. We use [n] toreferto {1,2,---,n} forn € Z, . Denote by |- | the absolute
value of a real number or cardinality of a set. For real numbers a and b, let a A b= min{a, b}
and a Vb = max{a, b}. For nonnegative sequences {a,, }5° ; and {b, }>° ;, we write a,, < by,
or a, = o(by,) if b, > 0 and a,, /b, — 0; a,, < by, or a, = O(by,) if there exists a positive
constant C' such that a,, < Cby; ay, 2 by, or a, = Q(by,) if b, < a,. In addition, we write
an =< by, if a, < by, and by, < ay,. We let 1g be the binary indicator function of a set S.

Let {e;}7_, be the canonical bases of R, §"' = {x € R? : |||y = 1} and B(x,r) =
{yeRe: ||y — x|z <r}. For a vector = (z1,- -+ ,74)" € R? and p > 1, define its £,
norm ||z||, = (Z?:1 |2;|P)'/P. For i € [d], let &_; be the (d — 1)-dimensional sub-vector
of  without the i-th entry. For a matrix A € R"*"", we define its spectral norm || Alj2 =
SUP||z||,=1 || A[|2 and Frobenius norm [|Allr = (3_; ; afj)l/Q. Unless otherwise specified,
we use A; and a; to refer to the i-th row and j-th column of A, respectively. For 1 < p,q <
oo, we define the /, , norm as an entrywise matrix norm

n m p/q11/p
uAnq,p:[Z( |%.|q> ] .
=1

i=1
The notation is not to be confused with (g, p)-induced norm, which is not used in the current
paper. In words, we concatenate the £, norms of the row vectors of A into an n-dimensional
vector and then compute its £, norm. A special case is || A|2,00 = maxey || Ai2-

Define the sub-Gaussian norms || X ||y, = sup,>,{p~"/>EV/?|X|P} for random variable
X and || X ||y, = supjjq,=1 [[{w, X}y, for random vector X. Denote by X2 refers to the

x2-distribution with n degrees of freedom. 5 represents convergence in probability. In ad-
dition, we adopt the following convenient notations from Wang (2019) to make probabilistic
statements compact?.

DEFINITION 1.1. Let {X,,}>°,, {Y,}5°, be two sequences of random variables and

n=1 n=1
{rn}52 1 € (0,+00) be deterministic. We write

Xp = OP(YM Tn)
if there exists a constant Cy > 0 such that
VC >0, 3C" >0and N >0, s.t. P(|X,,| > C'|Y,|) < C1e ™,  ¥n>N.

We write X,, = op(Yy; ) if X, = Op(w,Ys; 1) holds for some deterministic sequence
{wy, }22, tending to zero.

Both the new notation Op(+; -) and the conventional one Op(-) help avoid dealing with
tons of unspecified constants in operations. Moreover, the former is more informative as it
controls the convergence rate of exceptional probabilities. This is particularly useful when
we take union bounds over a growing number of random variables. If {Y},}2° ; are positive
and deterministic, then X,, = Op(Y,; 1) is equivalent to X,, = Op(Y},). Similar facts hold
for op(+; -) as well.

2. Main results.

2In the reference above, Op(-; -) and o (-; -) appear as Op(-; -) and 6z (-; -). For simplicity we drop their hats
in this paper.



2.1. Basic setup. Consider the signal-plus-noise model
(2.1) xi=x;+z R icn.

For simplicity, we assume that the signals {Z;}" ; are deterministic and the noises {z;}}" ;
are the only source of randomness. The results readily extend to the case where the signals
are random but independent of the noises.

Define the hollowed Gram matrix G € R™" of samples {x;}!", through G;; =
(xi, ;) 125}, and the Gram matrix G € R™*" of signals {z;}?_, through G;; = <ml,azj>
Denote the eigenvalues of G by A\ > --- > ), and their associated eigenvectors by {uj}
Similarly, we define the eigenvalues 5\1 - > )\, and eigenvectors {u]} _, of G. Slnce
G=XX" >0, we have j\j > 0 for all j € [n]. By convention, \g = A\g = +00 and
Ant1 = Apy1 = —00. Some groups of eigenvectors may only be defined up to orthonormal
transforms as we allow for multiplicity of eigenvalues.

Let s and r be two integers in [n] satisfying 0 < s <n —r. Define U = (Us41, " , Ustr),
U= (1_1'5+1a T aﬁs-i-r)’ A = diag()\5+1, T 7)\S+T) and A = diag()‘s-i-lv T 7)\s+7‘)' In order
to study how U relates to U, we adopt the standard notion of eigen-gap (Davis and Kahan,
1970):

(22) A = min{j\s — 5\3+1, 5\S+T — 5\S+T‘+1}-

This is the separation between the set of target eigenvalues {\;; };7:1 and the rest, reflect-
ing the signal strength. Define x = A;/A, which plays the role of condition number. Most
importantly, we use a parameter ~y to characterize the signal-to-noise ratio and impose the
regularity assumptions below. It is worth mentioning that we consider the asymptotic setting
n — oo throughout the paper to make the results clean and easy to read. They can be easily
translated to finite-sample versions similar to those in Abbe et al. (2020), since our tools such
as concentration inequalities and spectral perturbation bounds are non-asymptotic by nature.

ASSUMPTION 2.1 (Incoherence). As n — oo we have

1
,u\/><'y<< where ,u:max{‘ ”200\/> 1}.
K X2

ASSUMPTION 2.2 (Sub-Gaussianity). {z;}!_, are independent, zero-mean random vec-
tors in RY. There exists a constant o > 0 and X = 0 such that Ee{%*) < e (Bww)/2 poids
for all w € R and i € [n).

ASSUMPTION 2.3 (Concentration). y/nmax{(x||3|l2/A)Y2, |Z|r/A} < 7.

By construction, X = (&1, ,&,) " and || X||2,00 = max;ep, [|Zi]|2. Assumption 2.1
regulates the magnitudes of {||&;||2}7"; in order to control the bias induced by the hollowing
step. It naturally holds under various mixture models. The incoherence parameter y is similar
to the usual definition (Candes and Recht, 2009) except for the facts that X does not have or-
thonormal columns and r is not its rank. When r = 1, we have j1 = v/n|| X ||2.00 /|| X [|2 > 1.
Assumption 2.2 is a standard one on sub-Gaussianity (Koltchinskii and Lounici, 2017). Here
{z;}_, are independent but may not have identical distributions, which allows for het-
eroscedasticity. Assumption 2.3 governs the concentration of G around its population version
G. To gain some intuition, we define Z = (21, ,z,) ' € R"*?% and observe that

G=H(X+Z)(X+2)"=HXX)+HXZ"+ZX")+H(ZZ")
XX+ (XZ"+ZX")+H(ZZ") - D,
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where D is the diagonal part of X X" + XZ " 4 ZX 7. Hence
IG-Gl2<1XZ" +ZX |2+ 1H(ZZ )|z +r,g‘?)]<\(XX'T +XZ" +ZX")il.

The individual terms above are easy to work with. For instance, we may control |H(ZZ ") ||
using concentration bounds for random quadratic forms such as Hanson-Wright-type inequal-
ities (Chen and Yang, 2021a). The spectral and Frobenius norms of 32 collectively character-
ize the effective dimension of the noise distribution. That gives the reason why Assumption
2.3 is formulated as it is. It turns out that Assumptions 2.1, 2.2 and 2.3 lead to a matrix con-
centration bound |G — G2 = Op(vA; n), paving the way for eigenvector analysis. Hence
~~! measures the signal strength, similar to the quantity in Abbe et al. (2020).

2.2. Uy analysis of eigenspaces. Note that {ws;}_; and {ts1;}}_; are only identi-
fiable up to sign flips, and things become even more complicated if some eigenvalues are
identical. To that end, we need to align U with U using certain orthonormal transform. De-

fine H = U'U ¢ R™ and let U AV'T denote its singular value decomposition, where
U,V € O,« and A € R™*" is diagonal with nonnegative entries. The orthonormal matrix
INJ‘N/T, denoted by the matrix sign function sgn(H) in the literature (Gross, 2011), is the best
rotation matrix that aligns U with U and will play an important role throughout our analysis.
In addition, define Z = (21, ,2,) € R"*? as the noise matrix. Recall that for A € R"*"
with row vectors {A;}”_,, the {5, norm is

n 1/p
Al = (i)
i=1

THEOREM 2.1. Suppose that Assumptions 2.1, 2.2 and 2.3 hold. As long as 2 <p <
(uy)~2, we have
IU sgn(H) — GUA™ 2o = 02(|U 12,05 p),
U sgn(H) — [U +H(ZX " )UA |2 = 02(|Ul|2; D),
IU sgn(H)||2 = Op([U 12,5 p)-
In addition, if K3/ < 1, then
IUAY? sgn(H) = GUA™?||2 = 0p(|U |12, | A2 123 p),
IUA sgn(H) — [UA? +H(ZX YOUA) |2 = 0p(|U |2 | A/ 2: p).
The first equation in Theorem 2.1 asserts that although U is a highly nonlinear function of

G, it can be well-approximated by a linear form GUA~! up to an orthonormal transform.
This can be understood from the hand-waving deduction:

U=GUA '~GUA.

The second equation in Theorem 2.1 talks about the difference between U and its population
version U'. Ignoring the orthonormal transform sgn(H ), we have that for a large fraction of
m € [n], the following entrywise approximation holds

(2.3) Un~[U+H(ZXOA ] =Upn + <zm, ijUjA‘1>-

J#m
If we keep {x;} ;.4 fixed, then the spectral embedding Uy, for the m-th sample is roughly
linear in z,, or equivalently x,, itself. This relation is crucial for our analysis of spectral
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clustering algorithms. The third equation in Theorem 2.1 relates to the delocalization property
of U to that of U, showing that the mass of U is spread out across its rows as long as U
behaves in a similar way.

Many spectral methods use the rows of U € R™ " to embed the samples {x;}? ; C R?
into R” (Shi and Malik, 2000; Ng, Jordan and Weiss, 2002) and perform downstream tasks.
By precisely characterizing the embedding, the first three equations in Theorem 2.1 facilitate
their analysis under statistical models. In PCA, however, the embedding is defined by PC
scores. Recall that the PCs are eigenvectors of the covariance matrix %X TX € R4 and
PC scores are derived by projecting the data onto them. Therefore, the PC scores in our
setting correspond to the rows of U A'/2 rather than U. The last two equations in Theorem
2.1 quantify their behavior.

Theorem 2.1 is written to be easily applicable. It forms the basis of our applications in
Sections 3 and 4. General results under relaxed conditions are given by Theorem B.1.

Let us now gain some intuition about the ¢ ;, error metric. For large p, || A||2p is small if
a vast majority of the rows have small /> norms, but there could be a few rows that are large.
Roughly speaking, the number of those outliers is exponentially small in p. We illustrate
this using a toy example with r =1, i.e., A=x € R" is a vector and || - |2, = || - [|p- If
|||, <el|1,||, for some € > 0, then Markov’s inequality yields

el el lp

(te)p = (te)p ’
Larger p implies stronger bounds. In particular, the following fact states that when p = logn,
an upper bound in {3 ;, yields one in /5 o, controlling all the row-wise errors simultaneously.

1
i |l > te}] < V> 0.

FACT 2.1.  ||2]/oo < [|Z]lclogn < €Y¢||T||oo for any n € Z, & €R", ¢ > 0.

Fact 2.1 immediately follows from the relation
n 1/p
2o < ll2llp = <Z !xi!p) < (nllz)f)'? =n'P|z)o, VP21
i=1

Recall that in Theorem 2.1 we require ;v — 0 (Assumption 2.1) but the convergence rate can
be arbitrarily slow. The largest p is of order (1) 2. Now we consider a stronger condition
py S 1/+/logn so that we can take p < logn and obtain {2 o, approximation bounds.

COROLLARY 2.1.  Suppose that Assumptions 2.1, 2.2 and 2.3 hold. As long as py <

1/y/logn, we have
|Usgn(H) — GUA 2,00 = 0p(|U||2,00; logn),
U sgn(H) — [U +H(ZX "YUAY||2.00 = 0p(|Ul|2,00; logn),
|U sgn(H)||2,00 = Op(||U
In addition, ifﬁ3/2’)/ < 1, then
IUAY? sgn(H) = GUA™?||3,00 = 02(||U||2,00| A'/? 125 logn),

2,005 OO)

IUAY? sgn(H) — [UAY? + H(ZX T)UA]||2.00 = 02(||U [l2,00 | A/ l2; logn).

However, p cannot be arbitrarily large in general. When the signal is weak, we can no
longer obtain uniform error bounds as the above and should allow for exceptions. The quan-
tity (uy) 2 in Theorem 2.1 measures the signal strength, putting a cap on the largest p we
can take. That makes the results adaptive and superior to the 5 , ones in (Abbe et al., 2020).
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2.3. Extension to Hilbert spaces. Since G € R"*" is constructed purely based on pair-
wise inner products of samples, the whole procedure can be extended to kernel settings.
Here we briefly discuss the kernel PCA (Scholkopf, Smola and Miiller, 1997). Suppose that
{z;}?"_, are samples from some space X and K (-,-) : X x X — R is a symmetric and pos-
itive semi-definite kernel. The kernel PCA is PCA based on a new Gram matrix K € R™*"
with K;; = K (z;,x;). PCA is a special case of kernel PCA with X = R? and K (z,y) =
x " y. Commonly-used nonlinear kernels include the Gaussian kernel K (x,y) = e Mllz=yll3
with n > 0 and polynomial kernel. They offer flexible nonlinear embedding techniques which
have achieved great success in machine learning (Cristianini and Shawe-Taylor, 2000).

According to the Moore-Aronszajn Theorem (Aronszajn, 1950), there exists a reproduc-
ing kernel Hilbert space H with inner product (-,-) and a function ¢ : X — H such that
K(z,y) = (¢(x), ¢(y)) for any =,y € X. Hence, kernel PCA of {x;}"; C X is de facto
PCA of transformed data {¢(x;)}?_, C H. The transform ¢ can be rather complicated since
H has infinite dimensions in general. Fortunately, the inner products {(¢(x;), ¢(x;))} in H
can be conveniently computed in the original space X', which is Kj;.

Motivated by the kernel PCA, we extend the basic setup to Hilbert spaces. Let H be a real
separable Hilbert space with inner product (-, -), norm || - ||, and orthonormal bases {h;}.

DEFINITION 2.1 (Basics of Hilbert spaces). A linear operator A : H — H is said to be
bounded if its operator norm || A|lop = SUp|y||=1 || Au|| is finite. Define L(H) as the collec-
tion of all bounded linear operators over H. For any A € L(H), we use A* to refer to its
adjoint operator and let Tr(A) =3 (Ah;, h;). Define

St(H)y={AeL(H): A=A" (Azx,x) >0, VxcHand Tr(A) < co}.

Any A € S;(H) is said to be positive semi-definite. We use ||Alns = /Tr(A*A) =
(> | AR; 12)1/2 to refer to its Hilbert-Schmidt norm, and define AY? € T (H) as the unique
operator such that AY/2AY? = A.

REMARK 1. When H = R%, we have £(H) = R4, Tr(A) =S Aii, || llop = || - |12
and || - ||us = || - ||¢. Further, S; (H) consists of all d x d positive semi-definite matrices.

We now generalize model (2.1) to the following one in H:
2.4) x; =x; +z; € H, i€ [n].

When H = R, the data matrix X = (x1,---,2,)' € R"*? corresponds to a linear trans-
form from R? to R™. For any general H, we can always define X as a bounded linear
operator from H to R™ through its action h — ((x1,h),--,(xy, h)). With slight abuse
of notation, we formally write X = (z1,---,2,) ', use || X ||op to refer to its norm, let
X ]2,00 = max;e[, |||, and do the same for X and Z. We generalize Assumptions 2.1,
2.2 and 2.3 accordingly.

ASSUMPTION 2.4 (Incoherence). As n — oo we have

1 X
/i,u,\/?gfy<< where [ = max ‘_Hm)o\/g, 15.
n Fopl [ Xlop V7

ASSUMPTION 2.5 (Sub-Gaussianity). {z;}!_, are independent, zero-mean random vec-
tors in H. There exists a constant o > 0 and an operator X € T (H) such that Ee%) <
e (Zww)/2 polds for all w € H and i € [n).
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ASSUMPTION 2.6 (Concentration). /7 max{(x||3|op/A)Y2, | Z|as/A} <.

Again, Assumption 2.4 on incoherence holds for various mixture models. Assumption
2.5 appears frequently in the study of sub-Gaussianity in Hilbert spaces (Koltchinskii and
Lounici, 2017). For kernel PCA, Assumption 2.5 automatically holds when the kernel is
bounded, i.e. K (x,x) < C for some constant C'. Assumption 2.6 naturally arises in the study
of Gram matrices and quadratic forms in Hilbert spaces (Chen and Yang, 2021a). The same
results in Theorem 2.1 continue to hold under the Assumptions 2.4, 2.5 and 2.6. The proof is
in Appendix C.

3. Mixture models.

3.1. Sub-Gaussian mixture model. Sub-Gaussian and Gaussian mixture models serve as
testbeds for clustering algorithms. Maximum likelihood estimation requires well-specified
models and often involves non-convex or combinatorial optimization problems that are hard
to solve. The recent years have seen a boom in the study of efficient approaches. The Lloyd’s
algorithm (Lloyd, 1982) with good initialization and its variants are analyzed under certain
separation conditions (Kumar and Kannan, 2010; Lu and Zhou, 2016; Ndaoud, 2018; Gao
and Zhang, 2019). Semi-definite programming (SDP) yields reliable results in more general
scenarios (Awasthi et al., 2015; Mixon, Villar and Ward, 2017; Royer, 2017; Fei and Chen,
2018; Giraud and Verzelen, 2019; Chen and Yang, 2021a,b). Spectral methods are more effi-
cient in terms of computation and have attracted much attention (Vempala and Wang, 2004;
Cai and Zhang, 2018; Loffler, Zhang and Zhou, 2019; Srivastava, Sarkar and Hanasusanto,
2019). However, much less is known about spectral methods compared with SDP.

We apply the ¢, theory of PCA to spectral clustering under a sub-Gaussian mixture model
in a Hilbert space H. Suppose that we collect samples {x;};* ; C H from a mixture model

3.1 x; = Wy, + 2, 1€ [n]

Here {,uj}jK:1 C H are cluster centers, {y;}; C [K] are true labels, and {z;}} ; C H are
noise vectors satisfying Assumption 2.5. For simplicity, we assume that the centers and labels
are deterministic. A conditioning argument extends the results to the case where they are
independent of {z;}7_,. Heteroscedasticity is allowed, as the covariance matrices of {z;}! ;
may be different as long as they are uniformly dominated by some 3. The goal of clustering
is to recover {y; }7_; from {x;}" ;. Below is the spectral algorithm under investigation, based
on PCA and approximate k-means. Here € [K] is the target dimension of embedding.

1. Compute the r leading eigenvalues {\;}7_; and their associated eigenvectors {u;}7_; of

the hollowed Gram matrix H(X X ). Let U = (uy,--- ,u,) and A = diag(\y,---, \,).
2. Conduct (1 4+ ¢)-approximate k-means clustering on the rows of UA'/?, getting
{f1;}/<) CR" and {§;};; C [K] such that

> IUAY?) — g 3<(1+€)  min {ZH(UAl/z)i—ﬁ@, 3}
=1 ;

{ﬁj }f:1 CRX
{7 ClK]
Return {g;}" ; as the estimated labels.

The rows of the PC score matrix UA'/? embed the n samples into R", which greatly re-
duces the dimensionality. When e =0, ({/t; } jK:l, {yi}~) is an exact solution to the k-means
program but may be NP-hard to compute in the worst case. Fortunately, for any constant € > 0
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there exists a linear-time algorithm that returns a (1 + €)-approximate solution (Kumar, Sab-
harwal and Sen, 2004). In that case, the spectral algorithm above is computationally efficient
as both steps run in nearly linear time. Our theory handles any constant € > 0.

Define the misclassification rate of gy € [K|" as

(32) M(g,y)=n" min [{i € [n]: §i 7 7(y)}.

Here S is the set of all permutations of [K]. We will derive sharp bounds on EM(y,y). To
facilitate presentation and highlight key ideas, we assume that K, r are given and make some
regularity assumptions. Estimation of K and r in general scenarios is left for future work.

ASSUMPTION 3.1 (Regularities). Let B € RE*E pe the Gram matrix of {; }JK:1 with
Bij = (i, ). Suppose that rank(B) = r and there is a constant kg that bounds
n A1(B) 4 max ek || 1l
mingeri) [{i € [n] 2 yi =k} Ar(B) ming; || ps — pjl|

from above. Here \j(-) denotes the j-th largest eigenvalue of a symmetric matrix.

The lower bound on the smallest cluster forces K < kg. Hence K is a constant and all
clusters have comparable sizes. The spectral assumption on B holds if {; }le span a sub-
space of dimension < K but do not concentrate near any smaller subspace. Such condition
is commonly used in the study of spectral methods for mixture models (Hsu and Kakade,
2013). The last regularity condition in Assumption 3.1 is likely an artifact of proof. Our cur-
rent results on the empirical embedding U A'/? (Theorem 2.1) controls its deviation from the
truth using ||Al|2, which is related to max ek || 125]]. We need such deviation to be smaller
than the minimum separation min;; ||¢; — | in order to ensure the accuracy of clustering.

Before presenting the general results, we illustrate Assumption 3.1 by two examples. Sup-
pose that H = R? for d > K = 3 and the 3 clusters are equally-sized. When p; = e; for all
j€{1,2,3}, we have B =I5, 7 =3 and ko = 3. When p; = ey, pz = (—1/2,1/3/2,0)"
and u3 = (—1/2,—/3/2,0)", we have B = (3/2)I3 — (1/2)13x3, r = 2 and kg = 3.

THEOREM 3.1. Consider the mixture model (3.1). Let Assumptions 2.5, 3.1 hold and
€ > 0 be a constant. Define 5 = min;; ||p; — ;|| and

5 nst
(3.3) SNR = min { , }
1 llop " 1211
There exist constants C' > 0 and ¢ > 0 such that the followings hold:

1. If SNR > Clogn, then lim,,_,oc P[M(y,y) =0] =1;
2. If 1 < SNR < Clogn, then limsup,,_, .. SNR™'logEM(7g,y) < —c.

The proof is in Appendix D.1. Theorem 3.1 asserts that the spectral algorithm exactly
recovers all the labels with high probability when SNR exceeds some constant multiple of
logn. When SNR is not that large but still diverges, we have an exponential bound e ~*2(SNR)
for the misclassification rate. To understand why the quantity SNR in (3.3) measures the
signal-to-noise ratio, note that

(3.4) SNR =

ming g, ||y — g 'min{l minjzp | — pel* }

1% lop ’ 1% lop r(%)
Here 7(X) = || Z|[5is/[I 2|2, captures the effective rank of 3. In the isotropic case with
H = R? and ¥ = I;, we have r(X) = d. Thus SNR characterizes the strength of signal
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relative to the noise, together with the effect of dimension. It is equivalent to the signal-to-
noise ratio in Giraud and Verzelen (2019) and Chen and Yang (2021a) when K = O(1).
The SNR differs from the classical notion of signal-to-noise ratio

mingp, || — p )
13 lop

frequently used for quantifying the misclassification rates (Lu and Zhou, 2016; Fei and Chen,
2018; Loffler, Zhang and Zhou, 2019; Srivastava, Sarkar and Hanasusanto, 2019; Gao and
Zhang, 2019). Those results hinge on an extra assumption

in A 2 »
(36) mln]#k Hl”’] /’l’kH > max 1’ T( ) ,
13 lop n

or the one with > replaced by 2. In that case, (3.4) shows that our SNR is equivalent to
the classical one in (3.5). The error bound EM (g, y) = e~ SNR) and the condition SNR =
Q(logn) for exact recovery in Theorem 3.1 are optimal (Fei and Chen, 2018).

In general, our assumption SNR > 1 in Theorem 3.1 translates to

in: - 2
(37) M~k ”IJ’J HkH > max {1’ 7"(2)}
1% lop n

It is weaker than (3.6) when the noise has high effective dimensions r(X) > n.

For the sub-Gaussian mixture model (3.1) with the regularity Assumption 3.1, the results
in Theorem 3.1 are the best available in the literature. They have only been established for an
SDP relaxation of k-means under sub-Gaussian mixture models in Euclidean spaces (Giraud
and Verzelen, 2019) and Hilbert spaces (Chen and Yang, 2021a). Our analysis of spectral
method is powered by the /3, approximation of the PC score matrix UA'Y/? in Theorem 2.1.
It would be interesting to precisely characterize the constants C' and ¢ in Theorem 3.1, relax
the regularity conditions in Assumption 3.1, and investigate the optimality of spectral method
in more general regimes.

Loffler, Zhang and Zhou (2019) study the spectral algorithm without the hollowing step
under the isotropic Gaussian mixture model, with H = R%, ¥ = I, and {2;} , being
i.i.d. from N(0,1,). They prove an error bound that is exponential in min; [|; — px %,
with a sharp constant factor in the exponent. However, as we mentioned above, they require
a strong condition (3.6). On the other hand, our Theorem 3.1 covers a much broader class of
sub-Gaussian mixtures in Hilbert spaces. It only involves the effective dimension instead of
the ambient one, which is possibly infinite. Our requirement (3.7) is weaker than theirs.

(3.5)

3.2. Gaussian mixture model. The symmetries and other structural properties of Gaus-
sian mixture models allow for more precise characterizations than the above. While a main
focus of interest is parameter estimation by likelihood-based methods (Dempster, Laird and
Rubin, 1977) and methods of moments (Pearson, 1894), the problem of clustering is less ex-
plored. Recently there is a surge of interest in sharp statistical guarantees, mostly under the
isotropic Gaussian mixture model (Lu and Zhou, 2016; Cai and Zhang, 2018; Ndaoud, 2018;
Loffler, Zhang and Zhou, 2019; Chen and Yang, 2021b). In another line of study, sparsity as-
sumptions are adopted for high-dimensional regimes (Azizyan, Singh and Wasserman, 2013;
Jin and Wang, 2016). We study spectral clustering under the following model.

DEFINITION 3.1 (Gaussian mixture model). Fory € {£1}" and p € R% with n,d > 2,
we write {x;}7_ | ~ GMM(u,y) if

(3.8) x; =yip+ z; € RY, i€ [n],

and {z;}7_, CR?% are i.i.d. N(0,1,) vectors.
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It is natural to use the spectral estimator § = sgn(u ) to recover y, where u is the leading
eigenvector of G = H(X X 7). This method can be viewed as a special case of the spectral
algorithm in Section 3.1 that uses k-means for two classes and symmetric centroids. To gauge
the misclassification rate of y, define

(3.9) M(g,y) = min [{i € [n]: §i # syi}]-

Note that for the Gaussian mixture model (3.8), &; = y;pu, X =yp' and G =X X' =
|ll3yy - Then Ay = n|ul|3 and @1 = y//n.

THEOREM 3.2. Let {x;}}' ; ~ GMM(u,y) and n — oco. Define

(3.10) SNR— Kl

pall3 + d/m
1. If SNR > (2 + ¢)logn for some constant € > 0, then lim,,_,oc PIM(y,y) =0] =1;
2. If1 < SNR < 2logn, then limsup,,_,., SNR™'logEM(g,y) < —1/2.

Theorem 3.2 characterizes the spectral estimator with explicit constants. Here we do not
impose any specific assumption on the dimension d = d,, so long as SNR — oo. It may
be bounded or diverge at any rate. When SNR exceeds 2logn, sgn(u;) exactly recovers
all the labels (up to a global sign flip) with high probability. When 1 < SNR < 2logn, the
misclassification rate is bounded from above by e~SN R/[2+0(1)], According to Ndaoud (2018),
both results are optimal in the minimax sense. The proof of Theorem 3.2 is in Appendix E.2.

Cai and Zhang (2018) prove that SNR, — oo is necessary for any estimator to achieve van-
ishingly small misclassification rate and derive an upper bound EM (sgn(w,),y) < 1/SNR
for @, being the leading eigenvector of the unhollowed Gram matrix X X " . Ndaoud (2018)
obtains exact recovery guarantees as well as an optimal exponential error bound for an itera-
tive algorithm starting from sgn(w;). Our analysis shows that the initial estimator is already
good enough and no refinement is needed. Chen and Yang (2021b) study the information
threshold for exact recovery in multi-class setting and use an SDP to achieve that.

The SNR in (3.10) is closely related to (indeed equivalent to in the order of magnitude)
that in (3.4). One can immediately see this by setting pt; = p, pro = —pp and ¥ = I in (3.4).
The SNR precisely quantifies the signal-to-noise ratio for clustering and is always dominated
by the classical one ||u|3. When d > n, the condition SNR — 0o is equivalent to

G.11) liall2 > (d/n)'/*.

This is weaker than the commonly-used assumption

(3.12) [pll2>/d/n

for clustering (Lu and Zhou, 2016; Loffler, Zhang and Zhou, 2019), under which SNR is
asymptotically equivalent to ||4]|3. Their discrepancy reflects an interesting high-dimensional
phenomenon.

For the Gaussian mixture model in Definition 3.1, parameter estimation and clustering
amount to recovering p € R? and y € {41}, respectively. A good estimate of y yields that
of y. Hence clustering should be easier than parameter estimation. The difference becomes
more significant when d > n as clustering targets fewer unknowns. To see this, we write
X = (x1, - ,2,)" € R"*? and observe that

X=yu' +2Z,

where Z = (21,---,2,)" € R™ has i.i.d. N(0,1) entries. Clustering and parameter esti-
mation correspond to estimating the left and right singular vectors of the signal matrix EX.
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According to the results by Cai and Zhang (2018) on singular subspace estimation, (3.11)
and (3.12) are sharp conditions for consistent clustering and parameter estimation. They en-
sure concentration of the Gram matrix X X | and the covariance matrix %X TX. When

(d/n)* < ||p||2 < /d/n, consistent clustering is possible even without consistent esti-
mation of the model parameter p. Intuitively, there are many discriminative directions that
can tell the classes apart but they are not necessarily aligned with the direction of p.

Below we outline the proof of Theorem 3.2. The following ¢, approximation result for the
regime 1 < SNR < logn helps illustrate main ideas. Its proof is deferred to Appendix E.3.

THEOREM 3.3. Under the GMM model in Definition 3.1 with n — oo and 1 < SNR <
logn, there exist €, — 0 and positive constants C';, N such that

]P’(Hul — G’l_l,l/j\l”sij < EnH'l_HHSNR) >1-— CeiSNR, Vn > N.

In a hand-waving way, the analysis right after (1.6) in the introduction suggests that the
expected misclassification rate of sgn(wy) differs from that of sgn(Gwuy/A;) by at most
O(e=SNR), Then, it boils down to studying sgn(G'; /A1). Note that

n
(Gur /M) o< (Gy)i =Y [HIXX Dijy; = (@i, jy5) = (n— 1) (@i, oY), Vi€ [n].

i=1 i
Here p-9) = L%~ ;4 TjYj is an estimate of p based on the samples {;};; and their
labels {y; } j«. It is straightforward to prove

s 1 N - )
EM(sgn(Gur/Mi),y) = EZP[Sgn(@i,u( ) # ;] < e SNR/2+o(1)]
=1

and get the same bound for EM (sgn(u;),y). When SNR > (2 + ¢)logn, this leads to
an n~(17¢/2) ypper bound for the misclassification rate, which implies exact recovery
with high probability as any misclassified sample contributes n~! to the error rate. When
SNR < 2logn, we get the second part in Theorem 3.2. The proof is then finished.

The quantity sgn((z;, 1=9)) is the prediction of y; by linear discriminant analysis (LDA)
given features {x;}!"_, and additional labels {y;};;. It resembles an oracle (or genie-aided)
estimator that is usually linked to the fundamental limits of clustering (Abbe, Bandeira and
Hall, 2016; Zhang and Zhou, 2016), which plays an important role in our analysis as well.
By connecting u; with Gii1 /A1 and thus {(x;, i )}, Theorem 3.3 already hints the
optimality of sgn(w ). Our analysis may also apply to spectral algorithms in similar problems
such as the bipartite stochastic block model (Ndaoud, Sigalla and Tsybakov, 2021).

Perhaps surprisingly, both the (unsupervised) spectral clustering and (supervised) LDA
achieve the minimax optimal misclassification error e~ SNR/[2+0(]l The missing labels
do not hurt much. This phenomenon is also observed by Ndaoud (2018). On the other
hand, the Bayes classifier sgn({p,x)) given the true parameter p achieves error rate
1 — ®(||p||2), where ® is the cumulative distribution function of N (0,1). As ||p|j2 — oo,
this is e~ Il#13/2+o(] and it is always superior to the minimax error without the knowledge
of p. From there we get the followings for spectral clustering and LDA.

o If ||p]]2 > \/d/n, then SNR = ||u||3[1 + o(1)] and both estimators achieve the Bayes
error exponent;

o If ||p]|2 < C+/d/n for some constant C' > 0, then SNR < ||u|3/(1 + C~2) and both esti-
mators achieve the minimax optimal exponent that is worse than the Bayes error exponent.

4. Contextual stochastic block model.
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4.1. Problem setup. Contextual network analysis concerns discovering interesting struc-
tures such as communities in a network with the help of node attributes. Large-scale appli-
cations call for computationally efficient procedures incorporating the information from both
sources. For community detection in the contextual setting, various models and algorithms
have been proposed and analyzed (Zhang, Levina and Zhu, 2016; Weng and Feng, 2016;
Binkiewicz, Vogelstein and Rohe, 2017; Ma and Ma, 2017; Deshpande et al., 2018; Mele
et al., 2019; Yan and Sarkar, 2020). How to quantify the benefits of aggregation is a funda-
mental and challenging question. We study community detection under a canonical model
for contextual network data and prove the optimality of a simple spectral method.

To begin with, we present a binary version of the stochastic block model (Holland, Laskey
and Leinhardt, 1983) that plays a central role in statistical network analysis (Abbe, 2017).
We use a label vector y = (y1,-- ,yn)' € {#1}" to encode the block (community) mem-
berships of nodes. For any pair of nodes ¢ and j, we connect them with probability « if they
are from the same block. Otherwise, the connection probability is 5.

DEFINITION 4.1 (Stochastic Block Model). Forn € Z., y € {£1}" and 0 < o, 5 <
1, we write A ~ SBM(y,a, ) if A € {0,1}"*" is symmetric, Ay = 0 for all i € [n],
{Ai;}1<icj<n are independent, and

) ifyi=yy y
MA”_D_{ﬁ futy

In addition to the network, we also observe an attribute vector x; € R? of each node
¢ and postulate the Gaussian mixture model in Definition 3.1. Given the labels and other
parameters, the network A and node attributes {z;}}"_, are assumed to be independent. We
borrow the name “contextual stochastic block model” from Deshpande et al. (2018). More
general versions can be found in Binkiewicz, Vogelstein and Rohe (2017), Deshpande et al.
(2018) and Yan and Sarkar (2020). In another line of research, the network A is generated
based on the covariates {x;}?_; (Weng and Feng, 2016; Ma and Ma, 2017; Mele et al., 2019).

For simplicity, we impose uniform priors on the label vector y and the direction of sepa-
ration vector . The two blocks are then approximately balanced.

DEFINITION 4.2 (Contextual Stochastic Block Model). Forne€eZy, 0<a,B8<1,d>
2 and R > 0, we write (y, p, A, {x;}!' ) ~ CSBM(n,d, o, 5, R) if

1. the label vector y and separation vector p are independently generated from the uniform
distributions over {+1}" and {u € R?: |lu||o = R}, respectively;

2. given y and p, the network A and attributes {x;}}"_, are independently generated from
SBM(y, o, B) and GMM(,y), respectively.

The goal of contextual community detection is to reconstruct y based on A and {x;}]" ;.
We consider a commonly-used regime of the network where the connection probabilities «,
B scale like g, /n for some 1 < ¢, <logn and differ by a constant factor. When ¢,, > logn,
one can easily recover the communities perfectly from A (Abbe, 2017). When ¢, = O(1), it
is not possible to achieve vanishingly small misclassification error (Zhang and Zhou, 2016).
We are interested in the intermediate regime 1 < g, < logn. Meanwhile, recall that SNR =
R*/(R?+ d/n) in (3.10) is the signal-to-noise ratio of the Gaussian mixture model. We take
SNR = gy, to ensure that the signal strengths of A and {x;}!_; are comparable. There is no
specific assumption on the dimension d = d,,. It may be bounded or diverge at any rate.

ASSUMPTION 4.1 (Asymptotics). Let a, band c be positive constants. (y, p, A, {x;}1 ;) ~
CSBM(n, d, a, B, R) with 1 < ¢, <logn, a =, = % and R*/(R? + d/n) = cqy.
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4.2. An aggregated spectral estimator. On the one hand, Section 3.2 shows that the lead-
ing eigenvector u; of the hollowed Gram matrix G = H (X X ) is optimal for the Gaussian
mixture model. From now on we rename it as u1 (G) to avoid ambiguity. On the other hand,
the second eigenvector ug(A) of A estimates the labels under the stochastic block model
(Abbe et al., 2020). To get some intuition, suppose that half of the entries in {y; }}* ; are +1’s
and the others are —1’s so that 1,/ y = 0. For such y, it is easy to see from

_|_
”81 1T + T’Bny

4.1 E(Aly) =

that its second eigenvector y//n reveals the community structure. We propose an estimator

for the integrated problem by aggregating the two individual spectral estimators uy(A) and

u1(G). Without loss of generality, we assume (u2(A),u1(G)) > 0 to avoid cancellation.
Let us begin the construction. The ideal ‘estimator’

gFe = argmax P(y; = y| A, X, y_;).

y==+1
is the best guess of y; given the network, attributes, and labels of all nodes (assisted by
Genie) except the i-th one. It is referred to as a genie-aided estimator or oracle estimator in
the literature and is closely related to fundamental limits in clustering (Abbe, Bandeira and
Hall, 2016; Zhang and Zhou, 2016), see Theorem F.3. To mimic ", we first approximate
its associated odds ratio.

LEMMA 4.1. Under Assumption 4.1, for each given i, we have

(AT ()]

The i-th coordinate of Ay corresponds to the log odds ratio log[P(y; = 1|A,y_;)/P(y; =
—1]A,y_;)] for the stochastic block model (Abbe, Bandeira and Hall, 2016). From
Aji =0 we see that (Ay); = >, ,; Ajjy; tries to predict the label y; via majority voting
among the neighbors of node 4. Similarly, (Gy); relates to the log odds ratio log[P(y; =
11X,y-;)/P(y; = —1| X, y_;)] for the Gaussian mixture model. The overall log odds ratio
is linked to a linear combination of Ay and Gy thanks to the conditional independence
between A and X in Definition 4.2. The proof of Lemma 4.1 can be found in Appendix F.2.

Intuitively, Lemma 4.1 reveals that

= OP(QH; Qn)-

sgn <log(a/ b) Ay + Gy> (gEme, ... | geenie)T

2
n+d/R?
The left-hand side still involves unknown parameters a/b, R and y. Once these unknowns
are consistently estimated, the substitution version of the left-hand side provides a valid es-
timator that mimics well the genie-aided estimator and hence is optimal. Heuristics of linear
approximation in Theorem 3.3 above and Abbe et al. (2020) suggest

us(A) ~ A/ g and w1 (G) =~ Gu/)\g.

Here & = y/\/n, A4 = n(a — [3)/2 is the second largest (in absolute value) eigenvalue of
E(Aly) when a # 8 and the two blocks are equally-sized, and A¢ = nR? is the leading
eigenvalue of G = X X '. Hence

2
1 WAy + ——— G
og(a/b) y+n+d/R2 y

~log(a/b)vnAauz(A) + ———/nAgui(G)

nt d/R2
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n(a — ) a 2R

4.2) x 5 log <5>u2(A) + Fepm d/nul(G),
which yields a linear combination of us(A) and u;(G). The coefficient in front of u;(G)
is twice the SNR in (3.10) for Gaussian mixture model. Analogously, we may regard
w log(a/3) as a signal-to-noise ratio for the stochastic block model.

An legitimate estimator for y is obtained by replacing the unknown parameters «, 5 and
R in (4.2) by their estimates. When the two classes are balanced, i.e. yTln =0, (4.1) yields
ME(Aly)] =n(a+p3)/2and \2[E(Aly)] = n(a—)/2. Here \;(-) denotes the j-th largest
(in absolute value) eigenvalue of a real symmetric matrix. Hence,

na-8) . [a) MIE(AJy)] + M[E(AJy)
y 1o (5) = RolE(Aly)]los (AhE(Ary)] - [E(A!y)]>
N AM(A) + A2 (A)
~ A2(A)log <)\1(A) — )\i(A)>

It can be consistently estimated using the plug-in method. Similarly, using A\ (G) = nR?, we
have

oR' (@) 2X(G)
R2+d/n M(G)/n+d/n" n\(G)+nd
Based on these, we get an aggregated spectral estimator sgn (@) with

2

4.3) u = log (Al (4)+22(4) 72)\1((;) Uy
)\1 (A) — /\Q(A) n)\l(G’) +nd
Our estimator uses a weighted sum of two individual estimators without any tuning parame-
ter. When there are K > 2 communities, it is natural to compute spectral embeddings using
(K — 1) eigenvectors of A and G, respectively. One may apply Procrustes analysis (Wahba,
1965) to align the two embeddings and then use their linear combination for clustering. It
would be nice to develop a tuning-free procedure similar to the above.

Binkiewicz, Vogelstein and Rohe (2017) propose a spectral method based on a weighted
sum of the graph Laplacian matrix and X X ". Yan and Sarkar (2020) develop an SDP using
a weighted sum of A and a kernel matrix of {x;}" ;. Deshpande et al. (2018) study a belief
propagation algorithm. Their settings are different from ours.

)A2<A>u2<A> 4 @),

4.3. Analysis of the estimator when g, = logn. There are very few theoretical results on
the information gain in combining the network and node attributes. Binkiewicz, Vogelstein
and Rohe (2017) and Yan and Sarkar (2020) derive upper bounds for the misclassification
error that depend on both sources of information. However, those bounds are not tight and
cannot rigorously justify the benefits. Deshpande et al. (2018) use techniques from statistical
physics to derive an information threshold for weak recovery (i.e. better than random guess-
ing) in some regimes. The threshold is smaller than those for the stochastic block model and
the Gaussian mixture model. Their calculation is under the sparse regime where the max-
imum expected degree n(a + 3)/2 of the network remains bounded as n goes to infinity.
They obtain a formal proof by taking certain large-degree limits. To our best knowledge, the
result below gives the first characterization of the information threshold for exact recovery
and provides an efficient method achieving it by aggregating the two pieces of information.

We now investigate the aggregated spectral estimator (4.3) under the Assumption 4.1 with
@n = logn. Our study shows that sgn (@) achieves the information threshold for exact recov-
ery as well as the optimal misclassification rate, both of which are better than those based on
a single form of data in terms of the mismatch M in (3.9). To state the results, define

_ 2 ¢
I*(a,b,c):(f \2/5) + .

4.4)
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THEOREM 4.1. Let Assumption 4.1 hold with g, = logn and a # b.

1. When I*(a,b,c) > 1, we have lim,,_,o, P[M(sgn(a),y) = 0] = 1.
2. When I*(a,b,c) <1, we have liminf,_,. P[M(yg,y) > 0] > 0 for any sequence of esti-
mators Y = Yn (A, {z;}1" ).

Theorem 4.1 asserts that I*(a, b, ¢) quantifies the signal-to-noise ratio and the phase transi-
tion of exact recovery takes place at I*(a,b,c) = 1. When ¢ = 0 (node attributes are uninfor-
mative), we have I*(a,b,0) = (y/a — v/b)?/2; the threshold reduces to that for the stochastic
block model [|\/a — \/5] = /2 by Abbe, Bandeira and Hall (2016)]. Similarly, when a = b
(the network is uninformative), we have I*(a,a,c) = ¢/2; the threshold reduces to that for
the Gaussian mixture model [c¢ = 2 by Ndaoud (2018)]. The relation (4.4) indicates that com-
bining two sources of information adds up the powers of each part. The proof of Theorem
4.1 is deferred to Appendix E.5.

Figure 1 demonstrates the efficacy of our aggregated estimator sgn(w). The two experi-
ments use ¢ = 0.5 and ¢ = 1.5 respectively. We fix n = 500, d = 2000 and vary a (y-axis),
b (z-axis) from 0 to 8. For each parameter configuration (a, b, c), we compute the frequency
of exact recovery (i.e. sgn(a) = £y) over 100 independent runs. Light color represents high
chance of success. The red curves (y/a — v/b)? + ¢ = 2 correspond to theoretical boundaries
for phase transitions, which match the empirical results pretty well. Also, larger ¢ implies
stronger signal in node attributes and makes exact recovery easier.

FI1G 1. Exact recovery for CSBM: c = 0.5 (left) and c = 1.5 (right).

When I*(a,b,c) < 1, exact recovery of y with high probability is no longer possible. In
that case, we justify the benefits of aggregation using misclassification rates, by presenting
an upper bound for sgn(w) as well as a matching lower bound for all possible estimators.
Their proofs can be found in Appendices F.6 and F.7.

THEOREM 4.2. Let Assumption 4.1 hold, q, =logn, a # b and I*(a,b,c) < 1. Then

limsup g, ' logEM (sgn(w),y) < —I*(a,b,c).

n—oo

THEOREM 4.3.  Let Assumption 4.1 hold. For any sequence of estimators § = yn (A, {xi}] ),

lin_l)inf ¢, HlogEM(9,y) > —I*(a,b,c).
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Theorems 4.2 and 4.3 imply that in the logn-regime, the aggregated spectral estimator
sgn(u) achieves the optimal misclassification rate:

EM (Sgn(ﬁ% y) — n—[* (a,b,c)+o(1) .

When ¢ = 0, it reduces to the optimal rate n~(Va=vt)*/2+0(1) for the stochastic block model
(Definition 4.1) and when a = b, the result reduces n~</2t°(1) for the Gaussian mixture
model (Definition 3.1), respectively. It is easy to show that they are achieved by ua(A)
(Abbe et al., 2020) and u1(G) (Theorem 3.2), which are asymptotically equivalent to our
aggregated estimator w in extreme cases ¢ — 0 and a — b, respectively. In other words, our
result and procedure encompass those for the stochastic block model and Gaussian mixture
model as two specific examples.

4.4. A modified estimator for the general case. While Theorem 4.3 establishes a lower
bound e~ [I"(@b.)+o()] for misclassification under Assumption 4.1 without restricting
qn = logn, our aggregated spectral estimator sgn(w) is only analyzed for the logn-regime.
If the network becomes sparser (¢, < logn), the empirical eigenvalues Aj(A) and \y(A)
no longer concentrate around aTJrﬁ and anﬁ (Feige and Ofek, 2005). The eigenvector anal-
ysis of uz(A) in Abbe et al. (2020) breaks down. Consequently, the estimator (4.3) fails to
approximate the (scaled) vector of log odds n~/21log(a/b) Ay 4+ n~"/ 2#/1%26111.

Fortunately, the ¢, results for u;(G) in the current paper continue to hold, and yg =
sgn[u1 (G)] faithfully recovers y. Hence, we need only to modify the first term in (4.3)
concerning the network A, which aims to approximate n~'/2log(a/b) Ay. To approximate
log(a/b), we resort to 1T Al/n =~ # = % and yAy/n ~ a—;ﬂ = % so that
a/br %- Thus, we propose a new estimator sgn (@) with

1
where g estimates y. The new estimator sgn (@) achieves the fundamental limit e =% (I (a.b,c)+o(1)]
even if ¢, < logn. See Theorem 4.4 below and its proof in Appendix F.8.

1TA1+ 9L Agc
1TA1 -9/ Agc

2)1(G)
— 7w
n/\1 (G) +nd

)A?)G + (G),

THEOREM 4.4. Let Assumption 4.1 hold and a # b. We have
limsupq,, ' log EM (sgn(@),y) < —I*(a,b,c).

n—oo

In addition, if ¢, =logn and I*(a,b,c) > 1 then lim,,_,o P[M(sgn(u),y) =0] = 1.

5. Proofideas. To illustrate the key ideas behind the ¢, analysis in Theorem 2.1, we use
a simple rank-1 model

(5.1) x; = py; + z; € RY, i € [n],

where y = (Y1, ,yn) " C {£1}" and p € R? are deterministic; {z;}?_, are independent
and z; ~ N(0,3;) for some X; > 0. We assume further 3; < C'I; for all i € [n] and some
constant C' > 0.

Model (5.1) is a heteroscedastic version of the Gaussian mixture model in Definition 3.1.
We have &; =y, X = (&1, ,&n) =yp',G=XX"=|p|3yy", \1 =n|/n|3 and
w1 = y/+/n. For simplicity, we suppress the subscript 1 in w1, @1, A\; and \;. The goal is to
show that for p that satisfies our technical condition,

(5.2) min lew — G/, = op([[@lly; p).

For simplicity, we assume that u is already aligned with G/ and the optimal ¢ above is 1.
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FIG 2. Benefits of hollowing. Presented are the components of true eigenvector y/+/n (black, n = 100), the
leading eigenvectors u (red) and U (blue) of the Gram matrix and its hollowed version.

5.1. Benefits of hollowing. The hollowing procedure conducted on the Gram matrix has
been commonly used in high-dimensional PCA and spectral methods (Koltchinskii and Giné,
2000; Montanari and Sun, 2018; Ndaoud, 2018; Cai et al., 2021). When the noises {z;}!" ;
are strong and heteroscedastic, it drives G closer to G and thus ensures small angle between
u and w. Such /5 proximity is the starting point of our refined ¢,, analysis.

Observe that

(@i, m5) = (@i, ®5) + (@i, 25) + (2, %5) + (21, 2)),

E(zi,x;) = (&i, &;) +El|zil[31 =3
Hence the diagonal and off-diagonal entries of the Gram matrix behave differently. In high-
dimensional and heteroscedastic case, the difference in noise levels {E||2;||3}7"; could have
a severe impact on the spectrum of Gram matrix X X '. In particular, the following lemma

shows that the leading eigenvector of X X T could be asymptotically perpendicular to that of
X X7, while H(X X ") is still faithful. The proof is in Appendix G.1.

LEMMA 5.1. Consider the model (5.1) with 31 = 21; and o = --- =3, = I;. Let
@ and u be the leading eigenvectors of the Gram matrix X X ' and its hollowed version

H(XXT). Suppose that n — oo and (d/n)"* < ||pll2 < \/d/n. We have | (1, )| 50
and |(u,@)| > 1.

Figure 2 visualizes the entries of eigenvectors & (black), @ (red) and u (blue) in a typical
realization with n = 100, d = 500, |||z =3 and y = (17TL/27 —17:/2)T. The population eigen-
vector u perfectly reveals class labels, and the eigenvector w of the hollowed Gram matrix
is aligned with that. Without hollowing, the eigenvector % is localized due to heteroscedas-
ticity and fails to recover the labels. The error rates of sgn(w) and sgn(u) are 48% and 3%,
respectively.

With the help of hollowing, we obtain the following results on spectral concentration. See
Appendix G.2 for the proof.

LEMMA 5.2.  Consider the model (5.1). When n — oo and ||p||2 > max{1, (d/n)'/*},
we have |G — G||2 = op(A; n), |A — A = op(A; n) and min.—y; ||cu — ull2 = op(1; n).

It is worth pointing out that hollowing inevitably creates bias as the diagonal information
of G is lost. Under incoherence conditions on the signals {&;}" ; (Assumption 2.1), this
effect is under control. It becomes negligible when the noise is strong. While the simple hol-
lowing already suffices for our need, general problems may benefit from more sophisticated
procedures such as the heteroscedastic PCA in Zhang, Cai and Wu (2018).
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5.2. Moment bounds and the choice of p. As hollowing has been shown to tackle het-
eroscedasticity, from now on we focus on the homoscedastic case

Si==%,=14
to facilitate presentation. We want to approximate u with G/ \. By definition,
lu — Ga/M|, = | Gu/A — Ga/M|, < |G (u—a),/|A + |Gall, A~ = A7,

The spectral concentration of G (Lemma 5.2) forces 1/|A| = Op(A™!; n) and A1 = A7!| =
op(A~1; n). In order to get (5.2), it suffices to choose some p < n such that

(5.3) IG(u— )|, = op(Alalp; p),
(5.4) |Gl = Op(All]lp; p)-
The target (5.4) sheds light on the choice of p. Let Z = (z1,---,2,) ' and observe that
G=HXX")=HXX)+HXZ)+H(ZX")+H(ZZ").

As an example, we show how to obtain

(5.5) IH(ZX T )al, = Op(Ala]p; p)-
By Markov’s inequality, a convenient and sufficient condition for (5.5) is
(5.6) E'V7|H(ZX Nally S Alal, = nllp]3-n'/P2,
We now establish (5.6). The facts [H(ZX ")];; = (i, Yim)Lgizjy and @ =y//n yield
o n—1 )
(5.7) (H(ZX ")l = (ziy;my;/Vn = W%’ p),  Vi€ln].
j#i

By {2;}", are i.i.d. N(0,I,;) random vectors, we have (z;, ) ~ N (0, ||p]|3). By moment
bounds for Gaussian distribution (Vershynin, 2010), suquI{q_l/QIEl/qKzi, w1} < c|lpll2
holds for some constant c. Then

(5.8) E|H(ZX "alh =) E|[H(ZX ")alil” < n(c|ul2y/mp).

i=1

We can achieve (5.6) if p < ||p||3. Hence p cannot be arbitrarily large. Moment bounds are
used throughout the proof. The final choice of p depends on the most stringent condition.

Moments bounds are natural choices for £, control and they adapt to the signal strength.
In contrast, the ¢, analysis in Abbe et al. (2020) targets quantities like |G|/~ and
|H(Z X ")/ o by applying concentration inequality to each entry and taking union bounds.
We now demonstrate why /. analysis requires stronger signal than the ¢, one. Similar to
(5.5), suppose that we want to prove

5.9 H(ZX ")) = Op(Mallso) = Op(nllpel3/vn) = O (vl ul3).
According to (5.7), we have H(ZX ")u ~ N(0, MIR). By Inequality A.3 in Chat-

n

terjee (2014), E|H(Z X ")@t||o0 =< v/nlogn|| |2 and there exists a constant ¢ > 0 such that

(5.10) P|H(ZX " )at||oo > v/nlogn|| 2] — 1.

The +/logn factor is the price of uniform control of n coordinates, as opposed to /p in the
adaptive ¢, bound (5.8). If ||p||2 < /logn, (5.10) contradicts the desired result (5.9). Then
the /o, analysis breaks down.
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5.3. Leave-one-out analysis. Finally we come to (5.3). Let GG; denote the i-th row of G.
By definition,

G — ) = (gmi(u—a)rp) "

We need to study |G;(u — u)| for each individual ¢ € [n]. By Cauchy-Schwarz inequality,
the upper bound
Gi(u —a)| <|[Gilla]u — a2

always holds. Unfortunately, it is too large to be used, as we have not exploited the weak
dependence between G; and w. We should resort to probabilistic analysis for tighter control.
For any i € [n], we construct a new data matrix

XD = (@1, @i1,0,@ip1,,xn) | = (I —eie] )X
by deleting the i-th sample. Then
Gi — (<mi7ml>a R <mi7mi*1>70a <mi7 mi+1>7 Tty <m17mn>) — m;l—X(z)T7

Gi(u—a)=(x;, XD (u—a)).

Recall that w is the eigenvector of the whole matrix G constructed by n independent samples.
It should not depend too much on any individual x;. Also, X@T is independent of ;.
Hence the dependence between x; and X 7T (u — u) is weak. We would like to invoke
sub-Gaussian concentration inequalities to control their inner product.

To decouple them in a rigorous way, we construct leave-one-out auxiliaries {G(i) v, C
R™*"™ where

GV =H(XOXOTY = H[(I - eie] ) XX (I —ese])
is the hollowed Gram matrix of the dataset {z1,--- ,%;1,0,%;41, - , @, } With z; zeroed
out. Equivalently, G® is obtained by zeroing out the i-th row and column of G. Let u(? be
the leading eigenvector of G(V). Then

|Gi(u — )| = [(2:, XOT (u—a))| < [, XOT (@ — )|+ (@, XOT (u—u®))|.

~~
€1 €2

We have the luxury of convenient concentration inequalities for £ as &; and X T (u(®) — @)
are completely independent. In addition, we can safely apply the Cauchy-Schwarz inequality
to £ because u?) should be very similar to w.

The leave-one-out technique is a powerful tool in random matrix theory (Erdds, Schlein
and Yau, 2009) and high-dimensional statistics (Javanmard and Montanari, 2018; El Karoui,
2018). Zhong and Boumal (2018), Abbe et al. (2020) and Chen et al. (2019) apply it to
{ eigenvectors analysis of Wigner-type random matrices. Here we focus on £, analysis of
Wishart-type matrices with dependent entries.

6. Discussion. We conduct a novel /,, analysis of PCA and derive linear approxima-
tions of eigenvectors. The results yield optimality guarantees for spectral clustering in several
challenging problems. Meanwhile, this study leads to new research directions that are worth
exploring. First, we hope to extend the analysis from Wishart-type matrices to more general
random matrices. One example is the normalized Laplacian matrix frequently used in spectral
clustering. Second, our general results hold for Hilbert spaces and they are potentially useful
in the study of kernel PCA, such as quantifying the performances of different kernels. Third,
the linearization of eigenvectors provides tractable characterizations of spectral embedding
that serve as the starting point of statistical inference. Last but not least, it would be nice
to generalize the results for contextual community detection to multi-class and imbalanced
settings. That is of great practical importance.
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APPENDIX A: USEFUL FACTS

Here we list some elementary results about operations using the new notations Op(-; -)
and op(+; +). Most of them can be found in Wang (2019).

FACT A.1. The following two statements hold.

1


http://www.imstat.org/aos/
mailto:emmanuel.abbe@epfl.ch
mailto:jqfan@princeton.edu
mailto:kaizheng.wang@columbia.edu

2

1. X, = Op(Yy; m) is equivalent to the following: there exist positive constants Cy, Cy
and N, a non-decreasing function f : [Ca,+00) — (0, +00) satisfying limy_, o f(z) =
+00, and a positive deterministic sequence { R, }5°_, tending to infinity such that

P(|Xn| > t|Y,]) < Cre™f @ vn>N, Cy<t<R,.
2. When X,, = op(Yy; ), we have
lim 7, log P(|X,,| > ¢|Yn|) = —o00
n—oo

for any constant ¢ > 0. Here we adopt the convention log() = —oo.

FACT A2 (Truncation). If Xn1yz,|<jw,|} = Op(Ya; mn) and Z, = op(Why; 70), then
Xp=0p(Yn; ™).

Fact A.2 directly follows from Fact A.1 above and Lemma 4 in Wang (2019).

FACT A3. [fEY"™ | Xn|™ <Y, or El/m | X | < Y, for deterministic Yy, then X, =
Op(Yy; ™) or Xy, = op(Yy; 1), respectively.

FACT A4 (Lemma 2 in Wang (2019)). If X,, = Op(Yy; ) and W,, = Op(Zy; sp),
then

Xn+ Wy = OIP’(‘Yn| + ’Zn’7 (EAN Sn)v
XoWy, = Op(YnZn; A Sn).

FACT A.5 (Lemma 3 in Wang (2019)). We have the followings:
1. if Xp, = Op(Yy; ), then | X, |* = Op(|Yn|%; ) for any o > 0;
2. if Xp, = op(1; ), then f(X,,) = op(1; 1) for any f: R — R that is continuous at 0.

DEFINITION A.1 (A uniform version of Op(-, -)). Let {A,,}2 | be a sequence of finite

index sets. For any n > 1, { X2 }aea,, {Yor}rea, are two collections of random variables;
{rnataen, C(0,400) are deterministic. We write

(A.1) {Xoabren, = Op({Yor}aea, s {rnatren,)

if there exist positive constants C1, C2 and N, a non-decreasing function f : [Ca,+00) —
(0, 400) satisfying limy_, 1 o f(x) = 400, and a positive deterministic sequence {R,,}5°
tending to infinity such that

P(|X,| > t|Y,]) < Cre ™/ Yn>N, Cy<t<R,.

When Y\ =Y, and/or v,y = ry, for all n and \, we may replace {Yp\}ren, and/or
{rnataen, in (A1) by Y, and/or ry, for simplicity.

FACT A.6. Ifry, 2 log|Ay|, then {X 2 }ren, = Op({Yartaen,; ™) implies that

X,,\|=0 Y5 ).
Ané?fj‘ Al H’(}\Té?\)j WA Tn)
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APPENDIX B: MORE ON /5 ;,, ANALYSIS OF EIGENSPACES

In this section, we provide a generalized version of Theorem 2.1 and its proof. Instead
of Assumption 2.4, we use a weaker version of that (Assumption B.1) at the cost of a more
nested regularity condition for p = p,, (Assumption B.2). Assumptions 2.5 and 2.6 are still in
use.

ASSUMPTION B.1 (Incoherence). n — 00 and ||G||2,00/A <y < 1/k.

ASSUMPTION B.2 (Regularity of p=p,,). /np||XE2?|j2, SA|U||2yp and
n!/? Jrpmax{|Zus, Vil Zlop} S All0]l2,p.
THEOREM B.1. Let Assumptions 2.5, 2.6, B.1 and B.2 hold. We have
|Usen(H)llzp = Oz (10 + 7A@z pAR).
IUsgn(H) — GUA™|2,p = Op (my[|U |25 +7A7H|Gll2p p AR)
|UAY2 sgn(H) = GUA™23,, = Op (k323 A2 U3,y + K/29A |Gl p An).

B.1. Proof of Theorem B.1. The following lemmas provide useful intermediate results,
whose proofs can be found in Sections B.2 and B.3.

LEMMA B.1.  Let Assumptions 2.5, 2.6 and B.1 hold. We have |G — G2 = Op(vA; n),
|A = All2 = Op(vA; n) and [UUT —UU ||y = Op(y; n).

LEMMA B.2. Let Assumptions 2.5, 2.6, B.1 and B.2 hold. We have
|IGU —UA-H(ZX ")U|l2pp = (v+ /r/n)Op(A[|U |2, p),

IH(ZX)U 2= O (VABI X2+ /P ipmax{ | E s, VAISlop}s pAn),

IGUA™ 2 = Op(|U]|2,p5 p A1)
We now prove Theorem B.1. Let ¥ = |G — G/||2/A. It follows from Lemma 1 in Abbe
et al. (2020) that when 4 < 1/10,
IUH — GUA™ |25, <67AT|GU |12 + 287 H|GUH — U)||2,p-

By Lemma B.1 and v — 0 in Assumption B.1, 7 = Op(7; n) = op(1; n). Lemma B.2 asserts
that |GU |2 < |GUA Y |2p||All2 = Op (kAU ||2,5; p A n), respectively. Hence

(B.1)
[UH — GUA |2, = Op(k7||U]|2p; pAn) + |GUH —U)||2,05(AY; n),
|UH|l2p < |GUA  |2p + [UH = GUA™ |2, = Op(||U |l2,5; p A1)
(B.2) +|GUH - T)|l2,08(A7"; n).

We construct leave-one-out auxiliaries {G(m)}"m:1 C R™*" where G(™ is obtained by
zeroing out the m-th row and column of G. Mathematically, we define a new data matrix

X(m) = (wlv T 7mm71a0awm+1, e ,$n)T = (In - eme;)X
by deleting the m-th sample and
G = (XXM = H [T, — eme, ) XX (I, — eme, ).
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Let {ugm) ""_1 be the eigenvectors of G, UM = (ugﬁ, e Sﬁﬁ) €R™ " and H™ =
UFm)TU . The construction is also used by Abbe et al. (2020) in entryw1se eigenvector anal-
YSIE-y Minkowski’s inequality,

G H -0y < (G @ H U H) 4160

m=1

(B.3)

n 1/p n B 1/p
<(Xlenwr-vmaE) " (Y IG. o HE - o)
m=1 m=1
The first term on the right hand side of (B.3) corresponds to leave-one-out perturbations.
When max{||G||2,, |G — G|l2}x < A/32, Lemma 3 in Abbe et al. (2020) forces
Ut —u"™ W) o <36|(UH)ml2,  Yme [n],
max |[U™H™ —U|l; < 6max{||G|j2,, |G — Gl|2}/A.

me[n]

The fact || G||2.00 < YA, the result |G — G||2 = Op(yA; n) in Lemma B.1, and Assumption
B.1 imply that

<[ Gllaoe + |G = Glla = 0p(vA; m),
n 1/p
( Y lvuT - U<m><U<m>>TH§) = Op(k|UH|l,; 1),
m=1
(B.4) max U H™ — Ty = Op(v; n).
men

The definitions H = U ' U and H™ = (U™))TU yield
IUH - U™ H™|, = |(UUT —U™ @)U, < [UUT U™ @™)7 2.
Based on these estimates,

n 1/p n 1/p
(Z |Gn(UH — U<m>H<m>>H§) < HGrm(Z rrUH—U<m>H<m>rr§)

m=1 m=1

n 1/p B
<Gl < Y v’ - U(m)(U(m))TH’z’> = Op(k7yA[UH [2,p; 1)

m=1

(B.5) - )
= Op(:7AUl2p; p An) + Op(y||GUH = U)|l2,p; n)-

The last equality follows from (B.2). We use (B.3), (B.5) and xy = o(1) from Assumption
B.1 to derive

N\ -
|IGWUH —U)|ja, < (ZHG m>—U>||§> + Op(k7A||U|2,5; p An).

By plugging this into (B.1) and (B.2) and using xy = o(1), we obtain that
(B.6)

n

_ _ B 1/p B
IUH — GUA™ |2 = Op(s1|[U 12,5 p Am) + ( Y IGn U H™ U)II§> Op(A71; m),

m=1
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(B.7)
B n B 1/p .
|UH 2 = 0p(|U s pAn) + ( S G (U H U)IIS) Op (A~ n).
m=1

We now control the second term in (B.3). From the decompositions

G=H[(X+2Z2)(X+2) |=H(XX"+XZ"+ZX"+H(ZZ"),

we have
n _ 1/p
( S G (@™ EH U)!é”)
m=1
< XX + X2+ ZX 7)o mis [UH ™ - O
mée|n
_ 1/p

B.8) ( Z (22U F — U>”g> .

We now work on the first term on the right hand side of (B.8). Define M € R™*" through
Mij = |[(X Z )ijlly, Then EM;; = 0 and My; = |[(®s, 2;) ||y, S [1Z=1/2@:], where < only
hides a universal constant.

n n ) p/271/p n n s o p/271/p 1
M= | 3 (Snl) | 5 [ (X1 i) | = valx s
i=1 N j=1 i=1 N j=1
- - n n V2 p/2 1/p< n n S22 (2 p/271/p
I 2= | > DMl S (D=
j:l =1 ‘: =1

=n'/P| XZ2|o0 < V|| X2,
By Lemma H.3 and p > 2,
1XZ " |l2,p = Op(v/P M|2,p; p) = O2(y/1pl| X225 p),
1ZX |2 = Op(VBIIM " l25 p) = Op(y/ip| X B2 12,55 ).
These estimates and \/np|| X 222, < AU |2, in Assumption B.2 yield

IH(XZT+ZX )2 <IIXZT +ZX |2 = Op(A[|U 123 p).
This and (B.4) lead to
IHXXT+XZT+ZX7)||2p max [T H™ -T2
men

(B.9) = Op(Y(|X X Tl2p + AU l2p); p A ).
We use (B.6), (B.8) and (B.9) to get
|[UH - GUA ™2, = Op(w1||U

2p; PAN) ‘|‘OIP’(’YA—1HXXTH2J>5 pAn)

1/p
(B.10) (Z I[H(ZZ )] (U™ H™ —U)HQ) Op(A™Y; n).



By construction, U™ H(™) — U € R™*" is independent of z,,. We invoke Lemma H.2

to get
p) 1/p
2

<Z” HEZZInUH “”—U)Hé’)l/p:(fl

m=1

S 2, 2) (U H ~ T,
J#m
= n'/? mas [UCVH — 0308 (rpmas{ S, VilSlop); pAn)

men)

BID)
= Op(YA[|Ul||2,p; p A7),

where we also used (B.4) and Assumption B.2.
We use (B.10) and (B.11) to derive

(B.12)  [[UH — GUA |2, = Op(k7||U |25 p A1) + Op(A | Gll2p5 p A ).
Consequently, Lemma B.2 yields

[UH|2p < |[GUA |2+ [UH — GUA™ |2,
(B.13) = Op(||Ull2; A R) + Op(vA™Y|Gll2p; pAR).

Lemma 2 in Abbe et al. (2020) and the result ||G — G||2 = Op(yA; n) in Lemma B.1
imply that | H — sgn(H)||2 = Op(7?; n). As sgn(H) is orthonormal, we have | H (|5 =
Op(1, n) and

U sgn(H) ~ UH||2,p < [[UHH ™ (sgn(H) — H)|l2,p
(B.14) <|UH 2| H™ 2] sgn(H) — H|l2 = [UH||2,0p(7*; 1)

The tail bounds for ||U sgn(H)||2, and |U sgn(H) — GUA |2, in Theorem B.1 follow
from (B.12), (B.13) and (B.14).

Finally we use the results above to control |[UAY?sgn(H) — GUA~'/?||5,,. By Lemma
B.1, [A = All2 < |G — G2 = Op(yA; n) = op(A; n). Hence n_llogIP’(HA A2 >
A/2) — —co. When |G — G|l < A/2, we have A = (A/2)I, and A'/? is well-defined. It
remains to show that

IUAYV2H — GUA 2|21 6_cla<a/m
(B.15) = Op(K3 2y AY2||U |2 p + £Y2YA7Y2|G|2p; p A R).

Define H = sgn(H). When |G — G||2 < A/2 happens, we use triangle’s inequality to
derive

I[UAYVPH — GUA™ 2|y < [UH(HTAV2H — AY?) |y, + (UH — GUA)A'2|3,
<[ UH 2| HTAYVH — A2y + [UH — GUA™ |, Al
It is easily seen from ||A ||z < xA that

[UH — GUA™ o, ||Ally* = 02 (5* >4 AY2(|U |la + 514 A7V|G 2 p A ).

Hence

IUAYPH — GUA 2|31 6 Gj<ajoy = Op(K* A2 |Ulla, + 624 ATV2(|Gll2p; p An)
(B.16)

+O0p(|Ul|2p + YA MG ll2p; pAR) - [HTAY2H — A2 (o116 guen/a)-
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Note that H'AY2H = (H"AH)"/?. In view of the perturbation bound for matrix
square roots (Schmitt, 1992, Lemma 2.1),
ye IHTAH-Als _|AH-HAl,

T Amin(HTAY2H) + Apin (AY/2) — 2A1/2

SUIAH — HA|l2 + |A(H — H)||2 + || (H — H)A|2)/AY?

HI:ITAI/QI_{ - A1/2|

SIAH — HA|l2/AY? + Op(ry* A% )

as long as |G — G||2 < A/2. Here we used ||H — H||z = Op(y?; n) according to Lemma
B.1 as well as Lemma 2 in Abbe et al. (2020).
From U "G = AU " and GU = UA we obtain that

AH-HA=AU'"U-U'UA=U'GU-U'GU=U"(G-G)U
and ||[AH — HA|j2 < ||G — G|2 = Op(yA; n). As aresult,
IHTAYVH = APl 6_gj,<a/2 = Os(vA'?; n),

where we also used ky = o(1) in Assumption B.1. Plugging this into (B.16), we get the
desired bound (B.15) and thus complete the proof of Theorem B.1.

B.2. Proof of Lemma B.1. Note that
G=H(X+Z)(X+2)|=HXX)+HXZ"+ZX")+H(ZZ")
B.17) =XX"+(XZ"+2zX")+H(ZZ")- D,

where D is the diagonal part of X X ' + X ZT + ZX ", with D;; = || ;|*> +2(%;, 2;). From
(@2, 2) g, S 1512 we get {|(&, i)}y = Op({|Z"/&i]|v/n}i=y; n). By Fact A.6,

max | (@, 2;)| = OP(gé%HEW@Hﬂ; n)

1€[n]
and
| D2 = max | Dy;| = max ||501||2 + Op <max Hzl/%gin\/ﬁ; n)
il i€in) ieln)
= 1K1 e + O (I X 20 (I op) /% )
<X X[l +Op (| X X[ (0l| ) /2 )
(B.18) = ||Gll2,00 + O ((an2|yop)1/2; n)

Note that || ZX T, = SUP,, pegn—1 u'ZX Tw. Since {2, X Tw}?_, are zero-mean, inde-
pendent and

2 X Tvlly, SIEV2X Tl < | X2V lop < (1GlI21Zlop) /2 = (RA[IS]|op) /2,

we have

- n B 1/2 B
[uZX o))y, - S (Zu%HzI XTvH%m) S (KA op) 2.
P2

i=1

n
E wiz X
i=1

A standard covering argument (Vershynin, 2010, Section 5.2.2) yields
1ZX |l = Op((nsA[|Zlop)/?; 1).
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The same tail bound also holds for || X Z T ||.
From these estimates, (B.17), (B.18) and Lemma H.1 we obtain that

IG ~ XX 2= O (IGI3 oo + (58] S op) 2 + ma{v/|Sllus, n|Sop}s 7).

By Assumptions B.1 and 2.6, we have nx|| 3o, < A. Hence n||%|op < (nkA || Z|op) /2
and HG — XXTHQ = Op(’)/A; n)

Finally, Weyl’s inequality (Stewart and Sun, 1990) and Davis-Kahan theorem (Davis and
Kahan, 1970) assert that |[A — Alj> < |G — G|z = Op(vA; n) and |[UUT —UU |5 S
|G = Gll2/A = Op(y; n).

B.3. Proof of Lemma B.2. Observe that
G=HXXH=H(X+Z2) X =XX"T+HXX)-XX"|+HXZ")+H(ZX").
From XX 'U = GA = UA we get

|GU ~UA ~H(ZX")U|j2, = |GU — XX 'U —H(ZX ")U]||2,
=HXX") - XX +H(XZ)]U |2,

n 1/p

< (Z (Ilfﬁm!2||l7m\2)p> +H(XZT)U||2,p-
m=1

On the one hand, we have

n

(12l *1Tnll2)” < max |2l Y [Tl = [ X510 15, < (VAT l2,)7,
me(n]

m=1 m=1
where we used [|X |3 < | XX T||2,00 < YA in Assumption B.1. On the other hand,
{2)}jm are independent, | (&, 2j) |y, S = 2@m]. U = (w1, ,4,) and |a;]2 =1

for j € [r]. Then
IH(XZ )ty = (X ZT)m(I — eme,,) ]|,
Z ﬂjk‘<jmvzj>
k#m
Lemma H.3 forces |H(X Z " )Ul||2,, = Op(y/p|| M ||2,p; p), where M;; = | 21/22;]|. Hence
. . 1/2.~ 112 p/2 1/ o5 1/2
M1y =[S (1w ) | = v X2
i=1 N j=1
IH(XZ)U 2 = Op(v/rpl XE2||2,5 p) = Op(v/1/nA|U 123 p),
where the last equality follows from Assumption B.2. By combining the two parts we get
|GU ~ UA ~H(ZX VUl = (v + /r/n)Oe(A [Tl p),
IGUA™ —H(ZX YUA 25 < |GU —UA —H(ZX U 2| A |2+ 10|29
(B.19) = Op(||[U|l2,p; p)-
To study H(Z X ")U, we decompose it into H(ZX ")U + H(ZZ ")U. Note that
H(ZX YOy = (ZX )L — emen, )ity = (2, X (I = emer)ty),

SIE&,ll,  jelr], men].

2

IH(ZX ") O)mjll SIEV2XTT — emen,)ay).
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Lemma H.3 forces |[H(ZX ")U|s, = Op(\/p||M
eme, );||. From

Z||21/2XT(I—eme;)aj||2:<(1_eme )IXEX (I -ene,, Z- -T>
Jj=1

2.p; D), Where M;; = =2 XT(T -

<Tr(XEXT)=||XZ"?|3,
we get

n

I B p/271/p _ _
HMHz,p=[ (ZHE“QXT(I—eme;)ajH?) ] P RS2y < 2 XS,

m=1

(B.20)
IH(ZX )T |2 = Op(v/1pl| X B2 |25 p) = Op(Al|T |25 p),

where we used Assumption B.2 to get the last equality.
Note that [|U|j2 =1 and ||[[H(ZZ ")U]mll2 = | E]#m<zm,zj>U ll2, Vm € [n]. Lemma
Z (zmvzjﬂjj

H.2 asserts that
p) 1/p
j#m 2

=n'/?|O|08 (v/rpmax{ | Sus, ValSllop}s pAn)
B2 =Op(n'"rpmax{|Zlus, VAlIZlop} pAn) = Op (AU 2 p A ).

The last equality is due to Assumption B.2. Then we complete the proof using (B.19), (B.20)
and (B.21).

n

(2270 |, = (Z

m=1

APPENDIX C: PROOF OF THEOREM 2.1

We will invoke Theorem B.1 to prove Theorem 2.1 in the Hilbert setting (under Assump-
tions 2.4, 2.5 and 2.6). We claim that Assumption B.2 holds, p < n and

(C.1) YNG2,00/ A < /77

In that case, Theorem B.1 asserts that

(C.2)

IU sgn(H) — GUA™ 2,5 = Op (my[|U |25 +7A Y| G125 1) +
(C.3)

1U sgn(H)||2p = Op (U |2 + YA H|Gl2p5 p)

(C4)

IUA2sgn(H) — GUA™?||2, = Op(v*2yAY2|U |12 + 51/ 2yA7 2| G

2,0y D A n)

When 2 < p < 0o, we have n™/2||v|s < n~VP||v||, < ||v]|s0, Yo € R™. This inequality
and (C.1) force that

YGllzp <A PG 200 < nPAV /=0 P A0 2| U |22 < Al|U||2,p.

Hence YA™Y|Gl|2,, = o(||U||2,p)- The first, third and fourth equation in Theorem 2.1 di-
rectly follow from (C.2), (C.3), (C.4) and ky < 1/p < 1 in Assumption 2.4.
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To control ||U sgn(H) — [U +H(ZX ")UA||2,, we invoke Lemma B.2 to get
IGU ~UA ~H(ZX ")U ||z = (v + v/1/n)Op(A||U||2; p) = 0p(A||U
Then

|2,p§ p)-

U sgn(H) — [U +H(ZX ) UA |12,
H)— GUA |3+ [|GUA™ — [U+H(ZX ) UAY||2y
< |[Usgn(H) — GUA 2, + | GU — [UA +H(ZX )02, | A2
— 0 (| U l2.5 p Am).
Similarly, we obtain from (C.4) and Lemma B.2that
|UAY2 sgn(H) — [UAY? + H(ZX VTR )|z = 0p(|T |2, | AV2]l25 p A ).

<[|Usgn

(
(

So far we have get all the desired results in Theorem 2.1, provided that Assumption B.2,
p <n and (C.1) hold.

CLAIM C.1. p < nunder Assumption 2.4.

PROOF. Itis easy seen that

—
=

i G) (i) n ()
2 -2 2 _
pS ()" <977 < (kpu/r/n)T7 = 22 <mn,

where we used (i) the condition on p; (ii) x> 1; (iii) Assumption 2.4; (iv) r > 1, x > 1 and
w>1. O

To verify (C.1), we start from

X200 | 5
= - [1X 113,

[Gll200 = X X l200 < [ X |20 Xllop = 7=
1 X [lop

(C.5) %)(u r/n)(kA) = ku\/T/n- A,

where (i) is due to 1 > (| X 2,00/ | X llop) //r and || X |2, = |Glop = £A. Assumption
2.4 forces v > ku+/r/n and
(C.6) 1Gl2,00/ A <.

In addition, (C.5) and the condition v < (k) ™! in Assumption 2.4 imply (C.1)
It remains to check Assumption B.2, which can be implied by the followings.

CLAIM C.2. Under Assumptions 2.4 and 2.6, we have

(C.7) VD XEV2 |2 < /oy Al|U |2,
(C.8) n'/P\rpmax{(|Z|lus, vVl Zlop} < vPYAU|2,p-

Therefore, if p < (1) 2 then /np|| X 3172
AllUll2,p-

2p S AU ||z and 072 /rp max{[| 2| ns, vl Zllop} S
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PROOF. To prove (C.7), we first prove an inequality in || - [[2,- and then convert it to
I [l2.p using
(C.9) 0 vl <0 VP olly < oo, Vo R

By elementary calculation,

Ayr © AVr _( A )1/2\//{7“A/n
- /2_
1%

N[ XS 2200 ™ 0| X ool 21 nl[Zllop ) 11X

@( A )”2<!\Xllop\/?)<g>< A )1/21<i>v>1
’anEHOp HXH2,<><> n/ KnHEHOp ooy

where we used (i) | XZY2 (200 < | X |20l Slops (i) KA = [|Gllop = [|X |25 (i) 12 >

X2, 00 . X . .
HIIXH\L;p VE; (iv) ¥ = (k1] Slop/A)Y/? in Assumption 2.6. We use (C.9) to get

2,00

_ _ rA _
VI XS sy < i PRS2 s S g/ YT Aoy ()

= AP0 V2O |22 (yDy) < An P VP|O |25 (VERy) = AU ll2p(vry) S AU 2.

The last inequality is due to p < (uy) 2.
We finally prove (C.8). By the conversion (C.9),

n'/? rpmax{||Z|us, V| Zlop} =P Ull2,0v/pmax{[[S]us, vilZllop}
<n'2|U|l2 pv/pmax{||Zlus, vVl Zllop} = [T l2pv/pmax{v/n||Z|s, n[Zlop}-
By Assumption 2.6, we have \/n||X||ns < YA, n||E|lop < v?A/k and
max{v/n||X|us, n||X]lop} < max{7A,v*A/k} <~YA.
Then (C.8) directly follows. O

APPENDIX D: PROOFS OF SECTION 3.1

D.1. Proof of Theorem 3.1. We will invoke Theorem 2.1 for Hilbert spaces to study the
spectral embedding U AY/2. To begin with, define ¥ € {0,1}"*¥ through Yj; = 1y, _j;.
From ; = p,, it is easy to see that G =Y BY . We first analyze the  leading eigenvalues
of G.

On the one hand, we have | Y| =n and

(D.1) IG2 <Y [31Bll2 < n|| B2

On the other hand, under Assumption 3.1 we have rank(G) < rank(B) = r. Denote by o;(-)
the j-th largest singular value of a matrix. There exists Q € R¥*" such that B = QQ ' and
Aj(B) =0;(Q). For any distinct 4, j € [K],

52 <|lpi — pj1* = (e: — €j) ' Blei — e;) <2|| B 2.

Therefore,
D.2) MG =MYQQ'Y=02(YQ)>[ok(Y) - 0.(Q)) = (YY) -\.(B)
03 2A(YTY) [ Blafry > YY)

2%0
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and

n[|Bll2
A (YTY) - | Bll2/ ko
Note that Ag (Y 'Y’) = minge(g [{i € [n] : y; = k}|. From Assumption 3.1 and the estimate
(D.1), we get rank(G) =,

£ =Gl2/ M (G) < = kon/Ax(YY).

=2
(D.4) A=)\(G) = A1 (G) > % and k<K
0

Let Ty = {i € [n] : y; = k} for any k € [K]. Because Z; = p holds for all i € T},
{Ui}ier, are all the same. Then

KE=|Ul= > 1Uil3,

i€Ty,
1Uill2 < VK/|Ti| < VE/(n/ko) = /Kro/n < ko/v/n,  VieTy,
(D.5) 1T |25 <07 U |20 < ko2, Wp>1.

To apply Theorem 2.1, we first verify Assumption 2.4. By definition,

X2 . =ma 2<|Bll,.
11 o = sl | < 1B

By (D.3),
1X112, = 1G |2 > A(G) 2 A (Y TY) (| Bll2/ k0 > nl| Bl|2/#3.

Therefore,

[ X [lop \/TLHB /K,o r
In light of (D.4) and (D.6), Assumption 2.4 holds when /@8\/7"/ n < v < 1. In addition, we

have 1 < p < Kg.
Next, we verify Assumption 2.6. From (D.4),

ElZlop _ 26812 llop _ 265]Zllop
X =

1B]las _ 2r0l|X]us
d — <
52n 52n an A T &
we see that Assumption 2.6 holds when
3/2
372 { VIELp 1% s } _ 2y
v > 2Ky T max — , — (= .
S \/ns SNR
To sum up, all the assumptions in Theorem 2.1 hold if

r

1
:2n3max{, } and 2<p<SNRAnN.
FE OS5 ?

We adopt the regime in (D.7). By Theorem 2.1,
(D.8) | UAYZ2sgn(H) - GUA V2 ||y, = 0p(||U||2

D.7)

H2; p)7

(D.9) |UAY?sgn(H) — [UA? + H(ZX YOA ]2 = 0p(|U |2, |A22; p).

Suppose that the approximate k-means step is conducted on the rows of U A/2 sgn(H)
rather than U A'/2. This does not affect the outcomes {9:}7_, but facilitates analysis. We
need the following lemma on the recovery error of approximate k-means clustering, whose
proof is in Appendix D.2.
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LEMMA D.1 (Approximate k-means). Let {x;}}' ; C R? and define

L My i) =D i — py,
=1

%7 v{ﬂj}ngl - Rd, {yitizy C K]

Let {p3}ior {fy}isy © RY {yfhing, {9i)ina € (K], s = minjze |5~ pll2 and i =
min;e g [{i: ¥y = j}\ Suppose that the followings hold for some C' >0 and § € (0,s/2):

1. (Near-optimality) L({,uj}j Lot <C- L({u;‘ = LAy, and € argmin;e g ||z —
i1l for all i € [n];

2. (Low-noise condition) L({uJ ey i) < 82 nmin/[(1 +VC)2K].

Then, there exists a permutation 7 : [K| — [K| such that

K

x_ & 1+VO)?K i
Z H”J’ o ”T(j)”% < QL({HJ'}JKZM {witisr),
Jj=1

T'min

{i: g7y} c{i: (e -

L{ps oy sy
(s/2—10)?

To apply Lemma D.1, take x; = [UA'/?sgn(H)); and y* = y; for i € [n]. Define pi =

(UA'/2); for any i € {l: y = j}. The near-optimality condition holds with C' =1 + €.
Moreover, we use Assumption 3.1 to get

{i: 9 A7) < i llzi -

D.10 = min ||t — pflls =35 d iw = min |{i: yF =j} >n/ko.
(D.10) s rjg;gHug prllz=s  an Timin jgl[l%l{z y; =jt = n/ko

We now verify the low-noise condition with § = §/4. By definition,
LU{m S v ti) = Y I[UAsgn(H)]i — (UA'?),|3 = |UAsgn(H) — UA'| ;.

Since
UAY?=GUA2=GUA — (G- GUA”,
we have
VI (b, = [UAY 2 sgn(H) — A2
< |lUAY2sgn(H) — GUA™Y?||p + |G — G||o|UA~2|p
<pM2 VP UAY? sgn(H) — GUA™/?|
(i)

2+ G = G2/|U|[p| A2
n' 2P op((|U|2p | AY? |25 p) + Op(vA; ) - VK - A71/2

op(A12; p) W op(y/m5; ).

Here we used (i) Equation (D.8) and Lemma B.1; (ii) Equation (D.5) and Assumption 3.1;
(iii) Equation (D.4). On the other hand, Equation (D.10) and 6 = 5/4 imply that

8 nmin/[(1 +VC)?K] > n5>.

(i)
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As a result, there exists 7, — 0 such that
O P B V) < P/ [+ VOPK]) 2 1= 7

Consequently, the low-noise condition holds with probability at least 1 — e ?.
Now that the regularity conditions are verified, on the event in Equation (D.11) we use
Lemma D.1 to get

mmin [{i5 g £ 7D} < {5 [[UAYsgn(ED]s — (@RY)il 2 5/2 — 6}

< Wi |[lUAYZsgn(H)); — (UA'?)i]|2 = 5/4}|
_ DA sga(r) - DAV,
B (s/4)
_ (IUAY sen(H) ~ UAY2 o, |
nl/rs/4

So far we have not specified the choice of p. The results above hold for any p satisfying
Equation (D.7).
Next, we will find some constant Cj € (0, 1] such that

(D.12)

(D.13) IP’<||UA1/2 sgn(H) — UAY?||y,/nt/P < 486) <l-—¢P

holds for p = Cy(SNR A n). If that is true, then Equations (D.11) to (D.13) imply that
EM(3,y) < 3¢~ CoBNRAR),
When SNR > 2C; ! logn, for large n we have EM (¢, y) < 3n~2. Then
PIM(9g,y) > 0] =PM(g,y) > 1/n] <EM(g,y) <3/n — 0.
When SNR < 2C; ! logn, for large n we have EM (¢, y) < 3e~CSNR and then
limsup SNR ! log EM(g,y) < —C.

n—oo

It remains to find Cj € (0, 1] and prove Equation (D.13) for p = Cy(SNR A n). By Equa-
tion (D.9), there exists &, — 0 such that

(D.14)
P(|UAYsgn(H) — [OA'? + H(ZX YOA )]s > €Tl I A2]2) < e
holds for large n. By Lemma B.2, Claim C.1 and Claim C.2,
IH(ZX )0 2 = Op(ViuyAlU] 12, p).

There exists a constant C; such that

P(IZX )TNy > Crvi ATy ) <
when n is large. We have

(D.15) P(HH(ZXT)UAU?HM > Cl\/ﬁwﬁl/mmgvp) <e



AN ¢, THEORY OF PCA 15

By Equations (D.4), (D.5), (D.14) and (D.15), there exists a constant C5 such that

(D.16) ]P’(HUAI/2 sgn(H) — UAY?||y, > Cymax{\/p72,&,} - §n1/p> <e W

holds for large n. Recall that &, — 0. Hence, the desired inequality (D.13) holds so long as
Can/py? < +/2/(4e), which is equivalent to
1 1
< = = in{SNR, n/K}.
T (4C%e)%y?  8C2e242  8C3e2k§ min{ n/K}
Hence, it suffices to take p = C(SNR A n) with

1
Co=—55—F—-
0 8C2e2Kk5K
D.2. Proofof LemmaD.1. Define X = (z1,- - ,2,) € R™4 M* = (uf,--- ,uy) €
RUK M = (i, i) ERE Y* = (e, ey ) €eR™FandY = (eg,,-- ,e5,)" €

R™"*K Then
IYMT —Y*M* T |p<|YM" - X|p+|X -Y*"M*T||p

= LA i) + L ()
< (14 VO LM )

and

A~ i 52 i ’
D7) [YMT —Y*M* |3 < (1+VOPLEm Y, {i ) < nm; < nj}r}s

CLAIM D.1. There exists a permutation 7 : [K] — [K] such that

Z s = frr ) lI3 <

YMT Y*M*T|2.

For any j, k € [K], define Sj, = [{i € [n] : y; = j, §; = k}| and 7(j) = argmaxyc(x] Sjk
(break any tie by selecting the smaller index). We have SjT(j) > Nmin/ K for all j and

(D.18) M-y M TR = > Sillet — il
Jke[K]

We first prove by contradiction that 7 : [K] — [K| must be a permutation (bijection).
Suppose there exist distinct j and k such that 7(j) = 7(k) = £. By the triangle’s inequality,

s = frellz + e — pill2 > 1} — pill2 > s,
425 — Baell3 + llfoe — pill3 > 5% /2.
By Equation (D.18) and the facts that Sj; > nmin/K and Spp > nmin/ K,

2
Nmin$S

[V T Y MR > Syl — el + Swellh — a3 > P2
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which contradicts Equation (D.17). Now that 7 is a permutation, we derive from Equa-
tion (D.18) that

=

K
A AT T nmln A~
VM7 =Y MR > S 15— I3 > Z!w;—m(j)rr%-

Now that the claim has been proved, we obtain that

ZHu — 3 < (1+ VO K L M Ay Hi)
7 T 2 =

Nmin
II:Ience maxc(x] [|W] — Ar(j)ll2 < 0 and minjy [ — faxll2 > s — 26. For any j # y;, we
ave

< 62

~Y M <

i — for(yll2 — |2 — fur gy
> (i — pll2 = 15 — Briyll2) — (i — gy
59— 20

2)

2+ 1y = Brgyr)

> [l — pjlle — [l — pe

Z(HM?- o — @i — pyell2) — llzi — pgs |2 — 20
st — gty o — 2l — gl — 26> 5 — (s — )
If ||@; — pai —frgylle > ll®i— fir ey *. The assumption

¥i € argmin;¢ g ||a:l u]||2, Vi e [ | forces

it

{iv 9 # ()} C{i |z — Brepll2 < Ml — fryr)
Q{Z ”CCZ—

The desired bound on |{i : ; # 7(y;)}| then becomes obvious.

APPENDIX E: PROOFS OF SECTION 3.2

E.1. Useful lemmas. We first prove a lemma bridging ¢, approximation and misclassi-
fication rates.

LEMMA E.1. Suppose that v = v,,w = w,, and v = v,, are random vectors in R",
Min;epy,) |0;] = 0 >0, and p = py, — 00. If ming—11 [[sv — ¥ — wl|, = op(n'/P8,; p), then

1
limsup p~ ! log <E mlin1 {i € [n]: ssgn(v;) # sgn(’Di)}|>
n s=

n—oo

1 n
< limsuplimsupp ! log (n ZP(—wi sgn(v;) > (1 —¢e)|us)) )
i=1

e—0 n—00

Proof of Lemma E.1. Let S,, = {i € [n] : sgn(v;) # sgn(v;)} and r =v — v — w.
For notational simplicity, we will prove the upper bound for limsup,, ., p~'log(E|S,|/n)
under a stronger assumption 7|, = op(n'/Ps,; p). Otherwise we just redefine v as
(argmin,_ 4 ||sv — v — w||,)v and go through the same proof.

As a matter of fact,

SnC{i€n]: —(vi—vi)sgn(vi) > |0s]} = {i € [n]: — (wi+7ri)sgn(vi) > |04}
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For any € € (0,1),

{ie[n]: —risgn(v;) <elv;| and — w;sgn(v;) < (1 —¢)|vs|}
Clien]: — (w;+r;)sgn(v;) < |v;|}-
Hence
Sp, C{ien]: —risgn(v;) > elv;| or —w;sgn(v;) > (1 —¢)|v;| }
Clien]: |ri| >elv|}ud{ien]: —w;isgn(v;) > (1 —e)|v}.

Let g, (e) = %Z?:lﬂ”(—wi sgn(v;) > (1 —¢)|v;]). Wehave E| S, | <E[{i € [n] : |r;| > e|v;| }H+
ngn(e).

To study {i € [n] = |r;| > ¢|v;|}, we define &, = {||r|, < 2n!/P§,}. Since |r|, =
Op(nl/p5n; p), there exist C1, N € Z, such that P(E°) < Che P/¢,¥n > N. When &, hap-
pens,

Irlp _ (*nt/Pa,)P

(€0n)P = (g0n)P

Then by logt =log(1+t—1) <t—1<tfort>1, wehavelog(l/e) <1/e,
n'E|{i e [n]: |ri] > e|vi]}| < PP(E) 4+ 1-P(ES)

< e Ploegl/e) 4 0reP/e < (O v 1)ePlosl1/e)

i€ [n]: [ril > elosl}] < [{i € [n]: Iri] > 280} < — e,

and n'E|S,| < (Cy v 1)e Plos(/e) 4 g (£). As aresult,

log (| S| /n) <log((Cy v 1)eP180/2) 4 g (£)) < log[2max{(Cy v 1)e P18(1/2) 4 (£)}]
<log2 + max{log(Cy vV 1) — plog(1/e), logqn(e)}.

The assumption p = p,, — oo leads to

limsup p~ ! log(E|S,|/n) < max{—log(1/e), limsupp 'loggn(e)}, Ve € (0,1).

n—oo n—oo

By letting € — 0 we finish the proof. O
The following lemma will be used in the analysis of misclassification rates.
LEMMA E.2. Consider the Gaussian mixture model in Definition 3.1 with d > 2. Let
R = ||u|2 and p = SNR = R*/(R? 4 d/n). If n — oo and SNR — oo, then for any
fived i we have |30 — pls = Op(\/[@VP) 15 p), || 2 = /2 +d](n—1)| =

Or(\/p/1; p). ||zill2 = Op(RV Vd; p), (3 — p,ai) = \/p/nOp(R V Vd; p) and
(09, 2;) = Op(R%; p).

Proof of Lemma E.2. Let w; =3, ; z;y; and note that (n — DAt = > i Tl =
> i2i(HY; + 25)y; = (n — 1)p + w;. From w; ~ N (0, (n — 1)1;) we get lw;|3/(n—1) ~
X2, and Lemma H.4 leads to ||w;||3/(n — 1) — d = Op(p V v/pd; p). Then

_ d+Op(pV /pd; p)

D pl3=(n—1) w3 =
n—1

[ = Op((dV p)/n; p),

and ||~ — pll2 = Op(\/(d V p)/n; p). To study |||, we start from the decomposi-
tion

1ACD13 = all3 +20m — 1)~ (o w) + (0 — 1)~ ooy 3
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Since {p, w;) ~ N(0, (n—1)R?), Lemma H.3 yields (i, w;) = Op(R\/np; p). We use these
and /p < R to derive

15 = R? +

2-Op(R/np; p) N d+ Op(pV /pd; p)
—1 n—1

4 max{Rymp, p, pd)
+ - Op

(1; p)

d_4 maX{R\/;LT’ ved) Op(1; p)

d
=R>+ — \/EOP(RV d/n; p).

Based on this and \/R? +d/(n— 1) > \/R2+d/n=< RV \/d/n,

o A [’ 4+ d/(n - D)
A2 — VR +df 1)‘_Hﬂ(")|2+ T
<« VP/nOp(RV Vd/m; p) _
< — 0s(

R*+d/(n—1) p/n; D)

From | z;||3 ~ x2 and Lemma H.4 we get ||z;||3 = d + Op(v/pd V p; p) = Op(p V d; p).
Hence [[zill2 < [|pll2 + |[zill2 = R+ Op(vVp Vd; p) = Op(RV Vd; p) as R> \/p.

Now we study (=) — p, ;) = (1) — p, why; + () — p, z;). On the one hand,
() —p, ) = (n—1)""(w;, w) ~ N(0, R?/(n—1)) and Lemma H.3 imply that (j(~%) —
i, i) = Op(R+/p/n; p). On the other hand, (19 — u, z;) /||~ — p|j2 ~ N(0,1) leads
to (A0 — i, 2;) /|| — pll2 = Op(/p; p). Since |37 — plla = Op(\/(dV p)/n; p),
we have (1) — p, z;) = \/p/nOp(v/pV d; p). As a result,

() — p,x;) = \/p/nOp(RV Vd; p).

Note that |(pe. ;)| < [l + (1 2] < R? + |(p. ). From (s, ) ~ N(0,2) we
obtain that (1, z;) = Op(R,/p; p). The fact \/p < R leads to (1, z;) = Op(R?; p) and

A~

() @) = (i) + (0 — @) = Op(R? + /p/n(RV Vd); p) = Op(R%; p),
where we also applied \/pd/n = R?\/d/n/\/R2 + d/n < R?. O

E.2. Proof of Theorem 3.2. We supress the subscripts of A\, A1, w; and @ . First, sup-
pose that SNR > C'log n for some constant C' > 0. We have

N . _ 1
PM(g,y) > 0] < P<CH=1§EH1 lcu — a2 > \/ﬁ>
. = TN - /% 1 Ty /5 1
< iy fou - @XM > 51 ) (X el 5L,

By Corollary 2.1,
mggl1 lcu —u — H(ZXT)ﬂ//_\HOO = op(||@||0o; logn).
c=

Therefore, for sufficiently large n we have

< 1 1
: _ t _ T —rd > - < —.
P(Cn:lill lcu —a—H(ZX "u/N|o > 2\/71) <
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We are going to show that when C is large,

. 1
(E.1) ]P’(\H(ZX )u/)\||0022\/ﬁ> —0.

If that is true, then P[M (g, y) = 0] — 1 provided that SNR > C'logn. Note that

1
<zl,z.’1:jﬁj> >
JF#i

P et 2 57 ) =P =0

(E.2) - ZP<‘<Z‘B“>‘ f||u||2)
i=1

J#i
Note that w; = y;//n and &; = y;ju + z;, we have

_ n—1
dowit = (ntyz)= \/ T(V” — 1p+ w;),
J# J#
where w; = \/% > j2iYiZj ~ N(0,I). Hence

(K%Z%%M fl!u!b)

JFi

<Z‘ Vv —1p+ w; >‘ - vl 3 )
(3] = .
[vVn —1p+wilo 2|V — 1p + w;ll2

By the triangle’s inequality,
IV =1p 4 will2 < v/nllpll2 + w2
Since Lemma H.1 yields ||w; |3 = Op(d V n; n). There exist constants ¢y, ¢y > 0 such that
P(||lwil|2 > clm) < cge ™.
The assumption SNR > C'logn yields ||gt]|2 > 1 and thus
P(|Vn—Tu+willa 2 (e + ) max{Vd, vVallula}) < coe™.

Hence, there is a constant ¢} such that

P(|Ivn=Tp+ willa > chy/nllpl +d) < coe ™™

By (E.3) and the definition of SNR,

(| (s X )| = vl

JF

Vi — 1p+w >‘ vl 3 >
<p(|(z > + (V= Tu+wil = iy/nlul +a)
(K U= Tp+willa /| 28 /allalE + d e ’

P Zi, > ; +coe .
[vn —1p+ w2 2c;

From the fact

(E.3) = ]P(

IN

< vn—1lp+w;

Zi, NN(O7I)
= 1u+win>
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we obtain that
7

Here c3 is some constant. Without loss of generality, assume that c3 < 1/2. Therefore, (E.2)
leads to

<zi’ Z%’Uj>‘ > \/ﬁ\luH%ﬂ) <em @SN 4 e

J#

- 1
P ZX /Moo > ——
Iz X )a/A >
The right- hand side tends to zero if SNR > 203 logn, proving (E.1). Consequently, when

SNR > 2¢; 'logn > 4logn we have P[M(g, y) 0] — 1.
Next, consider the regime 1 < SNR < 203 log n and take p = SNR. By Theorem 2.1,

min [lew — @ —H(ZX ")/, = op(||@llp; p)-

> <n(e N 4 cpe™).

Since @ =n~ /2y , Lemma E.1 asserts that

1
limsupp ! logEM(sgn(u)] = limsupp ' log (IE mgll |{i € [n]: ssgn(u;)# sgn(uﬁ}\)
n s=

n—oo n—oo

< lim sup lim supp~? log (i anp (—[”H(ZXT)ﬁ/X]Z- sgn(i;) > (1 — 5)|al-\) ) .
i=1

e—0 n—o0

From [H(ZX "u); = > j+ilzi,xj)u; and A = n||p||3 we obtain that

P (~[H(ZX T)a/Nsen(@) > (1 - )lai]) <P ([H(ZX )a/Nil = (1—<)/vn)
<P(|(2Fam )| > 0-avalul). e

J#i

The estimates above yield

limsup p~ ! log EM (sgn(u), y)

n—oo
(E.4) Slimsuplimsuppllog]?( <zz,2wju]>‘ (1 —E)\fHub)
e—0 n—r00

J#
Since ), xju; = (n—1)A —t/\/n, we get

(i) | = (1= pvilulg) < (

J#

Let R = ||p||2. Lemma E.2 yields ‘Hﬂ(_i)Hg —VR2+d/(n— 1)’ = Op(+/p/n; D).

Hence there exist constants C, C5 and IV such that

(E.6) P(|a" s — VR2+d/(n—1) > C1y/p/n) < Coe™,  ¥n>N.
On the one hand, /R?+d/(n—1) = [1 + o(1)]\/R?+d/n = [1 + o(1)]R?*//p. On the

other hand,

<zi)ﬂ_i>
122

(E.5) P(

- (o)

1=l

R*/\/p \/nR? VnR? W/ (R2+d/n) > VR
Jo/n  p  RYR+d/n) R? =V
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As aresult, (E.6) implies that for any constant § > 0, there exists a constant N’ such that
(E.7) P(|a" 2 > (14 0)R?//p) < Cae™®,  Yn>N'.
By (E.5) and (E.7),

(| (1 S )| 0 - vl

JFi
(zi, i) | o (L—e)llmll3 > -
<P — > + Ce™?
< 16~z |~ (1+8)R?/\/p

(E.8) = ]P>< <zi’ ‘A‘._i> > 1= 5@) +Cee™,  ¥n>N'.

a7l |~ 140

The independence between z; and 1 ~¢ yields (z;, f1=%) /|| a~¢||2 ~ N(0,1). Then we get
(E.9) limsupp ™! log EM [sgn(u)] < —1/2.
n—oo

from (E.5), (E.8), standard tail bounds for Gaussian random variable and the fact that €, § are
arbitrary.

Finally, when (2 + ¢)logn < SNR < 2051 logn for some constant € > 0, (E.9) implies
the existence of positive constants ¢’ and N” such that

EM(g,y) =EM(sgn(u),y) <n ', vn>N".
Then we must have P[M (sgn(u),y) = 0] — 1 because
PIM(3,y) > 0] = P[M(5,y) > 1/n] <EM(g.y)/n~" <n~ = 0.
E.3. Proof of Theorem 3.3. It is easily checked that Assumptions 2.4, 2.5 and 2.6 hold
with ¥ =1, k=1, p =1 and v < SNR. Theorem 2.1 then yields the desired result.
APPENDIX F: PROOF OF SECTION 4
Define
b
I(t,a,b,¢) = 5[1 = (a/b)'] + 3[1 = (b/a)'] = 2e(t + )
for (t,a,b,c) € R x (0,+00)3. It is easily seen that both a(a/b)! + b(b/a)! and t + t* are
convex and achieve their minima at —1/2. Then

I*(a,b,c)=1(—1/2,a,b,c) =supI(t,a,b,c).
teR

F.1. Useful lemmas. We present three useful lemmas. The first one finds an /., ap-
proximation of the aggregated spectral estimator 4. The second one concerns large deviation
probabilities. The third one relates genie-aided estimators to fundamental limits of clustering.

LEMMA F.1. Letu=1y/\/n and

2R?
nR?+d
For u defined by (4.3), there exist some €, — 0 and constant C > 0 such that

w =log(a/b)Au + Gu.

P(min [t — w]lo < enn %logn) >1—Cn2.
c=
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Proof of Lemma F.1. Define, as in (4.2),
_ InR4

2 1G] nRkR?+d

Then

[v —wllo <log(a/b)|[[n(e — B)/2]uz(A) — Aufo

2R? _
(F.1) - mn(nRQ)ul(G) — G| oo,
R A(A) 4+ A2 (A) n(a—fB) «
i ol < ) ton (SR ) = 2O o (5 ) ()
2)3(G) 2n R

E2) + nAl(cl;) +nd nR2+ d‘”m(G)”‘”'

For simplicity, suppose that (u;(G),u) > 0 and (uz(A),u) > 0. By Lemma B.1 and
Theorem 2.1, we have

A\1(G) —nR?| = op(1; n),
lu1(G) — Ga/(nR?) | = 0p(n”"/%; logn),
[41(G)loc = Op(n~"/%; logn).
Hence there exists €1,, — 0 and a constant C such that
P(I\(G)/nR* — 1| < e1n,
E3)  Jur(G) = Ga/(nR?)|o <e1n/vn, ur(G)lloe < C1/Vn) > 1 =072,

By mimicking the proof of Corollary 3.1 in Abbe et al. (2020) and applying Lemma 6 therein,
we get €9, — 0 and a constant C such that

P(max{|\(A) —n(a+ 38)/2], |\2(A) —n(a — B)/2|} < e2n/logn,
(B4)  Jluz(A) — Au/[n(a = ) /2]l < 2n/Vn, [u2(A)]loo < Ca/vn) >1—n"2
Inequalities (F.1), (F.2), (F.3) and (F.4) yield some ¢,, — 0 and constant C' > 0 such that

—-1/2

P(llt — w0 <enn logn)>1—Cn™2

LEMMA F2. Let Assumption 4.1 hold and define

2R?
nR?+d e i

For any fixed 1,

-b
a4 5 log(a/b) + 2c.

lim g, ' logP(W,; < eq,) = —sup{et + I(t,a,b,c)}, Ve <
n—oo teR

As a result, for any € < “T_b log(a/b) + 2c and § > 0 there exists N > 0 such that

]P)(Wm‘ < €qn) < e—qn[supteR{at—&-I(t,a,b,c)}—6]7 Vn >N
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Proof of Lemma F.2. We will invoke Lemma H.5 to prove Lemma F.2, starting from the
calculation of Ee!"»i, Conditioned on y;, > #i(a:i, x;)y;and ) ;i Aijy; are independent.
Hence

| 2R?
J#i

y] ‘B [exp (t log(a/b) Aijyjyi>

JF

)

We claim that for any fixed ¢ € R, there exists /N > 0 such that when n > N,

2R? 2R?
logE [GXP (t‘ WR2+d Z<mi,mj>yjyi> yz:| = logk [eXP <t' W2+ d Z<$17$J>y]yz>:|

ji ji
(E.5)
=2¢(t 4+ t*)[1 + o(1)]gn,
logE| exp [ tlog(a/b)y; Aijy; | |yi| =1ogE | exp ( tlog(a/b)y; Aijy;
g [ p< g(/)y; y>y] g { p< g(/)y; yﬂ
(F.6)
_ al(a/b)* — 1] +b[(b/a)" — 1]

. 1+ 0(1))gn

If (F.5) and (F.6) hold, then

. 2R?
E(etw"’ i) =E [GXP (t "WRZ+d Z<w’m w]>y]yl>] -Eexp (t log(a/b)y; ZAz’jyj>
j#i J#i
does not depend on y;, and
2R?

g, HlogEe = g M og E [exp (f WRE1d g@z ij)yjyz‘)]
JFT

+ g, ' logE [exp <t log(a/b)y; Z Aijyj>}
JFi
b
= <;[(a/b)t —1]+ 5[(b/a)t — 1] +2¢(t + t2)> [1+o0(1)]
=—I(t,a,b,c)[1 4 o(1)].
Lemma H.5 implies that for & < —%I(t, a,b,¢)|i=o = %52 log(a/b) + 2,
lim ¢, 'logP(W,; <eq,) = —sup{et + I(t,a,b,c)}.
n—oo teR

Below we prove (E.5) and (F.6). From x; = py; + z; we see that given y;, ;y; ~ N(p, 1)
is independent of v/n — 1f2(~%) ~ N(v/n — 1, I,;). Lemma H.4 asserts that

logE(6t<“”"’ﬂ(7“>y"’|yi) — 10g[@(e(t/\/n—1)<m1:y7:,Vn—1ﬂ(*“> i)
= —< 1) (lell3 + (n = 1) || ll3)
- t 2 - 2

2(1 = (==)?]

n %(M,m’” - glog [1 - (x/%ﬂ
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T1 —t;ﬁi— 1) <1+ 2(nni 1)> - glog <1 -t 1)’ viE(—vn—1,vn-1).

Since the right hand side does not depend on y;, log Eet{®iA")v: s also equal to it. Now we
fix any ¢ € R and let s = 2tp/R? = 2t /[1+d/(nR?)]. Since |s| < 2|t|, we have |s| < v/n — 1
for large n. In that case, we obtain from the equation above that

2000, 2;)y; e
logE Bl U Rea7- O I IS DI - BTG 2R TR
o8 [eXp (t 1+d/(nR2) og e

- 1—55/]?72@—1) (1+2(nni 1)) _glog (1_ n5—21>

2.2
=[1+40(1))sR*(1 + 5/2) ;l n71[1+o(1)]= [2tp<1+R2> +i 4;4 }[1—4—0(1)}

2n
:th[l—i— <1+ )] [14o(1)] =2pt(1 +t)[1 4 o(1)],

where we used p = R*/(R?+d/n). It then follows from the results above and the assumption
p = cqy, that

2D x)y; 20D 2y,

1+d/(nR?) 1+d/(nR?)
which leads to (F.5).
On the other hand,
. 1 1
E(etA”y’yJ’yi) 2 ( tA;; ‘yzy _ 1) + 2E —tA;; ’yzy _ _1)

— %[uet—i— (1—u)]+ %[Ue_t—i— (1—v)] =14 4D 2”(6_ -1,

Conditioned on y;, {Ai;v;y;} j=: are i.i.d. random variables. Hence
bt —1 bla)t — 1]\ !
E exp (tlog a/b ylZAZ]yj> yz:| — (1 + U[(a/ ) ] +'U[( /CL) }) )

2
JFi
Again the right-hand side does not depend on y;. By substituting v = ag,, /n and v = bq,, /n,

] uf(a/b)t — v a)t —
logE exp (tlog a/b) yZZAWy]> =(n—1)log <1+ [(a/b)" — 1] 4+ v[(b/a) 1])

vVt € R.

2
J#i
_ agn[(a/b)" — 1] + bgn[(b/a)’ — 1]
=(n—1)log <1—|— o )
_ a[(a/b)t — 1] ;_b[(b/a)t — 1] . [1 + 0(1)](]11
We get (F.6) and thus finish the proof. ]

LEMMA F.3 (Fundamental limit via genie-aided approach). Suppose that S is a Borel
space and (y, X) is a random element in {+1}" X S. Let F be a family of Borel mappings
from S to {£1}". Define

M(u,v) mln{ Zl{“ Fuds = Zl{u#vi}}, Yu, v e {£1}",
i=1

f(‘X)gfl) :P(yl = |X = vafi = g*i)a Vi € [TL], X € 57 g*i € {:l:]'}n_l
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We have

n—1 1«
nf EM(9,y) 25— 3 Pf (il X, y—i) < f(—uil X, y-3)].

Proof of Lemma F.3. For u,v € {£1}"™ with some m € Z., define the sign

s(u,v) = argmin ||cu — v|;
c==+1

with any tie-breaking rule. As a matter of fact, s(u,v) = sgn({u,v)) if (u,v) # 0. When
|(u,v)| > 1, we have s(u_;,v_;) = s(u,v) for all i. Hence for y € F (we drop the depen-
dence of g on X)),

) 1
EM(g,y) > E (n Z 1{s(y,y)@i¢yi}1{|<y,y>>1}>

=1

( Zl{ (§-1y-)5 23} {<yy>|>1}>
1 n
Z Lsgry-mv) — > Moo woirvd Mg |<1)

=1
%Z (s(9-iry-i)¥i # vi) —P({g, y)| < 1).
=1

Define F. ={g € F: P(|(g,y)| <1) <e} fore € [0,1]. If F. # &, then

inf EM(y,y) >

inf P(s(Y—i,y—i)¥i # Vi) —
Anf ~2 in (5(9—i,y—i)0i # vi)

H
|I'M3
b
Kﬁ

Define G be the family of Borel mappings from S x {41}"~! — {41}. For any fixed § € F,
the mapping (X ,y—;) — s(y—;, y—;)y; belongs to G. Then

inf P(s(y_s,y—i)9i #yi) > inf P (E(X,y—i) # yz) >Pf (il X, y—) < f(—uil X, 9-4)],
geF £eG

where the last inequality follows from the Neyman-Pearson lemma (Neyman and Pearson,
1933). Let 6 = 1 37 P[f (| X, y—) < f(—vi|X,y—;)]. We have infzer. EM(g,y) >
0 — ¢ provided that F, # @.

On the other hand, when |[(g,y)| < 1, we have

M(gy) = (4n)~" min [lcg — |3

—1
— S RTTD B
= (4n)™" min {{lg[lz —2<(g, y) + | T
Hence if F\F. # &,
n—1 n—1 € 1
f_EM inf P(|(g(X),y)|<1)> e=S(1-2).
yelg\]-' (9.y) = 2n yelg\ﬂ (GX).y)<1)= 2n c 2( n)

Based on the deduction above, we have the followings for all € [0, 1]:

1. If 7. # @ and F\F. # @, then inf e r EM(g,y) > min{d — e, e(1 —n~1)/2};
2. If 7. = @, then infye r EM(g,y) > (1 —n1) /2.
3. If F\F: =, then infyc rEM(y,y) > —e.

As aresult, infge 7 EM(9,y) > sup.¢jgqymin{é — ¢, e(1 —n~ h/2y =

3n1
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F.2. Proof of Lemma 4.1. The proof directly follows the Lemmas F.4 and E.5, plus the
conditional independence between A and X as well as the Bayes formula. See Appendices
F.3 and F.4 for proofs of lemmas.

~ LEMMA F4. Denote by px (- ] Y—;) the conditional density function of X given y; =
tie{xtl}landy_;=9_; € {£1}"" Under Assumption 4.1,

px (X|yi, y—i) 2R?
Zl - iy LjlYs
yilog <pX(X_yi’yi) nR2+d§<m ;) y;

= 0p(qn; Gn): Vi.

LEMMA FE5. Denote by pa(:|Ji,y—:) the conditional probability mass function of A
given y; = {; and y_; = y—;. Under Assumption 4.1,

yi log (pi?xl'yz“ i)z)> ( )ZAU:U]

J#i

Qm Qn> Vi.

F.3. Proof of Lemma F4. Letp=p, = R*/(R?+d/n). We have p, < q,. First of all,
from the data generating model, we have

1 n n
px(X|y) < Euexp (= 53 [l —yill?) < Buexp (Y ajuom)).
. 2

Jj=1

where o hide quantities that do not depend on y. By defining

I(a) = R*! / el pdp),  VYaeR?,
Sd 1
and using the uniform distribution of p on the sphere with radius R, we get

px(Xlyi=s,y-i) _I((n— a0 + x;s)
px(Xlyi=—s,9-i) I((n—1)al) —x;s)

Let P(t,s) = [y €' (sin#)*~2d6 for t > 0, s > 2. Then,

FE.7)

I{a) x / eflellzcos0 gin 9)4=249 = P(R||c||2, d),
0
where o only hides some factor that does not depend on a. Hence by (E.7) and (% =

1 P
n—1 Zj;ﬁi YTy

o <p§)(()(()|(|yzu ) )>

=log P (Rl (n — D) + @iyill2,d) — log P (Rll(n — 1)l = wigill2,d)

We will linearize the functional above, and invoke Lemma H.8 to control the approxi-
mation error. Take tg = (n — 1)R\/R2 +d/(n — 1), t1 = R||(n — 1) =" + x;yi||a, t2 =
R||(n — 1)a=9 — x;y;||2. We first claim that

(F.8) to=nR\/R2+d/n[l +o0(1)] =[1 +o(1)]nR?//p<nR(RV +\/d/n),

(F.9) max{1/to, d*/t3, |t2 — t0|/750, [t1 —tol/to} = op(1; p).
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Equation (F.8) is obvious and it leads to 1/ty = o(1). From ¢y 2 Rv/nd and the assumption
R> 1V (d/n)'/* we get

d? d? a N\ a1\
t% ~ (Rvnd)3 (R?nd)3 nRY n2R?
By the triangle’s inequality and ||«;||2 = Op(R V V/d; p) in Lemma E.2,

[t~ tol = [RIl(n — DAz — to| < Rllziyill2 < R(RV Va)Or(1; p).

By ]Hﬂ P m\ = Op(y/p/n; p) inLemma E.2, | R||(n — 1) 9|2 — to| =
Op(R\/mp; p). Hence |t1 —to| /R = Op(RVVAV \/np; p) = Op(v/nRVVd; p) as \/p < R.
Then to < nR(RV \/d/n) forces
|t1 —tol/R _ Op(vnRV Vd; p) _
tol/R - nRvVVnd
Similarly, |to — to|/to = op(1; p).
Now that (F.9) has been justified, Lemma H.8 and Fact A.5 assert that

long(X|yZ7 ’L) IngX(X’ Yiy Y ’L) _ 1’
g(t07d)(t2 - tl)

|ty —to|/to = op(1; p).

(E.10) _ |log Pg(fz’:g)éo_gigtl’d) - 1‘ = op(1; p),
where
sty = YOI FI= =2ty _TIF = (0=2)
By (E.8), we have tg = [1 4 o(1)|nR3/,/p and
olto.d) = V2 AN o B - (4 - 2)

2nR3

) [ () ]

Since p = R*/(R? + d/n) and
d—2 2+4R2_ d—2 2+4 e Y (1=2 2+ 8
nR? p  \ nRk2 nR?2) \ nR2 nRk?’

we have
d— 2+2 d—2 2+4R2<d—2+2+ 8
nR? nk? p ~ nR? nR?

and g(to,d) = [1+ o(1)]\/p/R.
To further simplify (F.10), we first note that
8- 4Rn— 1) 2y 4R(n - (), @)yl + os(L; )]

t —t == = =
L T t1 + to 2o

_4R2(n—1)<p,( ) s xi)yi[1 + op(1; p)]
_ o P < ; @i}y ) 1+ op(1; p)],




28

where we used to = [1 4+ o(1)]nR?/,/p in (F.8). Then
2p )
g(to, d)(tr —t2) = | Z(ibz‘,fbj>yj yill +op(1; p)].
J#i
By (=9, x;) = Op(R?; p) in Lemma E.2, g(to,d)(t; — t2) = Op(p; p). The proof is com-
pleted by plugging these estimates into (F.10).

F.4. Proof of Lemma F.5. Define T; = {j € [n]\{i} : viy; =1} and S; = {j €
[n]\{i}: A;; =1} for i € [n]. By definition,

Pa(Alyi,y—:) o< al05(1 — @) TSI ISATI (1 — g)lan(0Tinss,
pA(A| Yi, Y ) e a'si\Ti|(1 _ a)[n]ﬂ{i}cmTicﬂSf/B\TiﬂSA (1 o /B)lTi\Si|,
where both oc’s hide the same factor that does not involve {A;; };‘:1 or y;. Hence

o < pa(Alyiy
pa(Al — i,y

i)z)> = (|T; N S;| — |S:\T;|) log(c/ B)

1—
E11) TS - [0 Gy T nseiios (12 ).
The facts |T3] — |5:] < [T:\Si < [T and n — 1~ [T — |5;] < [[n] 0 {i} T 01| <
n—1—|T;| yield
TS — ] A Y VT 0 851) < 2173 — (n = D)+ 154

For any independent random variables {&;}7 ; taking values in [—1,1], Hoeffding’s in-
equality (Hoeffding, 1963) asserts P(| > """ & — > " E&| > nt) < 2e~"*/2 v/t > 0. Hence
| >0 — > T EE| = Op(\/ng; q). This elementary fact leads to

2|Ti| = (n = D) = Op(v/ng; q);
| < [ESi| +[S: — ESi| < O(q) + Op(vng; q) = Op(V/ng; q).
As aresult, ||T;\S;| — |[n] N {i}*NTF N SS|| = Op(y/ng; q). This bound, combined with

l-a/) " 1—-a 1-—ag/n

(F.11) and log(a/3) = log(a/b), implies that

pa(Alyi, y—i) B o .
o (TS0 5 )~ (TS ST oo/ = Osty/g- 0/ )= el o).

The proof is completed by

IT; N Si| — |Si\T;| = Z Aij — Z Ajj ZinAijyj~

JET; jEMIN{itenTy J#i

F.5. Proof of Theorem 4.1. Lemma F.1 asserts the existence of some ¢, — 0 and con-
stant C' > 0 such that

1/2

(F.12) P(min [le@t — wlloo < eun™*logn) > 1 —Cn™2
c=
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Let ¢ = argmin,__ [|ctt — w||o and v = ¢u. Hence
P[M(sgn(a),y) = 0] > P(sgn(v) = y)
> ]P’(m[in] wiy; > epn” Y2 logn, ||v — w||se < ennV?)
emn

—-1/2

> P(minwgy; > enn~/2logn) — P(||v — wl|e < £,n~?)

i€[n]

n
>1-— ZP(wiyi <eg,n 12 logn) — Cn~?
i=1

(F.13) =1—nP(wy; < enn 2 log n) —Cn~2.

where we used (F.12), union bounds and symmetry.

Take any 0 < £ < %2 log(a/b) + 2c. By Lemma F.2, for any § > 0 there exists a large N

such that when n > N, ¢,, < € and

P(wzyz < 5nn_1/2 log ’I’L) < n—suptek{at—i-f(t,a,b,c)}—i-é.
This and (F.13) lead to
P[M (sgn(@),y) = 0] > 1 — ptSPrerlettlbabol+d _ cp=2  yp > N,

When I*(a,b,c) = sup;cg I(,a,b,c) > 1, by choosing small € and § we get P[M(sgn(u),y) =
0] — 1.

The converse result for I*(a,b,c) = sup,cr I(t,a,b,c) < 1 follows from the large devia-
tion Lemma F.2 and the proof of Theorem 1 in Abbe, Bandeira and Hall (2016).

F.6. Proof of Theorem 4.2. Lemma F.1 asserts the existence of some ¢, — 0 and con-
stant C' > 0 such that

—-1/2

(F.14) P(min [[ctt — wlloo <enn logn)>1—Cn™2.
c=

Let ¢ = argmin,_ ||ct — w| o and v = ¢a.
By definition, EM (sgn(@),y) < 2 3" | P(v;y; < 0). By union bounds and (F.14),
P(viy; < 0) <P(vigi <0, ||v — w||oo < gnn”?logn) + P(||v — w||so > enn/?logn)
(F.15) < P(wiyi < enn”?logn) + Cn~2.

Take any 0 < ¢ < “7_1’ log(a/b) + 2¢. By Lemma F.2, for any ¢ > 0 there exists a large N
such that when n > N, ¢,, < € and

(F.16) P(wiy; < enn” Y2 logn) < n~sWrexl{ettltabe)}+d,
From (F.15) and (F.16) we obtain that
EM (sgn(w),y) < n~SPreal{sttltabo}l+d 4 oy =2 Vn > N.
The proof is completed using 1*(a, b, ¢) = sup,cp I (¢,a,b,c) <1 and letting ¢, § go to zero.

F.7. Proof of Theorem 4.3. Define f(:|A, X, 9 ) =Pyi=-|A=A X=X,y ;=
y_;). By Lemma F.3 and symmetries, for any estimator y we have

n—1
3n—1

EM(9,y) = Plf (1] A, X, y-1) < f(=1]A, X, y-1)].
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Denote by A the event on the right hand side. Let

= oo (RS ) - (mermiann = @)
2

2
.= { (1osta/Ap) + - 23t (Gu Jon < —ean
By the triangle’s inequality, C. N B, C A. Hence
(E.17) EM(9,y) 2 P(A) >P(C. N B:) > P(Cc) — P(B5).

con)

Since "“T_b log(a/b) 4+ 2¢ > 0, Lemma FE.2 asserts that

lim g, ' logP(C.) = —sup{—et + I(t,a,b,c)}.
n—oo teR

By Lemma 4.1 and the property of op(+; ),
lim_ g, log P(B2) = —oco.
These limits and (F.17) lead to

liminf g, ' logEM(9,y) > —sup{—ct + I(t,a,b,c)}.
n—o0 teR

Taking € — 0 finishes the proof.

F.8. Proof of Theorem 4.4. We need the following lemma, whose proof can be found
in Appendix F.9.

LEMMA E6. Let Assumption 4.1 hold. Define u =y/+/n and

2 2
(F.18) w = log(a/b)Au + nRQR—FdGﬁ'
For u defined by (4.5), we have

min [|c@ — wllg, = op(n /24 g,; gp,).
c=%1

Let w be the vector defined in (F.18). We invoke Lemma E.1 to control the misclassifica-
tion error. Set the quantities v, w, ¥ and p therein be our @, w — g,n~ /%y, ¢g,n"/%y and
qn. We have 4,, = qnn_l/ 2, According to Lemma F.6, the assumption in Lemma E.1 holds.
Then

limsup g, ' log EM (sgn(@),y)

n—o0

1
—timsupa;og (12 min i € [ s csen(as) #30)]
n c=

n—o0

e—0 n— 00

1 n
< limsuplimsupg, ' log < > P (—(wi — a2y y > (1 - E)qnn_1/2> )
n
=1

< limsup limsup g, * log P(w;y; < equn~'/?).

e—0 n— 00

By Lemma F.2,

a—2b

h_)m q; M log P(wiy; < equn™Y?) = —sup{et + I(t,a,b,¢)}, Ve < log(a/b) + 2c.
n—oo

ter 2
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Then, we immediately get

limsup g, ' logEM(sgn(a),y) < —supI(t,a,b,c) = —I*(a,b,c).
n—qn teR

If I*(a,b,c) > 1 and g,, = logn, then

P[M(sgn(@),y) > 0] = P[M(sgn(@),y) > 1/n] < EM(Slg;lrgﬁ)’y) =pl~@be)to() ¢,

F.9. Proof of Lemma F.6. Define an auxiliary quantity

1 @ 2nR*
=—log| = |A9c + ————u1(G).
! ﬁ0g<ﬁ> Yot (@)
Then [[a — wl|g, <@ —vlg, + v —wlq,,
. 2R2 -
(F19) v —wlq, <log(a/b)||A(Gc —y)llq, /v + m!\(nRz)ul(G) - Gulg,,

. 1 1TA1+ 9L Ayq a .
i vl = 7 o (T ) 1o (5 ) il

203(G)  2nR!
nM(G)+nd nR%2+d

(F.20)

[u1(G)llg,-

For simplicity, suppose that (u;(G), ) > 0. By Lemma B.1 and Theorem 2.1, we have
IM(G) —nR?| = op(1; n),
lu1(G) — Ga/(nR?)||q, = op(n
lur(G)llg, = Op(n= 210 gy,

—1/2+41/qn.
)

Qn)a

Hence,
2R? B B
(B (G) = Gally, = op(n™H 2 gy qy),
2)3(G) 2n R4 _
n)q(é) +nd nR2+d ‘ w1 (G)llq, = op(n 1/2“/%%; qn.)-

According to (F.19) and (F.20), it remains to show that
log(a/b)| A6 = Y)llq, /v/n = 0p(n™ T4 g,: q,),

1 1TA1+ 9L AYq a . _
? ( T ~log B ”AyGan =op(n 1/2+1/q"qﬂ§ n)-

vn 1TA1 - gL Age
They are immediately implied by the followings:

vn

(F21) 1A@E = Y)llg, = 0p(n!* g3 qn).
F22) 17 arjn - O] o g,

N N a—0b)qn
(£23) abAge/n — D0~ (g g),

(F.24) 1AGG g, = Op(nY % qn; ).
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We will tackle them one by one.
Proof of (F.21). Let S ={i: (yg): #vi} ={i: sgn[ui(G)]; #sgn(y;)}. Then

: . lur(G) — a3
151 < [{i: (@) — ali) > 1/v/m}| < 1t — lly
Z (1/v/n)?
where we used the assumption (u;(G),u) > 0 and Lemma B.1. Hence, there exists a con-
stant C' such that P(|S| > Cn/q,) < e™" for large n. Thanks to Fact A.2, it suffices to show
that

= Op(n/qn; n).

IA(gc — y) Van

By Fact A.3, this can be implied by

El/q”(”“‘(ya )iz 1{\S\<Cn/qn})=0(n1/q"qn).

Below we prove a stronger result

4. 1{|S|<Cn/q,} = or (/9" qn; )

qn
qn

|A(9c —y)

(F.25) E/an (

S| < Cn/fan) = o(n'/1qy).

From the fact

|A \_ il <2> Ay

JES

Z]

we obtain that

dn
dn

(F26) E(HA@G _y)

J

S| < Cn/qn) < o gEKZAU)%

jes

Note that A and S are independent. By Corollary 3 in Latata (1997),

()

jeSs

(a+b)gn
E E(A;; .

For any constant C' > 0,

(50

9] < Cn/qn] < n

= logqn
From this and (F.26) we get
(F.27) E/an <|A(yG —y)|| 2|18 < C’n/qn> <npl/an. % = o(n'/qy).
n

and then derive (F.25).
Proof of (F.22). Let A =E(A|y). On the one hand, we use Hoeffding’s inequality (Hoeffd-
ing, 1963) to get

]P(|1TA1 —1TA1|/n> t’y) = ]P’( Z (Aij — Ayj)| > nt y) <2672 vt >0
1<i,j<n

and thus

(E.28) 1TA1/n—1"A1/n=Op(\/Gn; Gn)-

On the other hand, we obtain from

A= a—;ﬁllT + Tﬁny.
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that 1T A1/n = “tq, + %Lq, (yT1)? /n?. Hoeffding’s inequality yields

_ _ n T]_ 2
2 n?2

i o 2 o 2 4nt

=P Yyi| > n )§2exp[—<n >]:2exp<—>
(1% = o (o o
and
- b

(F.29) 1TA1/n— 220, = O(a2/n; g0).

The desired bound (F.22) follows from (F.28) and (F.29).
Proof of (F.23). Note that

YeAYe _a-b _95AYe—y'Ay y Ay-y Ay (yTAy _azb, )
n ).

n 2 = n + n n 2

Similar to (F.28) and (F.29), it is easy to show that

(y' Ay —y' Ay)/n=o0p(gn; ¢») and  y'Ay/n- %_Z)Qn = 0p(qn; an)-
By direct calculation and (F.21),
(9:A9c —y ' Ay)/n=n"(gc +y) AlGc —v) <n ' (|gcl2 + |yll2) | A(Ge — v)ll2
<n~'-2v/n 02TV A(ge — y)llg, =20V 0p (09 g0 gn) = 0p(qns dn).

Then (F.23) becomes obvious.
Proof of (F.24). By Theorem 1 in Latata (1997) and Assumption 4.1, El/4n (Z?Zl At <
qn. Hence

B Ayl — 2 (3 1Al ) <BVe (Y

i=1 i=1

> A

=1

q/’L
) <Sn'fing,.

Fact A.3 leads to ||Ayl,, = Op(n'/%q,; g,). Then, (F.24) follows from the above and
(E21).

APPENDIX G: PROOFS OF SECTION 5

G.1. Proof of Lemma 5.1. Note that s =0, r =1, A = X = n||pu||2 and x = 1. As-
sumption B.1 holds if 1/y/n <~ < 1. Assumption 2.5 holds with X = 21; and in that case,
Assumption 2.6 holds with

1 Vd
722max{, /;L}
leellz” leell3

The right hand side goes to zero as d/n — oo and (n/d)/*|| /|2 — co. Hence we can take

1 1 \d
7:2max{, , /;1}
vi el el
P

to satisfy all the assumptions above. Then Lemma B.1 yields |(u,u)| — 1.
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To study @, we first define G = E(X X ") = dI,, + de; e/ . Hence its leading eigenvector
and the associated eigengap are @ = e; and A = d. Observe that G = H(X X ") and

IXXT =Gl < [HXXT = @)+ max (XX~ Q)i
€(n

(G.D <IHXXT) =Gl +IG ~H(G)|2 + max [llail[3 — ElJac: 3]
By Lemma B.1,

(G2) IH(XXT) = Glla=o0p(A; n) = op(nl|pe]3; 7).

When i # j,

G~ij :E<wiamj> = E<5Ez + Zi,jj + Zj> = E<ii,ij> = GU
Hence H(G) = #(QG), and

(G.3) IG ~H(G)ll2 = max |Gl = max 12313 = [| 13-

For the last term in (5.1), we have
l2ill3 — Ellzsll3 = 2 + 213 — (&3 + Ell=il|3) = 2(24, z:) + (|23 — Ellzill3).
From ||(x;, i) ||, S [|®:l|2 = ||£¢]]2, Fact 2.1 and Lemma H.3 we obtain that
(G4 max (@i, i) | S (&1, 21), 7+ 5 (®ns 20)) [logn = Opr(V/1og || pf|2; logn)
e=en

For any i > 2, ||@;]|3 ~ x3. Lemma H.4 forces
P(|||]|3 — d] > 2Vdt +2t) <27, Vt>0, i>2.

By the x2-concentration above and union bounds, maxa<;<y, |||z |3 — E||z; 3| = Op(Vdn V
5 1) = Op(vam; m). Since |1 [3/2 ~ 12 we get maxse(o 113 — Ell13] = Op (/i m).
Plugging this and (G.2), (G.3), (G.4) into (G.1), we get

IXXT = Gll2 = Os(nllall3 + | 2l3 + Viog nllislle + Vn; logn) = Os(nllul3: logn).

Here we used ||p||2 > (d/n)'/* > 1. The Davis-Kahan Theorem (Davis and Kahan, 1970)
then yields

min |5t — s < | XX — Gll2/A = Op(n|pll3; logn)/d=op(1; logn),

since ||pll2 < /d/n. From @ = e and (u,u) =1/y/n — 0 we get |(u,u)]| 5o.

G.2. Proof of Lemma 5.2. Lemma 5.2 directly follows from Lemma B.1 and thus we
omit its proof.

APPENDIX H: TECHNICAL LEMMAS

H.1. Lemmas for probabilistic analysis.

LEMMA H.1. Under Assumption 2.5, we have
IH(ZZT)||2 = Op (max{v/n|Z|us, n|Zllop}; n)

Hel?P}C”ZiHQ = Op (max{Tr(%), n[|Xlop}; 1),

1ZZ "2 = Op (max{Tx(2), nl|fop}; n).
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Proof of Lemma H.1. By definition,

[H(Z2 7)o = sup [uTH(ZZ Ju|= sup

uesS uesSn—1

E wiw;(zi, Zj) .

7]

FixuecS" ! let A=uu' and S = iz Witj(Zi, z;). By Proposition 2.5 in Chen and
Yang (2021), there exists an absolute constant C > 0 such that

t2 t
P(S >t) <exp <—Cmin{, }), vt > 0.
IZ0fs™ 1% llop

When t = Amax{\/n||2||us, n||Z|op} for some A > 1, we have min{t? /|||, ¢/[|Z|lop} >
An and P(S > t) < e~ €M Similarly, we get P(S < —t) < e~¢* and thus

P( Z U Uy <Zi, Zj>
i#j
The bound on |H(ZZ")||2 then follows from a standard covering argument (Vershynin,
2010, Section 5.2.2).
Theorem 2.6 in Chen and Yang (2021) with n =1 and A = 1 implies the existence of
constants C and (5 such that for any ¢ > 0,

2 t
P(]| 2] > C1 Te(Z) +t) < exp <—C’2min{ , }) .
(1 b >{

When t = Amax{y/n||||us, n|Z|lop} for some A > 1, we have min{t?/||Z||%, t/||Z|lop} >
An. Hence

B(||zi]]? > C1 Te(S) + Amax{Vl|Z s, n|Slop}) <€ O, WA L.
Union bounds force
lggcigfllzill2 = Op (max{Tr(X), vVnl|Z|lus, nl|=llop}; 1) -

> Amax{v/n||X||us, nHZ‘HOp}) < 2e~ A0 VA> 1.

We can neglect the term /n||X||zg above, since

Vil Sle = /0l S12 < /(]| Sllop) Tr(S) < max{Te(S), 1] Sop}.
Finally, the bound on [|ZZT |5 follows from |ZZ |y < |H(ZZT)||2 + max;ep, ||z
O

LEMMA H.2. Let Assumption 2.5 hold, p > 2 and {V "™} _, C R™*K be random
matrices such that V™) is independent of z,. Then,

n 1/p
(E > (2m. 2) V™ ) :nl/p./Kpmea[X}HV(m)HgOp(maX{HZHHS, Vil Zllopt; pAR) .
2 mein

m=1" j#m

Proof of Lemma H.2. By Minkowski’s inequality,

> = z->v-“”>p=<i > (zm 2V )/
my<j/ VY ms <317 5k

j#m 2 k=1"j#m
P\ 2/p p/2
)

Sz z) VY
e M2

j#m
Jj#Em

K

qts

k=1

— KP/2— 12

k=1
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glh::re we define 'w,(gm) =D itm Vj(km)zj = ZT(I—eme;)v,(gm), Vm € [n], k € [K]. Observe
a

1= % = (0™) (I - eme) ) ZEZT (I — emer, o™

< o™ |31Z22Z |2 < V31222 2.

As a result,

m)]|” 21 { v (m) J1l/2, (m) T 1/2\?
S Gz Vi| < K (S 12 Pl ) (s [V 12227 )
j#m 2 k=1 men

and

Z (Zm, zj)‘/j(m)
J#Fm

o\ 1/p
) < \KZZ2 2 max [V
2 me|n

n K 1/p
H) (B3 S e I )

m=1k=1

On the one hand, let ; = X'/22;, Vi € [n] and Z = (21,---,2,)". Note that {Z;}7,
satisfy Assumption 2.5 with X replaced by 32, because

(s

m=1

Ee(®2) = Ee(= wz) < (0 (8202 2) _ o (Puw)  yy e € [n].

It is easily seen from X € 7 (H) that 32 € 7 (H). Then Lemma H.1 asserts that
1ZEZ 2= ZZ"||2 = O (max{Tr(E?), n]|2%|lop}; n)

(H.2) = O (max{[|2|lizs, nllZllcp}; n) -

On the other hand, note that z,, and wlim) are independent. According to Assumption 2.5

on sub-Gaussianity of z,,, we have
E ({2, wi™ /= 2w (™) w™) =0,
P B (| Gz w2 2™ ) ™) < €

for some absolute constant C'. Then E|(z,,, w,(cm)/HEl/Qw,(cm) HP < (Cy/p)P. We have

n K
SN Elzm, wl™ /IS 2w™ )P < 0k (Cy/p) = (n'PEVPC /B,

m=1 k=1
By Fact A.3,
n K 1/p
(H.3) < Z Z (2, w,ﬁm)/\\zl/zw;gm) H>’p) —Op (nl/pKl/pc\/];; p) ‘
m=1k=1
The final result follows from (H.1), (H.2) and (H.3). ]

LEMMA H3. Let X € R™™ be a random matrix with sub-Gaussian entries, and
define M € R™™ through M;; = || Xij|y,. For any p > q > 1, we have || X|qp =

OP(\/ﬁHMHq,p; p).



AN ¢, THEORY OF PCA 37
Proof of Lemma H.3. By Minkowski’s inequality,
n n n n p/q
sixg, =3 5( S ) <3 (ZEW )™ =3 ()
=1 Nj=1 i=1 j= i=1 Nj=1
Since pil/QEl/p‘Xi"p < Hng H¢2 = Mij, we have

SRS (Z M) )p/q =pp/2§ (ZZJM)/ — (VFIM] )

=1 =
By Fact A.3, | X |4, = Op(\/B| M

api P)- O
LEMMA H.4. For independent random vectors X ~ N(u,I;) and Y ~ N (v, 1), we
have the followings:
1. If u =0, then
P(J|| X2 — d| > 2Vdt +2t) <27, Vt>0,

2 d 18113 1
log EeIXI3+B.X) — _“100(1 — 2 _MF2 Vo < = RY:
ogEe 2og( a)—|—2(1_2a) a<2,ﬁ€ ;
2. Foranyte (—1,1),
log Be! XY — £ (a3 + I 13) + oy () — S1og(1 — £2).
2(1 —¢2) 2 22t 2

Proof of Lemma H.4. When pu = 0, || X||3 ~ x2. The concentration inequality in the
claim is standard, see Remark 2.11 in Boucheron, Lugosi and Massart (2013). Note that
p(x) = (2r)~%2e~1%13/2 is the probability density function of X. With a new variable

=+/1 — 2acx, we have

allol3 + 8, 2) ~ el =~ 1 (5/yT=20,0) = Ly - B/vT =Bl + 52

and

2 1
el X130 — (2m) 42 [ xp (el + (8,3) - 5} )
Rd

. e, B2 ]

—2ny 2 [ oxp (— gy - BVT=2all + 5122 (1 - 20y ay
2

=(1- 2a)_d/2 exp (2(l|ﬁ—”;a)>

Now we come to the second part. Given Y, (X,Y) ~ N((u,Y),||Y|%). Hence
E(efXY)|Y) = el Y1HIYIER/2 Define Z =Y — v. From (1, Y) = (u,v) + (p, Z) and
1Y |3 =|v||3+2(v,Z) + | Z||3 we obtain that

log Ee!X:Y) = log E[E(eHXY)|Y)]
=logEexp [((1,v) + (u, Z))t + (vl + 2(v, Z) + || Z|)3)£* /2]
= (u,v)t+ Hl/”%t2/2 + log Eexp (<tu +t?v AR HZH%tQ/Q)

d |tw + t2v |3
= t 2¢2/9 — Zlog (1 —2- R E2
</~‘l’7 > +HVH2 / 9 Og( 2> +2(1_2 t2/2)
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lvl3* d o Ellp+tv)3
= t4 122 Zog(l — 2) + 12
2

¢ 2 2 3 d 9
BET )] — — Zlog(1—#2).
2(1_t2>(||li”2+ [13) + T (v — 5 log(1 — 17)

O
LEMMA H.5. Let {S,}5°

©_, be random variables such that A,,(t) = log Ee!>" exists for
all t € [-Ry, Ry, where {R,,}°° , is a positive sequence tending to infinity. Suppose there
is a convex function A : R — R and a positive sequence {a,, }°° ; tending to infinity such that
limy, 00 Ap(t)/an, = A(t) for all t € R. We have

lim a,'logP(S, < ca,) = —sup{ct — A(t)}, Ve < A'(0).
n—oo teR

Proof of Lemma H.S. This result follows directly from the Gértner-Ellis theorem (Gért-
ner, 1977; Ellis, 1984) for large deviation principles

O
H.2. Other lemmas.

LEMMAH.6. Letx € (0,7/2), € € (0, l)andé—f(

5 — ). We have max|,|<os |w
1| < e. Moreover, if © > 20, then max|y|<s/3 | 2

Cos T

sin® :c+y) B 1| < 16°

PROOF OF LEMMA H.6. Recall the elementary identity cos(x + y) = coszcosy —
sinzsiny. If |y| <24, then |siny| < |y| <20 =

= =(5 — ) <tan(j — ) and

cos(z + y) ~cosy| < sinz|siny| _ |s1;1y| < %(%_Sc) < i,
Cos T Cos T tan(§ —x) ~ tan(f —x) ~ 27
y? (202 _ [e(1—2x/m)]* _ €’
0<1— < = = < —.
slocsysiosy 2 =7
The result on maxj,|<os |C°iog;j;y) 1| follows from the estimates above and e =
s(1/m+¢) <e.

> =
The identity sin(z + y) = sinz cosy + cos x siny imply that if 2§ < z < tanx and |y| <
/3, then

Si i i /3 /3 1
in(z +y) ~cosy| < cosz|siny| _ |siny| < /3 _9/3
sinx sinx tanx tanx —

z 6
v _ (/3 [f0-2e/mP & _ 1
0<1- <¥ 6 < - < —.
U= = 2 =72=72
Hence (for |)y] < §/3, we have ]% 1| <t 4+ =13 < 1. Direct calculation yields
4 sin(z+y 6 25 in 25 in 9
5 S ez S 5° 36 — sinsz(:r—laiy) < 16 and ’sms a:—iw-y) B 1’ < 16°

O
LEMMA H.7. Fort>0and s > 2, define P(t,s) fﬂ teos(gin ) ~2dx and a = (s —
2)/t. There exists a constant ¢ > 0 and a continuous, non-decreasing function w : [0, c| —
[0,1) with w(0) = 0 such that when max{1/t, s*/t3} <,

9o s
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o 9 log P(t,s)]
C>C>Proof of Lemma H.7. It suffices to show that Carria) 2

If s=2,thena =0, P(t,s) = [ e!°*?dz and & P(t,s) = [ cosze!°>dx. A direct ap-
plication of Laplace’s method (Laplace, 1986) yields %[log P(t,s)] = [%P(t, s)|/P(t,s) —
1 as t — oo, proving the result. From now on we assume s > 2 and thus a > 0. Under our
general setting, the proof is quite involved and existing results in asymptotic analysis, in-
cluding the generalization of Laplace’s method to two-parameter asymptotics (Fulks, 1951)
cannot be directly applied.

Define f(z,a) = % sin z for z € [0, 7]. Then P(t,s) = [, f!(z,a)dz and & P(t,s) =
fo cosx fi(x,a)dz. From log f(z,a) = cosz + alogsin x we get

—last— ooandt?/s? —

(H.4)
2
%[logf(x,a)} = —sinx+a§?j§ and %[logf(x,a)] = —cosT — sime'

Let 2* be the solution to a%[log f(z,a)]=0on (0,7). We have z* € (0,7/2),

(H.5)

2
1 N . a*+4—-a o
a= —cosz”, cosg’ = —————— and sinz™ =

2
Moreover, f(-,a) is strictly increasing in [0, z*) and strictly decreasing in (z*, 7]. Hence z*
is its unique maximizer in [0, 7].

Fix any € € (0,1/32) and let § = £(§ — z*). Define [ = [z* — 26, 2* + 25| N [0, 7], J =
[z*,2* 4+ /6] and r(a) = infyes f(y,a)/supycpo\s f(y,a). Then J C I C [0,7/2) and
|J| =¢6/6. We have

P(t,s) f[oﬂ]vf :Uadx<f[0ﬂ\1f (x,a)dx
J; fi(x,a)dx [ fima)ds T [, fi(z,a)de

a(vVaZ+4—a)\'?
cos T* 2 '

W[SuPye[O,rr]\I f(y7 )t 67
= (6/6)infyes f(y, @)l ori(a)

and
%P(t,s) 1< f[oﬂ\l\cos:c\f (z,a)dz f[OTF\If ya)dx
J;cosz fH(x,a)dx = Jrcoszft(x,a)dx fjcosa;ft( a)dz
ﬂ-[supye[o,ﬂ\l f(ya a)] . 6 372

= <
= cos(x* +0)(0/6)[infyes f(y, )]t cos(z* + 8)drt(a) ~ 6%rt(a)’
where the last inequality follows from z* 4+ 2§ < 7/2 and cos(z* + §) > cos(7w/2 — §) =
sind > 2§ /. Consequently,
P 2Pt 2

max (t 5) ARGL) -1 < s .
[, fi(z,a)da J;cosz fH(x,a)dx 52rt(a)
Let h(a,t) denote the right hand side. If h(a,t) < 1, the estimate above yields

L—hia,t) _ [GP(t5)]/P(t,5) <! 1+ h(a,t)

1+ h(a,t) = [;coszft (:cada;/f[ftxadx — h(a,t)’

1— h(a,t) < Gillog P(t,s)] <(14¢)

1-— —_
=) S cosar 1 h(a,t)
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Note that our assumptions ¢ — oo and t3/s? — oo imply that t/(a V 1)? — cc. Below we
will prove h(a,t) — 0ast/(aV 1)? — oo for any fixed ¢ € (0,1/32). If that holds, then we
get the desired result by letting ¢ — 0.

The analysis of h(a,t) hinges on that of 7(a) = infyes f(y,a)/supycjo,n\s f (¥, a). The
monotonicity of f(-,a) in [0,2*) and (z*, 7] yields infyc s f(y,a) = f(z* +0/6,a),

sup f(y.a) = max{ (¢ — 26,a), f(a" +20,a)}
y€[0,m\]

<max{f(z*—0/3,a), f(x*+0/3,a)}, if * > 20,

sup  f(y,a) = f(a* +28,a),  ifx* <20.
velo.m\I

The two cases z* > 26 and z* < 20 require different treatments. If we define g(x) =
1/cosx — cosz for x € (0,7/2), then a = g(x*) and § = £(§ — z*) yield the following
simple fact.

FACT H.1. [Ifx* > 26, then z* >1+2€/7r

* €
TS g 05 g(1+2€/7r) and 6 = 575

a> g( 1+2€e/7r) and § < 2ﬂ-+45’ lffk < 20, then

We first consider the case where =* > 2§, which is equivalent to a > g(ﬁ). Let
I'=[z*—0/3,2*+§/3]. Forany y € I, there exists ¢ in the closed interval between z* and
y such that

2

log (y, a) = log f(z*,a) + aax[logf(x,a)]\x_x*(y—x) ;aa 9 llog f(,a)] ey — 2%,

By construction, aﬂ[log f(z,a)]|z=2~ = 0. From equation (H.4) we get

ga > [log f(z,a)]|x=y _1‘ < ma | £5Y ‘+max sin’ z* _1‘
yel’ T[logf(w,a)”m:x* yEI’ cos T* yel’ | sin?y
SO I S )
16 — 32 16 32
where we used Lemma H.6 and € < 1/32. Therefore,
inf,c slog f(y,a) —log f(z*, a) <1+19> <(5 QZE.ﬁ
+ 25 log f(z,a)]|o=a- 32)\6 32 36

SupyE[Oﬂ\I'logf(y) )—lng<.’13*,(1)><1_19> <5>2_1362_5252
$ 2 log f(x,a)]|s=a- - 3 32 9 32 36

logr(a) = inf log f(y,a) — sup log f(y,a) > inflog f(y,a) — sup log f(y,a)
yeJ yelo,m\I yeJ yelo,m\I’

Since aa—;ﬂog f(z,a)]|g=z+ = —cosz* — a/sin®z* <0,

1 02 51 62 52 62 cosz* + a/sin? x*)8?
> 20 flog fla, @)l (o2 2220 ) [ )
2 0x 32 36 32 36 2 x 32 x 36
> ad?/sin’® z*.
From this and h(a,t) = m we get

—logh(a,t) = —log(37r?) +log 6% + tlogr(a) = —1 +log 6% + tad?/ sin® *.
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From (H.5) we see that lim, ;oo sinz* = 1, lim, o acosz* = 1 and lim, o0 a(§ —2*) = 1.
Since § = £(§ — *) > 0, we have lim, o, ad = =. There exists C'; > 0 determined by ¢
such that for any a > g(ﬁ), we have § > C} /a and ad?/ sin? z* > C/a. As aresult, for
some C5 determined by &,

—logh(a,t) > Co(—1—loga+t/a)

£
H.6 > —1-1 1)+t 1 —_— .
s > Cal-1—loglav ) +t/@v Dl Va1 g )
We move on to the case where z* < 2. Recall that for = € (z*,z* + 20) C (z*,7/2),
we have a%[log f(z,a)] <0 and
2
88 5 log(w,a)] = cosz + siri; "

where we used 0 < e/2 < 1/64. By Taylor expansion, there exists £ € [z* + /6, 2" + 2]
such that

logr(a) = inf log f(y,a) — sup log f(y,a) = log f(z* +6/6,a) — log f(z" +26,a)
yes yelo,m\I

2
_ <85;[log(:r, )] g—a-15/6(20 — 5/6) + %%[log(as, a)]]2=¢(20 — 5/6>2>

> cosx > cos(z* 4 20) > cos(49) > cos(1/16),

1 32
7 et 1 26 — 2> 52
- 2xe[a:*lg«*+25} ( 8x2[0g($ a)])( d—6/6)"=0

Based on h(a,t) = 52 1 ( ) and § > 5= from Fact H.1, there exists some C3 > 0 determined
by e such that —log h(a,t) > C3(—1+41t) > C3]—1+t¢/(aV 1)] holds when a < ¢(
This bound, (H.6) and log(a VV 1) < a V 1 imply that

1+2a/7r)'

t t
—logh(a,t) 2 —1—1 N+ ——>-1- 1)+ ——
ogh(a,t) 2 ~1-Togla V1) + — > —1—(aV1)+ o
t
=-1 VI){ ———=—1].
+ )Gy 1)
Ast/(aV1)? — oo, we have —log h(a,t) — oo and h(a,t) — 0. O

LEMMA H.S8. Fort> 0 and s > 2, define a = (s — 2)/t and g(t,s) = (Va2 +4 —
a)/2. There exist a constant ¢ € (0,1) and a function w : [0,c] — [0,1) such that when
max{1/to, d*/t3, |t2 — to|/to, [t1 — to|/to} < ¢,

log P(ta,s) — log P(t1,s)
9(to, s)(t2 — t1)

_ 1‘ < w(max{1/to, $2/83, |t2 — tol/to, [t1 — tol /fo}).

Proof of Lemma H.8. Let h(a) = (Va?+4 — a)/2. Observe that % =—(s—2)/t? =
—a/t and I/ (a) = 2(\/‘;7+4 1) = —h(a)/va? + 4. By the chain rule,

9 d da _ W(a) Oa a
51089(ts)] = - [logh(a)]- o = ha) ot tJa2t+d

Hence 0 < %[log g(t,s)] < 1/t. Forany to > t; > 0 there exists £ € [t1, t2] such that
to — 11 < tg—tl'

ta, 0
0 <tog (202 ) “togta.) ~logat, ) = 5 loga(t. ]tz 1) <

g(t1,s) § Tt
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This leads to |g(t2,s)/g(t1,s) — 1| < el2=tl/tAL) _ 1 for any t1,t5 > 0.
Let ¢ and w be those defined in the statement of Lemma H.7. Suppose that ty, >
0 and s > 2 satisfies max{1/tg,s/t3} < ¢/2. When t > to/2'/3, max{1/t,s?/t3} <
2max{1/tg,s?/t3} < c. Lemma H.7 and the non-decreasing property of w force
o)
2 Mlog P(t,
AROB P 1] < wlumax{1 (r0/27%). 5 1/ 2/97))
g\, s

<w(2max{1/tg, >/t3}),  Vt>to/2"/5.

When |t — to| < to/5, we have t > 0.8tg > to/2'/3 and 2|t — to| < 0.4ty < to/2'/3. Then
It — tol/(to A1) < 1/2 and

_ t—to| _ Velt —tol _ 3t —tol
£ 5)/g(te, s) — 1] < eli—tol/Gor) _ 1 < o172 < < <1
|g( S)/g( 0 8) ‘ € >e tO At — t0/21/3 - tO

Hence when ¢ € [4to/5, 6t9/5],
Gillog P(t, )]
g(tO’ S)

IN

[1 —w(2max{1/ty,s*/t3})] (1 3kt t0|>

to
< [1 4+ w(2max{1/ty, s?/t3})] <1 + 3|tt_0t°‘>

We can find a constant ¢ € (0, 1) and construct a new function @ : [0, ¢] — [0, 1) such that
for any distinct ¢1,t € [(1 — é)to, (1 + ¢)to],

lOgP(t27S) _IOgP<t17S) o

1 <w 1/to, s2/t3, |ta —tol/to, |t1 — to| /to})-
g(to, 9)(t2 — 1) < max{1/to, /5, [t2 = fol to, [tr ~tol/10})
The proof is completed by re-defining c and w as ¢ and w, respectively. O
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