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Many cellular lipid bilayers consist of leaflets that differ in their lipid composition — a
non-equilibrium state actively maintained by cellular sorting processes that counter
passive lipid flip-flop. While this lipidomic aspect of membrane asymmetry has been
known for half a century, its elastic and thermodynamic ramifications have garnered
attention only fairly recently. Notably, the torque arising when lipids of different spontan-
eous curvature reside in the two leaflets can be counterbalanced by a difference in lateral
mechanical stress between them. Such membranes can be essentially flat in their relaxed
state, despite being compositionally strongly asymmetric, but they harbor a surprisingly
large but macroscopically invisible differential stress. This hidden stress can affect a wide
range of other membrane properties, such as the resistance to bending, the nature of
phase transitions in its leaflets, and the distribution of flippable species, most notably
sterols. In this short note we offer a concise overview of our recently proposed basic
framework for capturing the interplay between curvature, lateral stress, leaflet phase
behavior, and cholesterol distribution in generally asymmetric membranes, and how its
implied signatures might be used to learn more about the hidden but physically conse-
quential differential stress.

Introduction
Lipid membranes enclose all living cells and form many distinct functional compartments in eukary-
otic cells [1, 2]. Their basic architecture is that of a bilayer — a structure in which two lipid leaflets
appose one another such that their hydrophobic tails are ‘tucked away’ on the inside. There is no
reason why these two leaflets would have to be identical in every respect, and work starting in the
1970s showed that they indeed differ in composition for (at least) the plasma membrane of many cell
types [3–6]. More recent work has increased the resolution of this leaflet-specific lipidomic fingerprint
and argued, using a proteomic signature and tools from bioinformatics, that it seems evolutionarily
conserved across all of eukarya [7].
The existence of a leaflet-specific lipidome has become known as membrane asymmetry, but of

course the notion of ‘asymmetry’ encompasses more than lipid identity: as long as the two leaflets
differ in at least one physical parameter, the reflection symmetry of a membrane with respect to its
midplane breaks down, with potentially many interesting consequences. Observe that this might
happen even if both leaflets consist of the same lipids; for instance: (i) different peripheral proteins
might be attached on both sides; (ii) ionic conditions and/or pH might differ across the membrane,
which could affect the lipids’ protonation state on either side and hence the membrane’s surface
charge density and (iii) lipids could be packed at unequal densities, which in turn would lead to a dif-
ferent state of lateral stress in each leaflet.
The possibility that differential stress in lipid membranes might not just exist but in fact be ubiquitous

and even responsible for intriguing new phenomena has been increasingly recognized in recent years
[8–14], including the realization that this poses new challenges for simulations [15–22]. While it can arise
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in a bilayer comprising just a single lipid species, many of its interesting features arise as an interplay with other
aspects of bilayer physics, such as composition-induced spontaneous curvature, the fluid–gel phase transition, and
cholesterol partitioning between leaflets. We will examine some of the resulting consequences in this short note.

Elastic considerations
Let us start by building a minimal model of membrane asymmetry that acknowledges compositional asym-
metry and includes the resulting elastic ramifications in a series of refinements [12]. In what follows, we will
broadly consider two ‘kinds’ of leaflet asymmetry: composition asymmetry and packing asymmetry; these are
illustrated schematically in Figure 1.
We construct a bilayer out of two (at least initially) on-average homogeneous lipid monolayers, whose prop-

erties are determined by the number and species of lipid(s) present. The number of lipids in the leaflet is taken
to be fixed (though this assumption will be relaxed when considering cholesterol, which more readily flip-flops
between the two leaflets, in the ‘Cholesterol’ section); that is, the leaflet is not in contact with any reservoir with
which it can exchange lipid molecules. The reference configuration is that of the monolayer found in a flat, ten-
sionless, symmetric membrane, and we will consider small deformations of area and curvature away from this
state. To describe a monolayer in this fashion is to consider it as a two-dimensional surface, and as such we
must choose a reference surface that represents a molecular aggregate via some idealized geometry, suitable for
subsequent theoretical modeling. As it turns out, there exists a unique choice for the reference surface which
results in curvature and area deformations contributing to the free energy independently, with no curvature–
area cross-coupling; it is called the neutral surface [23, 24]. With this choice, our subsequent elastic modeling
can consider bending and stretching separately.
If the two leaflets differ in lipid type, they almost surely will also differ in their monolayer bending rigidities

(kmþ, km�) and spontaneous curvatures (Kmþ, Km�). To be clear about the sign of geometric quantities such as the
mean curvature, we will assume that bilayer quantities will follow the same sign convention as the upper (‘þ’) leaflet.
As long as the two leaflets can slide past one another, their curvature elastic surface energy densities — in

classical Helfrich fashion [25] — can be written as separate bending terms for each one:

e0ðKÞ ¼ 1
2
kmþðKþ � KmþÞ2 þ 1

2
km�ðK� þ Km�Þ2: (1)

FIG. 1. Different phenomena can contribute to the asymmetric state of lipid membranes.

The common notion of compositional asymmetry refers to the fact that one leaflet contains different lipids, or a different lipid

mixture, than the other one (illustrated by differently colored lipids on the right side of the diagram); this generally leads to a

nonzero spontaneous bilayer curvature dependent on lipid materials properties. But it is also possible that the two leaflets are

differently packed as illustrated in the top row of the diagram, creating a spontaneous curvature more akin to that of bimetallic

strips. In general, both effects contribute together and could even cancel (see also Figure 3).
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The first/second term captures the upper/lower leaflet, and the þ-sign in front of Km� is necessary because the
lipids in the lower leaflet are flipped compared with the upper one, but the curvature sign convention stays the
same. Observe that we dropped a second quadratic term proportional to the Gaussian curvature KG, since we
will not be interested in effects arising from edges or topology. More importantly, eqn (1) also drops a constant
tension term, meaning we will for now assume that the two leaflets are individually tensionless. Equation (1) is
written as depending only on K , the bilayer midsurface curvature, since in a bilayer the two monolayer curva-
tures cannot truly be independent, as their ‘bottom’ surfaces coincide. Whatever reference surfaces we use to
define K+ for the monolayers will be parallel to this midsurface (neglecting lipid tilt), offset by some normal
displacement z (illustrated in Figure 2), which as stated previously is most conveniently chosen to be the rela-
tive displacement of the neutral surface from the midsurface. The curvature of such a parallel surface, KjjðzÞ,
can be related to the midsurface curvature K by KjjðzÞ ¼ K þ ð2KG � K2Þz þOðz2Þ [26, 27]. Inserting this
expression into eqn (1) yields leading corrections linear in z and higher order in curvature, which we neglect.
Therefore in what follows, we relax the distinction between the curvatures of the two monolayers, treating them
both as approximately equal to K . The results that follow should therefore be considered small-curvature
approximations, though this is already true of the Helfrich functional itself.
Generally, the minimum energy state of an asymmetric membrane as described by eqn (1) is not flat.

Instead, the bilayer assumes a preferred curvature given by

@e0ðKÞ
@K

����
K¼K0b

¼ 0 ) K0b ¼ kmþKmþ � km�Km�
kmþ þ km�

: (2)

This value, K0b, is the rigidity-weighted difference between the individual spontaneous leaflet curvatures and as
such a material parameter. Interestingly, such a membrane would have a net spontaneous curvature even if
Kmþ ¼ Km�, as long as the rigidities km+ differ. The reason is that neither leaflet wants to be flat, but the one
with the larger rigidity is less willing to compromise. Observe that we can now write the bilayer energy as

e0ðKÞ ¼ const.þ 1
2
kðK � K0bÞ2; (3)

where k ¼ kmþ þ km� is the bilayer bending modulus; the constant may be absorbed in the net bilayer tension.
Unlike the curvature difference between the two leaflets, the area difference cannot be ignored, since it con-

tributes to important leading-order physics if we wish to consider differential strain and stress. Specifically, the
area element dAjjðzÞ of a parallel surface (see again Figure 2) a displacement z away from the bilayer midplane
is given by dAjjðzÞ ¼ dAð1þ Kz þ KGz2Þ [26, 27]. This expression is actually exact, but we will only need the
leading order in z to calculate an area strain for the two curved leaflets, evaluated at the distances z+ of the

FIG. 2. Illustration of the different quantities involved in membrane elasticity calculations.

The solid black curve indicates the bilayer midsurface. The dashed black curve is a parallel surface a displacement z away from

the midsurface. dAjjðzÞ is the area element on the parallel surface, which can be related to dA on the midsurface with

knowledge of its curvature, as described in the text. The solid colored lines indicate the monolayer neutral surfaces, at which

bending and stretching elastically decouple, a distance z+ away from the midsurface.
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leaflets’ respective neutral surfaces:

g+ð�KÞ ¼+ð�K � K0sÞz+þOðz2+Þ: (4)

Note that the leaflet strains g+ depend on the surface-averaged curvature �K taken over the entire membrane,
because the leaflets can slide past each other and the only trans-leaflet area difference that matters is the global
one. K0s is the bilayer curvature at which a conceivably existing differential area strain vanishes. This special
curvature clearly depends on how the bilayer was made (e.g., if one side was over-packed compared with the
other one) and is therefore not a material parameter but rather an ‘initial condition’. We also note here that
z+ is considered a monolayer material property, and taken as the positive distance from the bilayer midsurface
to the monolayer neutral surface. As such, when substituting it into the previously presented expressions for
dAjjðzÞ and KjjðzÞ, the appropriate sign must be included based on whether the leaflet is above or below the
midsurface in the chosen coordinate system.
Writing the monolayer area expansion moduli as KA;m+, we can equip the leaflets with an additional stretch-

ing energy of the form

enl ¼ 1
2
KA;mþg2þð�KÞ þ

1
2
KA;m�g2�ð�KÞ ð5aÞ

¼ 1
2
knlð�K � K0sÞ2; ð5bÞ

where

knl :¼ KA;mþz2þ þ KA;m�z2� �
�
KAz

2
0: ð6Þ

Equation (5b) looks like a bending energy density, but it is non-local: it is simply the extensive monolayer
strain energy divided by the bilayer area A. For this reason, knl is known as a ‘non-local bending modulus’. The
second step of eqn (6) offers a simple expression for it which additionally assumes that zþ ¼ z� ; z0 and also
defines the bilayer area expansion modulus KA ¼ KA;m� þ KA;m�. Plugging in typical numbers it is easy to see
that knl is about 6 times larger than k, which is one way to quantify the notion that membranes are easier to
bend than to stretch that circumvents the issue that k and KA really have different dimensions.
Non-local bending models such as these have indeed been proposed in the past [28–33], but they have typic-

ally been viewed as alternatives to the local Helfrich energy, not as an addition. Taking the second view, the
total bilayer energy is of the form

Etot ¼
ð
M

1
2
kðK � K0bÞ2 dAþ 1

2
knl

1
A

ð
M

K dA� K0s

0
@

1
A

2

�A;

or, expressed as an energy density,

etotðK; �KÞ ¼ 1
2
kðK � K0bÞ2 þ 1

2
knlð�K � K0sÞ2; ð7Þ

which consist of two terms — a local one that quadratically penalizes bending away from a materials-
dependent curvature K0b, and a non-local one that quadratically penalizes average bending away from a curva-
ture strain K0s that is a measure of an initially imposed area strain. Here we must again caution the reader than
the second term in eqn (7) is not a local energy density depending on the local curvature K , but rather an
average energy per unit area depending on the surface-averaged curvature �K . It is only properly meaningful
when this expression is integrated over the entire membrane, which for the second term amounts to multiplica-
tion by A. However, if we restrict to constant mean curvature surfaces (in particular: planes, spheres, and cylin-
ders), for which �K ¼ K , we can again ask — just as we did in eqn (2) — at what specific curvature this energy
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is minimized. This leads to

@etotðK;KÞ
@K

����
K¼K�0
¼ 0 ) K�0¼

kK0b þ knlK0s

kþ knl
: ð8Þ

The resulting spontaneous curvature is a weighted average between the two characteristic spontaneous curva-
tures we have encountered now, K0b and K0s, and as such balances between materials properties and initial con-
ditions. This quantifies the notion that lipid curvature and lipid packing are two complementary ways for a
membrane to be asymmetric, and that in general both effects contribute to a membrane’s overall curvature
elastic behavior — see Figure 3.
It is crucial to realize that the curvature energy minimized state at K ¼ K�0 still exhibits nonvanishing leaflet

strains g+ (because generally K�0 = K0s) and as such different tensions in the two leaflets:

g+¼+ ðK�0�K0sÞz+ ¼) S+¼KA;m+g+�+
k

2z0

K0b � K0s

1þ k=knl
: ð9Þ

We find it convenient to define the collective symmetrized and anti-symmetrized versions of these tensions as

net tension: S ¼ SþþS�
differential stress: DS ¼ Sþ�S�

9>=
>;  !

Sþ¼12ðSþ DSÞ

S�¼12ðS� DSÞ

8><
>: ; ð10Þ

because often S ¼ 0 and then one of the two collective variables becomes ‘trivial’.

FIG. 3. Illustration of different possible curvature outcomes for an asymmetric bilayer.

The upper leaflet lipids (blue) have a positive spontaneous materials curvature K0b . 0, whereas the lower leaflet lipids (orange)

have K0b � 0. However, by suitably over-packing the lower leaflet (creating a K0s , 0), any of the three possibilities shown

could be realized through a trade-off between area and curvature relaxation, as encapsulated in eqn (8). The case of a flat

bilayer is achieved when these two torques balance one another, leaving a residual differential stress given by eqn (11).
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The fact that a materials curvature can beat against an imposed initial condition means that we can imagine
compositionally asymmetric membranes which are nevertheless geometrically flat, as illustrated in Figure 3.
The price to pay is that these systems are differentially stressed. For a spontaneously flat system, K�0 ¼ 0, eqn
(8) implies K0s ¼ �ðk=knlÞK0b, and therefore eqns (9) and (10) give

DSðK�0 ¼ 0Þ ¼ kK0b

z0
: ð11Þ

This condition can also be seen as a torque balance: the usual pure-bending torque of a bilayer described by
the energy from eqn (3) is T b ¼ @e0ðKÞ=@K ¼ kðK � K0bÞ, which gives �kK0b for a flat membrane. The
stress derived torque is the tension multiplied by the lever arm at which it is acting, giving
T s ¼ Sþzþ � S�z� � DSz0, which shows that eqn (11) is equivalent to T b þ T s ¼ 0.
We often consider the special case of zero bilayer tension, despite this seldom being the case in living mem-

branes [34]. One reason for this is the mathematical simplification afforded by this assumption; however,
another reason is that cellular membrane tensions are often negligible compared with the substantial magnitude
of differential tensions which must arise in fairly ordinary asymmetric membranes. Consider for instance an
asymmetric membrane consisting of DOPC and POPC (as used in the experiments of Elani et al. [35]): the
former has a spontaneous leaflet curvature of about Km � �0:071 nm�1, while the latter has
Km � �0:032 nm�1 [36]. Their bending rigidities are almost the same, giving such a DOPC=POPC bilayer a
spontaneous materials curvature of K0b � �0:02 nm�1. Using typical values z0 � 1 nm and k � 30 kBT [36],
eqn (11) yields DS � 2:5 mN/m. This is about two orders of magnitude larger than common net bilayer ten-
sions arising in cells [34] and not too far off bilayer rupture tension [37]. Such large mechanical stresses should
at some point impact bilayer integrity, and a recent (coarse-grained) simulation study has indeed shown that
the compressed leaflet can reduce its packing stress by ejecting lipids into the tense leaflet (via strongly
enhanced directional flip-flop) or alternatively into the aqueous phase (in the form of micellar buds) [38].
One reason why we should expect such tensions to arise in real systems is simply that we can make giant

unilamellar vesicles (GUVs) with this type of spontaneous materials curvature asymmetry. Recall that the value
of K0b � �0:02 nm�1 for the GUVs in [35] corresponds to a (spherical) curvature radius of
R ¼ 2=jK0bj � 100 nm. This is much smaller than the size of such GUVs, and we would expect them to imme-
diately succumb to the enormous curvature torques by tubulating. The fact that they do not suggest that a
counter-torque — conceivably due to differential stress — stabilizes them.
Throughout this section, we have tacitly assumed that elastic parameters such as k and KA are insensitive to

imposed asymmetry and its associated area strains. While in reality these ‘constants’ are not constant and vary
with quantities such as temperature, pressure, strain, etc., these variations tend to be small in magnitude com-
pared with the value of the parameters themselves (see, e.g. Figure 3d of [12]). However, for systems already
near a phase transition, one may rightfully worry that significant differential stresses could lead to radical
changes in membrane elastic properties by driving one half of the composite system through a phase transition.
This has indeed been observed in simulation [12, 13], and requires more careful thought about the coupling of
asymmetry and first-order phase transitions, which we explore in the next section.

Coupling of asymmetry to phase behavior
Even though the differential stress in a membrane can be large, it is not at all obvious how we would measure
it. Classical techniques such as flicker spectroscopy [39] or micropipette aspiration [40] are only sensitive to
the net tension S, not the differential stress DS. Recently developed tension sensitive fluorescent probes
[41–43] could be a way forward, if one can modify them such that they remain localized in a single leaflet.
Unfortunately these probes respond most immediately to (tension dependent) lipid packing, which raises the
challenge of disentangling tension from a potentially nontrivial lipid phase behavior (such as, most importantly,
an lo=ld phase coexistence [44–46]). But then, if tension is correlated to phase behavior, maybe the latter can
all by itself act as a tension sensor?
With this in mind, it is instructive to examine how differential stress affects the main phase transition of a

bilayer — the transition between a fluid phase and a more tightly packed and elastically more rigid gel phase
[47]. The key difference in theoretically describing this scenario is that the free energy is not merely a quadratic
function of strain, as in eqn (5a), but a more complicated expression that has a double minimum accounting
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for the two different phases. For simplicity, only the case of a single-component membrane is considered, such
that the only possible asymmetry to impose is in the number of lipids N+ populating each leaflet, taken as
fixed on the time scale of interest. We will also assume that the membrane remains flat, such that the two leaf-
lets occupy identical area A. Although this is obviously not the most general case, it serves as a simplified start-
ing point from which we can learn the basic impact of differential stress on phase transitions. Modifications to
the differential stress originating from curvature stresses can be added into the free energy to generate a more
robust theory; however, we are not aware of any work which has yet included this level of detail.
Let us take a to be specific lipid area and assume that the function �fmðaÞ is the specific free energy of one

monolayer at the phase transition temperature under zero tension (and hence its two free energy minima have
the same height). Applying a monolayer tension sT will then shift the relative height of these minima, giving us

fmða;sTÞ ¼ �fmðaÞ � sTa: ð12Þ

Although sT evidently contributes to the monolayer tension, for the present purpose our viewpoint is that
fmða;sTÞ is the Helmholtz free energy and sT is simply an intensive parameter which de-tunes the minima such
that they no longer have the same free energy. In particular, sT can be re-interpreted as a temperature increment
proportional to ðT � TgelÞ=Tgel by utilizing the Clausius–Clapeyron equation [47]. The primary motivation for
this is to act as a stand-in for the temperature dependence of the free energy, the form of which is not known a
priori. As such, in what follows, sT is best regarded as a tension-valued stand-in for a temperature (hence the
subscript T) increment away from the main phase transition temperature, and we emphasize that it is not the
variable representing the present tension in either the monolayer or bilayer.
Especially when analyzing simulations of differentially stressed systems near their main phase transition, it is

important to account for finite size corrections that arise when part of a leaflet goes into a gel phase, creating
non-extensive line tension contributions to the free energy. In such small simulations, these non-extensive
terms must be taken into account through a leaflet free energy determined by

Fmða;N;sTÞ ¼ min
Nfmða;sTÞ

Nf �mða;sTÞ þ DFg

� �
; ð13Þ

where N is the number of lipids in the monolayer, a is the area per lipid in the particular monolayer, f �mða;sTÞ
is the convex envelope of fmða;sTÞ, and DFg is any type of line tension term that could arise, such as the
boundary of a circular domain or a stripe extending across the periodic boundary conditions. Neglecting contri-
butions due to inter-leaflet coupling, the free energy for a flat bilayer with area A is the sum of two such expres-
sions, each evaluated at the corresponding asymmetry-dependent monolayer area per lipid,

FðA;N0; dn;sTÞ ¼ Fm
A

N0ð1þ dnÞ ;N0ð1þ dnÞ;sT

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Fmþ

þ Fm
A

N0ð1� dnÞ ;N0ð1� dnÞ;sT

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Fm�

; ð14Þ

where dn ¼ ðNþ � N�Þ=ðNþ þ N�Þ is the relative lipid packing asymmetry between the two leaflets and
N0 ¼ ðNþ þ N�Þ=2 is their average lipid number. As before, þ and � refer to the upper and lower monolayers,
respectively, such that dn . 0 corresponds to the þ leaflet containing a larger number of lipids.
At vanishing bilayer tension, S ; @F=@A ¼ 0, the membrane takes on the area Aeq which minimizes eqn

(14). The presence of fluid–gel coexistence in either leaflet can then be determined by checking whether Aeq

lies within the coexistence region of each individual monolayer free energy Fm+, and the fractional gel content
of the leaflet is determined by how far along the double-tangent this area is (the lever rule). This is illustrated
in Figure 4a in the thermodynamic limit, in which case the coexistence region for each monolayer coincides
with its double-tangent construction. Importantly, note how the corresponding monolayer free energies have
slopes which are negatives of each other at the equilibrium area, displaying the cancellation of equal but oppos-
ite monolayer tensions (differential stress) which give rise to the net tensionless bilayer. By following this pro-
cedure for a range of values of dn and sT , one constructs a phase coexistence diagram for the bilayer like the
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one shown in Figure 4b. This figure labels all of the qualitatively different phase regions that are possible for
the system. As stated before, dn . 0 corresponds to the þ leaflet having more lipids than the � leaflet, and
vice-versa for dn , 0. As such, the left half of Figure 4b is essentially a ‘mirror image’ of the right half, where
the þ and � leaflets have exchanged their roles. As such it is sufficient to restrict our analysis to dn . 0 (this
is not true in the general case where there are different lipid species on either side of the bilayer; in that case
the two signs of dn do not simply correspond to mirroring the bilayer across its midplane). Examining one
monolayer individually leads to a plot such as Figure 4c. Figure 4d is an example of a phase coexistence
diagram for a finite system in which non-extensive contributions to the free energy give rise to new

FIG. 4. (a) Helmholtz free energy as a function of membrane area A for dn and sT corresponding to the star in c. The

monolayer free energies (brown and blue curves) are labeled as Fm+ (as shown in eqn (14)). The black curve is one half of their

sum. The indicated point on F gives the zero tension state (hence the horizontal tangent), and the corresponding monolayer

points and their slopes are indicated. The corresponding point on Fmþ (blue open circle) lies within this monolayer’s

coexistence region (dashed double-tangent construction) and therefore this leaflet exhibits phase separation to the points at

either end of the double-tangent (blue solid points). (b) Complete qualitative phase diagram for a tensionless bilayer as

predicted by eqn (14), labeling the 8 different phase regions. In each label, the upper/lower letter describes the state of the þ/�
leaflet, respectively. The letter ‘f’ corresponds to fluid, ‘g’ to gel, and ‘c’ to coexisting fluid and gel. For example, the label c

g

� 	
means that the þ leaflet has coexisting fluid and gel while the � leaflet is entirely gel. Dashed white lines indicate boundaries

between these regions across which there is no discontinuous change in gel/fluid fraction. The solid white line indicates the

boundary across which discontinuous transitions occur. (c) Phase coexistence diagram calculated from eqn 14 for the þ leaflet

of a net tensionless bilayer in the thermodynamic limit, using parameters inferred from Martini DLPC simulations [47]. Yellow

indicates fluid, blue indicates gel, and colors in between correspond to intermediate compositions (coexistence). The dashed

line indicates the boundary between fluid and coexistence. (d) Phase coexistence diagram for the same system as (c), but for a

periodic rectangular system of finite size with shortest side-length 8 nm. The solid lines indicate boundaries of discontinuous

transitions.
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discontinuous transitions not present in the thermodynamic limit. In either case, upon cooling a fluid mem-
brane with dn . 0, the ordinary fluid to gel phase transition is preceded by the appearance of stable gel
domains within the otherwise fluid þ leaflet. For details of the simulations from which the parameters for
Figure 4c,d are inferred, the reader is referred to Foley et al. [47]. This process can just as well be carried out in
reverse, yielding a recipe for determining dn by measuring the gel fraction of a leaflet.
If one’s goal is to deduce differential stress from phase coexistence, then the boundary between the all-fluid

and coexistence regions of the phase diagram is of particular interest. In the thermodynamic limit, one can show
that the temperature of the upper phase coexistence boundary (dashed line in Figure 4c) is approximately [47]

T pc � Tgel 1þ DSDa
2Dqm

� �
; ð15Þ

where Da is the difference in area per lipid between the fluid and gel phases, Dqm is the monolayer specific latent
heat, and DS is the differential stress. Although the slope of this boundary appears to remain roughly the same
even for systems of finite size (Figure 4d), the precise location of the boundary in this case depends strongly on
the shape of the non-convex portion of the homogeneous free energy, which makes writing an analytical approxi-
mation much more difficult.
Taking eqn (15) at face value allows us to calculate some reasonable estimates of how large these effects can

be. For the DPPC fluid to ripple transition, by plugging in some experimentally measured values one can show
that T pc � Tgel increases by about half a degree for each mN/m of differential stress [47–50]. Extrapolating the
same ideas to the potentially more interesting case of lo=ld coexistence, the comparatively smaller latent heat of
the transition [51, 52] results in the temperature shift being almost an order of magnitude larger for the same
differential stress. Thus, not only does phase coexistence appear to be a potential proxy for determining the dif-
ferential stress state, but differential stress could indeed be a vital ‘control dial’ which the cell tunes to alter its
membranes’ phase composition without changing the net tension. Note, however, that more quantitative results
for lo=ld phase coexistence would require the construction of a more complex free energy than was used here
in order to account for composition dependence, as presented in, e.g. Williamson et al. [53], Wagner et al.
[54], or Putzel et al. [55]

Cholesterol
The notion of membrane asymmetry typically requires that lipids stay within their respective leaflet, for other-
wise a compositional or packing asymmetry will dissipate over time. This holds for phospholipids, whose char-
acteristic transition (‘flip-flop’) times between leaflets are measured in hours or days [56, 57], slow enough for
active cellular processes to counterbalance a decay in asymmetry. There is an important exception, though:
sterols. These small molecules (e.g., cholesterol in animal cells, ergosterol in fungi and protozoa [58]) constitute
a significant fraction of cellular membranes (about 30% of the plasma membrane), but their flip-flop times are
believed to be in the microsecond range [59–62]. This is too fast for active cellular machinery to keep up, and
hence sterols go where thermodynamics drives them, not where we initially put them.
Given this state of affairs, does the notion of differential stress in biomembranes even make sense? If one of

the membrane leaflets is compressed while the other one exhibits a sizable tension, and if the membrane also
contains a fast-flipping sterol species, would these sterols preferentially redistribute into the tense leaflet and
thereby lower the tension? In fact, with sufficiently much sterol available, would it be possible to get the elastic
energy associated with differential stress to zero?
That cholesterol can be driven into the tense leaflet has indeed been demonstrated in recent simulations

[22, 63]. Moreover, quick back-of-the-envelope calculations show that fairly little cholesterol suffices to cancel
rather sizable stresses. Nevertheless, we should not expect cholesterol to do this under all circumstances because
other drivers exist that also affect cholesterol. Like in any thermodynamic situation where a given species can
freely partition between multiple compartments or phases, the condition that sets its equilibrium distribution is
that of equal chemical potential. In our case, differential stress is one of the contributing factors to cholesterol’s
local chemical potential, but others exist as well. Most notably, entropy strives to even out the cholesterol con-
centration between the leaflets, and if the lipidome differs between the two sides, cholesterol’s free energy of
solvation might be different.
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To predict how this pans out, we need the free energy of such a system. Unfortunately, this is quite a difficult
problem, because cholesterol’s mixing behavior with lipids is notoriously subtle. But to get a sense of how a
subset of effects balance out, let us examine a simple mean-field solution model that combines linear elasticity
for the two leaflets with Flory–Huggins type nonideal mixing [14]. The associated bilayer free energy is then

F ¼ 1
2
KA;mþ

ðA� AþÞ2
Aþ

þ 1
2
KA;m�

ðA� A�Þ2
A�

þ kBT Lþ logf‘þ þ Cþ logfþþxþLþCþ
ffiffiffiffiffiffiffiffi
aþa
p

LþaþþCþa
�

L� logf‘� þ C� logf�þx�L�C�
ffiffiffiffiffiffiffiffi
a�a
p

L�a�þC�a
�
: ð16Þ

Here, the first line is essentially the elastic stress we have already encountered in eqn (5a), but the equilibrium
areas are A+ ¼ L+a+ þ C+a, where L+ is the number of phospholipids in the +-leaflet, each having area
a+, while C+ is the number of cholesterols with area a. Observe that we explicitly assume area additivity,
which is not entirely correct in view of cholesterol’s ability to condense lipid phases. The second and third line
are classical Flory–Huggins expressions for nonideal mixing [64], where the area fractions for phospholipids
and cholesterol are defined as

f‘+ ¼
L+a+

L+a+þC+a
and f+ ¼

C+a
L+a+þC+a

¼ 1� f‘+; ð17Þ

and x+ are the Flory–Huggins x-parameters that quantify the extent to which cholesterol and phospholipids in
each leaflet mix nonideally. (Positive values ultimately lead to phase separation, while negative values mean that
the two species prefer to mix.) This free energy needs to be supplemented by two equilibration conditions,

@F
@A
¼ S ¼ 0 and

@F
@Cþ

¼ @F
@C�

: ð18Þ

The first defines the external bilayer tension S and, for simplicity, sets it to zero; the second equilibrates choles-
terol’s chemical potential m+ ¼ @F=@C+ between the leaflets. It is equivalent to the condition that F is station-
ary with respect to a change in cholesterol number between the leaflets: @F=@ðCþ � C�Þ ¼ 0.
If we ignore the kBT-dependent solvation terms in lines 2 and 3 of eqn (16) and only account for elasticity,

the condition S ¼ 0 implies for the equilibrium area Aeq

Aeq ¼ KA;mþ þ KA;m�
KA;mþ=AþþKA;m�=A�

¼)
FðAeqÞ ¼ 1

2
ðAþ�A�Þ2

Aþ=KA;mþ þ A�=KA;m�

DSðAeqÞ ¼ �2 @FðAeqÞ
@ðAþ�A�Þ ¼

2ðA��AþÞ
Aþ=KA;mþ þ A�=KA;m�

8>>><
>>>:

; ð19Þ

showing that Aeq is the KA;m+-weighted harmonic mean between Aþ and A�, and that the equilibrium free
energy is proportional to ðAþ � A�Þ2. Observe that both the free energy and the differential stress then
vanishes when Aþ ¼ A�, which happens when Cþ � C� ¼ ðL�a� � LþaþÞ=a. This shows that if cholesterol
indeed were to respond only to elastic drivers, it would distribute such as to eliminate the differential stress.
In general, the differential stress does not vanish, though, and cholesterol does not even out the total areas.

Unfortunately, the mixing terms, and especially the fact that all specific lipid areas faþ; a�; ag are unequal,
turns the equilibrium conditions into algebraically unwieldy expressions. However, we can get a good qualita-
tive idea for how the system behaves if we, first, make the (pretty rough) equal area (‘e.a.’) approximation
aþ ¼ a� ¼ a, and second, expand the resulting equilibrium conditions for small deviations from the symmetric
state — meaning we assume that the membrane is only weakly asymmetric, in terms of both packing and solv-
ation driving forces. If we define the relative lipid and cholesterol asymmetries fd‘; dcg and the cholesterol mol
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fraction f via

d‘ :¼ Lþ�L�
LþþL� ; dc :¼ Cþ�C�

CþþC� and f :¼ C
LþþL�þC ð20Þ

and also assume that the x-parameter vanishes on average, such that x+ ¼+
1
2
dx, then we can show that [14]

2 dcðdx; d‘Þ �e:a:�ð1� fÞ2dxþ ð~KA � 2Þð1� fÞd‘
1þ 1

2
ð~KA � 2Þf

; ð21aÞ

2 dcðdx;D~S0Þ �e:a:ð~KA � 2ÞD~S0 � ð1� fÞ2dx; ð21bÞ

where ~KA ¼ KAa=kBT and D~S ¼ DS=KA are a suitably scaled elastic stretching modulus and differential stress,
respectively. What eqns (21a) and (21b) show is that cholesterol asymmetry, lipid asymmetry, partitioning pref-
erence, and differential stress are all connected by simple linear relations that only depend on the membrane’s
lateral stretching modulus and the cholesterol mol fraction. This is encouraging, because neither dc nor dS are
currently among the observables we know how to experimentally measure. The linear dependencies suggest
that differential stress does not enter as yet another ‘hidden variable’ into the already complicated asymmetric
membrane thermodynamics, but that thermodynamic models such as eqn (16) strongly constrain it. Of course,
more refined models would likely predict correspondingly more complicated dependencies, but it seems advan-
tageous that such constraints must exist in the first place.
Let us illustrate this theoretical model using one specific example, the human red blood cell. Its

leaflet-resolved lipidome is extremely well characterized [7], with the notable exception of cholesterol, which
accounts for 40 mol% of the total lipid content but whose leaflet distribution is unknown. This system is par-
ticularly interesting since recent experiments suggest that the cytosolic (inner) leaflet may contain between 1.7
and 2 times as many phospholipids as the exoplasmic (outer) one [65, 66]. If so, this would suggest that a large
amount of cholesterol must be pushed to the outer side to compensate for the large area imbalance. What
would the theory resting on eqn (16) say?
To make numerical predictions, let us assume an average cholesterol fraction of f ¼ 40 mol% [7] and an

area expansion modulus of KA ¼ 240 mN/m, which is fairly robust for many lipid membranes [50] but may be
an under-estimate considering the large cholesterol content. For the specific lipid areas we take acyto ¼ 0:7 nm2

and aexo ¼ 0:65 nm2, which accounts for the higher order of the outer leaflet. Given that lipid areas do not
simply add in the presence of cholesterol, its area is on shaky ground, but we shall use a ¼ 0:35 nm2 in view of
its effective area in Chol–DPPC mixtures [67].
Figure 5 shows the predicted differential stress (upper panel Figure 5a) and the associated cholesterol asym-

metry (lower panel Figure 5b) as a function of the partitioning preference of cholesterol — using the full
theory associated with eqn (16), not merely the simplified equal-area approximations (eqns 21a and 21b). We
show the range dx [ ½�3; 2� to give an idea how much a typical solvation bias can shift stresses and the choles-
terol distribution (note that dx is approximately the specific free energy difference per cholesterol in units of
kBT). The vertical blue gradient band around dx � �2 indicates a plausible range — based on work by
Tsamaloukas et al. [68], who showed that transferring cholesterol from a pure POPC membrane into a mem-
brane in which 50% of lipids have been replaced by sphingomyelin lowers its chemical potential somewhere
between 1 kBT and 3 kBT , depending on the overall cholesterol concentration. The lines correspond to different
packing imbalances d‘, all the way from d‘ ¼ 0 (black line, no imbalance) to d‘ ¼ �0:35 (orange line,
Lcyto=Lexo � 2). The experimentally claimed range of phospholipid imbalances lies within d‘ ¼ ½�0:25;�0:35�
and is indicated by the orange band between the three uppermost lines.
Increasing the cytoplasmic abundance of phospholipids increases the differential stress and the percentage of

cholesterol in the exoplasmic leaflet. Nevertheless, without any additional driving forces (i.e. at dx ¼ 0), the dif-
ferential stress would still be extremely large: between 15 and 20 mN/m, an effect solely attributable to entropy.
Since however the exoplasmic leaflet consists of more ordered lipids, an additional partitioning bias helps trans-
locate even more cholesterol into the outer leaflet and further reduces the differential stress, plausibly to values
�10 mN/m. As a consequence of these packing and solvation biases, more than �90% of all cholesterol can be

© 2023 The Author(s). Published by Portland Press Limited on behalf of the Biochemical Society and the Royal Society of Biology 11

Emerging Topics in Life Sciences (2023)
https://doi.org/10.1042/ETLS20220084



found in the exoplasmic leaflet. Its mol fraction there is given by

xchol;exo ¼ Cþ
LþþCþ ¼

fð1þ dcÞ
1þ fdcþ ð1� fÞd‘ ; ð22Þ

which can reach somewhere between 60% and 65%, depending on d‘. This is getting very close to cholesterol’s
solubility limit (�66% in bilayers whose lipids have phosphatidylcholine headgroups [69]), indicating that this
membrane exhibits several extreme conditions and lies close to the border of an instability. To what extent
these predictions are correct depends on how strong the actual phospholipid imbalance in red blood cell mem-
branes actually is, and how reliable the simple theory used for interpreting the data is. Nevertheless, it seems
likely that this membrane — and maybe other plasma membranes as well — are less calm and placid than
common expectation holds, exhibiting not just sizable phospholipid asymmetries but also cholesterol imbal-
ances (despite its ability to flip-flop) and strong differential stresses, with obvious implications for its equilib-
rium state of curvature.

Experimental signatures
We have argued that differential stress may be a key elastic player in the mechanics and thermodynamics of
lipid membranes. Unfortunately, to this date no experimental method exists that can directly measure it.

FIG. 5. Differential stress (upper panel (a); left axis: scaled dimensionless version, right axis: SI units) and cholesterol asymmetry

(lower panel (b); left axis: scaled asymmetry, right axis: fraction of cholesterol in outer leaflet) as a function of partitioning

preference dx. The blue vertical gradient bar centered around dx ¼ �2 gives our best estimate for the partitioning bias in a red

blood cell. The black-to-orange lines correspond to a set of phospholipid imbalances d‘ [ f0;�0:05;�0:1; . . . ;�0:35g as
indicated in the boxed labels. The experimental range Lcyto=Lexo [ ½1:7; 2� corresponds approximately to d‘ [ ½�0:25;�0:35� and
is indicated by the shaded orange band.
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However, we have argued that its magnitude can be quite sizable (if compared with other typical tensions
arising in the system), and so it should noticeably affect many other observables that are experimentally access-
ible and can therefore act as ‘proxies’. Let us therefore conclude with four observations and speculations that
might help anchor differential stress firmly in observable territory.

1. Several studies have measured the bending rigidity of compositionally asymmetric vesicles and found it can
be larger than the naïvely expected average of the two cognate symmetric membranes: increases between
50% [70, 71] and 150% [35] have been reported. There is no known mechanism by which lipid leaflets
become much stiffer due to the mere presence of a different-type leaflet. But it is conceivable that the sub-
stantial spontaneous curvature which such asymmetric bilayers possess necessitates a balancing differential
stress in order to render GUVs stable in the first place. If so, this stress could affect the rigidity, as com-
pressed leaflets are expected to be stiffer. Using coarse-grained simulations at the Martini level, Hossein and
Deserno found this hypothesis viable: significant increases in the curvature elasticity of one-component
membranes could be driven by sufficient differential stress [12]. They subsequently found that this rigidity
increase might be related to the formation of gel domains in the compressed leaflet [13].

2. Given the impact asymmetry has on the gel transition, studying asymmetric vesicles close to that transition
should provide multiple interesting signatures. Both the shift of Tgel as well as the gel fraction in the com-
pressed phase should be observable — either via fluorescent techniques, or through thermodynamic means.
Indeed, Eicher et al. [72] have recently studied this transition via differential scanning calorimetry in POPC/
POPE LUVs and found that the nature of the transition depended on which lipid species was in the outer
layer. Revisiting the asymmetric creation protocol might unveil which side would be put under differential
stress and hence how the transition might get affected. However, given the small size of LUVs (diameter
Oð100 nmÞ), spontaneous curvature effects will likely also play a role.

3. Cholesterol containing vesicles can be bending torque relaxed for two very different reasons: either because
cholesterol helps to lower differential stress by ‘filling in the holes’ in a tense leaflet, or because cholesterol
actively creates a differential stress by pushing into a leaflet consisting of a lipid phase it prefers to solubilize
in. If so, then removing cholesterol from such asymmetric vesicles (by exposing it to soluble b-cyclodextrin)
would have opposite effects in terms of curvature torque creation, driving the (ideally non-tense) vesicle to
either tubulate inwards or outwards, in a way that is in principle predictable from the setup.

4. Ion channels are gates for ions through membranes that can be highly selective. For C-type channels this
selectivity rests on a narrow filter region that typically extends only through part of the transmembrane
path, say, the exoplasmic leaflet [73]. If so, either the gating or the underlying selectivity of these channels
should be rather sensitive to differential stress, which could either compress or widen the selectivity filter
without any change in the (very low) net bilayer tension. External manipulations of that stress (say, by
asymmetric lipid or cholesterol addition/removal via cyclodextrins) should change the channel character-
istics and would therefore be electrophysiologically observable. To the best of our knowledge, no simulations
of channels testing their sensitivity to differential stress have been conducted, but this would strikes us to be
a highly worthwhile endeavor.

Conclusion
Recent progress in artificially creating asymmetric lipid bilayers via multiple preparation protocols [74] has
caused a renaissance in the study and understanding of such membranes. The theoretically hypothesized phe-
nomenon of differential stress — presently immeasurable but likely large in magnitude — might significantly
impact a large number of elastic and thermodynamic membrane properties and thereby have important func-
tional consequences. The growing interest in studying this phenomenon will help clarify and quantify its phys-
ical nature, and how it might contribute to countless membrane associated processes. We hope that some of
the theoretical ideas we have reviewed here might offer a guide in this journey.

Summary
• Biomembrane asymmetry extends beyond the lipidome; in particular: the tension in the two

individual leaflets can also be different.
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• The resulting differential stress affects a wide variety of membrane properties, ranging from
geometry over elasticity to thermodynamics.

• Even though sterols can rapidly flip-flop between leaflets, they do not necessarily cancel the
differential stress. Their distribution is instead dictated by a balance between elastic stresses,
solubility preferences, and entropy.

• While presently not directly measurable, the effect of differential stress on other membrane
observables might offer viable ways for assessing it.
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