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Abstract. Numerically solving the Liouville equation in classical mechanics with a discontinu-
ous potential often leads to the challenges of how to preserve the Hamiltonian across the potential
barrier and a severe time step constraint according to the Courant—Friedrichs—Lewy condition. Mo-
tivated by the Hamiltonian-preserving finite volume schemes by Jin and Wen [21], we introduce a
Hamiltonian-preserving discontinuous Galerkin (DG) scheme for the Liouville equation with discon-
tinuous potential in this paper. The DG method can be designed with arbitrary order of accuracy
and offers many advantages including easy adaptivity, compact stencils, and the ability of handling
complicated boundary conditions and interfaces. We propose to carefully design the numerical fluxes
of the DG methods to build the behavior of a classical particle at the potential barrier into the
numerical scheme, which ensures the continuity of the Hamiltonian across the potential barrier and
the correct transmission and reflection condition. Our scheme is proved to be positive and stable in
L' norm if the positivity-preserving limiter is applied. Numerical examples are provided to illustrate
the accuracy and effectiveness of the proposed numerical scheme.
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1. Introduction. In this paper, we develop and analyze high order Hamiltonian-
preserving discontinuous Galerkin (DG) methods for the d-dimensional Liouville equa-
tion in classical mechanics

(1.1) fi+VoH -Vyf —VyH -Vyf =0, x,v € R,

where the Hamiltonian H is given by
1
(1.2) H= 5|v|2 +V(x)

and V' (x) is the potential. Here f (¢, x,v) is the probability density function of particles
at position x, time ¢, and traveling with velocity v. The Liouville equation (1.1) can
be viewed as a different Eulerian formulation of Newton’s second law,

d d
x l = —VxV7
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which is a Hamiltonian system with the Hamiltonian H defined in (1.2).

If the potential V(z) is smooth, the Liouville equation (1.1) is a linear kinetic
equation, which has been well studied in the literature. Many existing numerical
methods can be applied to provide good numerical approximation. However, a dis-
continuous potential V() may cause extra challenges both theoretically and numeri-
cally, and special attention shall be paid to the case with a potential barrier when the
potential V(x) is discontinuous. Potential barriers appear in many practical phys-
ical problems including the quantum tunneling, materials or media with interfaces,
etc.. Under such a case, the Hamiltonian system (1.3) is a system of ODEs with a
measured-valued right-hand side that is not Lipschitz continuous (breaking the as-
sumption which the classical well-posedness theory relies on), nor has a bounded
variation (for which the renormalized solution was introduced in [12, 1]). We also
refer readers to [3, 28, 2, 16, 27] for more theoretical analysis on the uniqueness of
weak solutions to transport equations with discontinuous coefficients. Numerically,
standard numerical methods may suffer from two challenges [19]. First, numerical
approximation of V, near the discontinuity is of the order O(1/Ax); therefore, if
an explicit numerical method is used for time discretization, the stringent Courant—
Friedrichs—Lewy (CFL) condition At = O(AzAw) is required, with Az, Av being
the mesh size under the one-dimensional spatial space and one-dimensional velocity
space (1D1V) setting. This leads to smaller A¢, hence more expensive computation.
Second, the Hamiltonian H = £2/2 + V(z) is not preserved across the discontinuities
of V(z), which may lead to at least a poor numerical resolution or, more seriously,
unphysical solutions [21].

It is well known from classical mechanics that, across a potential barrier, the
Hamiltonian should remain constant. Motivated by this, Hamiltonian-preserving
methods have been proposed and studied in [19] to solve the Liouville equation with
discontinuous potential based on finite difference and finite volume approaches. The
main idea was to use the behavior of the classical particle at the potential barrier,
namely, transmission or reflection, and build it into the design of the Hamiltonian-
preserving methods to be consistent with the constant Hamiltonian across the dis-
continuity. This mechanism was first used to construct the numerical flux and to
build the well-balanced kinetic scheme in [26] for the shallow water equations with
nonflat topography in order to preserve the steady state solution. It was also shown
in [19] that the proposed explicit Hamiltonian-preserving schemes admit a standard
CFL condition At = O(Az, Av), and the positivity property and the stability in
L' and L™ norms are also provided. The proof of the L' stability and error esti-
mates of the proposed schemes are further discussed in [34, 35, 33, 23]. We also refer
readers to [20, 21] for the Hamiltonian-preserving methods to solve the Liouville equa-
tion (1.1) arising from the applications in geometrical optics, with the Hamiltonian
H = ¢(x)|v|, where ¢(x) is the local wave speed of the medium. It can be viewed as
the high frequency limit of the second order wave equation

uyy — ¢(x)?Au = 0, t>0, x € R%

Here the wave speed ¢(x) has isolated discontinuities due to different media, and waves
crossing the discontinuous interface will be transmitted or reflected. Hamiltonian-
preserving methods for more complex cases like high frequency waves propagating
through different media can be found in [17, 22, 32].

In this paper, we consider solving the Liouville equation (1.1) in the DG frame-
work. DG methods are a class of finite element methods, where both the numerical
solution and the test functions belong to discontinuous piecewise polynomial spaces.
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They were first designed to solve linear transport equations in [30] and later were
extended to solve hyperbolic conservation laws in a series of papers [7, 8, 9, 10]. DG
methods have been successfully applied to a wide range of mathematical models, in-
cluding the kinetic equations; see [6, 13, 15, 29, 4, 5] and the references therein for an
incomplete list.

DG methods enjoy many advantages, including h-p adaptivity, arbitrarily un-
structured meshes, compact stencils, efficient parallel implementation, and the ability
of handling complicated boundary conditions and curved interface, etc.. The goal of
this paper is to design Hamiltonian-preserving DG (HPDG) methods for the Liouville
equation (1.1), extending the low order Hamiltonian-preserving finite difference and
finite volume methods in [19] to high order HPDG methods. As illustrated in [19], one
of the key ideas to design Hamiltonian-preserving methods is to build the behavior
of a classical particle at the potential barrier into the numerical scheme. Here, we
propose to carefully design the numerical fluxes of the DG methods to adopt such a
mechanism. The HPDG method is built upon the standard DG method for hyper-
bolic conservation laws, with extra attention paid to the design of numerical fluxes
at the positions where the potential V' (x) is discontinuous to ensure the continuity of
the Hamiltonian across the potential barrier. As a result, the boundary integration of
numerical fluxes at the cell interfaces may be converted into another integration over
a range of cell interfaces, which can be evaluated numerically via a carefully designed
Gaussian quadrature rule. In [19, 35], the low order Hamiltonian-preserving finite dif-
ference and finite volume methods were proven to be positive and stable in L' and L>®
norm. After extending these to arbitrary high order HPDG methods, one nontrivial
challenge lies in the stability of the resulting method. To provide extra robustness
and stability, a simple positivity-preserving limiter, studied in [36] for DG methods,
is combined with the proposed HPDG methods. We demonstrate theoretically that
the resulting DG methods preserve the nonnegativity of the numerical solution and
have the L' stability, even under the situation when the potential V(z) is discon-
tinuous. Numerical examples are provided for Liouville equations in both 1D1V and
two-dimensional spatial space and two-dimensional velocity space (2D2V) settings to
demonstrate.

The paper is organized as follows: In section 2, we first discuss the problems
with the standard DG method to solve the Liouville equation under 1D1V setting
with discontinuous potentials. We then present the Hamiltonian-preserving numerical
fluxes by adopting the behavior of classical particles at a potential barrier. This
leads to the HPDG methods. In addition, we combine the resulting method with
a simple positivity-preserving limiter to ensure the solution stay nonnegative during
the simulation. In section 3, we establish the positivity and stability analysis for our
Hamiltonian-preserving scheme. We extend the proposed methods to two-dimensional
space in section 4. In section 5, several numerical examples are presented to investigate
the accuracy and effectiveness of our Hamiltonian-preserving scheme. We conclude
the paper with some remarks in section 6.

2. HPDG methods. In this section, we lay out the details of the algorithm
formulation of the HPDG method for the Liouville equation (1.1) under the 1D1V
setting, given by

(2.1) Je+&fs — Vafe =0,

equipped with suitable initial and boundary conditions, where £ denotes the one-
dimensional variable in the v-direction. Our starting point is the standard DG method
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presented in the following section.

2.1. Standard DG methods. In this section, we briefly present the standard
DG method for solving (2.1) and discuss the difficulties arising from the discontinuous
potentials.

We first introduce some notations. Assume x € [—L, L] and £ € [—A,, A.]. The
domain is uniformly (to simplify the presentation) partitioned as follows:

—LZx%<£E%<---<£ENI+%=L, _Ac:£%<§%<"‘<£N£+%:Ac~

We use a mesh that is a tensor product of grids in the z- and £- direction, respectively,
defined as
Kij = [xi—%7xi+%] X [gj— ]7 Jj = [gj—%7 _j+%]'

1

3
Denote the cell center as x; = 3(z; 41 +2;_1) and §; = %(fﬁ_l +&;_1). Denote the
mesh size as Az = L1 —x and A¢ = i~ §- “We also deﬁne a DG finite
element approximation space a;

ni={v:ivlk, € PP(Kij), 1<i<N,, 1<j<Ne},

2
1
2
S

where Pk(Kij) denotes the set of polynomials of total degree up to & on cell Kj;.
Denote v—, v* as the left and right limits of the function v at the cell interface,
respectively. We also introduce the following notations to simplify the presentation:

(2.2) (u,v) K, :/ wvdxdé, (u,v)y, :/ wdzr, (u,v), :/ uv d€.
K I J

ij i j
With a slight abuse of notations, the standard semidiscrete DG method for solving

(2.1) is defined as follows: to find a unique function f : [0,7] — V¥ such that, for
i = 1 Nxa j - 1 N§7

(2.3)
(o B, — (€00, + (€firg 00 007,4,0)) = {€fiiy 0007 4,0))

J; 2 Jj
+ (V’I'f7 QSE)K” - <Vrfm7j+%a¢(xa€j_+%)>l_ + <V'r ;7]‘_%’¢($a -i;,)>[ =0
holds for all test functions ¢ € Vﬁ. Here

(2.4) firye =@, 8)s Jfogrs = F(@8544)

are the so-called numerical fluxes, defined at the cell interfaces, and in general depend
on the values of the numerical solution f from both sides of the interface. They are
usually taken as monotone fluxes, and we refer the readers to the review paper [11]

for more details. For example, we can take the following simple upwind numerical
fluxes:

. (x; ,€) ifeE>0,
(2.5) fivse (x:r; € ife<o,

_ fla, &7 1) i Ve >0,
(2.6) fejri = { (J;,gj D) itV <o.

Thus we obtain a standard semidiscrete DG scheme for solving the Liouville equation
(2.1).
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For temporal discretization, we consider the third order strong-stability-preserving
(SSP) Runge-Kutta (RK) method [31]. For solving

(2.7 ((11—1: = L(u)

with £ being a spatial discretization operator, the SSP-RK method is given by
uV =y + AtL(u™),

3 1
@ = 271 2 (@ (M
(2.8) u i + 1 (u + AtL(u )) ,
1 2
ntl _ =, n “ (2) (2)
u 3 + 3 (u + AtL(u )> .

The standard DG method (2.3), combined with the SSP-RK temporal discretiza-
tion (2.8), works very well when the potential V(z) is smooth. However, if V(z)
contains discontinuity, the standard DG method suffers from the following two diffi-
culties as outlined in [19]:

e The Hamiltonian H = £2/2 + V(z) is not preserved across the discontinu-
ities of V(x), which may lead to an unphysical solution or poor numerical
resolution.

e The CFL condition of the DG scheme, coupled with an explicit time dis-
cretization, is given by

max; |§;|  max; |Va|

Ax A€

(2.9) At < CFI,

where |V,|; denotes some numerical approximation of V, at x = x;. Usu-
ally, to have a stable approximation, the time step needs to satisfy At <
O(Az, Af) for smooth potentials V' (x). For discontinuous potential V,, we
have max |V, |; = O(1/Az) in the numerical approximation if one smooths V,,

through a few mesh points, which leads to a more stringent and unnecessary
CFL condition At < O(AzAf).

2.2. Hamiltonian-preserving numerical flux. To overcome these numeri-
cal difficulties, in this section, we unravel the reconstruction of the Hamiltonian-
preserving numerical flux for the DG method for solving the Liouville equation with
a discontinuous potential, based on the behavior of a classical particle at a potential
barrier.

By the theory of the classical mechanics, a particle at a potential barrier either
crosses it with a different momentum or is reflected, depending on its momentum and
the strength of the potential barrier. Across the potential barrier, the Hamiltonian
H = £2/2 + V() should be preserved, i.e.,

Lo = Lerye o
(2.10) 5(5 ) +V —5(5 )+
where the superscript + denote the right and left limits of the function at the potential
barrier. Therefore, at the discontinuity of the potential V(x), given the velocity £~
on the left of the discontinuity, the velocity £ on the right can be computed by this
constant Hamiltonian condition, yielding

sy o= TRV gz
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More details to explain the behavior of a classical particle at a potential barrier can be
found in [19]. We remark here that, in defining numerical fluxes, we use the property
that the density function f(¢,x,€) stays unchanged across the discontinuity of the
potential in the following manner:

(2.12) [t ,67) = f(t,at,&h),

where x is some discontinuous point of V(z) and ¢* are related by (2.11).

Now we use the above mechanism to construct Hamiltonian-preserving numerical
flux of high order DG methods for solving (2.1) in order to maintain a constant
Hamiltonian across the potential barrier. Throughout this paper, we assume that the
discontinuous points of the potential V' (x) are located at the cell interface and that
V(z) is Lipschitz continuous in the region between these discontinuities. In order
to take care of the discontinuity of the potential, we first introduce numerical fluxes
f;; o f;; ¢ at each cell interface in the z-direction and modify the semidiscrete DG
scheme (2.3) as

(2.13)
(for D,y = (€. 6001, +(€F iy 0,1 8)) = (6fF, o) 1.)

Jj

Vel b0, = (Velogry 0.6 0)) 4 (Velayy 0@ ), =0,

I;

Jj

where the numerical fluxes fx,ji 1 in the &-direction still take the form of upwind
fluxes defined in (2.6). Note that, if V(z) is continuous at the point z;_1, both Jit; ¢
2
and f , , reduce to the standard numerical fluxes f;,1 ., as defined earlier.
i—3 3 i+ €
Now, assume V (z) is discontinuous at x;_ 15 our focus is on the reconstruction of

the numerical fluxes fli_ , . in the scheme (2.13), which is explained in details in the
2

53
following.
If £ > 0, following the idea of upwind flux, we define

(214) fiilE:f(x;,la§)7

2 2
which is the same as the standard upwind flux in (2.5), and £ is taken from the interior
of the cell. But for the other flux f;ilﬂ o We define it as
(215) fltlng(xi__lag)v

2 2

where £ is connected to £ via the relation (2.10), i.e.,
Lz - Lo +
(2.16) &+ Ve, )==+V(z ),
2 =3 2 =3
or the equivalent form (2.11):

217 E= { VE -2V y) = Valy) € -2V ) - V) 20,

2
otherwise.

The definition of the flux (2.15) is consistent with the upwind flux (2.5) when V(x)

is continuous since V(z,_ ,) = V(x:r ) under such case and we have £ = &.
2

_1
2
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If £ < 0, we similarly define

(218) fztlE:f(x;tlvg%
20 2
following the upwind flux (2.5), and
(2.19) TR (CANNIL
where £ is again connected to & via the relation (2.10) or (2.11), i.e.,
(2.20)
e e Ve )Vl )) €2V ) - V) 20,
- otherwise .

Up to now, we have defined the semidiscrete HPDG scheme (2.13) with fluxes
discussed in (2.14)-(2.20). The integral of the numerical flux f, j+1 in the cell I;
in the scheme (2.13) is in general evaluated by directly applying standard Gaussian
quadrature rules in this cell. However, this approach may be inaccurate when dealing

with the integral of the Hamiltonian-preserving numerical fluxes fzi_ 1 in the same
3

way since the range of £ defined in (2.17) and (2.20) with £ € J; may span over more

than one cell. Therefore, we have to be more careful when approximating the integrals

involving fluxes fil ¢
%

We now use the case of £ > 0 to explain in details the approximation of these

integrals. Here we assume V(x) has a discontinuity at the cell interface x;_ 1 with

the jump D =V.", — ViJr , > 0. The other cases, namely, D < 0 or £ < 0, can be
treated in a snmlar fashlon To simplify the presentation, we assume that the mesh in
§-direction is partitioned such that 0, ++/2D are located at the cell interface. For the
integral (ff;%é@(x;r%,{))h, it equals to ({f(xi;%,g),gb(xi;%,f)hj following the
definition (2.14) and thus can be approximated by the standard Gaussian quadrature
rules in the cell J;. The integral <§f+ 1e ¢( e €)) s, is more complicated, and the
detailed approximation is given in the followmg vvlth two cases considered.
D=V, - Vit% >0 and §;_1 > v/2D, with the definition (2.15) and (2.17),

we have

(€, 00y 0), = /E e, Dot €0

J—

(2.21) - / 7_7]‘

where n = /€2 — 2D and Njxl = /ﬁfil — 2D. There are two possibilities for the
2

locations of two end points Nt 1 though they may not be at the cell interface any
more. They either fall into the same computational cell or belong to different cells.
In the former case, the integral (2.21) can be approximated by standard Gaussian
quadrature rules with sufficient accuracy. In the latter case, the integral can be ap-
proximated by a composite quadrature rule, where we first decompose the integration
domain into the union of computational cells (or part of the computational cell near
the end point) and then apply standard Gaussian quadrature rules with sufficient
accuracy.
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tED=v_-, - V:l >0and & 1 < V2D, it leads to that §;, 1 < V2D due to
2 2

the assumption that /2D is located at the cell interface. With the definition (2.15)
and (2.17), we have

\.\‘Jh
¥
[N
I
~
—~
8
T |
78

GAN IR o, €)dg

’ -1
i
= [ ey 00t 0

which can be approximated by standard Gaussian quadrature rules with sufficient
accuracy.

2.3. Positivity-preserving limiter. In this section, we apply a positivity-
preserving limiter to the HPDG scheme to provide an extra stabilizing mechanism
since the exact solution of the Liouville equation is always nonnegative if the initial
condition satisfies this.

Starting from the numerical solution f™ at time level n (for the initial condition,
fY is simply taken as the standard L? projection of the analytical initial condition
into VZ), a positivity-preserving limiter can be applied to “limit” f™ to obtain a new
function ™™ which preserves certain positive properties. The “limited” f™™¢" is
then advanced to the next time level with the SSP-RK time discretization methods
(2.8). We present the limiting procedure to compute f™"% from f™ in the following
and omit the superscript n for simplicity.

Denote f;;(x,&) as the DG approximation polynomial on the cell K; ; and fij as
the cell average of f;;(x,£) on the cell K;;. The “limited” function ™" is defined by

(2.22) 5 (@, €) = 01(fij (2,€) — fig) + fis,

where 0; € [0, 1] is determined by

2.23 0, = mln{_],l s Jmin = min fi;(z,€).
( ) ! fij — fmin (z,6)€K; J( )
Clearly the cell average of fi¢(z,§) over Kj; is still fi; and [0 (x,§) > 0 in the
cell K;; if f;; > 0. It is worth mentioning that the “limited” function ;- maintains
the order of accuracy of the original DG polynomial f;;. We refer readers to [25, 24,
37, 36] and the references cited therein for more detailed discussions on the positive-

preserving and maximum-principle-satisfying limiter.

Remark 2.1. In order to successfully apply the positivity-preserving limiter (2.22),
one needs the assumption that ﬁj > 0. We will analytically prove that the cell average
of the DG numerical solution at the next time level ¢"*! satisfies this assumption in
Theorem 3.3.

Remark 2.2. For numerical implementation, the exact value fii, in (2.23) can be
easily found for k = 1, 2 by comparing a finite set of special points. However, the exact
value of fin is difficult to compute for higher order polynomials (k > 2), especially
for multidimensional cases. One practical approach is to use min ¢yeq fij(z,§) as
an approximation, where the set G contains the Gauss—Lobatto quadrature points
inside each computational cell and all the quadrature points used to evaluate the in-
tegrals in (2.21). As a result of this, the “limited” function f™¢* is no longer positive
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everywhere; instead we have f™%(x,&) > 0 for any (z,§) € G. Note that Theorem
3.3 still holds for such case since the integrals in (3.11) are nonnegative after applying
a (composite) quadrature rule based on the points in G.

Remark 2.3. The positivity-preserving limiter (2.22) can be easily extended to be
a bound-preserving limiter to enforce the “limited” function f™** € [0, 1] and ensure
extra stability if the initial condition satisfies it, following the maximum-principle-
satisfying limiter in [36]. If the potential V() is smooth, it can be analytically proved
that the numerical solutions of the DG methods coupling with the bound-preserving
limiter stay within the range of [0, 1], as done in [36]. When the potential V(z) is
discontinuous, the first order finite volume Hamiltonian-preserving method in [19] is
shown to be L*° stable, and the L°° norm is shown to grow with an amplification
factor of order 1 + O(At). Thus the bound-preserving property is not clear for the
finite volume method which is equivalent with the DG methods of k£ = 0. Therefore
we do not engage in depth the bound-preserving property for the high order HPDG
methods. We numerically apply the bound-preserving limiter to test its performances
in Examples 5.2 and 5.3.

3. Positivity and L' stability. In this section, we investigate the positivity-
preserving property and L' stability of the proposed DG scheme in section 2 for
solving the Liouville equation (2.1) with discontinuous potential. The study is based
on the simple first order Euler forward temporal discretization. High order SSP-RK
time discretizations will keep the validity of the properties since they can be written
as convex combinations of forward Euler steps.

A fully discrete scheme for the semidiscrete scheme (2.13) with Euler forward is
given by

(3.1)

fn+1 _ f A B R
(FLe)  —teron, + (e ooty 0), — (€0 ootal 1.0)

tJ

Jj
+(Vati 00k, = (Vefoyrpr0.6,,))
+(Vafoy p0(@gl ) =0,

i

I;

where we omit the superscript of f™™*" and still use f to denote the limited so-

lution by the positivity-preserving limiter discussed in section (2.3) at time level n.

Here f, ;1 are the upwind fluxes defined in (2.6). fj_ 1 are the the Hamiltonian-
5

preserving fluxes defined in section 2.2 at the discontinuity point z, 1 of V(z), while

A;_r%’g _ f;%,g — fi+%£ are defined in (2.5) for the smooth point z;, 1 of V().

The first order version of the proposed DG methods (with polynomial degree
k = 0) reduces to the finite volume methods designed in [19], and the positivity-
preserving limiter (2.22) is not active. Therefore, this first order method has the
properties of being positive, L! contracting and L> stable as studied in [19]. Next,
we would like to prove that some properties also hold for the high order DG methods
with polynomials of arbitrary degree. We first show in the following lemma that the
one-dimensional integral at the cell boundary is bounded by the cell average.

LEMMA 3.1. For any ¢(z,&) € P*(K;;) and ¢(x,€) > 0, there exists a positive
constant w = w(k) depending on the polynomial degree k such that
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J J

63) [ eleg i< 5ok, [ elag i

(3

£l

where @Ku denotes the integral of p(x,&) on the cell K;;.

Proof. Denote {(;}}_, as the Legendre-Gauss-Lobatto quadrature points in [—1, 1]
and {OJ@}]ZZO as the associated quadrature weights. By the Legendre—Gauss—Lobatto
quadrature rule with k41 points which is exact for polynomials of degree up to 2k—1,

we have
. / / ) dude = Zwm /J (zmA;Ce,f)df

> w0 [ ol y €+ [ olasy 0

J J

(3.4)

where the last inequality is based on the fact that ¢(z,&) > 0 and wy > 0 for ¢ =
0,...,k. Since wy = wy, we obtain (3.2) by setting w = 1/wy. (3.3) can be proved
similarly. 0

Remark 3.2. The proof is valid for &k > 0. In particular, w = 2 when k£ = 1 and
w = 6 when k = 2, according to the quadrature weights. For the case when k = 0,
(3.2) and (3.3) hold with w = 1 since ¢(z,§) is a constant function with k = 0.

Next we investigate the positivity of the fully discrete scheme (3.1). We show
in the following theorem that, by adding a positivity-preserving limiter discussed
in section 2.3 to the HPDG methods and by coupling with the time evolution by
Euler forward method, the resulting Hamiltonian-preserving scheme (3.1) preserves
the positivity in the sense that the cell averages are always positive if they are positive
initially under suitable CFL conditions. We remark here that the proof cannot be
trivially extended from the classical DG methods for hyperbolic conservation laws in
[36, 24] due to the complication appeared when the potential V(z) is discontinuous.

THEOREM 3.3 (positivity). The solution f**1 of (3.1) satisfies (an)KiJ >0
under the CFL condition

i S int(I; V-L
(3.5) m«mﬂfmmﬁwlgm

Az A¢

where w is the positive constant presented in Lemma 3.1 and int(I,) denotes the
interior of the cell I,.

Proof. For simplicity, we again assume that the mesh in £-direction is partitioned
such that 0, +v/2D are located at cell interfaces. We consider the case when £ > 0,
V(z) has only one discontinuity point located at the cell interface Tyt with jump

D=V_—_ 1 V+ . >0, and V'(z) < 0 at smooth points. The other cases, namely,
2
when ¢ < 0 or the potential V(z) has several discontinuity points with positive or

negative jumps, or V’(z) > 0, can be discussed in the similar fashion.
The fully discrete scheme (3.1) with the test function taken as ¢ = 1 yields

(3.6)

i f Z
(0 At e <§fl+ ,£> <§fj_, ,>Jj - <Vrfx,j+%>1 + <sz””’j’%>h -0
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Here f is the limited solution at time level n after applying the positivity-preserving
limiter, and thus f(z,&) > 0,(z,§) € K;j fori=1,...,N;, j=1,..., Ne.

Recall that the discontinuity of V(z) is located at T 1, and \/@ is a grid point
in the &-direction. When i = m, with the Hamiltoman—preservmg fluxes defined in
section 2.2, we have

o if gj?_% —2D >0,

(fn+1) ,_( ) . ﬂjJr% B
K,,Zt Ko _|_/J §f(l‘m+é,§)d§—/n nf(x %,n)dn

J

(3.7)

where 7 = \/§2 — 2D and 7,1 = ]Z,il—2D;
e ife2, —2D <0,

1
2

T, — P,
. o +/J§f( o1 E)E /Ef

By Lemma 3.1 and (2.6), we have

W&yl —
(3.9) /§f m+1,s>ds<|fj+1|/ Fla, y e < T
(310) = (Vefoyey) == [ Vel(n,&, ) < Srrehn) e
: VS Ag Fmi?
where int(Z;,) denotes the interior of the cell I, i.e., int(I) = (¥p,_ 1, Tppq1). Since

V() is Lipschitz continuous for = € int(/,,) under our assumption, sup,cin(r,,) |Vl
has a finite upper bound. Notice that n > 0,7, 1 > 0, combining with the assumption

that £ > 0, V'(x) < 0 at smooth points and f being nonnegative, yielding

sy f W20 [ ey —gacz0
and
(3.12) (Velosos), = (Vafle.g ), <0

Therefore, we have, by (3.7)-(3.12),

—n+1 |§j+%‘ SUDgzcint(I,,) |Val sy
(3.13) (Nx,, > <1 —wAt( At Aé Nk,

This proves that (T)nK—:i > 0 under the CFL condition (3.5).

For the case when i # m, the fully discrete scheme (3.1) is simply the standard
DG scheme with upwind fluxes. A similar proof can be found in [37, 36] and thus is
omitted. O
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Remark 3.4. The CFL condition (3.5) in Theorem 3.3 is similar to the CFL con-
dition (2.9). However, |V,| now represents the derivative of the potential V'(x) at its
Lipschitz continuous region and thus has an O(1) upper bound since V(z) is only
discontinuous at grid points under our assumption. Thus our proposed scheme has a
hyperbolic CFL condition.

Now we study the stability property of the proposed scheme.

THEOREM 3.5 (L' contracting). Assume that f(x,€) = 0 at the boundary, and
no particles come from outside of the domain [—L, L] X [—A¢, Ac]. Then the solution
ot of (3.1) s L contracting, i.e.,

(3.14) PIINES M

under the CFL condition (3.5).

Remark 3.6. Due to the linearity of the scheme (3.1), the equation for the error
between the analytical solution and the numerical solution is the same as the scheme
(3.1) itself. Thus we assume there is no error at the boundary, and zero Dirichlet
boundary conditions can be considered as a simplified case.

Remark 3.7. After applying the positivity-preserving limiter (2.22), the limited
numerical solution at time lever n+1, i.e., f+17°% is nonnegative and also maintains
the cell average of the solution f"*!. Thus we have (|f\)”+1’”e“’KU = |(f)"+1v"€wKU | =

|(f)n+1Ku |. Combining with (3.14) leads to

||fn+1,new||L1 S ”fn,newHLl’

i.e., the L' stability property of the numerical solutions.
Proof. For simplicity, we again consider the case when V' (z) has only one discon-
tinuity at the cell interface ,,,_1 with jump D=V~ , — Vn'ﬁb'_l >0, and V'(z) <0
2 2
at smooth points. The other cases can be discussed similarly. We again assume that
the mesh is partitioned such that 0, £v/2D are grid points in ¢-direction. We further
assume that & Net+i >V 2D to include all the possible behaviors of the particles such
as crossing the potential barrier with increased /reduced momentum or being reflected.
By taking the test function ¢ = 1 in the fully discrete scheme (3.1), we can rewrite
it as
(3.15)
("D, = D, : : ; ;
i ij _ +
AJt S <£ i+%’5>.7j + <£fi*%75>1j * <V$fm*j+%>1i - <me‘””’j_%>li ’

Rij

Here f is the limited solution at time level n after applying the positivity-preserving
limiter, and thus f(z,&) > 0,(z,§) € K;; for i = 1,...,N,, j = 1,...,Ne. By
Theorem (3.3), we have (an)Kw > 0 under the CFL condition (3.5). Therefore, to
show the L' contracting property (3.14), we only need to prove that

> R <0.
ij

With the upwind fluxes defined in (2.5) and (2.6) and the Hamiltonian-preserving
numerical fluxes defined in (2.14), (2.15), (2.18), and (2.19), we have
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(1) if & >0, i #m,

(3.16)
Ry=- [ ety 0+ [ erar, 0a+ (Vi) - (Vehos ),

I;
(2) if§j<0,i7émfl,

(3.17)
Ry=-= [ sttt 0a+ [ ity om0+ (Vihugey), = (Vohus-

ol
~—
ol

(3)if& >0,i=m

(3.18)
Ry == [ efa, 0+ (s y )+ (Velans), — (Vehusy),

(4) if& <0, i=m—1,

(3.19)
Ri; = <§ it 5 / &f( 7+ l’f)df <waw’-7+%>1i +<fom’j_%>1i.

Summing up (3.16)—(3.19) over all the elements i, j, we have

%:R”‘ =2 <<€f;1 / €y, € dg)

§;>0

-3 <<5f,;_ / Efat £>7

&j <0

(3.20)

to

due to zero boundary condition, and all the numerical fluxes in the &-direction cancel

after the summation. To simplify the presentation, we omit the subscript m — % in

2
the following. Let us introduce the notations
n=+/&2 — 2D, Njxy = %—QD n = —\/&2+2D, %i%:—q@é%+2D.

By a change of variables as in (2.21) and utilizing the definition of the Hamiltonian-
preserving numerical fluxes f* in section 2.2, we obtain
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(3.21)

M+t
Shi= X [ate i Y /ff )de
ij

€_1=V2D i-% 0<¢, 1 <V2D

J

-3 | et ,£d§+2/ ORI /j’;+én’f(x+,n')dn’

;>0 £;<0 €1 <07

/V R T /_Oﬁéf(x+,£)df

1
2

Enetd

Everd - ’ + veb +
—/0 ef(e ,§>df+/_ Ef(e ,ff)df—/_\/mn Flat o)

xt,€)de <0,

[ o [ e
Efv+2 , 52 42D

where the second equality is due to the fact that 0 and /2D are located at the cell
interfaces in the &-direction, and the last inequality follows from the fact that f is
nonnegative and that no particles come from outside of the domain according to our
assumption. 0

4. Extension to higher dimensions. In this section, we extend our proposed
scheme for the Liouville equation under 1D1V setting to higher dimensions. As an
example, we consider the Liouville equation

(4.1) fe+&fetnfy = Vafe=Vyfy =0

in the 2D2V setting. Let 7, be uniform partition of the computational domain
with the meshes K;j., = I(x) X I(y) x J& x J(") = [wi_r,wia] X [y;_1,9551] X
[€x— 158 t] X [m_1,mpy 1] and the cell interfaces located at Tig 1Y 180 1My In
cach direction. The mesh size is denoted by Az = x, il T T, Ay =Yjr1 — V-1,
A€ = §H+% — §K_§, An = Moyt — Mo . Let us define a high-dimensional DG finite
element approximation space

W = {v: VK, € P*(Kijne), Kijue € Tn}-

Similarly to the one-dimensional case, the semidiscrete HPDG scheme for the
2D2V Liouville equation (4.1) is defined as, for any test function ¢ € W¥, we have

(e, ) Kijne - (&S, ('bz) Kijne - (f, ¢y) Kijre + (Ve f, gbg)Kijh‘,[’, + (Vyf’ ('2577)1(1‘_7«-,14
+<§f;_27]5n l+1uy€n>1(y)xJ£§)XJéwl)
+ s
<§f1—5,]§77 T 1,@/ &n >1<y>XJrg5>XJlgn>
+(nf RICRT.
Mt e 2@ Y106 n)>1§r>x1§>x]g">
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+ +
x,Yy.
<77f,7_27£7,7,¢( ,y]_é7£,n)>ly)“§)wﬁ

Voloymsim o9, %’77>>1(m>xlj(z;)XJ;n>

+< o fogn g 0@ 0,67 -7 >]<z 19 g
Vy F 1, ¢(z,
+(V f ~1L, 0
O S L >1<x>X1<y>XJ<5>

=0,

where numerical fluxes f and f in the & and n-direction take the upwind fluxes as

defined in (2.6). We also define the fluxes f* and f= at the cell interface to account
for the discontinuous potential. They are defined following the same procedure as in
section 2.2 to preserve a constant Hamiltonian across the potential barrier. The two-
dimensional version of the positivity-preserving limiter, similar to those in (2.22), can
be applied to enhance the stability and preserve nonnegativity of density distribution
f. The third order SSP-RK temporal discretization (2.8) can again be utilized to
advance in time.

5. Numerical results. In this section, we present some numerical tests to
demonstrate the performance of the proposed HPDG scheme with the positivity-
preserving limiter. In the examples, the time step size is set as At = CFL - Az, where
CFL is taken as indicated in (3.5). For the accuracy tests (e.g., Example 5.1), we
adjust the time step At as At = CFL - Az*/3 for the P3 case so that the temporal
and spatial errors are of the same level.

Ezample 5.1 (accuracy test). In this example, we consider the following Liouville
equation in a 1D1V setting

(5.1) fi +&fo —Vafe =S, 2,8) , (x,6) € [-m, 7] x [—m, 7]

to test the accuracy of the HPDG scheme, where S(t,z,¢) is the source term. We
consider the following two settings.

e Case I: The potential V(z) = —% is continuous, and S(t,z,€) = (v + & —

1) cos(x + € — t). The exact solution in this case is

ft,x, &) =sin(x + £ —t).
e Case II: The potential V(z) is discontinuous, given by

0.5, =<0,
V(”“"):{ 0, x>0

and

(E—Decos(z+/[2-1[—1), 2>0,¢>-1,
S(t2,8) = (£ —1)cos(x — /€2 —1-1), x>0,6< 1,

(€ —1)cos(z+¢&—1t), otherwise.
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TABLE 5.1
Errors and orders of accuracy for the HPDG method for the Liouville equation with continuous
potential in Example 5.1.

pt p?

Ny X Ne¢ LY error Order L error Order L! error Order L error Order
30 x 30 1.58E-02 1.93E-03 2.71E-04 7.46E-05
40 x 40  8.89E-03 2.00 1.08E-03 2.01 1.14E-04 3.00 3.12E-05  3.04
50 x 50  5.69E-03 2.00 6.88E-04 2.03 5.74E-05 3.09 1.59E-05  3.00
75 x 75 2.52E-03 2.01 3.04E-04 2.02 1.68E-05 3.03 4.99E-06  2.86
100 x 100 1.41E-03 2.01 1.71E-04 1.99 7.05E-06 3.02 2.12E-06 2.98

P3
Ny X Ne¢ L' error Order L error Order
30 x 30 4.82E-06 1.68E-06
40 x 40 1.57E-06 3.91 5.07E-07 4.16
50 x 50 6.19E-07 4.16 2.09E-07 3.97
75 x 75 1.21E-07 4.02 4.07E-08 4.04
100 x 100 3.83E-08 4.01 1.27E-08 4.04

The exact solution in this case is

sin(z + /|62 — 1] — t), x>0,&> -1,

ftz,§) =4 sin(z — /& —1-1), x>0, < -1,

sin(x + & —t), otherwise.

We perform numerical simulations up to t = 0.1 using the HPDG method with
polynomials of degree k, k = 1,2,3. For Case I with continuous potential, the L'
and L* errors and orders of accuracy are listed in Table 5.1. For Case II with
discontinuous potential, the errors are measured outside the “pollution domain” near
the discontinuities. The pollution domain is taken as

s

{[fﬁ,O]x([fﬁ, —c1] U [—cz,O])}U{[O,W]X([*l —190 Lt 110] Y [1 - 110 bt %D}

where ¢; = \/&2,,, — 2D + {5 and ¢z = \/§2 — 2D with &40 = 7,6 = —1 — {5 and
D = 0.5. We list the errors and orders of accuracy for Case II in Table 5.2. We can
see that, for the Liouville equation (5.1) under the settings of both cases, the HPDG
scheme with all three polynomial spaces can achieve the optimal (k 4+ 1)th order of
accuracy.

Ezample 5.2 (1D1V problem with an exact L solution). In this example, we
consider one-dimensional Liouville equation (2.1) with a discontinuous potential V' (z)
given by

0.2, =<0,
(5.2) V(z) = { 0. >0,

and the initial condition set as

1, 2<0,E>0,V12+82<1,
(5.3) f0,2,6) =14 1, >0, <0,/22+ € <1,

0, otherwise.

The computational domain is set as [—1.5,1.5] x [-1.5,1.5]. This is a 1D1V prob-
lem with an exact L° solution available, and the exact solution at time ¢t = 1, as
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TABLE 5.2
Errors and orders of accuracy for the HPDG method for the Liouville equation with discontin-
uous potential in Example 5.1.

pt p?

Ny X Ne¢ LY error Order L error Order L! error Order L°° error Order
30 x 30 2.05E-02 7.89E-03 4.24E-04 1.87E-04
40 x 40  1.16E-02 1.99 4.69E-03 1.81 1.79E-04 2.99 7.60E-05  3.13
50 x 50  7.42E-03 1.99 3.06E-03 1.91 9.16E-05 3.01 4.09E-05 2.78
75 x 75 3.30E-03 2.00 1.40E-03 1.93 2.72E-05 2.99 1.16E-05  3.11
100 x 100 1.86E-03 1.99 8.10E-04 1.90 1.15E-05 3.00 5.02E-06  2.91

P3
Ny X Ne¢ L' error Order L error Order
30 x 30 7.09E-06 5.42E-06
40 x 40 2.23E-06 4.02 1.42E-06 4.65
50 x 50 9.09E-07 4.02 5.70E-07 4.09
75 X 75 1.80E-07 3.99 1.36E-07 3.54
100 x 100 5.71E-08 4.00 4.25E-08 4.05

constructed in [19], is given by

(5.4)
1, x>0, £E<V04, £>u,
222
1, 0<z<l, £€<0, ¢>2— Y22
_ €2
1 ow<0, o< [1-YOZE ) e AG<e<a
FLa€) = V0.4 + €2
b b - 27 2
I, —l<z<0, £>0, g<@,
V14 -=¢2
1, x>0, z><1—€2(f4>£, E>x,V04 < €< V14,
0, otherwise.

We perform numerical simulations on 100 x 100 meshes for the proposed DG
method with P2 polynomials up to t+ = 1. Figure 5.1 shows the initial solution
(taken as the standard L? projection of the initial condition (5.3)), the “limited”
initial solution after applying the total variation bounded (TVB) minmod limiter
[10] or the bound-preserving limiter to keep 0 < f(z,£,0) < 1. Figure 5.2 shows
the numerical solution at ¢ = 1 obtained by the HPDG method only, the numerical
solution obtained by the HPDG method with the TVB minmod limiter, and the
numerical solution obtained by the HPDG method with the bound-preserving limiter.
We observe that there are some oscillations in the plots of the initial condition when
projecting the solutions to the piecewise P? polynomial space since the initial solution
is discontinuous. When either limiter is applied, there are no oscillations in the
numerical solutions. For this example, the boundary-preserving limiter can achieve
good nonoscillatory results as the TVB minmod limiter, and a sharp and smooth
interface can be observed numerically.

We also plot in Figure 5.3(b) the time evolution of | fdzd¢, which is also the !
norm of the numerical solution, since f is nonnegative under the bound-preserving
limiter. It can be observed that the L' norm of the numerical solution is decreasing
as time evolves, which reflects the L! contracting property of the HPDG scheme
illustrated in Theorem 3.5.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 10/20/22 to 140.254.87.149 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

A3334 BOYANG YE, SHI JIN, YULONG XING, AND XINGHUI ZHONG

1 1
08 08
. 0.6 06
04 04
7 02 02
7 il 7 ) 0

-1.5 -1 0.5 0 0.5 1 15
X

1
08
. 06
04
7 02
o

-1.5 -1 05 0 0.5 1 15
x

15
|
08
05
06
w
04
05
02
o
15

-1.5 -1 05 0 0.5 1 15
X

w

Fic. 5.1. 1D1V problem with an exact L solution in Example 5.2. Contour plot (left) and
3D plot (right) of the initial solution at t = 0 without limiter (top), initial solution after applying
the TVB minmod limiter (middle), and initial solution after applying the bound-preserving limiter
(bottom) on 100 x 100 meshes.

We further measure the errors between the exact solution and the numerical
solution obtained by the HPDG scheme with the bound-preserving limiter. The errors
are measured outside the “pollution domain” near discontinuity, as shown in Figure
5.3(a). The L' errors and orders of accuracy for the HPDG method with polynomials
of degree k (k = 1,2,3) are listed in Table 5.3. It can be observed that the HPDG
method with P' and P? polynomials achieves the optimal second and third order
of accuracy, respectively, while the convergence rate of the HPDG method with P3
polynomials is about 3.5.

Ezample 5.3 (1D1V problem with a measure-valued solution). In this example,
we consider one-dimensional Liouville equation (2.1) with the same potential (5.2) as
in Example 5.2. The initial condition is given by

(55) f(oaxag) = 5(5 - I/(:)S)),
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Fic. 5.2. 1D1V problem with an exact L solution in Example 5.2. Contour plot (left) and 3D
plot (right) of the numerical solution of DG method without any limiter (top), numerical solution
of DG method with the TVB minmod limiter (middle) and numerical solution of the proposed DG
method with the bound-preserving limiter (bottom) on 100 x 100 meshes at t =1 (with k = 2).
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(a) Domain for accuracy test. (b) Time evolution of [ fdzdv

Fi1c. 5.3. 1D1V problem with an exact L* solution in Ezample 5.2. (a) The domain (marked
with yellow) used to measure the errors in Table 5.3. (b) Time evolution of ffda:d{ of the HPDG
method with piecewise P2 polynomial.
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TABLE 5.3
Errors and orders of accuracy for the HPDG method solving the Liouville equation in Example
5.2.

Pl P2 PB
Nz x Ng L' error Order L' error Order L' error Order
20 x 20 8.46E-03 2.95E-03 1.63E-03

30 x 30 4.00E-03 1.85 8.67E-04 3.02 3.96E-04 3.49
40 x 40 2.10E-03 2.24 3.64E-04 3.02 1.75E-04 2.83
50 x 50 1.34E-03 2.02 1.57E-04 3.76 7.79E-05 3.63

where

0.9, r < =2,

0.9 9

O.ij(z+2), —2<z<0,
(5.6) v(z) = 0.9
—0.9+ j(a; —2)% 0<z<2,
—0.9, x> 2.
The computational domain is [—2,2] x [-1.6,1.6]. This example is a 1D1V problem
with a measure-valued solution [19], which may arise in the computation of the semi-

classical limit of the Schrodinger equation. We are interested in the approximation of
the moments, such as the density p and the averaged velocity u, defined as

S f(t 2, §)EdE
e T
J f(t, @, )d€
Following the level set method proposed in [18] for smooth potentials and extended
in [19] to discontinuous potentials, we decompose f into the level set function f; and
the modified density function f2, which satisfy the same Liouville equation (2.1) with
the following initial conditions:

fl(owrag):]-? fQ(Oaxvg):g_V(x)'

The moments p and u can be numerically approximated by

plt.a) = [ Filto, O3 falt,m,€)de
(5.7) X
u(t’ ‘r) = m /fl(ta m>€)£6w(f2(t’ Zz, 5))d§

on a uniform mesh [14]. Here 4,, is an approximation to the ¢ function, given by

(5.8) 5u(z) = oo eos(imal/w), 2| <1
) ol

and w is taken as half of the support size of the discrete delta function d,,. In our
computation, we take

w = max(|(f2)e], Az,

where the derivative (f2)e can be directly computed from the polynomial expression
of fo in each cell. The exact velocity profile and the corresponding velocity at t = 1.8
can be found in the appendix of [19].

We perform numerical simulations for the proposed DG method with P? piece-
wise polynomials on 400 x 320 meshes up to ¢t = 1.8. Figure 5.4 shows the density
and the averaged velocity of the exact solutions and numerical solutions at ¢ = 1.8.
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Fic. 5.4. 1D1V problem with a measure-valued solution in Example 5.3. Ezact solution (lines)
and numerical solution (circles) of the density (left) and the averaged velocity (right) of the proposed
DG method at t = 1.8 with k = 2 without any limiter (top), with the TVB minmod limiter (middle),
and with the bound-preserving limiter (bottom) on 400 x 320 meshes.

The numerical solutions are obtained by the HPDG method without any limiter, by
the HPDG method with the TVB minmod limiter [10], and by the HPDG method
with the bound-preserving limiter to keep —2.4 < fy < 2.4 for the decomposed equa-
tion fa(z,£,0) = £ — v(x). We observe that there are oscillations for the solutions
without any limiter, especially in the average velocity plot. Both limiters can achieve
satisfying nonoscillatory results for the density, while the boundary-preserving limiter
yields a better nonoscillatory approximation than the TVB minmod limiter for the
averaged velocity, especially in the average velocity plot near the region x € [0.3,1].
In addition, we also observe that the average velocity is better resolved in this region
when compared with the result in [19] obtained with the finite volume method on a
much refined mesh, thanks to the high order feature of the proposed HPDG methods.

Ezample 5.4 (2D2V problem with a measure-valued solution). In this example,
we consider the two-dimensional Liouville equation given by

(5'9) ftJFffrJrnfy*me&*Vyfn:Oa

with a discontinuous potential
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_J 01, x>0,y >0,
(5.10) Viz.y) = { 0, else.
The initial condition takes the form
where
A x> —0.1,y > —0.1,
(5.12) poan={ 3 52
o ] 04, x>0,y >0,
(5.13) plz,y) = q(z,y) = { 0.6, else.

The computational domain is set as [z,y,&,n] € [-0.2,0.2] x [-0.2,0.2] x [0.3,0.9] x
[0.3,0.9]. This example is a 2D2V problem with a measure-valued solution studied in
[19]. We are interested in the approximation of the zeroth moment, i.e., the density
p, defined as

(5.14) plt, z,y) = / / F(t 2.y, €, m)dédn,

The exact density at time ¢t = 0.4 is given by

1, rz<0ory<0,
14 3
1.5, O§x§—7y2*xa
(5.15) p(0.4,2,y) = 1 S
x
1.5, 0<y< — < =
b —_— y —_— 1507 y —_— 3 )
0, otherwise.

We perform numerical simulations of the proposed HPDG method with piecewise
P! polynomials up to t = 0.4 with a positivity-preserving limiter. Figure 5.5 shows

Fic. 5.5. 2D2V problem with a measure-valued solution in Example 5.4. FEzxact solution (top
left) and numerical solutions of the density with k = 1 on the 12% (top right), 20* (bottom left), and
30% (bottom right) meshes at t = 0.4.
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numerical results of the density p with 12%, 20%, and 30* meshes in the phase space,
compared with the reference exact solution. We can observe that, as the meshes
are refined, the solution converges to the exact solution. When compared with the
numerical results in [19], the proposed high order HPDG method can achieve a sharper
transition near discontinuity with a coarser mesh.

6. Conclusions. In this paper, we design the HPDG method for the Liouville
equation with discontinuous potentials to maintain constant Hamiltonian across a
potential barrier, which allows us to capture the correct transmission and reflection
behavior of particles. The proposed method can also be viewed as a high order ex-
tension of the finite difference and finite volume methods discussed in [19]. Based on
the standard DG method for hyperbolic conservation laws, we make extra effort to
construct numerical fluxes to take care of the behavior of a particle at a potential
barrier such as either crossing it with a different momentum or being reflected. We
further apply a positivity-preserving limiter to add extra robustness and stability. We
provide a theoretical study of the positivity and stability properties of our proposed
scheme. Numerical results show the accuracy and robustness of the proposed meth-
ods for 1D1V and 2D2V test problems. The discontinuity of the potential V(z) in
the 2D2V setting is assumed to occur only in the direction aligned with our spatial
discretization in this paper. Future works include the generalization of the HPDG
scheme to the case of curved discontinuity to further leverage the flexibility of DG
method and the study of HPDG method on unstructured meshes to accommodate
general computational domains.
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