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Abstract

Generalized Gauss—Radau (GGR) projections are global projection operators that are widely
used for the error analysis of discontinuous Galerkin (DG) methods with generalized numer-
ical fluxes. In previous work, GGR projections were constructed for Cartesian meshes and
analyzed through an algebraic approach. In this paper, we first present an alternative energy
approach for analyzing the one-dimensional GGR projection, which does not require assem-
bling and explicitly solving a global system over the entire computational domain as that in
the algebraic approach. We then generalize this energy argument to construct a global pro-
jection operator on special simplex meshes in multidimensions satisfying the so-called flow
condition. With this projection, optimal error estimates are proved for upwind-biased DG
methods for the linear advection equation on these meshes, which generalizes the error anal-
ysis for the purely upwind case by Cockburn et al. (STAM J Numer Anal 46(3):1250-1265,
2008) in a time-dependent setting.
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1 Introduction

In this paper, we study an energy-based method for the construction and analysis of global
projection operators and use them to analyze optimal error estimates of the upwind-biased
discontinuous Galerkin (DG) methods for linear advection equations on special simplex
meshes in multidimensions satisfying the so-called flow condition. This energy approach
is based by the techniques developed in [36]. In contrast to the algebraic-type argument in
previous work, it avoids the assembly and solution of a global system in the analysis and can be
easily extended to unstructured meshes in multidimensions. To understand the applicability
of the method, we first revisit the work of [6, 26] and use this energy approach to reproduce
existing results on generalized Gauss—Radau (GGR) projections in one dimension. Then we
generalize our argument, without much complication, to construct a global projection operator
on multidimensional simplex meshes satisfying the flow condition. This global projection
is a generalization of the local projection in [10] and can be used to acquire optimal error
estimates of the upwind-biased DG method for the linear advection equation on these special
meshes. Despite our analysis concerns a time-dependent problem rather than a steady state
problem, the optimal error estimate in this paper is essentially a generalization of the results
in [9] from the purely upwind case to the upwind-biased case.

The DG methods are a class of finite element methods using discontinuous piecewise
polynomial spaces. They were first introduced by Reed and Hill in [28] for solving the trans-
port equation and were then further developed in the past decades for different applications
[1, 14, 15, 30]. The DG methods come with many advantages and have now become one
of the main-stream numerical methods for solving partial differential equations arising from
science and engineering.

For the DG methods, the so-called numerical fluxes play a central role in the algorithm
design and have a crucial effect on the stability and accuracy of the schemes. In the ear-
lier literature, classical numerical fluxes, such as the upwind fluxes (or more generally, the
monotone fluxes) for hyperbolic equations and the alternating fluxes for equations with high-
order derivatives, are usually considered. Recently, there is a rising interest in analyzing DG
schemes with generalized numerical fluxes, such as the upwind-biased fluxes [19, 22, 26], the
generalized alternating fluxes [0, 7, 41, 44], the generalized Lax—Friedrichs fluxes [21], the
ap-fluxes [5, 18, 36], etc. These numerical fluxes are perturbed from the classical numerical
fluxes with some adjustable parameters. The motivation for using the generalized fluxes is
mainly in two folds. Firstly, the parameters in the numerical fluxes may relate to the jump
dissipation in the stability estimates. One can make the numerical scheme more stable or less
dissipative by adjusting the parameters. In some cases, this will also improve the accuracy of
the numerical methods. Secondly, for some complex systems, the classical numerical fluxes,
such as the upwind fluxes, may not be easily determined. The generalized fluxes will provide
more flexibility in the algorithm design.

The error estimates of DG methods with generalized fluxes can be more involved than the
classical methods. It is known that the essential ingredient for proving error estimates of the
DG methods is to construct appropriate projection operators, see for example, [12, 13, 16,
23,25, 35]. For the classical cases, these projections are typically locally-defined. Their well-
definedness and approximation properties can usually be proved by looking into the solution
of a local system on a single element. For example, the (locally-defined) Gauss—Radau (GR)
projection [4, 13] has been used for proving the optimal error estimates of the upwind DG
method and the local DG methods with alternating fluxes [30]. However, with generalized
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fluxes, the required projection operator for optimal error estimates can be global, coupling
all mesh cells on the entire computational domain.

Animportant global projection for error analysis of the DG methods is the GGR projection,
which recovers the GR projection in the special case. The GGR projection is introduced by
Meng et al. in [26] for optimal error estimates of the upwind-biased DG methods for the linear
advection equation. Their analysis is based on an algebraic approach motivated by an earlier
work by Bona et al. [2]. The key is to look into the difference between the GGR projection and
the GR projection, which is denoted by §. The well-definedness and approximation property
of the GGR projection can be implied by those of § and the GR projection. To prove the
properties of 8, a global linear system is assembled and solved to obtain the explicit formula
of §. The GGR projection on two-dimensional (2D) Cartesian meshes has also been studied
in [26] following the similar idea.

Beyond the work of [26], the approximation estimate of the GGR projection is improved
by Cheng et al. in [6] and is used for the optimal error estimate of the local DG method with
generalized alternating fluxes for the convection-diffusion equations. After that, the GGR
projection along with its variants has been used for the optimal error estimates of the DG
method with upwind-biased fluxes for the linear advection equation with degenerate variable
coefficients [19, 22], with generalized local Lax—Friedrichs fluxes for 1D nonlinear scalar
conservation laws [21], with generalized numerical fluxes for the 1D nonlinear convection-
diffusion systems [42], with generalized numerical fluxes for the linearized KdV equations
[20], with generalized numerical fluxes for stochastic Maxwell equations with additive noise
[32], with generalized alternating fluxes for 2D nonlinear Schrodinger equations [41], etc.
The fully discrete error estimates using the GGR projection can also be found in the literature.
See, for example, [37, 38, 40]. We remark that due to the construction of the GGR projection,
these error estimates are mostly for Cartesian meshes in one and two dimensions.

Besides the GGR projection, recently in [36], Sun and Xing introduced another global
projection to prove the optimal error estimates of DG methods with generalized numerical
fluxes for wave equations on unstructured simplex meshes. In special cases, this global
projection retrieves the locally-defined HDG projection in [12]. The key step in constructing
this global projection is again to consider its difference § from the HDG projection in [12].
However, instead of considering the algebraic system satisfied by §, the authors used an energy
argument for the estimates: appropriate bilinear forms are constructed from the conditions
satisfied by § and then the desired estimates can be deduced from the weak coercivity of the
bilinear form. This global projection is also used for the error analysis of the DG methods
for stochastic Maxwell equations with multiplicative noise in a recent work [31]. We remark
that the energy argument in [36] is different from the construction of elliptic projections.
Although they share similarities in terms of both using the coercivity of certain bilinear
form, the required coercivity in [36] is much weaker (usually only for the jump seminorm)
and is used to analyze the difference term §—the argument still relies on the existence and
approximation properties of a local projection.

So far, we have seen two ways of extending a local projection to a global projection. See
Table 1. Their common argument is to consider the difference, §, between the global and the
local projections. But then the analysis of § proceeds differently: one is an algebraic approach
in the analysis of the GGR projection [6, 26], the other is an energy approach in the analysis
of the global projection in [36]. This paper is an effort to gain an improved understanding of
the energy approach for analyzing global projections. We wonder whether it can be used to
reproduce the existing results proved through the algebraic approach and whether it can be
used to construct new projections that could be less easy to handle by the algebraic approach.
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Table 1 Local projections and their extensions as global projections

Context Meshes Local projections Global projections Argument
Advection 1D GR [4, Corollary 3.13] GGR [26, Lemma Algebraic
2.6], [6, Lemma 3.2]
GGR Lemma 2.1 Energy
2D Cartesian GR [13, Lemma 3.2] GGR [26, Lemma Algebraic
3.3], [6, Lemma 3.3]
Mulit-D simplex* [10, Lemma 3.1] Lemma 3.4 Energy
Wave 1D [5, Lemma 2.4] [36, Lemma 2.1] Hk
Mulit-D simplex HDG [12, Theorem 2.1] [36, Lemma 3.1] Energy

*Flow condition is required
**Constructed with linear combinations of GGR projections. Not built from scratch

To this end, we start by reproducing existing one-dimensional (1D) results in [6, 19, 26]
in a different way. This part of the analysis is given in Sect.2, in which we use the energy
approach to analyze the 1D GGR projection for the optimal error estimates of the upwind-
biased DG method. In Sect. 3, we study the generalization of the 1D GGR projection to special
simplex meshes in multidimensions, which leads to a novel global projection that extends the
local projection in [9, 10]. In [9], the authors studied the upwind DG scheme for the steady
state transport equation on special simplex meshes satisfying the so-called flow condition,
which requires each mesh cell to have a unique outflow face that is contained in an inflow face
of the neighboring cells. See (3.3) and note the meshes can possibly be unstructured. They
used the local projection introduced in [10] to prove optimal error estimates of the scheme.
In this paper, we consider the time-dependent linear advection equation and construct a
global projection that generalizes the local projection in [10]. The main idea is to use the
weak coercivity of the DG discretization of the advection operator to analyze the difference
term 6. Note this is different from that in [36], where the argument essentially relies on the
bilinear form associated with the wave equation. With this novel projection operator, we are
able to extend the optimal error estimates of the purely upwind DG schemes in [9] to the
upwind-biased DG schemes on these special meshes.

Compared with the algebraic approach in the analysis of GGR projections in [6, 26], the
energy argument in [36] and this paper has the following advantages: firstly, the argument
is insensitive to the spatial dimension and one can prove the two- and three- dimensional
cases in one shot; secondly, since no matrix assembly is needed in the energy approach, the
argument can be easily used to construct global projections on unstructured meshes. How-
ever, we remark that with the energy approach, one may encounter difficulty in constructing
global projections with certain superconvergence properties. Hence it may not substitute the
algebraic approach in some cases. For example, we are not able to prove the properties of the
2D GGR projection on Cartesian meshes with the energy approach. See Sect. 3.4 for further
discussions.

The rest of the paper is organized as the following. In Sect.2, we revisit the optimal
error estimates of the upwind-biased DG method for the linear advection equation in one
dimension. In particular, we use the energy approach to prove the well-definedness and
approximation property of the 1D GGR projection. See Sect. 2.3. In Sect. 3, we extend the
1D GGR projection to 2D and 3D simplex meshes satisfying the flow condition and apply
it to prove the optimal error estimates of the upwind-biased DG method for linear advection
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equations on these meshes. In Sect.4, numerical tests are presented to validate the error
estimates. Finally, conclusions are given in Sect. 5

2 One-Dimensional Case

In this section, we study the optimal error estimates of the 1D linear advection equation
ur+uy =0, u=ux,t), (x,)eQx(0,7T), =0, 1H)CR 2.1

along with the 1D GGR projection. Both the periodic boundary condition u(0, ) = u(1, t)
and the inflow boundary condition u(0, t) = g(¢) are considered.

2.1 Notations

Let7T = { Ij}ﬁ.\'=l be a partition of the computational domain €2, where the mesh cell /; =
(x]-,l/z, xj+1/2) has the length hj = Xj+1/2 — Xj—1)2 and h = maxj<j<n hj. The finite
element space of the DG method is chosen as

Vi ={veL*Q) vl € Px(I;).¥j=1,- N}k (2.2)

Here Py (1) is the space spanned by polynomials on /; of degree less than or equal to k.
Note that functions in V}, can be double-valued at cell interfaces. We denote by vﬁ 12 =
lim,_, g+ v(xj41/2 + €) the left and right limits of v at x4 1/2. The notations

+ - ©) - 5oyt : 7]
v]., 1 =v" | —v and {v}’, =0v). , +@Ov)T ,, with 6=1—-6 (23
) = v, —vy,, and Y, = @0+ @7, (23)
are used for the jump and the weighted average of v across x;;1/2, respectively. Here
0 = {011 /2}?':1 is a given set of parameters that may vary with j. Given a function v,
we use the following convention for its trace outside of the domain at xy 11,2: when the peri-
odic boundary condition is considered, we have v; 412 = UFL/z; when the inflow boundary

condition is considered, we have v; 1= 0. We also use

J

||U||L2(1j) =,/ (v, U)II-, lll2ey =/ (v, V)75,

for the inner products and norms. Let S;r = {xj1 /2}?/:1. For a function w that is single-

N
(w, v),j = / wvdx, (w,v)g = Z (w, v),j.,
I j=1 (2.4)

valued on S;F , we define

lwllp2(g4) = (2.5)

For a function v that is double-valued along &;", we define

1
Il ey = \/ 5 <””+”iz<£;> + ||v-||iz(gh+)>. (2.6)

Note that the left end x; 5 is excluded from &, and || - | (g
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Moreover, we use the standard notation H* (1.,-) to represent the Sobolev space on /; with

. 1
the seminorm |v|H«(1j) = ||8fv||Lz(1j) and the norm ||U||Hf(1j) = />0 |v|12qi(1j), where

£ > 0 1is an integer. We denote by

HY(Tp) = {v e L*(Q) :v|;; € H'(Ij).Vj=1,--- N} .7

the broken Sobolev space with the seminorm [v|ge(7;) = /Zj-v:l |v|§{((1,) and the norm
J

N 2
lollae ey = 0 10

2.2 Upwind-Biased DG Scheme and Its Error Estimate

The upwind-biased DG method for (2.1) is formulated as the following: Find uj, € V}, such
that

1 vl =0, YoeVy, Vi=1. N,

(@), v) ;= (un, Vi), v

(2.8)

where uy, is the so-called upwind-biased numerical flux. To be more specific, we take

s i=te N vo
Unj+i = {uh}jsir%,j=0 2.9)
for the periodic boundary condition, and
{uh}ﬁ%, j=1--,N-1
ﬁh,jﬁ =1g, j=0 (2.10)
(Mh);,%, Jj=N

for the inflow boundary condition [26, (2.3)~(2.4)]. Recall that 6 = {6 /2}?':1 contains
parameters that may vary with the grid points. Here and in what follows, we assume there
are positive constants u, and p* such that

1
—<uf<+00, Vj=1---,N. @.11)

Note according to our definition, we have 61,2 = 1 for the inflow boundary condition. In
the special case that 61,2 = 1 for all j, it retrieves the standard purely upwind fluxes.
After summing over all mesh cells, the scheme (2.8) can be written in the global form

((up)s, v)g, = H(up, v) + G(), Yv eV, (2.12)

where

0 for periodic b.c.

N
Hup, v) = (up, va)g, + Z{Mh}i.?_% [U]j+% and G(v) = {gvf/z for inflow b.c.

j=1
(2.13)
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The bilinear form H(-, -) is seminegative, in the sense that [6, 43]

N 2
1 X
H,v) = — E (9_,»+% - 5) [v]§+% -3 <v%+> < —u*llvlliz(q) <0, YveV,.
j=1
(2.14)

Here

_ { 0 for periodic b.c. (2.15)

1 for inflow b.c.

Also note that with the inflow boundary condition, we have Oy11/2 = 1 and v;\; 412 =0
at xy41/2, which yields (QNH/Q — 1/2) [v]?\,H/2 = %(UX,H/Z)Z, included in H(v, v) in
(2.14).

The key to the error analysis of the upwind-biased DG method is to construct the so-called
GGR projection. See Lemma 2.1. This lemma was proved using an algebraic approach in [6,
26]. In Sect. 2.3, we will provide an alternative proof based on an energy approach.

Lemma 2.1 (GGR projection) Suppose the flux parameter 0 satisfies the assumption (2.11).
Then for a sufficiently smooth function u, there exists a uniquely defined Tlgu, such that

(Mou, v), = (u, v)y;, YvePr1j), Vj=1,---,N, (2.16a)
® _ 20 1.
{Heu}j+% = {M}H%’ Vj=1,---,N. (2.16b)

Furthermore, it satisfies the following approximation property
1
lu = Moull 27, + b2 llu = Moull ey < Coh* Ml grs1 (7, (2.17)

where Cg = C (1 + (u* + 1/2)/1*_1) (14 (u*+41/2)), and C is a constant that may depend
on k, but is independent of 1*, |1y and h.

With the above projection, one can derive the error estimate of the semidiscrete upwind-
biased DG method. See Theorem 2.2. Its proof can be found in [26] and is also given below
for completeness.

Theorem 2.2 Consider either the periodic boundary condition or the inflow boundary con-
dition. Suppose the exact solution of (2.1) is sufficiently smooth, with uniformly bounded
derivatives |\ul gr+1 7,y and ||u; || g+ ;) in time. Suppose 0 satisfies (2.11). Then the upwind-
biased DG scheme for (2.1) admits the following error estimate.

lu—unll2iz,y| < lu—unll2g,)| + Cou(l+ TR, (2.18)
t=T =0

where Cg y depends on Cy in Lemma 2.1, ||\u|| gr+1(q,), and ||us || gr+1 (g;,), but is independent
of h.

Proof Lete = u — up, n = u — Igu and & = uy, — Iyu. Note the exact solution u admits
the variational equation

(r. v) 7, = H(w,v) + G), Vv € V. 2.19)
After subtracting (2.12) from (2.19), we have
(er,v)7;, = H(e,v), Vv eV, (2.20)
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Note that e = n — & and H(#n, v) = 0 according to the construction of IT1g. We can split the
terms to obtain

& v)g, =HE V) + (V)7 Yv eV (2.21)

Take v = &.Recalling the seminegativity of (-, -) and applying Cauchy—Schwarz inequality
yield

1d

5&”5”%2(1}') =8 =HE &+ . 8)g, < ||77t||L2(Th)||§||L2(77,)- (2.22)

. . . . d . .
After simplification, one can obtain g [1§1122¢7,) < 1m:ll12(7;,)> Which gives

IEC, D2z = MEC Ol 2z + T sup NG, Dl z2¢7;,)- (2.23)
0<t<T

The proof can be completed after applying the triangle inequality [le]|z2(7,) < IInllz2(7;,) +
€1l 2(7;,) and the approximation estimate of Iy for [|nl 27,y and |1l .2(7;) in Lemma 2.1.
O

In this section, we assumed 612 — 1/2 > s > 0 to be uniformly away from O by
a positive constant w, for the optimal convergence. In the case that u, = Coh® is very
close to 0, where w > 0 is a constant, one can prove a suboptimal convergence rate for the
corresponding upwind-biased DG schemes.

Theorem 2.3 Under the setting of Theorem 2.2, if 6112 — 1/2 > ju = Coh® with w > 0,
then we have

e —unlloezy| < llu—unllpagy|  + Cou(l+ TR0 0 (2.04)
=T =0

where Cg ,, depends on Co, 1*, ull gr+i (), and llull grv (g, but is independent of h.

Proof Here we give a very sketched proof. When o > 1, one can use the standard L? projec-

tion with the argument in the proof of [25, Theorem 2.2] to show the kth order convergence

rate. When 0 < w < 1, by following the proof in Sect.2.3, one can see that Lemma 2.1 still
holds while Cy < Ch™®. This gives us

1 _
llu — Toull 273,y + h2 llu = Moull 24y < CH U a7, (2.25)

where C depends on Cy and p*. Using the approximation estimate (2.25) in the proof of
Theorem 2.2, we obtain the (k + 1 — w)th order convergence rate. ]

Remark 2.4 Through the numerical tests in Example 4.1, we can see that the error estimates
in Theorem 2.3 are sharp in general. However, on uniform meshes with an even polynomial

order k, one may observe the optimal (k + 1)th order convergence rate. This relates to the fact
that the DG methods with central fluxes (0 = 1/2) are optimal. We refer to [25] for details.

2.3 An Energy-Based Proof of Lemma 2.1

In this section, we provide proof of Lemma 2.1 based on the energy approach.
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Proof Note the case 6 = 1 retrieves the classical GR projection IT;. The operator is locally-
defined through the relationships

(M, v), = (. V) Yo e P, Vi=1,- N, (2.261)
(Mu). |, =u" Vj=1,---,N. (2.26b)

Jt3 2
This projection is well-defined and its approximation property (2.17) is well-understood [4,
Corollary 3.13]. We observe that Lemma 2.1 holds for & = 1 and will use perturbation

analysis to prove the general case.
Let us define

8 1= (Ty — Iy)u. 2.27)

Note § € V},. By subtracting (2.26) from (2.16), it can be seen that § satisfies the following
equations

@, v);, =0, Vv e Pr1j), Vj=1,---,N, (2.28a)
(6) =1 | — N
{5}j+% =141 Vj=1,---,N, (2.28b)
where
= ® _ g B +
Njtl = {u Hlu}j+% —9j+% (u l'[lu)H_%. (2.29)

We claim that (which will be proved later in Lemma 2.6): if (2.28) has a solution, then the
solution admits the estimate

1 A1 oA 1y _
181l L2¢;,) + h2 ||5||L2(g;r) < Cyh2 ||77||L2(g;r), with Cp = C (1 + (M* + 5) My 1) .
(2.30)

With this estimate, we can show that (2.28) has a unique solution as follows. Indeed, when
n = 0, we know that § = 0 is a solution to (2.28). Furthermore, § = 0 has to be the only
solution because (2.30) implies (|8l z2(7,) + R72)8) L2 = 0. Therefore, when the system
(2.28) is homogeneous, with 7 = 0, it has a unique solution § = 0. Recall that Ax = 0 has a
unique solution x = 0 implies that the solution to Ax = b, if it exists, is unique. Hence we
prove the uniqueness of the solution to (2.28) also for  # 0. Moreover, note that (2.28) is a
linear, square, and finite-dimensional system, the uniqueness of the solution also implies the
existence of the solution. Hence (2.28) is unisolvent.

For the uniquely defined §, we once again look into the estimate (2.30). Also note that
n={u— IT,u}®, and the error term u — I, u satisfies the estimate (2.17) with & = 1, which
leads to

Z <c(m 45 ) 231
||77||L2(gh+) < 2 +§ IulHk+1(Th). (2.31)
Therefore, substituting (2.31) into (2.30), we have the estimate of the difference term:

1
18112z + 12 180 2(ery < Col* ™ ul s 75 (2.32)

Recall that ITyu = ITju + §. Hence Ilgu is also uniquely determined. Its approximation
estimate (2.17) is based on that of 6 and IT;u, and can be obtained after applying the triangle
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inequality
1
lu — Moull g2z, + A2 llu — H€M||L2(gh+)
1 1
<l = Mall 2y + R e = Ml o ey + 181205 + 2180 2y 233)

k+1
< Col"Hul st (5.

It now suffices to prove (2.30), which is obtained from Proposition 2.5 and Lemma 2.6.
Proposition 2.5 Given a real number z, there is a unique function Z € Py (1;) such that
(Z,v); =0, YveP1)), (2.34a)
Zj+% =z (2.34b)

Moreover, we have

1
1Zllz2;) < Chjlzl, (2.35)
where C is a constant only dependent on k.

Proof Firstly, we make the following assumption which will be proved in the next paragraph:
if Z is a solution to (2.34), then it satisfies the estimate (2.35). With this assumption, we can
prove that (2.34) has a unique solution: When z = 0, we know that the system (2.34) has a
solution Z = 0, which is indeed the only solution due to the estimate || Z|| .2 I = C h}/ 2 Iz| =
0. Hence the solution to (2.34) is unique when z = 0. By the linearity of the equation system,
the solution to (2.34) with z # 0, if it exists, is also unique. This proves the uniqueness of
the solution to (2.34). Furthermore, note that (2.34) is a linear, square, and finite-dimensional
system of Z. The uniqueness of the solution to (2.34) also implies the existence of the solution.
Hence (2.34) is unisolvent.

Now we prove the estimate (2.35). Let us denote by [ = [—1, 1]. We can write (2.34a)
as Z(-) € P,ﬁ'_l(lj) and hence Z(-h;/2 + x;) € Plﬁ-_l(i). Here x; is the midpoint of I;.
Furthermore, by changing the variable, it yields

1ZOWay s = 202 (hy2+2)) 12, (2.36)
) = 122 g
Note that |||v||| := |v(1)] is a norm on Pkl_l(IA).l Using the norm equivalence in the finite-
dimensional space, we have
@||z(-h</2+x-) 12, . < Chi||Z (hj/2+x))||* = Chj|z- g Chjlz|?
) J )Wy =0 j J =Sy TR
2.37)
The proof of (2.35) is completed after combining (2.36) and (2.37). ]

Lemma 2.6 Let § be the solution of (2.28). Then § is well-defined and satisfies (2.30).

! Since [lIlll is already a seminorm, it suffices to show |v(1)| = O implies v = 0, Yv € Pkl_1 (f). Indeed, note

that PkL_1 (f) = {alg(x)]a € R}, where I (x) is the kth-order Legendre polynomial on I.Forv = al(x),
since [ (1) # 0, one can see that v(1) = 0 implies @ = 0 and hence v = 0.
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Proof We divide the proof of this lemma into three steps.
Step 1: Estimate of || [3] ||L2(€;r). We take v = §, in (2.28a), multiply (2.28b) with [4],
add the two equations and sum over all j. It then yields

N

Z((M),-Ha}”)l[s ) Zn,+2

j=1

Note that the left side assembles the bilinear form H(§, §). According to (2.14), we have

N 2 N
1 2 X[ s+
CRIATEDS (0,03 =5 ) 02, + 2 (57) = .00 - D ).
(2.38)
One can then apply Cauchy—Schwarz inequality on the right side to obtain
2 —
el 1172 50y < 17l 2y 1 18] 2. (2.39)
which gives
-1 =
18Tl 2ery < 15 1Tl e (2.40)

Step 2: Estimate of 18] (g Add 87,1 » — {8}'7}, , on both sides of (2.28b). It gives

8oy =iy 0y By, (2.41)
Hence using the triangle inequality and the estimate (2.40), we have
187 2y =Nllp2 ey + ( <SUP ‘9 D I8 L2 (g5)
(2.42)
~ —1 _ A —
< (1 + sup 64| 2 ) ey < Collillaes.
Similarly, we can add 61, , — {6}'"), ,, on both sides of (2.28b) to obtain
+ _ =
RTINSO 2.43)

Following the derivation in (2.42) yields a similar estimate || ||L2(5;r) < ég)”f]”Lz(E;’f—).
Therefore, we have

18112y =\/ (||6+||L2(5+) + 118~ ||L2(5+)> < Collilzery  @4)

Step 3: Estimate of (8|2 (q;,)- Note that §|;; satisfies (2.34) with z =4 ;_
Proposition 2.5 implies

it1/20 Therefore,

1
81221,y < Chj |8 (2.45)

it3
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After taking the square, summing over all j, and applying the estimate (2.42), one can obtain

N N 2
2 _ 2 e -2 A2 =12
181720 = D_I813a0sy = € D hj (87,1 | = ChIST Ia(epy < CRRIAIZ: g )
j=1 j=1
(2.46)
Finally, the proof of (2.30) can be completed after combining (2.44) and (2.46). O

Remark 2.7 In the analysis of [26] and [6], the authors provide an algebraic proof of Lemma
2.6. The proof uses the fact that the linear system of (2.28) under a given basis can be
assembled and solved explicitly. For periodic boundary condition, this methodology has
been applied to construct the GGR projection with one of the following settings:

1. 0j41/2 = 01,2 is constant;
2. There exists an index j, such that 6, ;12 = 1 (or —1 for u; = uy).

The associated matrix is circulant for the first case and is triangular (after permutation) for
the second case, which can be both inverted analytically in a neat form. For general 6, the
algebraic approach to construct the corresponding GGR projection would still work, but one
has to deal with the complication of inverting the bidiagonal matrix with a periodic boundary.
While the energy-based analysis in Sect. 2.3 does not rely on these specialties of  and the
case with general 6 can be covered. See Sect. 2.4 for further discussions.

2.4 A More General Projection

The energy approach can be used to analyze the following projection operator, for which the
flux coefficient & may vary at different mesh cells. This projection can be used to prove the
optimal error estimates of the upwind-biased DG method for the linear advection equation
with degenerate variable coefficients u; + a(x)u, = 0 and the DG methods with generalized
local Lax—Friedrichs fluxes for nonlinear conservation laws u; + f(u), = 0. See Remark
2.10.

Lemma 2.8 Given 6 = {6 j}yzl such that

0<py <

1
9j_§‘§ﬂ*<+ooa Vji=1,--.N, (247)

there exists a uniquely defined Tlyu satisfying

(ng,v)lj :(u,v)lj, Vv € Pr-1(1}), Vi=1,---,N, (2.48a)
©) _ (10 o > L 1
R N Vi=1 N, (248b)
_ . 1
(e} ™, = w7, ifo; < =, Vj=1,---,N. (2.48¢)
i—3 i=3 2
Furthermore, we have
1
e — Moull 275y + h2 llu — Moull2(g+) < Coh* M ul e (7. (2.49)

where Cy = C (1 + (u* +1/2) ;") (1 + (W +1/2) M;‘/z) (14 (* + 1/2)), and C is

a constant dependent on k, but is independent of ¥, .y and h.
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An energy-based proof of Lemma 2.8 is given in Appendix A.
Remark 2.9 With 0; =012 > 1/2,(2.48) retrieves the GGR projection in Lemma 2.1.
Remark 2.10 Suppose the sequence 6 = {01 /2}?': | changes sign only twice. We have

0,,1>3 ifp<j<y—1

/T2 2.50
0j+% < %, otherwise (2.50)
The choice
1 ifj=y
0 =301 fp=j=y—1 (2.51)
6. 1 otherwise
J=2
yields the projection
(Mgu, v);, = (u, V). Yo e Pei()), Vj=1,---N, (2.52a)
(ng)j_’_% = uj+%, if j =y, (2.52b)
0 6 . .
{Heu}j.j% = {u}j.j%, ifp<j<y—1, (2.52¢)
(Meu}?, = w}?,, otherwise, (2.52d)

which retrieves the projection constructed in [19, Lemma 3.1] for optimal error estimates of
the upwind-biased DG methods for the linear advection equation with degenerate variable
coefficients. Moreover, let us assume A > |v|. If we change the parametrization in (2.50) as

1 - .

1 : ’ :
)‘j+% — Uj+% < 5, otherwise
then (2.52) will retrieve the piecewise global projection in [21, Lemma 3.2] that is used for
optimal error estimates of the DG methods for nonlinear conservation laws with generalized
local Lax—Friedrichs fluxes.

3 Multi-Dimensional Case
In this section, we consider the linear advection equation in multidimensions,

up+0gu =0, u=ux,1), x,1)ex(OT7). 3.1
Here dg = B - V and B is a non-zero constant vector. We assume 2 C RY, d = 2,3.
To avoid unnecessary technicality, let us only consider the periodic boundary condition and

hence assume €2 is a rectangular domain in 2D or a cuboid domain in 3D, although the inflow
boundary condition with a convex polygonal domain can be analyzed along similar lines.

@ Springer



40 Page 14 of 36 Journal of Scientific Computing (2023) 95:40

3.1 Notations
3.1.1 Mesh Partition

Let 7;, = {K} be a partition of the domain €2 with simplices. Given a simplex K and a face
e € 0K, we use n., to represent the outward unit vector along e with respect to K. The
subscripts of n may be omitted when it does not cause confusion. Let 4 be the diameter of
K and h = maxge7;, hx. We assume 7, to be shape-regular. In other words, there exists a
positive constant o > 0, such that

hg/pk <o, VK €T, (3.2)

where px is the diameter of the inscribed ball of K. In addition to the shape-regularity
assumption, we also assume 7}, satisfies the following flow condition [9]:

(A1) Each simplex K has a unique outflow face with respect to 8, denoted by e}. (3.3a)
(A2) Each interior face ez is included in an inflow face with respect to 8 of

another simplex. (3.3b)

Here we say e is an outflow (inflow) face with respect to B if B - n., > (<) 0. The set of all
outflow faces is denoted by S,f = UkeT, {e,t}. Note that hanging nodes are allowed if they
do not appear on the outflow face of a simplex. Further characterizations on meshes satisfying
the flow condition (3.3), including their construction on general polygonal domains in any
dimensions, can be found in [9].

Remark 3.1 Typically, the flow condition (3.3) may imply a strong assumption that many faces
in the mesh partition have to be parallel to the flow direction B, so that the upwind-biased DG
scheme can be written in the form of Proposition 3.3 and the number of cell-interface terms
in the error estimates can be reduced. For optimal error estimates, the flow condition (3.3)
can be relaxed. It can allow more than one outflow face by either having faces to be “almost
parallel" to B or requiring the number of those outflow faces to be appropriately bounded.
We refer to [11] for details. More generally, when the flow condition is not satisfied, we may
observe (k + 1/2)th order convergence rate for some numerical tests, see [27] for an example.

In addition, we note that the flow condition (3.3a) together with the shape-regularity
condition (3.2) implies the transversality condition on 5;’ (but not on all edges of 7). See
Lemma 3.2, whose proof is given in Appendix B.

Lemma 3.2 (Transversality condition on S;r ) Ford = 2,3, there exists a positive constant
y, which depends on the shape-regularity constant o, such that

,8~n€; > |Bly >0, VK e€7Tp. 3.4
3.1.2 Finite Element Space, Inner Products, and Norms

The finite element space of DG discretization is taken as
Vi = {v e LX(Q) vk € Pe(K)), (3.5)

where Py (K) is the linear span of polynomials on K of degree less than or equal to k. Along
a face e, we denote by v = lim,_, o+ v(x + €B). As those in the 1D case, we use

wl=vt—v~ and {1® = ©Ov) + <§v)+, withd =1 — 9, 3.6)
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for the jump and weighted average of v across a face, respectively. Let us denote by fAI = B/|B|
the unit vector with the same direction as B. Let w and v be single-valued functions defined
along the element edges in (3.7), and be functions in V}, in (3.8) and (3.9). The following
notations will be used in our analysis.

(w, v), = /wvdl, ||v||L2(g) =/ (v, v),, Hv”ﬁ’LZ(e;) =4/ (3 -nv, U>g;,
e

3.7
oo = [wnds, ol = Voo, ol paxy = | (B mgvov)
(3.8)
W,z =Y @ Mlegy = [ 30 Wl Wl = [ 20 1015 -
KeT), KeTy, KeT),
(3.9)

Furthermore, for a single-valued function w and a double-valued function v along the outflow
edges, let us define

1
Prhuen = | 2 My e = \/ 2 (””*”iz(s,r) * ””’”32(5))’
KeT,

(3.10)
1
P = % - = - + 2A - % .
lwllg 126 /K; 10l3 oy 1003026 /2 (nv 13,0265 IV ”ﬂ,u(s;))
3.1D)
Note that due to Lemma 3.2, || - ”LZ(SD and | - ”If}’Lz(E;T) are equivalent, and || - || 27,y and

Il B.12(T,) A€ equivalent, upto a constant dependent on y (and hence o).

As before, letting £ > 0 be an integer, we use the standard notation H* (K) to represent
the Sobolev space on K with the seminorm | - | ;¢ (g and the norm || - || y¢(x. We denote by

HY(Ty) = {ve L*(Q) : v|x € HY(K),VK € Tp,) (3.12)

the broken Sobolev space with the seminorm |v|ge 7,y = /> KeT, |v|i,z (K) and the norm

/ 2
||v||H£(']71) = ZKEE ”U”H(’(K)

3.2 Upwind-Biased DG Scheme and Its Error Estimate
The upwind-biased DG scheme for (3.1) is defined as the following: Find u;, € Vj, such that

(n)ev)g = (un, 9v) c + D (un}® . B-nv),, =0, YveV,  (3.13)

exedK

Proposition 3.3 Under the flow condition (3.3a), the DG scheme (3.13) can be equivalently
written as

((n)e, v, = Hup, v; B), Vv € Vp, (.14
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where

H(un, v: B) = (un, 3pv) 7, + D (un)?. B-nlv]),q. (3.15)
KeTy

Moreover, we have

1
H(v, v B) = —1Bl Y. ((96; E 5) ||[v]||§,,L2(e;)>, VeV (316

KeT,

Proof (3.14) can be proved by taking the summation of (3.13) over all mesh cells, combining
the integrals along cell interfaces for adjacent elements, and finally noting that 8 - n = 0 if
the edge is not an inflow or outflow edge for any K. (3.16) can be verified through a similar
argument as the proof of (2.14). O

As one can see from (3.14) and (3.15), one only needs to specify 6 along E;F. Here we make
the following assumption.

1
OSM*§9e2—5§u*<+oo, VK € Tj. (3.17)

In the following lemma, we define a global projection associated with the special simplex
mesh, whose proof is based on an energy approach and is postponed to Sect. 3.3.

Lemma 3.4 Suppose Tj, is a shape-regular mesh (3.2) satisfying the flow condition (3.3) and
the flux parameter {096;}1(67—,, satisfies (3.17). Then for any sufficiently smooth function u,
there exists a unique Tgu such that

(Mou, v)g = (u, v)g. Vo € Pe_i(K), VK €Ty,  (3.182)
(Mo}, w) 1 = ()@, w), ¢, Yw € Py (ef), VK €7,.  (3.18b)

Furthermore, we have
1
lu = Tgull 275, +h2 llu = Tpull 2(ery < Coh* ™ ul st (7, (3.19)

where Cg = C(1 + (u* + 1/2),u;1) (1 + (u* 4+ 1/2)) and C is a constant dependent on k
and o, but is independent of ¥, pwy and h.

With the projection in Lemma 3.4, we are able to prove the optimal error estimate of
(3.13), as outlined in the theorem below. The proof is omitted here, since it is the same as
that of the 1D case, except for replacing H(-, -) with H(-, -; B).

Theorem 3.5 Suppose the exact solution of (3.1) is sufficiently smooth, with uniformly
bounded ||u|| g+ 7,y and |lu |l grvi(g,). For Ty and 8 satisfying conditions in Lemma 3.4,
the upwind-biased DG scheme (3.13) for (3.1) admits the following error estimate

e —unllozy| < lu—unlloeg,y|  + Cou(l + TR, (3.20)
t=0

where Cy y depends on Cy in Lemma 3.4, ||\u|| grs1(g,), and ||u; || gr+1 (), but is independent
of h.

Remark 3.6 In general, when 012 — 1/2 > p, = Coh® with » > 0, we expect similar
suboptimal convergence as that in the 1D case (see Theorem 2.3). A numerical test with P!
elements on unstructured meshes is given in Table 8 of Example 4.3.
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Remark 3.7 The projection in Lemma 3.4 can be considered as a multidimensional extension
of those in Lemmas 2.1 and 2.8. Indeed, it is written in a closer format as that in Lemma 2.8.
The main complication in defining the 1D projection in Lemma 2.8 is to specify whether the
outflow edge should be x;_1,2 or x;1/2. While this complication has been automatically
taken care of in the multidimensional case with the notation of e}.

Remark 3.8 Here although we focus on the case with constant coefficients, we expect sim-
ilar optimal error estimates can be obtained for the case with variable coefficients. In [11],
Cockburn et al. relaxed the mesh condition in (3.3) and proved optimal error estimates of the
purely upwind DG methods for the steady state transport equation with variable coefficients.
The analysis utilizes the local projection in [9, 10] corresponding to 6 = 1 in Lemma 3.4.
We expect that optimal error estimates can be extended to the variable coefficient case by
following similar argument in [11] and replacing the local projection by the global projection
in Lemma 3.4.

3.3 Proof of Lemma 3.4

Note that & = 1 retrieves a local projection operator. It is well-defined and its approximation
property has been shown in [9, Lemma 2.1] and [10, Proposition 2.11.2

Lemma 3.9 Lemma 3.4 holds for 6 = 1.

The proof of Lemma 3.9 is based on a multi-dimensional version of Proposition 2.5, which
is stated in Lemma 3.10. The proof of Lemma 3.10 can be found in [10, Lemma 3.1].

Lemma 3.10 Given a face e of the simplex K and a function z € L*(e), there is a unique
function Z € Py (K) such that

(Z,v)g =0, Yo € Pr_1(K), (3.21a)
(Z, w), = (z, w),, Yw € Pr(e). (3.21b)
Moreover,
1
1ZIl2k) < Chigllzll 2y (3.22)

where C depends solely on the polynomial degree k and the shape regularity constant o.

With a well-defined local projection IT; and the estimate with trace (3.22). We can use an
energy argument to prove Lemma 3.4. The proof is very similar to that of the 1D result in
Sect. 2.3.

Proof Let § := (Ily — II1)u. Set & = 1 in (3.18) and subtract the resulted equation from
(3.18) with a general 6. Then it yields

8, v =0, Vv € Pi_1(K), VK €T, (3.23a)
({(8) ) wher = (i, whs Vw € Py (ef) VK € Tp. (3.23b)

2 In the papers by Cockburn et al., the estimate of ||u — l'[luHLz(K) is proved. The estimate of the trace
llu — Tyul 12 ( +) can be obtained after applying the inverse trace inequality.
e
K
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Here 7 = {u — IT;ju}®. As that in the 1D case, the key is to show that: if § solves (3.23),
then

1 AL oA 1 _
18112z + 12 180 2(e ) < Coh2 N1l 2(er), With Co = € (1 - (u* - 5) "y 1) :
(3.24)

Recall the transversality condition on outflow edges in Lemma 3.2. Since 0 < y < 3 -n <1,
I - ”is,LZ(Th) and || - || 27, are equivalent and || - ”B,LZ(EZ’) and || - ”LZ(E/T) are equivalent,
upto a positive constant dependent on y (and hence o). Therefore, it suffices to show that

1 Ao L
”8”&’[‘2(7;’) +h2 ”8”3’112(5;) = C0h2 ”n”B’l}(g;r)v (325)

which is proved through the following three steps.
Step 1: Estimate of || [4] ||L2(£/+). Under the assumption (3.3b), we have

(81, € Px (ex) - (3.26)

Hence we can take v = 0,6 := f) -Véand w = [S]ﬁ -n in (3.23). After summing over all
mesh cells, it then yields

(5.958), + D U8 181B m)p = 3 (0. 1518 -m),. (3.27)

KeT, KeT,

Note the left hand side is simply (8, §; B)/|B|. Taking the absolute value on both sides and
applying (3.16) and (3.17) to the left side, it yields

5 1 2 _ |H@. & B)|
Hall BT oy < 2 ((% —5) ”[‘””ﬁ,mem) BT

KeT,
(3.28)
=| > @.1818-n):|.
KeTy,
We then apply the Cauchy—Schwarz inequality to the right side to get
2 n A A
w115 2 ey < Wl 12(ey 1181 g age- (3.29)
which gives
1=
18103, 2y = 1 Nllg 12 (e 4y- (3.30)
Step 2: Estimate of |8 || B2 One can deduce from (3.23b) that
’ h
(07 w)r = (1 =081, w),r. Yw e Py (eg). (3.31)

Take w = ﬁ -nd~, sum over all elements K, and then apply the Cauchy—Schwarz inequality.
It yields

18715 p2ery = D (67 B-md7) o= 3 (1 —018].B-né7),;

ke, KeT; (3.32)

IA

17— G181 1p 120518713 12 (e
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We then divide by |67 || B.2(ef) On both sides, apply the triangle inequality, and recall the
estimate of || [] ”3 L2(g]) in (3.30). It gives

||8_||ﬁ’L2(£;') = ”ﬁ”ﬁ’[‘z(‘s;’) + (KeTh 962 ) || [8] ”B,LZ(S;’)

_ (3.33)
< (14 s 6o | ) Wil 2y
= C(J”ﬁ“ﬁ‘LZ(g;r)-
Similarly, with
(8™, w)r = ([ + 0[], w)r, YweP (ef). (3.34)

we can use a similar argument to obtain || ”B L2(e]) < (:‘9 IIn II;, L2(e}) Therefore we have
’ h ? h

1 .
1811512 (e =\/ (||5+||ﬂ L2(e) + 118 ‘Ilﬁ L2(£+)> = Collillg o(er)- (335

Step 3: Estimate of ”5”3 L2(T)" Applying Lemma 3.10 with

e=ck, Z=68/B-ng, and z=5/B-n,:, (3.36)

1815, 1205) < ChEIS 3 120 (3.37)

one can obtain

which gives

) B 2 1811«
1813, 2070 = | 22 1813 ooy = [ 2 ChiclSTIE oy = Ch2 I8 g 2y
KeTy, KeT,

(3.38)
Then we use the estimate (3.33) to obtain
18113 275, < Coh?Nitllz 1o (e (3.39)
We can combine (3.35) and (3.39) to obtain (3.25) and hence (3.24).

Finally, to prove Lemma 3.4, we can use the estimate in (3.39) to show that the solution
to (3.23) is unique. Furthermore, through a simple dimension count in Proposition C.1, one
can see that (3.23) is a square system, for which the uniqueness of the solution implies
the existence of the solution. Hence § is uniquely solvable. Furthermore, noting that n =
{u — M u}®, Lemma 3.9 implies

i <c(p+l m <o (pr 4 1)t
Il 2(gn) = C {17+ 3 lu = Mull ey < C | 07+ 3 vl g1 (75,
(3.40)

Together with (3.24), it gives

1
1811273y + R 21181 p2(e) < Coh™*ul oo ;. (3.41)
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As aresult, [Tgu = ITju +§ is well-defined, with IT{u admitting the approximation property
in Lemma 3.9 and § admitting the estimate (3.41). The approximation estimate (3.19) can be
obtained after applying the triangle inequality

1
llu = Toull 275, + h2 lu = Moul 21

IA

1 1
lu = Thull 2z + A2 lu = Thull 2 gry + 181275 + A28 L2 (g5 (3.42)

IA

k+1
Coh ™ ul s (7, -

3.4 Difficulties on Extension to 2D Cartesian Meshes

In this subsection, we briefly comment on the difficulties of using the energy approach to
construct global projection operators for optimal error estimates of the upwind-biased DG
methods on 2D Cartesian meshes with either OF or P¥ elements. Here we only present some
native attempts based on the techniques in the previous subsection, and comment on the
potential difficulties. There may be ways to circumvent these difficulties and we will leave
them to future investigations.

For simplicity, we assume 8 = (1, DT and the equation (3.1) becomes

ur +uy +uy =0, u=u(x,y,t). (3.43)

The mesh partition is given by Q@ = U; ;{K;;}, where K;; = I; X Jj = (xi—1/2, Xi+12) X
(¥j—1/2, ¥j+1/2). The finite element space is set as

Vi ={velL*Q): vk, € 2k (Kij) ., Vi, j}. (3.44)

Here 2 (K;;) = Pk (Kij) for P¥ elements and 2 (K;;) = Q (Kij) for O elements.
(o)2 (K[j) is the space spanned by polynomials on K;; of degree less than or equal to k in
each variable. In below, 6; > 1/2 and 6, > 1/2 are given constant parameters.

3.4.1 QX Elements

The optimal error estimates of upwind-biased DG methods on 2D Cartesian meshes were
proved in [26] using the 2D GGR projection [6, 26]. The 2D GGR projection Ilg, g, :=
Ty, ® Iy, is defined as the tensor product of the one-dimensional projections. To be more
specific, for any u, we want to find Iy, g,u € V), such that

/ (Mg, 6,u) vdxdy :/ uvdxdy, Vv € Q_1(Ki)), (3.45a)
o1, ,

/ {ng,,02u}f+'j)y vdy =/ {u}lff’:j’y vdy, Vv e Pio1(J)), (3.45b)
5 : _ :

/ (T, gyu 2)1 vdx = / {u}(“‘ 92), vdx, Vv e Pe_1 (1), (3.45¢)

I;
(61.62) (01,62)
{To,, 2u}+ ey =0 (3.45d)
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Here we have

{W}filgy)v =w <x;_%, y> + 61w <xi++%, y> : (3.46a)
{w}(x 9+z>1 = bhw <x, y;+%> + Hhw (x, y;_%) , (3.46b)

), 02? | =00 (x;%, yj—%) + 616w (x;%, y}:%)
+ 0160w ( e y];%) + 616w <xi':%, y;%) , (3.46¢)

and =1 -6 forl =1,2.
To study the projection Ig, g, by the energy approach, we want to construct the bilinear
form associated with the linear advection

H(w, v) =Z </K (alvx + agvy) dxdy

ij

—a1/{w RO )dy+a1/{w S G IR
2.y i—3
0 - .0
—a /I[{w})(jjj)%v (x, yH%) dx + ap /Ii{w}ifjj)%v (x, y;”%) dx) )

Here w,v € Vj and a; and a, are some constants that can be chosen in the analysis.
However, note that for v € Qi (K;;), we may have vy, vy ¢ Qi—1(K;;). Hence the term
f K, W (a1vy + azvy) dxdy in (3.47) may not be directly constructed from (3.45a). This
hinders the analysis of the 2D GGR projection on Cartesian meshes by the energy approach.
Further investigation is needed to overcome this difficulty.

3.4.2 PX Elements

In [24], Liu et al. proved the optimal error estimates of the upwind DG method with P¥
elements for the linear advection equation on 2D Cartesian meshes. The main ingredient of
the proof is to construct the special local projection [24, Lemma 2.1]. However, there seems
to be very limited results on extending their optimal error estimates to the upwind-biased
case, and the exact form of the required projection may not even be clear. A tentative attempt
is to generalize the local projection [24, Lemma 2.1] as

/ (Mg, p,u) dxdy = / udxdy, (3.48a)
Lij(Ilg, gou, v) =L;jj(u, v), Yv € Pr(K;j), (3.48b)
where
Lij (w,v) =/ w (vy + vy) dxdy — / () ”y (v (x;p y) —v (xf_p y)) dy
K /i : T 7 (3.49)

/{ },(:J(ii( < ,y;+%>dx—v<x,y7_%)>dx,
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Table2 The L? error and the convergence order of upwind-biased DG methods on 1D uniform mesh with N
mesh cells. 0 = 1/2 + h®

w=0.5 w =0.75 w=1 w=2
N L2 error Order L2 error Order L2 error Order L2 error Order
p! 640 4.068E-05 - 1.263E-04 - 2.864E-04 - 4.883E-04 -

1280  1.439E-05 1.50 5.388E-05 1.23 1.435E-04  1.00 2.456E-04  0.99
2560  5.093E-06  1.50 2.284E-05 1.24 7.181E-05  1.00 1.231E-04  1.00
5120  1.803E-06  1.50 9.643E-06  1.24 3.593E-05 1.00 6.162E-05  1.00
P2 640 4.765E-09 - 4.725E-09 - 4.739E-09 - 4.756E-09 -
1280  5.915E-10  3.01 5.923E-10  3.00 5.943E-10  3.00 5.946E-10  3.00
2560  7.382E-11  3.00 7.413E-11  3.00 7.430E-11  3.00 7.434E-11  3.00
5120  9.232E-12  3.00 9.275E-12  3.00 9.289E-12  3.00 9.292E-12  3.00

and {w}l('j_li%m and {w}i)f’jzz_)l /o are defined in (3.46a) and (3.46b), respectively. When 61 =
6, = 1, this retrieves the local projection in [24, Lemma 2.1].

The structure of the projection (3.48) is very different from those of Lemmas 2.1 and 3.4,
and itis not easy to derive the bilinear form (3.47) from (3.48). Although the projection (3.48)
naturally induces the bilinear form £ (w, v) =) ij Lij (w, v), it seems to be difficult to use
L(8, 8) to control [§], and L(8, §) may not be used in replace of the bilinear form H(3, §) in

(3.47).

4 Numerical Tests
4.1 1D Tests

The detailed numerical verification of Theorem 2.2 can be found in [26]. In this section,
we examine Theorem 2.3 and test the 1D upwind-biased DG methods using polynomials of
degrees k = 1,2 and 6 = 1/2 + h® with various values of w.

Example 4.1 In this test, we solve (2.1) with the initial condition u(x,0) = sinx on the
domain 2 = (0, 27) coupled with the periodic boundary condition. The exact solution is
u(x,t) = sin(x — t). The second-order Runge—Kutta method is used for the k = 1 case and
the third-order Runge—Kutta method is used for the k = 2 case. We set At = 0.05 & and use
very fine spatial meshes for a clean convergence rate. w is set as 0.5, 0.75, 1, 2. We have also
tested other values of w, but the results are very similar and are hence omitted.

In Table 2, uniform meshes with N cells are used for computation. In Table 3, the meshes
are nonuniform and the cell length alternates between 4 = 27r/N - 4/3 and h/2. Except for
P? elements on uniform mesh, for which the optimal third-order convergence rate is observed
[25], we observe the (k + max(1 — w, 0))th order convergence rate in all other cases, which
matches the results in Theorem 2.3.

4.2 2D Tests

In this section, we test the 2D upwind-biased DG methods with polynomials of degrees
k = 1,2 and various of parameters & = 0.75 (under-upwinding), & = 1 (upwinding), and
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Table3 The L2 error and the convergence order of upwind-biased DG methods on nonuniform meshes in 1D
with the cell length alternating between h = 27 /N -4/3 and h/2.0 = 1/2 + h®

w=0.5 w=0.75 w=1 w=2
N L2 error Order  L? error Order L2 error Order  L? error Order
Pl 5120 2.462E-06 - 1.442E-05 - 4719E-05 - 6.852E-05 -

10240  8.706E-07  1.50 6.098E-06 1.24 2.360E-05  1.00 3.427E-05  1.00
20480  3.079E-07  1.50 2.571E-06 1.25 1.180E-05  1.00 1.714E-05  1.00
40960  1.089E-07  1.50 1.080E-06  1.25 5.886E-06  1.00 8.551E-06  1.00
P2 640 3.936E-08 - 1.322E-07 - 3.419E-07 - 6.147E-07 -
1280 6.836E-09  2.53 2.799E-08  2.24 8.571E-08  2.00 1.546E-07  1.99
2560 1.200E-09 251 5O11E-09 2.24 2.146E-08  2.00 3.876E-08  2.00
5120 2.115E-10  2.50 1.244E-09 2.25 5.360E-09  2.00 9.689E-09  2.00

Table 4 The L2 error and the convergence order of upwind-biased DG methods on structured meshes using
periodic boundary conditions. The mesh is generated by subdividing a square mesh with N x N elements

6 =0.75 0=1 0=2

N L2 error Order L2 error Order L2 error Order
P! 10 4.819e—02 - 3.820e—02 - 3.592e—02 -

20 1.152e—02 2.06 9.439e—03 2.02 8.243e—03 2.12

40 2.802e—03 2.04 2.349¢—03 2.01 2.023e—03 2.03

80 6.945¢—04 2.01 5.864e—04 2.00 5.036e—04 2.01
P2 10 3.854e—03 - 3.333e—03 - 5.982e—03 -

20 4.615e—04 3.06 4.256e—04 2.97 9.441e—04 2.66

40 5.654e—05 3.03 5.331e—05 3.00 1.312e—04 2.85

80 7.039¢—06 3.01 6.670e—06 3.00 1.714e—05 2.94

0 = 2 (over-upwinding). The spatial domain is set as 2 = [0, 1] x [0, 1]. For periodic
boundary conditions, we use the fourth-order Runge—Kutta method for time-marching. The
resulted fully discrete scheme is stable under the usual CFL condition At < Ch [33, 34, 39].
For the inflow boundary condition, the fourth-order Lax—Wendroff method is adopted for time
discretization to avoid the possible order reduction due to the inflow boundary condition [17].

Example 4.2 We consider the linear advection equation with 8 = (1, 1)7. The initial con-
dition is set as u(x, y,0) = sin(2z(x + y)). We consider both the periodic boundary
condition and the inflow boundary condition. For both cases, the exact solution is given by
u(x,y,t) =sin(2w(x +y — 2t)) and the final time is setas T = 0.2. We take Ar = 0.01/N
to reduce the temporal error, although a larger time step size can be used in practice.

We use structured triangular meshes in this numerical example. These meshes are gen-
erated by splitting the uniform Cartesian meshes by connecting the lower-left and the
upper-right nodes in each square. See Fig. 1a. This uniform mesh satisfies the presumed flow
condition with respect to 8 = (1, 1)7. The numerical results with the periodic and inflow
boundary conditions are given in Tables 4 and 5, respectively. The optimal convergence rates
are observed, as that has been proved in Theorem 3.5.
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(a) Structured mesh. (b) Unstructured mesh.

Fig. 1 Meshes for the accuracy test in Examples 4.2 and 4.3 with N = 10

Table 5 The L2 error and the convergence order of upwind-biased DG methods on structured meshes using
inflow boundary conditions. The mesh is generated by subdividing a square mesh with N x N elements

0 =0.75 0=1 0=2

N L2 error Order L2 error Order L2 error Order
p! 10 4.717e—02 - 3.847e—02 - 3.774e—02 -

20 1.150e—02 2.04 9.485e—03 2.02 8.420e—03 2.16

40 2.802e—03 2.04 2.353e—03 2.01 2.044e—03 2.04

80 6.945e—04 2.01 5.867e—04 2.00 5.061e—04 2.01
p? 10 3.784e—03 - 3.351e—03 - 5.514e—03 -

20 4.568e—04 3.05 4.246e—04 2.98 8.637e—04 2.67

40 5.608e—05 3.03 5.318e—05 3.00 1.214e—04 2.83

80 6.979¢—06 3.01 6.654e—06 3.00 1.597e—05 2.93

Example 4.3 In this numerical test, we repeat Example 4.2 on unstructured meshes, which are
generated with Netgen [29] by specifying the mesh parameters. For example, the mesh with
the maximal mesh size 1/N = 1/10 admitting the periodic boundary condition is depicted
in Fig. 1b. Although the meshes do not satisfy the flow condition, we still observe optimal
convergence rates. See Tables 6 and 7.

We have also used the meshes to test the upwind-biased DG methods with 6 = 1/2 +
(1/N)® and w = 0.25,0.5,0.75, 1, 2 using P! elements. The results are documented in
Table 8. Degenerated convergence rates are observed as those in the 1D case. By comparing
Tables 6 and 8, it is clear that the degeneracy should be attributed to the vanishing values of
0—1/2.

Example 4.4 This example is modified from the numerical test in [9]. We consider the linear
advection equation with B = (1, 0)”. The periodic boundary condition is imposed at x = 0
and x = 1. Again, we take the initial data to be u(x,y,0) = sin(2r(x + y)) and the
corresponding exact solution is u(x, y,t) = sin(2z(x + y — t)). We compute to 7 = 0.2
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Table6 The L2 error and the convergence order of upwind-biased DG methods on unstructured meshes with
the mesh parameter 1/N using periodic boundary conditions

0 =0.75 0=1 0=2

N L2 error Order L2 error Order L2 error Order
p! 10 2.577e—02 - 1.892e—02 - 1.800e—02 -

20 6.527e—03 1.98 4.508e—03 2.07 3.984e—03 2.18

40 1.690e—03 1.95 1.143e—03 1.98 9.991e—04 2.00

80 4.200e—04 2.01 2.813e—04 2.02 2.452¢—04 2.03
p? 10 1.274e—03 - 1.236e—03 - 1.830e—03 -

20 1.401e—04 3.18 1.417e—04 3.12 2.219e—04 3.04

40 1.868e—05 291 1.909¢—05 2.89 3.014e—05 2.88

80 2.275e—06 3.04 2.346e—06 3.02 3.734e—06 3.01

Table 7 The L2 error and the convergence order of upwind-biased DG methods on unstructured meshes with
the mesh parameter 1/N using inflow boundary conditions

0 =0.75 0=1 0=2

N L2 error Order L2 error Order L2 error Order
P! 10 2.341e—02 - 1.742e—02 - 1.592e—02 -

20 6.234e—03 1.91 4.375e—03 1.99 3.849¢—03 2.05

40 1.643e—03 1.92 1.118e—03 1.97 9.679¢e—04 1.99

80 4.183e—04 1.97 2.808e—04 1.99 2.428e—04 2.00
P2 10 1.103e—03 - 1.088e—03 - 1.643e—03 -

20 1.321e—04 3.06 1.351e—04 3.01 2.086e—04 2.98

40 1.743e—05 2.92 1.807e—05 2.90 2.848e—05 2.87

80 2.177e—06 3.00 2.262e—06 3.00 3.595e—06 2.99

with the time step size At = 0.01/N,, where Ny is the number of horizontal strips in the
mesh partition.

To construct the spatial mesh, we start with a uniform mesh of size 1/Ny, in Fig. 2a. Then
we perturb the interior nodes randomly by at most 2/(5Ny) along the x direction. See Fig. 2b.
The resulting mesh is no longer uniform but still satisfies the flow condition with respect to
B = (1,0)7. The numerical results are given in Table 9. We observe the optimal convergence
rates for all cases, as that has been proved in Theorem 3.5.

Example 4.5 This example is modified from the numerical test in [27], which showed that
the convergence rate of k + 1/2 is sharp for the upwind DG method for linear transport over
generic triangular meshes. We consider the linear advection equation with 8 = (0, 1)7. The
periodic boundary condition is imposed at y = 0 and y = 1. As before, the initial data
is set as u(x, y, 0) = sin(2w(x + y)) and the corresponding exact solution is u(x, y, t) =
sin(2r (x +y — t)). We compute to T = 0.2 with At = 0.05/Nj.

To construct the spatial mesh, we start with a uniform mesh of size 1/N, in Fig.3a.
Then we add vertical edges to divide the mesh into m vertical strips. When m = O(h=%7),
the reduced convergence rate of k + 1/2 is observed with this mesh for the test problem
in [27]. The numerical test is given in Table 10. We also observe an order degeneration in
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(a) Uniform unperturbed mesh.

(b) Nonuniform perturbed mesh.

Fig. 2 Meshes satisfying the flow condition with respect to 8 = (1, 0)7': Uniform mesh with Ny = 10 and

its nonuniform perturbation. Figure 2b is used for the accuracy test in Example 4.4

Table 9 The L2 error and the convergence order of Example 4.4 with meshes having a similar structure in

Fig.2b
6 =0.75 0=1 0=2
Ny L2 error Order L2 error Order L? error Order
P! 10 4.534e—02 - 4.263e—02 - 4.863e—02 -
20 1.141e—02 1.99 1.073e—02 1.99 1.235e—02 1.98
40 2.935¢e—03 1.96 2.743e—03 1.97 3.203e—03 1.95
80 7.367e—04 1.99 6.856e—04 2.00 8.031e—04 2.00
P2 10 3.990e—03 - 3.969e—03 - 5.100e—03 -
20 5.683e—04 2.81 5.722e—04 2.79 7.575e—04 2.75
40 7.127e—05 3.00 7.204e—05 2.99 9.814e—05 2.95
80 9.011e—06 2.98 9.112e—-06 2.98 1.250e—05 2.97

the convergence rates. This does not contradict our analysis since the flow condition is not
satisfied for this set of meshes.

5 Conclusions

In this paper, we study the global projection operators using the energy approach developed
in [36]. Firstly, we revisit the 1D GGR projection along with optimal error estimates of the
upwind-biased DG method for the 1D linear advection equation. In particular, an energy
approach is proposed to prove the well-definedness and the approximation property of the
1D GGR projection. Then we extend the argument to multidimensions, which leads to a
novel global projection operator on 2D and 3D simplex meshes satisfying the so-called flow
condition. This global projection generalizes the local projection in [9] and is used to prove
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AN
(a) Undivided mesh. (b) Divided mesh with m = 3.

Fig.3 Mesh structure for the accuracy test in Example 4.5 with Ny = 12: Undivided mesh and divided mesh
withm =3

Table 10 The L? error and the convergence order of Example 4.5 using meshes with a similar structure as
that in Fig. 3b

0 =0.75 0=1 0=2

Ny m L2 error Order L2 error Order L2 error Order
P! 32 8 8.713e—03 - 7.336e—03 - 6.108e—03 -

128 21 1.047¢—03 1.53 7.840e—04 1.61 5.028e—04 1.80

512 64 1.433e—04 1.43 1.024e—04 1.47 5.724e—05 1.57
P2 32 8 1.608e—04 - 1.906e—04 - 3.134e—04 -

128 21 3.446e—06 2.77 4.346e—06 2.73 7.877e—06 2.66

512 64 9.958e—08 2.56 1.265e—07 2.55 2.197e—07 2.58

the optimal error estimates of the upwind-biased DG methods for linear advection on these
special meshes.
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Appendix A: Proof of Lemma 2.8

Before starting, we first state the following proposition, which can be deduced from Propo-
sition 2.5 through symmetry.
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Proposition A.1 Proposition 2.5 holds after replacing (2.34b) with Z}tl/z =z

The rest of the section is dedicated to the proof of Lemma 2.8.

Proof of Lemma 2.8 By default, we have 1 < j < N within the proof. From Propositions 2.5
and A.1, it can be seen that the following local projection is well-defined a

(Mu, v) ;= (u, V), Vv € Pr1(j), Vj=1,---.N, (A.la)
- _ , 1

(M) =u if0; > 5, (A.1b)
_ 1

(nu)jt% = ujt%, if0; < 5. (A.lc)

Indeed, it can be equivalently written as

[ou, if6; < ; (A-2)

ifo. > L
My — { Mu, if6; >
Here IT; and I correspond to (2.48) with & = 1 and 6 = 0, respectively. All three projec-
tions, Iy, [Tp and I1, satisfy (2.49) with Cy = C independent of ©* and ft,.
We denote by § = (I1g — IT)u. Subtracting (A.1) from (2.48), one can see that the
difference § satisfies the following equations.

@, v); =0, ve P11y, Vj=1,---,N, (A.3a)
)" =5 ifo; > ~ (A.3b)
jHy Y Ty '

®) = O
@7 =8 if6; < 5. (A3¢)

Here nji12 = {u— l'Ilu}(iei)]/2 and ;:.,'_1/2 = {u— Hou}(l.ei)l/z. Using the same argument as
that in the proof of Lemma 2.1, it suffices to show the solution to (A.3) satisfies

i AL _
18112225y + B2 081 2 ey = Con? (il ey + 11 2(ey)) (A4)

with
Co=C(1+ (@ +172)1") (14 (1w +1/2) i) (A5)

to complete the proof. We now proceed to prove (A.4).
To facilitate the discussion, we introduce the index sets

Jot = j'9-<1<9- Jh— = "94>1>0- ; (A.6a)
0 <5 i+ Jvi= 5 JHL( :

__ . 1 1 Tt . 1 1
J T = ]:9j<§,9j+1<§ s JTT = 119j>§,9j+1>5 , (A.6b)

-+ et— o +.+ :
and &, ", &, &, and &, for corresponding sets of {x;11/2}. It can be seen that we
are imposing one condition on &, and E,T “*, two conditions on SIT ", and no condition on
&, **, for each mesh point.
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Step 1: Estimate of ||5||L2<g:,_>. Note that for x ., 1 € &7, we have

0]-6;% +9/8_,'+% =ﬁj+%, (A7)
0018 08T =¢; 0. (A.7b)
Since 0 # 0, we can solve the equation system (A.7) to get
011 —0;C 41 Ojr1il; 11 — 08,1
57, = I TV g 5t = b hi) (A.8)
itz Oj+1—0; J+3 Ojr1—0;
Recall our assumption 0 < p, < |9j — l/2| < u* < 400 and let us define
* 1 —1
= (w45 ). (A9)

Then it can be estimated that

19257y = Cr <|Iﬁ|lL2(£h+,) + ||E||L2(5h+,)) : (A.10)

Step 2: Estimate of ||8”L2(5;f’+) and || [8] ||L2(£;“'+u€h‘")' From (A.3a), it can be seen

that
0= > 5,805, — Y, (8,8
j:0j>% j:9_,-<%
1 1 2 2
= 8T 3+ - = ol =8t
2Z</’+£ 2>2Z<;‘+; jé)
J0>% j0j<}
s 3 ()5 2 (b -
== 5T, t >_ (5—1 — 5T, ) (A.11)
2 et Jt3 J+3 2 jer- J+3 J+3
1 2 2 1 2 2
_ - + 2z - +
3 2 (sl <) +3 2 (\mz b
jeJ—t jeJt—
2 2
IR I DR U O P LA Ll :
jeJtt jeJ—— ( ) (l’ )

Here we have used the identity 18112 — 16712 = 2{8}1/) [8]. With (A.3b) and (A.3c), it can
be shown that

(9 ;) _ _
PRGN I DU U T DI ISR DR b
jeJt+ jeJ—~ jeJtt jeJ—~

(A.12)
Note that {5};‘1”)1 — {a}ilﬁ) — (6 — 1/2)[81;, - Combining (A.11) and (A.12) yields
2 2

2

1 2 2 2
6 - 2‘ 8y 101 vy = 180 )

jest+ur—-
> Ejrt 01t = > Mgy 10141 (A13)
jel—~ jeJtt
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Using the assumption |9_/ -1/ 2| > w« and the Cauchy—Schwartz inequality on the right
side, we can obtain

M*”[ ]||L2<5,++ g—7> + ||5||L2<5 +) ” ||L2(g+ )

< Wl o N 8T Do) + B ) 8T D

(A.14)

Using the inequality ab < (a2 + bz) /2 on the right side, we can simplify the inequality as

=115 ||L2(g++ vy ”3”12(6,:*)

< Qus)! + + 18 . (A.15)
Hose (“77“ (8; +) ||§|| (5/1 )) I ”L2<5h )
Taking the square root and using the inequality (|a|+ Ibl)/ﬁ < +/a? +b% < |a|+|b| yield

1
B8 s grniegm) 100 gy =

1

ci? (nﬁan(Em + llf"m@,)) + CBl g (A10

Note that (/L*)_% <1/24+1/2ps) < C (1 + k). Combining with (A.10), it can be shown
that

1
wil 8] ||L2(£;—,+U5h—.—) + ||8||L2(£h—,+)
<C(l+x) (”'_’”Lz(fh*'*ufi) + ||E||L2(5h,ugh+,)> (A.17)

<C(+«) (||ﬁ||L2(5,j) + ”E”LZ(S/T)> :

Step 3: Estimate of ||8||L2(5h+). From (A.3b) and (A.3c), we have

3;#:?7”5 0;18];,1. Vieg . (A.182)
6y =Gy 08y, Vies (A.18b)

With the triangle inequality, the estimate (A.17), and the fact |6, ], |§ = W+ 1/2 = iy,
it can be seen that

1812530 ) < (1 £+ on? ) (Wil 2y + 0Elzer)) - (A19)
Therefore, with (A.10), (A.17), and (A.19), we have
181l 2(er) < (1 +C( +1) (1 + wf)) (Wil ey + 121,267))
< Co (Il 2(ep) + 1826y ) - (A20)
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c

. O 4 !
A E 0] B A E B 0]

Fig.4 Triangular elements for the proof of Lemma 3.2 in 2D

Step 4: Estimate of ||8||12(g;,)- We can deduce from Propositions 2.5 and A.1 that

1 1
2 |s— s .. -
181221,y = Ch; 8_,4% , Vj:i0j > 5 (A.21a)
1 1
2 s+ S
||5||L2(1j) < Ch; Sj_l , Vji0j < 7 (A.21b)
Taking the square and summing over all mesh cells yield
N
181Z207) = D181 52ry) < ChISIT: o)- (A22)
j=1

Apply the estimate in (A.20) and take the square root. One can obtain

A1/ _
161 L2¢7,) < Coh? <||77||L2(gh+) + ||§||L2(5h+)). (A.23)

Finally, the estimate (A.4) can be obtained by combining (A.20) and (A.23).

Appendix B: Proof of Lemma 3.2

Proof Two-dimensional case: It is known that the shape-regularity condition (3.2) is equiv-
alent to the following minimal angle condition in 2D (also known as the Zldmal’s condition
[8, Exercise 3.1.3]):

There exists a constant og > 0, such that ax > g forall K € 7, (B.1)

where ok is the minimum angle of K.

Now we consider the triangular elements K = AABC in Fig.4. Let e} = AB be
the outflow edge. Suppose B starts at C. Due to the flow condition (3.3a), we must have the
extension of B intersect the line segment A B at some point E. Furthermore, we set O to be the
foot of the altitude from C to AB. Then we will have either |OA| > |OE|or |OB| > |OE]|.
Without loss of generality, we assume |[OA| > |O E|, which implies ZOCE < ZOCA. As
a result, we have

B My = |Blcos ZOCE > |B|cos ZOCA = |B|sin ZOAC > |B|sinag > 0. (B.2)

Here we have used the Zlamal’s condition (B.1). Hence the transversality condition (3.4)
holds with y = sin«g.
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Fig.5 Tetrahedral elements for the proof of Lemma 3.2 in 3D

Three-dimensional case: In 3D, it is proven in [3] that the shape-regularity condition (3.2)
is equivalent to the following minimal angle condition.

There exists a constant ocgp > 0, such that for any simplex K € 7, any dihedral (B.3)

angle o, and any solid angle o of K, we have o > «y.
Now let us consider the tetrahedrons K = ABCD in Fig.5. We assume e} = AABC
to be the outflow face. Suppose B starts at D. Due to the flow condition (3.3a), to ensure a
unique outflow face, we need that the extension of B intersect AA BC within the triangle at
some point E. Furthermore, we set O to be the foot of the altitude from D to AABC. We

connect O E and extend it until it intersects the edge of AABC at some point F (so that
|OF| > |OE|). Then we must have

cos ZODE > cos ZODF =sin ZOFD. (B.4)

Without loss of generality, we assume that F is on the edge A B. Note we have either |OA| >
|OF|or |OB| > |OF|. We only consider the case |O A| > |O F| and the other case can be
proved similarly. When |OA| > |O F|, we have

|OD]

sinZOFD >sin/OAD = ——. (B.5)
IDA|

Then we set G to be the foot of the altitude from D to AB on AABD. In can be seen that
|OD|  |0D| . IDG|
|IDA| |IDG| |DA|

Here we have used the fact that ZO G D is the dihedral angle between the plane ABC and

the plane ABD and ZG AD is a solid angle in AA B D, which are both greater than or equal

to ap according to the minimal angle condition (B.3). Combining (B.4), (B.5), and (B.6), we
get

sin ZOGD -sin /GAD > sin? ay. (B.6)

B-n,: =|Blcos LODE = |B| sin® ag > 0. (B.7)

Hence the transversality condition (3.4) holds with y = sin? ay.

Appendix C: Dimension Count in the Proof of Lemma 3.4

Proposition C.1 The finite-dimensional linear system determined by (3.23) is square.
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Proof Oneachmeshcell K € 7j,,the degrees of freedom of the unknown & is dim (P (K )), the
number of equations associated with (3.23a) is dim(Px—1(K)), and the number of equations
associated with (3.23b) is dim (P (ez)). Since

and

dim (P (K)) = (kzd), (C.8a)
. k—1+d
dim (Pr_1(K)) = ( d ) (C.8b)
k+d—1
dim (P (ex)) =< 2_1 ) (C.8¢)

k+d k—1+4+d k+d—1
(2= (0 2

we know that dim(P(K)) = dim(Pi_1(K)) + dim (P (e})) — the degrees of freedom
equals to the number of equations on each mesh cell. As a result, the global system (3.23) is

k+d

square with | 7| (“ ) unknowns, where |7;,| is the number of mesh cells.
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