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ABSTRACT

The Rayleigh-Debye-Gans approximation for fractal aggregates (RDG-FA) is commonly used to evaluate
the radiative properties of soot aerosols composed of nano-spheres due to its analytical character. Despite
neglecting electromagnetic coupling within an aggregate, the RDG-FA provides a simple interpretation of
angular light-scattering measurements in terms of a structure factor. This factor, in turn, enables the de-
termination of the aggregate’s fractal dimension D¢ and radius of gyration Rg. The structure factor can
be expressed as the Fourier transform of a purely morphological autocorrelation function. Here we em-
ploy the discrete dipole approximation and phasor analysis of the internal electric field in an aggregate
to study the role of coupling for the specific case of soot particle refractive index. An optical autocorre-
lation function is defined in terms of an aggregate’s phasors rather than simply its physical distribution
of material. The new function conveys the effect of the non-uniformity of the internal field distribution,
due to coupling, to the angular scattering. A correction term is then introduced explaining why coupling
tends to decrease the structure factor inferred in the power-law regime. Such decrease impacts the de-
termination of the fractal dimension from scattering data. Finally, it is shown that the inferred structure
factor is mainly affected by a so-called internal trapping effect associated with a large imaginary part of

the refractive index.

© 2022 Elsevier Ltd. All rights reserved.

1. Introduction

The characterization of aerosols, in particular soot, i.e., Black
Carbon (BC), has become essential due to its abundance, impact on
human health [1,2], and its contribution to atmospheric radiative
forcing and related climate impacts [3]. Most soot particles have
complex shapes and are frequently considered fractal aggregates
as illustrated by the scaling law that makes their virtual genera-
tion and study possible [4-6], i.e.,

Npy = kf(lfi)Df. 1)

m
The fractal scaling law of Eq. (1) relates the number Ny of pri-
mary nano-spheres, or monomers, in the aggregate to the aggre-
gate size as quantified by its radius of gyration Rg, monomer radius
Rm, fractal prefactor k¢, and fractal dimension Dy. The relationship
expresses the power-law functionality between particle size and
mass or surface.
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Angular light scattering has unique characterization capabilities
for soot aggregates; it enables the in-situ determination of an ag-
gregate’a size and morphology in the visible-wavelength range [7-
9] or in the X-ray range with methods such as small angle X-
rays scattering (SAXS) [10-12]. Provided the monomers are small,
Rm < A, the Rayleigh scattering law holds, yielding a monomer dif-
ferential scattering cross section [13,14]:

SCa
ddc—g — K*RS F(m). 2)

In Eq. (2), k=2m/A is the vacuum wave number, F(m) is the
absolute-square of the Lorentz-Lorenz factor (m2—1)/(m? +2),
the complex-valued refractive index is expressed as m =n+ ik,
and 2 is denotes solid angle.

Assuming that the material is weakly refractive as defined by
m ~ 1, each monomer is essentially illuminated by only the inci-
dent light and not the light scattered by the other monomers, i.e.,
there is no internal coupling between the monomers. The differen-
tial scattering cross section for an aggregate can then be expressed
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by the Rayleigh-Debye-Gans differential scattering cross section:

AR e G
Tk (@) = NA 52 f (@). 3)

In Eq. (3), f(q) is the aggregate structure-factor and q is the scat-
tering wave vector given by q = ki" — k5@ where ki"® and ksc?
are, respectively, the incident and scattering wave vectors. For the
forward-scattering direction, q — 0, any portion of the aggregate is
assumed to scatter in phase and f — 1. For larger scattering angles
0, destructive interferences occur across portions of the aggregate,
reducing the value of f. This decrease carries information related
to the aggregate’s Rg and Dy as described by the RDG-FA theory [7].
Indeed, one can show that f is the Fourier transform of the density
autocorrelation function g(u) [15]:

f@ =5 [ swexptia-wdu. @)
where
gu) = / P —wp (). (5)

In Eq. (5), p(r') is the density function expressing whether ma-
terial is present (p = 1), or not (p = 0), at a given position r’. The
concept of g(u) is first described in Porod [16] and represents the
probability that a point at a distance u from any given point in the
aggregate will itself also be in the aggregate. It is therefore related
to the particle size, or volume, and can be used as a morphologi-
cal descriptor. Unfortunately, an accurate analytical expression for
g(u) exists only for simple shapes such as spheres. For this rea-
son, one can find many attempts in the literature to express g, or
f, for complex structures like fractal aggregates [7]. Nevertheless,
simple and popular approximations exist to interpret the angular
scattered intensity in terms of Rg in the Guinier regime, and Dy in
the power-law regime [17].

The RDG-FA approach is popular for the study of soot formation
in flames. One can be confident with the assumptions involved in
the approximation for X-rays because the refractive index is very
close to one. However, the assumptions become much more ques-
tionable for visible light as m deviates significantly from one for
absorbing materials and internal coupling may not be negligible.
For this reason, several studies evaluate the range of validity of the
RDG-FA and have shown that the scattering or absorption cross
sections can deviate up to 30% compared to more rigorous treat-
ments [18-20]. Some studies were devoted to the improvement
of such evaluations by considering more precise determinations of
the primary sphere cross sections [21-23]. These deviations have
also been investigated for different morphological parameters such
as the monomer size distribution [24], the fractal parameters [25-
27], the presence of necking and overlapping between neighboring
monomers [28], coating [29], and finally, different refractive index
values and wavelength [18,19]. This prior work generally reports
correction factors, h and A, for the absorption and forward scatter-
ing cross sections, respectively. Some studies observe a deviation in
the slope of the structure factor in the power-law regime, which
could alter the determination of the aggregate fractal dimension
from light scattering measurements [18,19,26,30].

More recently, to have a better understanding for the under-
lying phenomenon, we examine the non-uniformity of the aggre-
gate’s internal electric field to understand the origins of the cor-
rection terms A and h [31,32]. Indeed, internal coupling can alter
the uniformity of the internal field, rendering the Rayleigh approx-
imation invalid. The conclusion is made possible with the help of a
mathematical concept called phasor analysis [33] which illustrates
the contribution of each element of the aggregate to its overall
scattering behavior. The role played by so-called hot-spots of the
internal field as well as the decreasing magnitude of light as it
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crosses an aggregate (trapping) is studied in [31,32]. Also exam-
ined is the impact of these effects on the A and h factors, i.e., on
forward scattering and absorption. The phasor analysis approach is
also applied in an evaluation of backscattering properties of aggre-
gates in [34].

The objective of this work is to extend phasor analysis to the
description of the structure factor f, i.e., by investigating the effect
of the non-uniform internal electric field on f. We aim to advance
the understanding of the mechanisms responsible for deviations
of the RDG-FA from the rigorous treatment for backward scat-
tering. The work will provide a physical understanding for previ-
ously empirical efforts to determine aggregate size or morphology
from backscattering measurements, including the retrieval of num-
ber and mass concentration of soot aggregates in smoke plumes
using LIDAR [35]. By using a similar approach as Romanov and
Yurkin [36], we define an optical autocorrelation function, which
is complex-valued in contrast to the real-valued density autocor-
relation function. An analytical expression for the structure factor
follows, composed of two terms. The first is proportional to the
classical expression given in Eq. (4), while the second appears only
when internal coupling results in significant field non-uniformity.
The findings are illustrated for monomers in point-contact in a dif-
fusion limited cluster-cluster aggregate.

2. Theory
2.1. Optical autocorrelation function

Consider a planar incident wave propagating along the positive
x-axis that is linearly polarized along the y-axis in the laboratory
reference frame, i.e., EI"(r) = E,exp(ikX - r)§ where E, is the field
magnitude. Emphasis will be placed on the vertical component of
the scattered field, i.e., the y-axis direction, which will be denoted
by the subscript vv. This is a common experimental configuration
(see Fig. 1). In the vertical-vertical polarization configuration, the
Volume Integral Equation (VIE) [38] gives:

B 3k2m? -1 N 0. 7 dre 6

1,\,\,,\1;(1‘) = Ir 22 sz,q,(x)exp(lq -r)dry, (6)
where W represents a given orientation of the aggregate, f is the
scattering direction in the x —z plane, and z, y is a phasor, which
is defined for any point r’ in the aggregate material V. The expres-

sion for a phasor for this specific scattering configuration is:

m2+2
3E,

Zyu(X) = E%, (') exp(—ikx'). (7)

where E)i,“fp is the internal electric field in a volume element dr’ at

r’ in V. Note that, the phasors are only defined inside the aggregate
as the integral in Eq. (6) runs over V. This field can be found nu-
merically via the DDA as implemented with the DDSCAT software
of Draine and Flatau [39] for a given aggregate orientation W. Note
that, z, y =1 at any point in the aggregate if the RDG-FA criteria
are fulfilled. For a more detailed description of the mathematical
development leading to Eq. (6), the reader may refer to [31,32].
Note, however, that these works are focused on the forward scat-
tering while the main interest here is the angular dependence of
the scattered intensity by rotating the scattering direction ¥ in the
X — z plane by an angle 6. Given Eq. (6), the differential scattering
cross section for vertical-vertical polarization is:

dCS“;a 5 312 o 5 J/ J/ 2
16 ® = (4;>2F(m)’/‘/zy,w(X)exp(lq~r )dr (8)
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Fig. 1. Scattering configuration, W is the orientation of the aggregate as defined in Section 19 of [37].

Expanding the absolute-square in Eq. (8) allows one to write:

dcsca
Y (§) = (z" >2F<m) [ [ 2070 @) explia. ¢~ ') lar"ar’
(9)

Then, a change of variables, u =1’ — r” and du = dr’ may be done,
giving a new expression for the differential cross section:

dCsca 2
Y () (3" )2F<m> [ & @ explia - wydu (10)
with gﬂ’l}’t representing the so-called optical autocorrelation func-
tion defined as:
Pu) = /sz,q,(r” +u)zp, ()dr”. (11)

Note that now, the differential scattering cross section for vertical-
vertical polarization is given in terms of the Fourier transform of
g‘flf’t whose accuracy depends on that of the numerical solution of
the internal electric field used for the determination of the pha-
sor. Readers interested in evaluating the autocorrelation function
based on internal fields for unpolarized light can refer to the arti-
cle [36]. The function g?ll’t becomes identical to the density auto-
correlation function, g of Eq. (5), only if the phasors equal 1, i.e.,
when RDG-FA hypotheses are fulfilled. When non-uniformity of the
internal electric field is present, which is a violation of the RDG-
FA assumptions, g?lf’t returns complex numbers even if its Fourier
transform still yields the real-valued differential cross section, i.e.,
Eq. (10). Next, we examine the properties of the optical autocor-

relation function, g3".

2.2. Properties of the optical autocorrelation function

We first evaluate g(\’lf’t at the origin, where the result is propor-
tional to the aggregate’s physical volume. The proportionality coef-

ficient is found to be |Zy,\p|2, which has been identified as a proxy
for the correction factor hy (W) of [31] that brings the RDG-FA the-
ory absorption cross section into agreement with the true value.
Specifically,

gu=0)=|z.y |2V ~h,(¥)V and
/ £ (wydu = |75 V2 = A (W)V2, (12)
R3

It can be shown that integrating the optical autocorrelation func-
tion is proportional to the squared aggregate’s volume and to

2 ) .
|Zw|” which is shown to be Ay (V), ie., the forward-scattering

cross section RDG-FA correction in [31]. Thus, in addition to the
purely morphological description of the particle, the optical au-
tocorrelation function conveys information about intrinsic optical
properties that explain the deviation from RDG-FA theory.

The phasors are complex numbers, z,y =a+ib, and so, the
optical autocorrelation function can be decomposed into real and
imaginary parts:

g0 () = gre w (W) + igim v (W). (13)

where

Erew (1) =/ a(@ +w)a(x”)dr” + / b(x” +w)b(r")dr”,
14 |4

Sim.w (W) :/v a(r)b@” +u)dr” — /v a(r’ +u)b(xr”)dr”. (14)

First, consider the case when m — 1, the RDG-FA case. Here, there
is no internal coupling, as would be the case with X-rays measure-
ments, and z, ¢ — 1, i.e, a=1 and b= 0 s0 gy, y (u) vanishes and
Zre.w (W) = g(u). In that case, g y (1) conveys only the aggregate’s
morphological description and the classical RDG-FA treatment is
valid.

When m>1 and thus z,y #1, one can show based on
Eq. (14) and an appropriate change of variables that g.. y (u) is an
even function. Conversely, because g, ¢ (u) depends on the cross
product of the real and imaginary parts of the phasor, one can see
that g, ¢ (W =0) =0 and gy, g (—u) = g,y (u), and so, is an odd
function. Because the phasors depend on the aggregate orientation,
one can evaluate an orientation averaged optical autocorrelation
function, denoted by g°P' or

2P (1) = (g (W) y = gre () + igim (W), (15)
with gre(u) = (gre,\ll (w))y and g, () = <gim,\11(u)>\ll-

2.3. Internal coupling and the structure factor

As mentioned above, the correction factors A = (AW),/, to the
RDG-FA forward scattering are discussed in [32]. The objective here
is to focus on the specific impact of internal coupling on the struc-
ture factor f, as this function is used with the correction factor in
the RDG-FA theory, i.e.,

dCan AAY dcscaw
(@) = Aw (VNG — [ (@), (16)

where the superscript IC denotes the presence of internal coupling.
Similarly, when dealing with orientation-averaged aggregates:

sca sca

C dc
aggvv _ 2 mvv IC
(@) = ANA =& " (@). (17)
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By comparing Eq. (10) and Eq. (16) one finds that for fixed-
orientation aggregates (W), we have:

g2 (u) exp(iq - u)du

HOEES
[ &P (u)du
IR3

= i wyys L, B @ explia - wdu. (18)

Similarly, for orientation averaged aggregates via Eq. (17) we have:

/g"l’t(u)exp(iqu)du ]
R3 _
/ 2 (u)du Av
R3

@ = [ &7 w expliq - wau,

(19)

By separating Eqs. (18-19) into real and imaginary parts, one
can show that the structure factor accounting for internal coupling
can finally be seen as the difference of two terms, expressed in the
following only for the orientation-averaged aggregate case as:

[ = fi(@) - f(q). (20)
where f1(q) is:

e (u) cos(q - w)du

/R ,Gre(w)du

Importantly, note that the denominator in Eq. (21) only de-
pends on the real part of the optical autocorrelation function as
Jz3 8im(w)du = 0.

For m — 1, gre(u) — g(u). Moreover, as the aggregates do not
present any favoured direction, when the autocorrelation func-
tions are averaged over all the considered aggregate orientations
an isotropic function is obtained g(u) = g(u), and the classical for-
mula for the determination of the structure factor [15] is found:

fi(@) == (21)

fi@ = f@ =35 [ w8 iean (22)

For m > 1, meaning when internal coupling is significant, the fact
that incident light is vertically polarized can violate the isotropic
assumption of this equation for g (u). This will be discussed in
Section 4.1. Meanwhile, the second part of Eq. (20), f,(q), is given
by:

3gim(u) sin(q - u)du

[ getwan

When m = 1, there is no internal coupling, and therefore, g, (u)
and f,(q) are zero. However, when m > 1, g;, (u) differs from zero.
As the sine function is an odd function, the integral of their prod-
uct is non-zero. The following will study how f; deviates from the
purely morphological autocorrelation function g, examine the new
term f,, and evaluate their impact on the structure factor.

f(q)=E (23)

3. Numerical study

We will focus on Diffusion Limited Cluster Aggregates
(DLCA) [40] exhibiting a clear fractal character. Most of the
results presented here are based on a single aggregate taken
from Sorensen et al. [19] having Ny, = 284 monomers, and repre-
sentative of a Dy = 1.78 + 0.04 aggregate with k; = 1.35+0.10 and
averaged over 500 orientations isotropicaly distributed. For Fig. 9,
in order to avoid specific morphological dependence and extend
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our analysis, we make use of the ergodicity theorem to abandon
orientation averaging, and rather, average over 540 different DLCA
aggregates taken from Yon et al. [41] with N, € [10, 300], D ~ 1.78
and kf ~ 1.4, and where each aggregate has an arbitrary fixed ori-
entation. However, in each cases, the monomer radius is fixed at
15nm.

The wavelengh is fixed at 266nm in the study. For the mate-
rial refractive index, the real part ranges from 1.1 to 1.9 and the
imaginary part from 0.01 to 0.8. However, in the first part of the
study, in order to illustrate the phenomenon, the index is fixed at
m = 1.1 +i0.8 corresponding to soot material at this wavelength.

The internal electric fields are computed with DDSCAT which
numerically solves the VIE [42]. In this method, the aggregates
volume V is discretized on a cubic lattice of lattice spacing d to
form volume elements AV =d x d x d. The accuracy of the so-
lution depends on the fineness of this lattice, i.e., the value of d,
as compared to A and has to fulfill the condition |m|kd < 0.5. To
satisfy this condition, 110 dipoles per monomer have been consid-
ered here, which is shown to be sufficient as basic considerations
in [43] suggest 34 for point-contact monomers is sufficient.

4. Results
4.1. Autocorrelation function

The real and imaginary parts of the averaged optical autocorre-
lation function are reported in Fig. 2, respectively, in Fig. 2(a) and
Fig. 2(c) where one sees the behavior in the x — z plane. The col-
ors correspond to amplitudes in log-scale as the functions rapidly
decrease as illustrated in linear-scale along the x-axis direction in
plots (b) and (d).

Plots Fig. 2(a) and Fig. 2(b) clearly illustrate the central sym-
metry of gre(ux, uy = 0,u;) which is consistent with the property
Zre(—u) = gre (u). Moreover, as in g, g seems to show an isotropic
character in this plane gr(u) ~ gre(u). Conversely, plots Fig. 2(c)
and Fig. 2(d) illustrate the asymmetric character of gj,. One can
see that the amplitude of gre and g;,, decrease rapidly away from
u = 0. Nevertheless, gr(0) is a maximum whereas g;, (0) is zero.

We show in [32] that the amplitude of the internal electric
field decreases along the axis of incident light propagation and
the phase increases in this direction. This effect is attributed to
a so-called internal trapping. Because the real part of the opti-
cal autocorrelation function gr.(u) depends on the internal elec-
tric field, one may wonder if this preferred direction could break
the isotropy found in the conventional autocorrelation function, g.
Work by Heinson et al. [44] introduces a method to evaluate the
anisotropy of an aggregate based on the ratio between the max-
imum and minimum values of the eigenvalues of the aggregates
mass inertia-matrix. Since the gyration radius can also be deter-
mined from the autocorrelation function (Appendix A of [7]), we
can define a gyration radius for each plane as illustrated for the
specific x — z plane here:

oo

Wgre (Ux, Uy, U, = 0) du

Rgxy = = . (24)
2/ ugre(u)(auy,uz =0)du
0

Thus the anisotropy of gre can be illustrated by a variability of the
gyration radius in each considered plane.

For the range of refractive indices considered, ne
[1.1 —1.9]andk € [0.01 — 0.8], which are sufficient to cover the
range of soot indices, and for the aggregate considered (Ny, = 284),
the relative deviation from one plane to another never exceeds
1%. This empirical observation allows us to say that real part of
the autocorrelation function after averaging over orientations is
approximately isotropic for similar objects and refractive indices.
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Fig. 2. Section of the optical autocorrelation function averaged over 500 orientations of the aggregate (Ny = 284, Ry, = 15nm) in the x — z plane for m =1.1+i0.8 at
A =266nm. The top row reports the real part g, while the bottom row reports the imaginary part gi.

Nevertheless, in the following, no hypothesis of isotropy will be
used for the determination of the structure factors f; and f.
Instead, the 3D description of the pairwise autocorrelation [see
Eq. (21) and Eq. (23)] will be used.

The fact that gr is approximately isotropic allows us to see
the effect of the non-uniformity of the internal electric field di-
rectly by comparing g(u) and g (u) which are averaged over all
the directions of u in R3. This is shown in Fig. 3 which reports in
black dashed line the conventional, i.e., purely morphological, au-
tocorrelation function g(u) for the same aggregate as in Fig. 2 af-
ter averaging over all orientations. The x-coordinate is normalized
by the aggregate gyration diameter whereas the y-axis is normal-
ized by the aggregate volume. This normalization ensures a con-
vergence to 1 for the function as u — 0 and becomes zero when u
approaches ~ 1.5Dq. Its integral corresponds to the aggregate vol-
ume. This function exhibits a power-law dependence for 0.05 <
u/Dg < 0.4 with a slope of Dy — 3, which is typical for fractal aggre-
gates. For lower u, the function is dominated by the monomer self-
interaction effect and for larger u it is affected by the cutoff func-
tion, see [41]. The gr(u) function is reported by the blue curve,
which is clearly different from the purely morphological g, even
if it is approximately isotropic. This deviation is due to the spa-
tial departure of the phasor from 1 caused by internal coupling.
Since the spatial extent of the aggregate is obviously not affected
by the non-uniformity of the electric field, this function naturally
ends for the same value of u. On the other hand, this function is af-

fected for smaller u. As shown above, the integration of that func-
tion, which is shown by the colored shaded region, corresponds
to the forward-scattering correction A multiplied by the aggregate
volume, V. Here, m = 1.1 +i0.8 for A = 266nm and A ~ 0.61, which
implies that the function intercepts the y-axis at a value less than
1. Also discussed above is that gre(0)/V ~ h, where h is the absorp-
tion cross section correction for RDG. This correction is of the same
order as A, i.e., h/A ~ 1.07, see Argentin et al. [31]. It is notable that
a simple multiplication of g(u) by A, which is represented by red
circles in the plot, produces a very good approximation for gre (u).
This suggests that the structure factor is nearly unaffected by inter-
nal coupling as long as A is taken into account, which would be a
good approximation if g;;,, is zero. Due to its non isotropic nature,
gim cannot be represented in Fig 3. The next section, however, will
illustrate the impact of g;,, on the structure factor.

4.2. Structure factor

The structure factor can be obtained by normalizing to 1 the
differential scattering cross section for the vertical-vertical po-
larization case calculated by DDSCAT. When the result called
“DDSCAT” in blue dash-dot line in Fig. 4, is compared with our
optical structure factor fI in red circles, the two are superim-
posed. This proves that our mathematical development and nu-
merical post-processing of the internal electric field of the aggre-
gate calculated by DDSCAT are correct. The purely morphological
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Fig. 3. Comparison of the conventional autocorrelation function (black dashed line) with that corrected by the forward scattering correction term A (red circle marker) and
the real part of the pair correlation function following orientation averaging (blue solid line). Shown is the same aggregate as Fig. 2.
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Fig. 4. Comparison of different structure factors calculated for a DLCA aggregate composed of 284 monomers with a monomer radius Ry, = 15nm for m = 1.1 +i0.8 at
) = 266 nm. Respectively, the morphological function f (black solid line), that generated via phasors fI° (in red circle marker), that of f; (red “x” marker), f, (red dashed

line), and that generated by DDSCAT.

structure factor f computed by considering the phasor equal to
zy =1 is reported in black line. One can see that it decreases more
rapidly when internal coupling is considered. Consequently, inter-
nal coupling tends to overestimate the fractal dimension up to 10%
as reported by Yon et al. [18]. Fig. 4 also shows the contribution
of fi; and f, [see Egs. (21 and 23)]. The log-log plot renders f;
and f similar, yet they do not fully agree. The departure begins
to increase beyond the Guinier regime, i.e., for gRg > 1, and can
reach up to 10% when 6 = 180°. Similarly, f, contributes at larger
q values. Thus, the Guinier regime, and therefore the determina-
tion of Rg from measurements, are in the end unaltered by in-
ternal coupling. When the structure factor is evaluated with the
Guinier equation, i.e., f(q) = exp(—qué /3), the difference between
the corresponding Rg values based on fIC or f never exceed 1%
(this was expected due to the quasi isotropy of gr for the present

study). For the behavior of f, at larger gRg values, one can see its
growth to 6 ~ 23° depending on the morphology of the aggregate,
which corresponds to a qRg value close to the beginning of the
power-law regime. After reaching this maximum, f, begins to de-
crease. This particular behavior will be discussed below where it
is finally shown to have a more important impact than f; on the
effective structure factor derived in the power-law regime.

4.3. Interpretation of the angular dependence of the structure factor

As shown in Eq. (21) and Eq. (23), the components f; and
f> result, respectively, from the cosine and sine modulation of the
real and imaginary part of the optical autocorrelation function. As
suggested by Berg et al. [33], this modulation can be illustrated
graphically to achieve a phenomenological understanding. The dif-
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Fig. 5. Section of g, (u) cos(q - u) in the plots (a), (c), (e) and g, (u) sin(q - u) in the plots (b), (d), (f) for three different scattering angles 6 for m = 1.1 +i0.8 at > =266 nm.

ference here is that the slicing approach is applied to the auto-
correlation components and not directly to the physical material.
Fig. 5 presents, in the left column, the contribution of f; while the
right shows f,. The three rows corresponds to near-forward scat-
tering at 6 = 5°, side scattering at 6 = 23°, and backscattering at
6 = 180°; these are the angles corresponding to the labled sym-
bols in Fig. 4.

The illustrations in Fig. 5 are restricted to the x — z plane as a
function of 6. The slices are caused by the cosine and sine mod-
ulations. Increasing the scattering angle €, and thus g, increases

the number of slices spanning the autocorrelation pattern since
the thickness dx of the slices is inversely proportional to q [7,33].
Also, increasing q rotates the modulation pattern in a clockwise
direction until it becomes orthogonal to the incident light direc-
tion for 6 = 180°. As the slices are caused by the cosine, some
of them will be negative (blue), which reduces the total contribu-
tion to f;. Moreover, as almost all the contribution is contained
in the center, the thinner the slices, the smaller the contribution
as the cosine weight is not always 1. At small scattering angles,
cosine tends to 1 and the structure factor f; thus tends to 1 as
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Fig. 6. Probability density function of the phasor-phase (a) and amplitude (b) for three refractive indices, m = 1.1 +i0.01, m = 1.1 +i0.4, and m = 1.1 +i0.8.

well, see Eq. (21). Similarly, for & — 0°, the odd f; is divided into
two regions of opposite sign orthogonal to the incident-light di-
rection. The integration of this modulated domain is close to zero,
i.e., the green regions compensate the blue regions. This compen-
sation does not hold when the scattering angle increases as illus-
trated for 6 = 23° in Fig. 5(d), where f, is maximum. Indeed, as f,
starts at zero for 6 = 0°, when the antisymmetry of g;,, [carried by
the y — z plane at x = 0, see Fig. 2(c)] is broken due to the slices,
it can only grow, i.e. the blue parts no longer compensate for the
green parts f, > 0 [see Fig. 5(b,d,e)]. However, as can be seen in
Figure 1(d), most of the contribution of g, is carried by the center
u ~ 0. Therefore, the evolution of f, depends on how its center is
sliced, i.e. the thickness of the green part and the blue part located
near u ~ 0. Initially, f, increases due to the breaking of the asym-
metry. Then, as the slices become thinner, the total contribution
becomes progressively more divided between the blue (negative)
and green (positive) parts. This leads to a decrease in f, which is
therefore linked to a geometric effect of the slices on g, (u ~ 0).

4.4. Internal trapping effect

The previous sections have shown that non-uniformity of the
internal electric field has an impact on the structure factor in par-
ticular by introducing a term induced by the complex nature of the
optical autocorrelation function. In our prior work, it is shown that
such non-uniformity can take two forms: hot spots at the vicinity
of the contact between monomers and a decrease of the internal
electric field accompanied by an increase of the phase shift in the
direction of the light propagation caused by so-called internal trap-
ping [31,32]. Here, we focus on the role of this internal trapping on
the optical structure factor’s deviation from the purely morpholog-
ical function. This is done by varying the imaginary part of the re-
fractive index.

Fig. 6 (a) shows the probability density function (PDF) of the
phasor amplitude A after averaging over aggregate orientations.
Recall that a phasor is proportional to the internal electric field.
Plot (b) reports the same analysis for the phase & of the pha-
sor. The three curves correspond to the refractive indices m = 1.1 +
i0.01, m = 1.1 +i0.4, and m = 1.1 +i0.8 (chosen arbitrarily in order
to vary k). Yet, note that the index m = 1.1 +i0.8 is not far from a
graphitic soot index for this wavelength [19]. The dispersion seen
in the PDF is a good indicator of internal trapping and is clearly
correlated with the increase of the imaginary part of the refractive
index. Some elements of the aggregate correspond to amplitudes
A larger than 1. This is explained by the hot-spots whereas low
amplitudes and large phase shifts are generally attributed to the
trapping effect.

It is interesting to analytically express the dependence of the
two components of the structure factor f; and f, in terms of the
phasor magnitude and phase dispersion. This is simply done by
expressing the phasor by its Euler expression z, = A exp(i®) in
Egs. (21, 23):

1
Av2
1 J! /! H /! 4 H 5 4
f(q) = W/RK/VA(r +WA @) sin[®(r” +u) — d(r")]sin(iq - u) dr’du.
(25)

f@) = fm 3 fv A + WA ) cos [B(F +u) — ()] cos(iq - w) dr’du,

This alternative expression is interesting as it highlights the role
played by the phase dispersion of the internal electric field. Indeed,
without the dispersion of &, the cosine in the expression of f; is
1 and the sine in the expression of f, is zero; this explains the
absence of the latter component of the structure factor in RDG-FA
theory. The amplitude A will essentially affect the magnitude of
the scattering cross sections but this is partially neutralized by the
correction factor A in the denominator in Eq. (25), which causes
the structure factor to tend toward 1 when scattering angle tends
toward 0° according to Egs. (16-17). Based on these equations, the
greater the dispersion in phase &, the more the optical structure
factor will deviate from f.

Fig. 7 (a) confirms our interpretations above where the struc-
ture factors are shown for four different refractive indices m =1,
m=1.1+1i0.01, m=1.1+i04, and m = 1.1 +i0.8. The deviations
from the m =1 case are clearly related to the imaginary part of
the refractive index. Fig. 7(b) presents the ratio fI/f to quan-
tify the deviation from the structure factor f. This plot confirms
that the trapping effect causes a deviation of the optical struc-
ture factor that becomes enhanced for qRg > 1, thus explaining
why the gyration diameter determination by angular light scatter-
ing experiments is largely unaffected. Conversely, the departure in
the power-law regime is significant. Indeed, for the refractive in-
dex m = 1.1 +i0.8, the relative deviation of the structure factor in
backscattering reaches 25%. It is also interesting to observe bumps,
suggesting that internal coupling is sensitive to the morphological
features of the aggregate as such bumps precisely correlate with f,
see Fig. 7(a).

Fig. 8 reports the ratio f,/f for different refractive indices.
The general pattern appears to be a rapid growth followed by an
asymptotic trend. The three previously studied refractive indices
m=11+1i0.01, m=1.1+1i04, and m =1.1+1i0.8 cause a maxi-
mum deviation of 2%, 10% and 20% at 6 = 180°, respectively. This
confirms the fact that the deviation between fI€ and f is mostly
driven by f,. In this curve, the different real parts of the refrac-
tive index Re{m} = n reported in Table 1 are considered as well.
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Table 1

Relative errors induced by internal coupling on the evaluation of the fractal dimen-
sion Dy and on the structure factor in the backscattering configuration for different
refractive indices at A = 266 nm.

Refractive index m Dy error factors Backscatter error factors

m=1.1+i0.01 0% -1%
m=1.5+1i0.01 0% 2%
m=19+i0.01 -1% 8%
m=11+i04 4% -17%
m=15+i04 4% -15%
m=19+i0.4 3% -10%
m=1.1+i0.8 8% -28%
m=15+i0.8 7% -26%
m=19+i0.8 6% -22%

The impact seems less sensitive to n than to Im{m} = « but it con-
tributes to an amplification of the effect of internal coupling on the
optical structure factor.

Table 1 reports the errors induced by the internal coupling on
the interpretation of the structure factor in terms of the fractal di-
mension Dy, i.e., the negative the slope measured in the power-law
regime, and the specific value in backscattering. As for f,, those
parameters are governed by k, while the role played by n seems
to be less pronounced due to the contribution of f; that has to be
considered for the determination of the resulting structure factor.
However, it should be noted that the determination of Dy, which is
based on the slope of the structure factor in the power-law regime,

0.30
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----- axarctan{b X (qR,)"}
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. 0.15] m=1.9+1i0.8
X
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Fig. 9. Ratio between f, and f for m=1.9+1i0.8 and m = 1.1 +i0.8 at A = 266 nm.
The individual behavior is reported in plain curves. The average result based on
many DLCA aggregates is reported in dot lines and its fit in dash lines. The color
shaded areas indicate the 95% confidence interval.

largely depends on the region considered for said slope measure-
ment.

The bumps and the maximum deviations observed at 180° seen
in Figs. 7 and 8 are morphology dependent. A different aggregate
could yield different features. To investigate possible morphological
dependence, we make use of the ergodicity theorem to abandon
orientation averaging, and rather, average over 540 different DLCA
aggregates taken from Yon et al. [41] with Ny, € [10,300], Dy ~ 1.78
and k; ~ 1.4, and where each aggregate has an arbitrary fixed ori-
entation.

As expected, when averaged over many different aggregates
(see Fig. 9), the bumps disappear. A fit is proposed by an em-
pirically chosen function a x arctan(b x x¢) with a, b, and c, re-
spectively, equal to 0.133, 0.107, 2.122 for m = 1.9 +i0.8 and 0.095,
0.052, 2.695 for m = 1.1 +i0.8 for A = 266 nm.

5. Conclusion

The RDG-FA approximation is commonly used for the model-
ing of the optical properties of fractal aggregates, including soot,
and thus for the interpretation of light scattering measurements.
However, its criteria are sometimes difficult to fulfill, especially for
absorbing aerosols, and depend on the ratio between the primary-
sphere diameter and wavelength. Those deviations have been nu-
merically observed in the past and often attributed to internal cou-
pling (or intra-cluster multiple scattering). Nevertheless, a precise
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physical understanding of the phenomenon was lacking, in par-
ticular concerning the impact on the structure factor. Indeed, the
structure factor, for many applications including SAXS experiments,
is still evaluated as the Fourier transform of the autocorrelation
function which is a pure morphological descriptor of the aggregate,
and thus, internal coupling cannot be considered.

In this work, an optical autocorrelation function is introduced,
which considers the non-uniformity of the internal electric field
expressed in terms of phasors. It is demonstrated that the op-
tical autocorrelation function is a complex function. The imagi-
nary part of is at the origin of a new term in the expression of
the structure factor written f, in this manuscript. The function’s
imaginary part explains the abnormal decrease of the structure
factor at large scattering angles where internal coupling becomes
relevant. This could impacts the optical determination of the ag-
gregates fractal dimension made of absorbing material, in partic-
ular at lower wavelengths and could have a non-negligible im-
pact on LIDAR measurements, i.e., for the backscattering configu-
ration in presence of very large particles as superagregates [20].
We also show why the determination of the radius of gyration is
not much impacted by internal coupling. Finally, it is demonstrated
that structure-factor deviation is essentially driven by the phase
shift of the light as it crosses the particle, induced by the inter-
nal trapping effect, which seems to be essentially driven by the
imaginary part of the refractive index. Therefore, experimenters
using UV light must take into account the possibility of large er-
rors when dealing with optically absorbing materials with a size
exceeding gRg > 3. For example, backscatter errors of up to 28%
for qRg ~ 10 and up to 8% for the fractal dimension for a possible
soot index m =1.1+1i0.8 at A =266 nm are observed. The scale-
invariant nature of the structure factor [45] makes it possible to
extend some of the observations reported in this study to other
wavelengths if the refractive index remains fixed; otherwise, the
dispersion of the material must be taken into account. However,
it should be noted that the amorphous and graphitic soot indices
in [19], for the UV and near UV, are rather close. Indeed, ¥ does
not vary strongly, and as seen here it is the cause of the main de-
viations. Concerning the indices in the IR range, the spectral dis-
persion is not necessarily a problem because unless the objects are
very large, the structure factor will not go far enough in gRg to
measure the fractal dimension. Note that, this study has been per-
formed for a specific fractal dimension (D; =1.78) and prefactor
(k¢ = 1.40) for point touching spheres. Therefore, others morpholo-
gies could affect the observations.

A perspective of this work would be to consider realistic aggre-
gate morphologies by adding, for example, overlapping, necking, or
coating to the monomers [46]. Indeed, such realistic objects have
been shown to amplify the deviations from the RDG-FA [28,29] and
associated depolarization effects [47], where the latter observation
is well-known to be induced by internal coupling [48].
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