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A LINEARISED INVERSE CONDUCTIVITY PROBLEM FOR THE MAXWELL
SYSTEM AT A HIGH FREQUENCY *

VICTOR ISAKOV T, SHUAI LU ¥, AND BOXI XU §

Abstract. We consider a linearised inverse conductivity problem for electromagnetic waves in a three dimensional bounded
domain at a high time-harmonic frequency. Increasing stability bounds for the conductivity coefficient in the full Maxwell
system and in a simplified transverse electric mode are derived. These bounds contain a Lipschitz term with a factor growing
polynomially in terms of the frequency, a Holder term, and a logarithmic term which decays with respect to the frequency
as a power. To validate this increasing stability numerically, we propose a reconstruction algorithm aiming at the recovery of
sufficiently many Fourier modes of the conductivity. A numerical evidence sheds light on the influence of the growing frequency
and confirms the improved resolution at higher frequencies.
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1. Introduction. The stationary electromagnetic field (E, H) satisfies the Maxwell system
(1.1) curl E —iwpugH =0, curlH +iweE =0F,

in the medium Q C R? with the electric permittivity €y, the magnetic permeability po and the conductiv-
ity coefficient o € L*>(2). We aim at recovery of the conductivity o from measurements of all possible
electromagnetic boundary data or the boundary mapping

(1.2) A:FE x l/|g)Q — H X% V|6Q7

when the time-harmonic frequency w of stationary waves is assumed to be large and both ¢, pg are assumed
to be constants. Since such an inverse boundary value problem is exponentially ill-posed, highly non-linear
and moreover non-convex, we shall simplify the original inverse problem into a linearised one, which is
numerically feasible.

Investigation of the inverse conductivity problem goes back to 1980s when the elliptic equation arising
in the electrical impedance tomography was transformed into a Schrodinger equation

(A +cu=0 inQ.

The global uniqueness of the Schrédinger potential ¢(z) from the Dirichlet-to-Neumann map in three and
higher dimensions was derived by constructing complex geometrical optics solutions in [20]. Later on, the
stability estimate for this inverse problem is demonstrated to be of a logarithmic type in [1], [16]. Recently,
a series of papers showed that the stability estimate improves when one considers the Schrodinger equation

(~A—Kk*+ikb+cu=0 inQ

with a large wave number k, an attenuation constant b and a potential function c¢(x). If b = 0, one obtained an
increasing stability estimate in the inverse Schrédinger potential problem within different ranges of the wave
numbers in [10]. If the constant b is greater than 0, then the results in [13] show that the increasing stability
involves a linearly exponential dependence on the attenuation constant. We note that the above mentioned
increasing stability holds true in three and higher dimensions under different a priori regularity assumptions.
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To numerically reconstruct the potential function ¢(z) in two and higher dimensions the authors of current
work have considered a linearised inverse Schrédinger potential problem in [12] whose increasing stability is
also derived theoretically and verified numerically.

In [19], a linearised problem of identification of €, pg, o in the Maxwell system (1.1) from all possible
boundary measurements was proposed. The first global uniqueness result for all these electromagnetic
parameters of an isotropic medium is obtained in [17] by the admittance or impedance mappings on the
boundary. Meanwhile, the uniqueness and a logarithmic stability estimate hold true if one considers a Cauchy
data set on the full or partial boundary as shown in [5, 6]. An increasing stability estimate of the conductivity
o in the Maxwell equation (1.1) is proven in [11] where the Cauchy data set on the full boundary is used.
Despite the above theoretical results, numerical schemes reconstructing the electromagnetic parameters are
not well developed.

Out of two features of the inverse conductivity problem, an exponential instability seems to be more
difficult for an analysis and more damaging for numerical reconstruction. Since non-convexity produces
additional difficulties, in our opinion linearisation should help to understand better stability for conductivity
function 0. We note that a linearisation approach has been proposed in [19], but no numerical examples are
reported there. In the current work we consider a linearised inverse conductivity problem for the Maxwell
system (1.1) and investigate the increasing stability of the linearised inverse problem with respect to the
growing frequency w. Moreover, we propose a Fourier based reconstruction algorithm aiming at recovering
the dominating Fourier modes of the conductivity o for higher frequencies w. We shall mention that numerical
algorithms on reconstructing the non-constant medium coefficient of the Maxwell system have been proposed
in [3, 4] where varying polarized or plane incident waves are used at a fixed frequency. We take a similar
approach for the inverse conductivity problem of the Maxwell system (1.1) in the current work.

The paper is organized as follows. The main increasing stability estimates for linearised inverse conduc-
tivity problems of the full Maxwell system and a simplified Transverse Electric (TE) mode are derived in
Section 2. To obtain these estimates, we construct appropriate complex exponential (CE) solutions for the
Maxwell system with the constant electric permittivity €y and magnetic permeability . By using these CE
solutions, increasing stability estimates are derived which contain a Lipschitz part with the factor growing
polynomially in w, a Holder part, and a logarithmic part which polynomially decays in w. These estimates
are explicit, i.e. which do not contain unknown constants, like in [11]. A Fourier-based reconstruction algo-
rithm is introduced in Section 3 aiming at the recovery of sufficiently many Fourier modes of the unknown
conductivity function o for a high frequency w. Numerical examples confirm the efficiency of the proposed
algorithm and numerically verify the improving resolution of the reconstructed conductivity when the fre-
quency grows. Moreover, in numerical solution of the linearised inverse problem the data from the original
inverse problem are used, and for higher frequencies a very good approximation of ¢ is obtained.

2. Stability estimates.

2.1. Setups. In the Maxwell system (1.1) we assume that both electrical permittivity ¢y and magnetic
permeability ug are positive constants and the conductivity o € L>°(Q2). The wave number k is defined by
k = w,/eopo.

The domain Q is assumed to be bounded with the boundary 9Q € C2. H’(Q) denotes the standard
Sobolev space with the norm || - || (€2). The function space H(Q; curl) is defined by H(2;curl) = {u:u €
HO(Q),curlu € HO(Q)} with the standard norm. We recall that TH(02) is the space of traces of functions
from H(€2; curl) with the norm [|g||tr(aq) = inf (|lul|(0)(©2) + || curlul|(0)(£2)) over all u € H(Q; curl) such that
u X v =g on JN and v is the outward unit normal vector of 0.

Under above assumptions and notations, it is known that there is a unique solution (E, H) € (H(Q; curl))?
of (1.1) and the boundary condition is

Exv=g ondf,
provided that g € TH(99) and w is not an eigenvalue.
We expect that if the conductivity o is small or the frequency w is sufficiently large, the solution (F, H)
of (1.1) has the form

E=E(G0)+EGL)+E(G2), H=H(G0)+HGL)+H(;2),
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where (E(;£),H(;¢)), £ = 0,1 are solutions of the boundary value problems below and (E(;2), H(;2)) are
higher-order terms with respect to the conductivity o. The solution (E(;0), H(;0)) satisfies the unperturbed
problem

(2.1) curl B(;0) —iwpoH(0) =0, curl H(;0) +iwegE(;0) =0 in ,

and the boundary condition E(;0) x v = g on 99). Meanwhile, the solution (F(;1), H(;1)) satisfies
(2.2) curl B 1) —iwpoH (1) =0, cuwrlH(1)+iweE(1l) =0E(;0) in €,

and the boundary condition

(2.3) E(Gl)xv=0 on 0.

The remaining higher-order terms would be small if the conductivity is small, for instance, ||E(;2)[ () (€2) <

C||a||it§7(9) in [19] for some 7 € (0,1).

Similarly to [19], the linearised inverse problem to be considered in current work is to recover the
conductivity ¢ given the linearised boundary mapping

(2.4) N E(0) x v]ga — H(;1) X v|aq.

To proceed further we introduce an ”adjoint” solution (E*(;0), H*(;0)) € (H(2;curl))? of the unper-
turbed system (2.1), i.e.,

(2.5) curl E*(;0) —iwpoH*(;0) =0, curl H*(;0) + iwegE*(;0) =0 in Q.

By the well-known identity
(2.6) /(v~curlw—curlv-w)dx :/ (vxv) -wdS,
Q o0

with v=H(;1), w = E*(;0) and v = E(;1), w = H*(;0) respectively, we obtain
/ (H(, 1) .curlE*(;()) — curlH(; 1) . E*(;O) + E(; 1) 'CUTIH*(;O) _ curlE(; 1) . H*(;O)) da
Q
= /m (HG;1) xv)- E*(;0) + (EG1) x v) - H*(;0)) dS.

By using (2.2), (2.3), (2.5) the above equality further reduces to

(2.7) /UE(;o) E*(:0)dz = —/ (H(:1) x v) - E*(;0)dS
Q X9)

which plays a fundamental role in this work.

2.2. Increasing stability for the linearised inverse conductivity problem. Before we proceed
further, some additional notations are introduced. Here and in what follows, we let € > 0 be the operator
norm of the linearised operator A’ in (2.4) from TH(99) to TH(9Q), D = sup |x — y| with z,y € Q be the
diameter of ©, Vol(Q2) be the volume of  and Vola(Q2) = sup Vola(2') over all 2-dimensional orthogonal
projection ' of Q. We will extend o onto R3 \ 2 as zero and recall that the Fourier transform

(&) = (277)_% /]R3 o(z)e 182 dg.

The main increasing stability estimate for the linearised inverse conductivity problem is presented below.
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THEOREM 2.1. Let [[o]|1)(2) < My, 0 = 0 on 09, and the wave number k > 1. Furthermore, let
0<a<1lande <1, then
4
o0y (©) < 55 (VoL(@))? (1 = xa (€)1 + )k + xi (€)(1 + £)*67 )
2 () 5 (Vola() = (14 20)2) (1 + )t
(2.8) Xk a2 Ol D €

021 xeE) gy + (E) g

1+ 282 4 22 1+ +4k:2)

Here £ = —lne and xx(E) =0 if E <k and x1(E) =1 if k <E.

Remark 2.2. Since in the dimension three Vol(2) < ”TDa, Volp(92) < ”D , then the bound (2.8) implies
that

6
ooy () < ?S ((I_Xk( ))(1+k)4k3a+m5)(1+5)453)g2

+ xk(é)g—ﬁ(l +(2D)2) (1 + £)tee

1 1

+ xx(€)

M2 1— - - @ P a——
* 1(( () T g5 g 1+ & +4k2)

Proof. Due to the translational invariance we can assume that the origin 0 € Q and D = 2sup |z|, € Q.
We construct CE solutions

(2.9) E(z;0) = ae'S®,  H(z;0) =bel¢®  E*(x;0) = a*teld H*(x;0) = preld

with complex valued vectors a, b, a*, b*, {, *, which yields

curl E(x;0) =ie'¢%¢ x a, curl H(z;0) =iel¢®¢ x b,

(2.10) . -
curl B*(z;0) =ie'¢ "¢ x a*, curl H*(x;0) = ie'¢ #¢* x b,
Then these solutions in (2.9) solve the unperturbed Maxwell systems (2.1) and (2.5) if and only if

¢ xa=wppb, (xb=—-wea, (" xa* =wugb*, ¢*xb"=—-weya",

2.11
( ) C.CZC*.C*:k2:w2€0M0-

Letting £ € R?\ {0}, and {e; = %, e2, ez} be an orthonormal basis in R3, we choose

/ 2 / 2
C ‘§| + k2 |£| 62, C* — |§|€1 _ kz _ |£| 62,
_ _ |§\ / €17 . . |£| o €7
a=es b= Wity ( 2 k2= Tel)’ @’ = b wuo ( 2 i Tel>7

where /=y = i,/y when y > 0. One can easily verify that (2.12) implies (2.11). Thus the CE solutions
defined in (2.9) and given the parameter set (2.12) satisfy (2.1) and (2.5).

Recalling the equality (2.7) and inserting the CE solutions in (2.9) with the parameter set in (2.12), we
yield

(2.12)

wlw

(2m)¥5(~€) = - /Q CE(;0) - E*(:0)dz = /a (HGD) %) F*(0)ds.

In the above equality, CE solutions E(;0), E*(;0) solve (2.1), (2.5) and H(;1) satisfies (2.2)-(2.3). Hence

3
2

(2m)2 [a(=6)] =

/(m(H(; 1) xv)- E*(;0) dS‘ = /Q (H(6) - curl E*(;0) — curl H(8) - E*(;0)) da
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due to (2.6), provided H(§) x v = H(;1) x v on 9.
By the definition of A’ in (2.4), we have

[H(;1) x v|thoo) < [lEGO) X vThao).-
Using the definition of the norm in TH(9), for any 6 > 0, there exists H(J) such that
(2.13) 1 ()1l (0y(2) + [| curl H(0)][(0)(2) < [IH(;1) X V|l TH(a0) + 0 < [|E(0) X v|THa0) + 0.

Now from (2.13), we have

3~ * *
(2m)2 [o(=&)| < [H (8)]l(0) (€2) [ curl E*(; 0)[|(0) (€2) + || curl H (6)[] (o) () [1E*(; 0)]] (0) (£2)
< (ellEG0) x viitreaa) + 6) (1B (:0)[l 0y (2) + || curl B*(;0)]|(0) (2))-
Since it holds for any positive §, by letting § — 0 we derive
(2.14) (2m)? [5(=€)| < el EG0) x vllrcan) (1B 0) (o) (2) + [ curl E(0)| 0 ().
Using (2.9), (2.10) and (2.12), we further obtain
127 (; 0)70) () < Vol(€2), | curl B (; 0)|{) (2) < & Vol(€2), if €] < 2k,

(215) % 2 SEeo-x * 2 2 Zesx :
1E7(0) [0y (€2) < L dz, |lcurl E*(;0)[[(oy(€) < k7 [ e=®dw, if 2k < [¢],

Q
where E = 1/|¢|? — 4k2. Similarly,
IEG0) x vllthian) < 1B 0)ll0) () + || curl E(;0)[|(0)(2) < (1+ k)(Vol())'/?, if [¢] < 2k,

1/2
I1E(;0) X v|lthaa) < (1+ k)(/

2.16 =
(2.16) e"=e® dm) , if 2k < |¢].
Q

Now combining (2.14), (2.15) and (2.16) we derive

(2.17) (2m)2 [6(=)| < | B 0) x vl tnian) (1 + k)(Vol(2)) /2 < e(1 4 k)* Vol(Q), if [¢] < 2k,

and

: = /
(21)2 [3(—€)| < | E;0) x v|ltheany (1 +k)(/ﬂe_m dx)l 2

(2.18) §€(1+k)2(/967562'z dz)1/2(/gezeg.z dx)1/2

<e(l+ k)2v012(9)/ e =tdt, if 2k < [£].

s}

S}

We first consider the case a): —Ine = £ < k. By the Parseval identity

2 _ ~0_ 2 ~r 2
lolo@ = [ Coras [ o a

2k <|€|

1 4T M?
2.19 < HON2(1 4 k)42 gpdoag2 ¢ M1
2
<2 (Vol(Q))2(1 + k) k322 + My

32 1+ 2820 4 2k2
due to (2.17) and the assumption that £ < k.

Now we handle the case b): k < &. Letting p? = 15)—22 +4k2, since the function £ _yeﬂ is increasing when
y > 0, we have

s}
o}
(11

|

1 1
(2.20) /e’Etdtzez e <pt

Eis}
(1
onl !
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when 2k < [¢] < p (and hence Z < £). As above, using (2.16), (2.18), (2.20) we derive

a2, () = F(—6)? d F(—6)? d F(—6)* d
o2, (@) /g<2k| ()| £+/2k<|§|<p| ()| £+/p<5| (—6)? de

< i(VOI(Q)) (1 +k) k352 4+ (VOI (Q)) (1 +k)4£2(6% . 6_%)252/ d£+ ]\412
— 3n2 813 2 £2 soll<p 57
We have
47 52 3/2
A6 = —(p° = (2k)°) = o ( (5 +4K)7" — (2k)°
/2k<|s|§p §=5 (-0 =3 ((02 )= ( ))
47T 53 k 3/2 k 3 53 1/2
=5 pi (142D = @Dg)?) < om s (14 (2D)?)

due to the mean value theorem applied to the function ¢3 and the assumption that & < £. Indeed, we can
use that by the mean value theorem (with some 0 < t* < t)

3

(1418)7 —t2 = §(1+t*)%

l\D\C»J

(1+1)2

and let ¢t = (2D%)?. Summing up

4

(221) ol (©) < 5 5 (VoI()(1+ €)% + L5 (Vola(2))? 7 o

1/2 4
—(1+(@2D 1+&) e+ —m——
p I+ D) 1+8) 1+ &5 + 4k?

where we used that (e% —e 3 )252 =(ef+e®—2)e?= (e +e—2)e? <, because 0 <& < 1.
Now the bound (2.8) follows from (2.19) and (2.21). d

2.3. A special TE mode. Due to difficulties with a numerical solution of the full three-dimensional
Maxwell system, we further consider a special TE mode where 2 is a cylindrical domain and the conductivity
depends only on the transversal variables.

Let 2 = Q5 x R where 5 is a bounded C? domain in R? and o(z) = o(2',0), 2’ = (x1,2). If one seeks
for a solution (E, H) such that E(z) = (0,0, E5(2',0)), H(x) = (H1(2',0), Hz2(2',0),0), then the Maxwell
system (1.1) is equivalent to

(222) —61E3 = iquHg, 82E3 = iw,uoHl, 81H2 — ang = (— iweo + U)E3 in QQ,
or
1
(223) —AFE3 = (w260u0 + iw/J,QO’)Eg, H, = O FE3, Hy = - 01E3 in Q9
WHo 1who

where A = 97 + 03.
Let v = (v/,0) and v/ = (14, 1/2) be the outward unit normal vector of 9Qs, since Exv = (—v2Es3, 11 E3,0),
H xv=1(0,0,voHy —1v1Hs) = ——(0,0,0,, E3), the boundary mapping (1.2) can be reformulated as

1w;L

Are(g) =

0, FE3 on 00y
iwpo

where Fj3 is the solution of the Dirichlet boundary value problem
—AFE3 = (w260/1,0 + iwuoa)E;; in Qo, Es =g on 00s.
Similarly to the previous subsection, we again take an asymptotical expansion

E3z = E3(;0) + E3(;1) + E3(;2)
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where Fs5(;0) satisfies the unperturbed problem

(2.24) ~AE3(;0) — w?eouoE3(;0) =0 inQy,  F3(;0) =g on 99y,

and Ej3(; 1) solves the Dirichlet problem

(2.25) —AF3(;1) — w?eouoFs(;1) = iwpeo E3(;0)  in Q, E5(;1)=0 on 0.

The remaining term is denoted by F3(;2) which is comparably small under a high frequency w.
The linearised boundary mapping in the TE mode is defined by

1
L= —— 8 Es(; 1 990s.
B9 T, 3(;1) on 0

Similar to the above subsection, we again introduce an ”adjoint” solution to the unperturbed equation
(2.26) ~AE;(;0) — wleouoE5(;0) =0 in Q.
From the Green’s formula and (2.25), (2.26) we have

1

iwpo Jaa,

0, E3(;1)E5(;0)dS" = / (A/TEE;;(;O))EQZT(;O) ds’.

21 - [ oBa0)E;(0)de’ -
Qo o192}

We also need the trace theorem for Sobolev spaces, such that
(2.28) [1E5l[(1)(0€22) < Ca||Es||(1)(22)

with a constant Co depending on the domain Q5 and on the choice of the norm in H 3 (09s).
Let &1 be the (operator) norm of Al (from Hz(9€) into H~2(8)) and noting that wave number
k = wy/éoup. The increasing stability estimate for this TE mode is presented below.

THEOREM 2.3. Let ||o||(1)(Q2) < M1, 0 = 0 on 0Qs, and the wave number k > 1. Furthermore, let
0<a<1andey <1, then there holds

%) (22) < ~C(Vola (€))7 (1 = xk(€))(1 + KV + xe(E)(1 + E1)*€7) 3

1
(2.29) +xk(€1) - CaD* (1 + &1)'er
1 1
ME((1— —_— — ).
A ( mel))l”g%%m+xk<sl>1+§2+4k2)

Here &, = —Ilney and x,(E1) =0 4if &1 <k and xx(&1) =1 if k < &1

Proof. The proof is similar to that of Theorem 2.1 but we need to construct another type of CE solutions.
We use the complex exponential solutions, which is similar to those in [12], below

(2.30) Es(z';0) = €17 B (a’;0) = —€i¢
then (2.30) solves (2.24), (2.26) if and only if
(2.31) ¢ = = k2 = wleopo.

Let ¢ € R?, and {e; = %, e2} be an orthonormal basis in R? and

4 /|2 / 712
(2.32) (= %61 +/ k% — %62, "= |€f2|e1 —4/ k% — %62.

Then (2.31) is satisfied and hence (2.30) solve (2.24), (2.26).
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In the two dimensional case

#¢) = Cr)" [ o) € 0,

so from (2.27), (2.30), (2.32) we yield

215 (—¢') */Q ffEs(;O)Eé‘(;O)dﬂU’:/8Q (ATpEs(;0)) E5(;0)dS".

Now using the definition of the operator norm €; we get
27 |5(=¢')| < eall E5 G 0)l (1) (9922) 1 E5( 0) ] 1) (0922)
(2.33) |

< e1G3 11 B3 0) |y (22) [1E5G 0) |1y (22)
because of (2.28).

Using (2.30), (2.31) and (2.32), we further obtain

B3 0) 2, () = / (L4 [¢P)de’ = (14 K2) Voly(Q2), i |€'] < 2K,
(2.34) o
B3 0) 3 () = (1+ k2) / e 4o, if 2k < [¢/),
Qo

where ' = /|¢/|? — 4k2. Similarly,

125 ( 01171 (22) = / (1+¢'*) da’ = (1 + k?) Vola(22),

if |¢'] < 2k,
(2.35) 22
B3 GOl (©2) = 4+ 7) [ e aw, if 2% < [¢]|.
Q2
Now combining (2.33), (2.34) and (2.35) we derive
(2.36) o |o(—€")| < e1C2(1 + k)* Vola(Q), if |¢/] < 2k,
and
%
(2.37) 2 [5(—¢')| < e1C2(1 + k;)QD/ eErar, if 2k < |¢).
D
-2

We first consider the case a): & < k. We have

2 _ ~0  ¢1y2 / ~0 ey 2 ’
ol = [ e ag s [ e ae

2k <€’
(2.38) <1 C‘*(Volz(Qg))%l+k)47r4k2%2+le
(2m)2 2 U014 (2k)2
l 4 2 472a_2 M12
< —C3(Vola(Q2))*(1 + k)'K**et +

14 287 + 22
due to (2.36) and to the assumption that & < k.

2 —
To handle the case b): k < &, we let p? = % + 4k%. Since the function €= is increasing when
y > 0, we have
D 1p=’ 1p=’ (58 £
2 =t g ez —€ 2 €2 —e 2
(2.39) / e =tdt' = = =D
D
-z



A LINEARISED INVERSE CONDUCTIVITY PROBLEM 9

when 2k < |¢/| < p; (and then =/ < £1). Hence as above when deriving (2.38), using (2.37), (2.39), we
obtain

2 (), = "f/Qd’ A712d/ A—Izdl
ol = [ Eeefas [ e [ e ag

1
< —CH(Vola(22))2(1 + k) k€]

1 D2 &1 £1.2 M2
+——CiD*(1+ k) = (e? —e 2 52/ de’ + —.
2P ) &t ( Ja 2k<|¢'|<p1 1+ p}
Since p? = %122 + 4k2, there holds
52
/ d¢' = w(p} — (2k)%) = 7.
2k<[¢'|<p1 D
Simple calculation then shows that when k < &, there holds
2 L 2 ag2.2 L upye 4 M?
(2.40) lollfo)(22) < —C3(Vola(22))°(1 + &1)"Ereq + (- Co D™ (1 + &) er + ———
@ 4 1+ 75 +4k2
because €1 < 1. The bounds (2.38), (2.40) imply (2.41). d

Since the trace operator is continuous from H'(y) into H2 (8€2), one of natural choices of a norm is
B3l (1)(0€) = inf 15 (1) (€2)

over all E3 € H'(Q2) with E3 = E5 on Q5. Then Cy < 1 in (2.28) and Theorem 2.3 implies

COROLLARY 2.4. Let ||lo||(1)(22) < My, 0 =0 on 0Q, and the wave number k > 1. Let 0 < o < 1 and
€1 < 1, then the following estimate holds true

o170 ($22) < ©(Vola(22))* (1= xe(E0)) (1 + )2 + xu(E0)(1 + €67 )}
(2.41) + m(&)%DQ(l +&1) e

1 1
M2 1— _— g2
+ 1(( Xk(gl))1+2512a+2k204 +Xk(€l)1_’_2122+4k2)

Here & = —Iney and x,(E1) =0 if &1 < k and xx(E1) =1 if k < &;.

We comment on increasing stability estimates in Theorems 2.1 and 2.3. As one can observe, these
estimates contain three terms. The first one is either a Lipschitz term whose constant grows polynomially
with respect to the wave number k or a sub-Lipschitz term associated with a logarithmic factor £ = —Ine.
The second item is a Holder term over e associated with another logarithmic factor £. The last item is a
negative logarithmic term O(1/£2?), 0 < a < 1 which commonly arises in the stability estimate of elliptic
inverse boundary value problems. Nevertheless, this last term also has another order of O(1/(£2* + k%%)),
0 < a < 1 which may provide a better error bound if the wave number k is large. Similar increasing stability
estimate appears also in the linearised Schrodinger potential problem for the acoustic wave equation as shown
in [12].

3. Numerical aspects for the linearised inverse problem. Our main goal in this section is to
propose a reconstruction algorithm and present some numerical evidences confirming the derived increasing
stability in Section 2.

3.1. Numerical reconstruction algorithm. The Fourier based reconstruction algorithm, to be pro-
posed below, relies on the equality (2.7) where the linearised boundary mapping A’ provides the boundary
data

N E(0) X v]ga — H(;1) X v|aq.



10 V. ISAKOV, S. LU, AND B. XU

Noticing that in the first-order subproblem (2.2), H(;1) depends on the unknown conductivity o(z), we shall
approximate its boundary value in the form of

H(;1) xv|pa ~ (H xv—H(;0) X V) |sq.
Such a linearised approximation has been widely implemented in inverse conductivity problems, for instance
in [7] and very recently in [12]. After this preparation, we could present the reconstruction algorithm for the
linearised Maxwell system and aim at recovering Fourier modes of the conductivity o(z). This algorithm
firstly chooses several discrete sets of lengths and angles of the vectors in the phase space. For instance, we
choose a discrete and finite length set

{ke}}, € (0,K] for any fixed wave number k = wy/fig€o.

Here K is the maximum length of the modulus ||, whose choice will be specified later. Choosing three unit
vector (or angle) sets

{esyly 8™l {elyly 8" and {el}L, 8",

satisfying el - €2 = 0 and €3 = el x €2, we denote

2 2
€09 = meel, (00 =Tl The (=Tl -\ -

2
a’s) — +e3, pibss) — —1 (Weg k2 — % 6;) ’

and

wig \ 2

2
CL§<S> = —eia b§<€§3> = 7+1 (Wef + k2 — Kl €i> )
wpy \ 2 V 4

which are vectors (or points) chosen in the phase space, while ¢ = 1,2,--- /M and s = 1,2,--- , N. More
precisely, the superscript notation -(4%) will be referred to a vector (%) with the ¢th length x, and the
sth angle el. To realize the inverse Fourier transform, we choose a numerical quadrature rule by a suitable
choice of the weights w(%*) according to these points &)

We summarize our reconstruction algorithm below.

Algorithm 1: Reconstruction Algorithm for the Linearised Inverse Conductivity Problem

Input: {re}pL, {ei}i, {e2}10,, {3}, and weights w(®*);

Output: Reconstructed conductivity oy, = o(M+11)

1: Set ol :=0;
2: For ({=1,2,--- M (length updating)
3: For s =1,2,--- | N (angle updating)
4: Choose E(;0) := a'® exp{i ‘6% - 2}, H(;0) := b¥6%) exp{i ¢ - z};
5: Measure boundary data H><1/|6Q of the Maxwell system (1.1) given boundary data E(;0) XV‘GQ;
6: Calculate approximated linearised boundary data H x v — H(;0) X v on the boundary 9%;
T Choose E*(;0) := a!” exp{i¢{®" - 2}, H*(;0) := b{"* exp{ic{" - 2}
8: Compute 7(—£69)) ~ —(al* 'ais))’1 Joo(H xv—H(;0) x v) - E*(;0) dS;
9: Update o5t = g{6s) o) 5(—¢69)) exp{ies) - z};
10: End
11: Set g {ttL1) .= 5(GENHL),
12: End.
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As one can observe, in Algorithm 1, the truncation threshold value K determines the highest Fourier
modes of the reconstructed conductivity. Nevertheless, one can not choose KC arbitrary large since CE
solutions would become highly oscillating. Similarly to the investigation of acoustic wave equations in [12]
the choice of K = 2k is more appropriate to obtain a stable reconstruction and we provide the numerical
evidence later.

3.2. Numerics of the forward problems and linearised boundary data. To simplify the nu-
merical calculation, we consider the TE mode in Subsection 2.3 and focus on the electromagnetic fields in
a cylindrical domain €2, when the conductivity o(x) depends only on the transversal variables. By choosing
2 =Qy xR and o(z) = o(2’,0) with 2’ = (21, 22), we reduce the full three-dimensional Maxwell system
(1.1) to a simplified TE mode (2.22), or more precisely, an uncoupled Helmholtz-type equation (2.23) for
the electric field F3 by eliminating the magnetic fields H; and Hs. In fact, the magnetic fields H; and Hy
can also be calculated by this simplified TE mode, i.e., the formula (2.23) which are gradient fields of the
electric field Fj3.

Fic. 1. TE mode.

To have a clear view of the numerical setting we provide Figure 1 illustrating the relation of CE solutions
between the TE mode and the full Maxwell system in R3. Indeed, according to the CE solutions (2.9) given
(2.12), the fields E(;0), E*(;0), H(;0) and H*(;0) represent the planar waves traveling in the direction of
the wave vectors ¢’ and (’* respectively. The vectors a, a* are denoted as the directions of the electric fields
E(;0), E*(;0), and the vectors b, b* are denoted as the directions of the magnetic fields H(;0), H*(;0),
by the Faraday’s Law. In the TE mode, except that the vectors a and a* are along the x3 direction, the
other vectors lie in the z1-z5 plane. We emphasize that such a TE mode allows us to reduce the algorithmic
complexity and substantially save the computational cost. For similar treatment and further applications,
we refer to [18].

We first provide some numerics of the forward problems and validate the performance of the linearised
boundary data. In particular, this subsection focuses on Steps 5-6 in Algorithm 1 and especially clarify
impacts of the frequency towards the linearised boundary data.

The domain Q5 is chosen as a disk centred at origin with a radius 0.7 m, i.e. Qg := By ~(0) C [-0.7,0.7]%.
The conductivity ¢ is chosen as

(3.1)

o(z') = |3(1 — z1)? exp{—a} — (z2 + 1)*} — (2z1 — 1027 — 1023) exp{—a7 — 23} — %exp{—(zl +1)% — a3}
As displayed in the left panel of Figure 2, this conductivity is non-negative and has several Gaussian-type
peaks. The boundary 0f); is also indicated by the red circle with a radius 0.7 in the same figure. Noticing
that such a conductivity can be represented in the phase space by the variable & = (£1,&3), we thus plot
19 inclined segments in the middle panel of Figure 2 where each star indicates a point £ in the phase space
satisfying |£'| < 50 with different angles. Near these points, the Fourier modes can be calculated explicitly
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whose absolute values are displayed in the right panel of Figure 2. We emphasize that each curve there
collects the absolute Fourier modes of points corresponding to an inclined segment in the middle panel of
Figure 2. These Fourier modes are of importance in current work and Algorithm 1 aims at recovering as
many of them as possible, c.f. Step 8 ibid.

(i) o(a'), true

07 50 (ii) phase space, & (iii) [5(¢")|, true

T
abs. value

40 50

-0.5 0 0.5

Fi1c. 2. Left: the true conductivity o(z'). Middle: 19 inclined segments in the phase space. Right: the associated absolute
Fourier modes with respect to |€'].

Below we provide some numerical solutions (F, H) with E = (0,0, E5) and H = (Hy, H2,0) of the Max-
well system (2.22) given the conductivity (3.1) and one particular incident plane wave with ¢’ = (—1,0). To
calculate the electric and magnetic fields induced by the conductivity we take constant electrical permittivity
and magnetic permeability to be ¢g = up = 1 and consequently the wave number & = w. Considering nu-
merical discretization of the forward problem, we choose a fine grids with 200 x 200 equal-distance points for
solving the boundary value problem (2.23) with Dirichlet boundary data in the domain [—0.7,0.7]%. In fact,
it is important to have accurate gradient in such cases, and a second order accurate embedded boundary
method of finite difference schemes on an irregular domain, c.f. [8, 15, 14], are used for solving the forward
problem (2.23) on the disk Q2. To highlight the influence of the frequency, we choose w = 5,15 Hz respec-
tively and present the real parts of electric and magnetic fields in Figures 3-4. As one can observe, when
the frequency becomes large, i.e. w = 15, high frequency patterns appear in both the electric and magnetic
fields.

To further illustrate the difference between the electric field E3 and its unperturbed approximation
E5(;0), we present their difference E5 — F3(;0) in Figures 5-6, for two choices of the frequency w = 5,15.
Noticing that the magnetic fields H; and Hy obey

1 -1
Hy = ——0F3, Hy=_——01FE3 in )y,
iwpo iwpo
as well as their unperturbed approximation
1 -1
H,(;0) = 02FE3(;0), Hy(;0) = - 01E3(;0) in Qo,
1(;0) Topg 3(:0), H2(;0) TG 3(:0) in €

we collect the real part of difference Hy — H;(;0) and Hy — Hy(; 0) in Figures 5-6 as well. When the frequency
grows, i.e. w = 15, high frequency patterns essentially appear in the difference of electromagnetic fields which
are also reflected on the boundary data. Here, we recall the approximation of 9,/ Fs5(;1) below

(9V/E3(; 1) ~ (9V/E3 — 8V/E3(; 0) on 692,

which realizes the linearised boundary mapping numerically. In Figures 5-6, we present the real and imaginary
parts of 0,» E3—3, E5(; 0) on the boundary 923 where one can observe its tendency under growing frequencies.

All the above numerical calculation has chosen the same & = (—1,0) satisfying |£'| < k = w. At the
same time, it remains to check the numerical performance for those |'| > 2k (or 2w) whose CE solutions
display differently. To save the length of the paper, we only show the linearised Neumann boundary data
0y E3 — 0, E5(;0) in Figure 7 where & = (—40,0) is chosen for both w = 5 and 15. It is clear that the
linearised Neumann boundary data blows up on parts of the boundary 0€,. It is worth to mention that
such behaviour is also observed in the acoustic Helmholtz equation as shown in [12].



A LINEARISED INVERSE CONDUCTIVITY PROBLEM 13

(i) Fs, real

(ii) Hy, real

. (iii) Hy, real
3 0.4
2
10.2
1
0 “ 0
B
Y
0.2
» 02
8 0.4 0.4
“ -06
-0.6
-0.5 0 0.5
zy
(v) H, real
= e
06} - - st L
. i
041 A e e e . },‘

0.2 /%LL.—‘—A-———»—«.—;——»—’»—*——N—?

&2
o

Fia. 3. ¢/ = (—1,0), w = 5 Hz] Real parts of fields E = (0,0, E3) and H = (Hy, H2,0) satisfying the Mazwell system

(2.22) with the conductivity o in (3.1). Upper row: real parts of E3 (V/m), Hi (A/m) and Ha (A/m) (from left to right).
Bottom row: real parts of E (V/m) and H (A/m) (from left to right).

(i) E3, real

(ii) Hy, real (iii) Ho, real

0.5

-0.5

Fic. 4. [¢/ = (—1,0), w = 15 Hz] Real parts of fields E = (0,0, E3) and H = (H1, H2,0) satisfying the Mazwell system

(2.22) with the conductivity o in (3.1). Upper row: real parts of Es (V/m), Hi (A/m) and Ha (A/m) (from left to right).
Bottom row: real parts of E (V/m) and H (A/m) (from left to right).
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(i) B3 — Fs5(;0), real (ii) Hy — Hy(;0), real (iif) Hy — H>(;0), real

1 - 03 02
02
05 0.1
0.1 0.05
0
g g 0 g 0
-0.05

02 -05 02 01 -0.2 o

-0.4 -0.4 -0.4
0.2 -0.15

06 - 06 06 02

-0.5 0 05 -0.5 0 05 -0.5 0 05
T Ea 1
(iv) 8 E3 — 8,/ F3(;0), real (v) Oy E3 — 0, E3(;0), imag
Ik
/ ~ 0.4 //-\
E; \ RN
0.15 ; k3 / 4y
; 3 02 4 \
0.1 ‘/ * ]
. / 3 \
. k! 0
005r f 3 1
/ 02 % ;
0 / \, g
-04 \\.//
0 ™ 2 0 T 2m
292} 02y

Fi1c. 5. [¢/ = (—1,0), w = 5 Hz] Upper row: real part of the difference of electromagnetic fields Es — E3(;0) (V/m),
Hy — H1(;0) (A/m) and Ha — H2(;0) (A/m) (from left to right). Bottom row: real part (left) and imaginary part (right) of
the linearised Neumann boundary data 0, FE3 — 9,/ E3(;0) on 0Qs.

(i) B3 — E5(;0), real (ii) Hy — Hy(;0), real (iii) Hy — H>(;0), real

15 06
2
1 0.4
1 05 02
o 0 o 0 o 0
8 8 8
-0.5 -0.2
-02 -1 -02 -02
-1 .
-0.4 o -0.4 -0.4 04
1.5 .
-06 06 -06 06
-3
-05 0 05 -05 0 05 -05 0 05
T Ty T
(iv) 8,/ F3 — 8,/ Fs5(;0), real (v) Oy E3 — 8, E3(;0), imag
0.8 i i F4Y
Y 1 iy
06 [ i
i i
F A 05
04 P iy 1 i 3
HE o~ Yy
0.2 H F 0
A S A U SN S NN /
ER R S v 1’,‘
of % S ; A ~
: i i - 05 \ /
; v
-0.2 ; Y 5
h% Y/ W A \/
0 T 27 0 T 2T
90 08

Fi1c. 6. [¢/ = (—1,0), w = 15 Hz] Upper row: real part of the difference of electromagnetic fields E3 — E3(;0) (V/m),
H; — Hi1(;0) (A/m) and Ha — H2(;0) (A/m) (from left to right). Bottom row: real part (left) and imaginary part (right) of
the linearised Neumann boundary data 0, FE3 — 9, E3(;0) on 0.
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w=2>5Hz
«10° (i) 8 E5 — 0,/ F5(; 0), real «10% (ii) Oy E3 — 0 E3(;0), imag
1 : 8
05 6
4 :
0 e
2 s
-0.5 :
0 ! ~
- vy
: -2
0 T 2 0 ™ 2
292 (292
w =15 Hz

(ili) 8, E5 — 8,,F3(;0), real (iv) 0 F3 — 8, E3(;0), real

500

FiG. 7. [¢/ = (—40,0)] The real part (left) and imaginary part (right) of the linearised Neumann boundary data 0, E3 —
0,1 FE3(;0) on Q2. Upper row: w =5 Hz. Bottom row: w =15 Hz.

3.3. Inversion of the conductivity and improving resolution under high frequencies. By
numerical calculation of the forward problems and their approximated linearised boundary data in the above
subsection we then confirm efficiency of Algorithm 1, especially Steps 8-9 recovering the Fourier modes of
the conductivity o. Moreover, we verify the improving resolution by numerical evidence when the frequency
w grows. To avoid inverse crimes, in the numerical inversion of current subsection, we choose a coarser grid
with 90 x 90 equal-distance points in the same rectangle domain [—0.7,0.7]%.

To fit the setting of Algorithm 1 to the TE mode and reconstruct the conductivity from the boundary
measurement, we recall that a linearised form of the electric field Ej5 is presented by E3 = E3(;0)+ E5(;1) +
Es5(;2), where E3(;0), E5(; 1) obey subproblems (2.24), (2.25) and Fs(;2) is the remaining higher-order term.
Recalling the equality (2.27) below

1
- / 0 E3(:0)E(;0) da’ = - / O Bs(: 1) 3 (:0) dS’ = / (A Fs(;0)) B3 ;0 dS,
Qo 1WHo Ja0, 90

we need to consider the CE solutions Fs5(;0), F3(;0) referring to those in the proof of Theorem 2.3. In fact,
by choosing any vector £ = (£1,&) € R?* and & = (—&»,&1) such that & - & =0, [¢/| = |¢|| < K, and
denoting e; = %, eg = %, we then generate the CE solutions in (2.30) with the complex valued vectors in
(2.32) and k = w,/éofip. Thus from the linearised boundary mapping (2.27) we have

1

(3.2) Qﬂa(—g’):—/ 0By (:0) 2 (;0) da’ = - 0, Bs(: 1)E3(;0)dS,
(o2 1wpo Joq,

where the boundary value 0,/ F3(;1) is needed in the right-hand side. Since the electric field F3(;1) de-
pends on the unknown conductivity o as shown in (2.25), its Neumann boundary value 9,/ E3(; 1) should be
approximated by the linearisation

8V/E3(; 1) =~ 8V/E3 — 8V/E3(; 0) on (992,
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with the electric field F5 of the original TE mode and FEs5(;0) of the unperturbed subproblem.

Referring to the formula (3.2), we recover all the Fourier modes 7(¢’) of the conductivity o near those
19 (discrete) inclined segments in the phase space as shown in the middle panel of Figure 2 with K = 50.
More precisely, Steps 8-9 in Algorithm 1 iterate over all £ along each discrete inclined segment containing
the phase points ¢ where their modulus |¢’| are equally distributed in the interval [0.2, 50] with a step size
0.2. The degree of angles between two adjacent inclined segments is 1—297r.

We shall emphasize that the CE solutions generated in Subsection 2.3 have the same properties as in
the acoustic wave equation, c.f. [12, Rem4.1]. In particular, when the modulus [¢’| > 2k (or 2w), the CE
solutions become (highly) oscillating along one direction and decay exponentially along the vertical direction
as partially shown in Figure 7. Then approximation of the linearised boundary data is not stable. To visualize
the consequence, we present all the recovered absolute Fourier modes [5(¢’)| for the conductivity o at all
phase points £’ satisfying |¢’| < 50 in Figure 8 by implementing Algorithm 1. As one can clearly observe,
the Fourier modes with the phase modulus |¢'| < 2k (or 2w) can be well recovered. Nevertheless, when the
modulus becomes large i.e. |£'| > 2k (or 2w), the absolute value of the recovered Fourier modes blows up
immediately and one can not expect to include high phase information. Such an observation consists with
the conclusions in [12] where K = 2k is the threshold value allowing stable reconstruction, denoting K be
the maximum modulus length of all chosen vectors in the phase space, and k = w while ¢y = pg = 1 in our
numerical cases.

(i) |a(¢")], recovery, w=10 (iii) |5(¢)|, recovery, w=15

0.15 [}

015

©
©

abs. value
abs. value
abs. value

0.05 0.05

50 30 40 50 40 50

F1G. 8. Absolute value of recovered Fourier modes with w = 5,10,15 Hz with |£'| < 50.

Then, by utilizing the inverse Fourier transform to the above recovered Fourier coefficients with L = 2k in
Algorithm 1, the reconstructed conductivity o(z’) is shown in Figure 9 in reference to the exact conductivity
in the left panel of Figure 2. As one can observe, in the lower frequency regime w = 5, no essential information
is obtained. On the other hand, if we choose a high frequency regime w = 15, much higher resolution of the
reconstructed conductivity is obtained by using nineteen discrete inclined segments in the phase space. One
can further improve the resolution by adding more inclined segments in the phase space and we skip these
details.

Finally, we impose noise propagation on the linearised Neumann boundary data 0, F3(;1) ~ 0,/ F3 —
0, E5(;0) on 0€Qs. Assume that there exists a noise level ¢ such that the difference between the exact and
noisy boundary data satisfies

|0, ES — 8V/E3H(O) (0902) < 6|00 Es]| g (02),

where 0, ES is the noisy Neumann boundary data. By choosing different noise levels, we plot the decaying
slope of the relative error with respect to the noise level § in Figure 10. When the frequency is small, for
instance w = 5, one can hardly observe an error bound where the decaying slope is §%90. If we increase the
frequency to w = 10 and w = 15, the decaying slopes grow to 6°% and §°2°. To have a particular check
on the noise propagation towards the inversion resolution, we present the recovered Fourier coeflicients and
the corresponding reconstructed conductivity in Figure 11 where 0.1 noise is imposed on the noisy Neumann
boundary data with w = 15. Though the recovered Fourier coefficients become rough when noise appears,
the reconstructed conductivity retains good resolution. When the noise increases, the resolution become
worse as reflected in Figure 10.
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(i) o(z'), recovery, w=>5 (ii) o ('), recovery, w=10 (ili) o(z), recovery, w=15
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F1G. 9. Reconstructed conductivity o with w = 5,10,15 Hz by choosing K = 2k (or 2w).

(i) w=5 (i) w=10 (ili) w=15
—#—Relative error —#—Relative error —»—Relative error
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" " "
2 012 2 2
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F1G. 10. The blue stars are relative error of different noise levels with noisy Neumann boundary data 0, Eg. The red
dashed line is the fitting line with slopes 6990 for w =5 Hz, 6% for w =10 Hz, §%20 for w =15 Hz.

(i) [5(¢")], recovery, w=15, §=0.1 (i) o(a’), recovery, w=15, §=0.1

abs. value
x2

40 50 -0.5 0 0.5

Fic. 11. jw = 15 Hz] Absolute value of recovered Fourier coefficients and the corresponding reconstructed conductivity
with noise levels 0.1.

Conclusion. We partially justified analytically and justified numerically a linearisation approach in the
inverse conductivity problem for the Maxwell system at higher frequencies, where the boundary data for the
original (non-linear) inverse problem are used in the linearised problem to get a very good approximation
of the conductivity coefficient. To complete an analytic part one expects to demonstrate linearisation in
respect to the frequency. Since the numerical resolution is obviously increasing in the linearised version,
it would be interesting to handle the original non-linear inverse problem with some use of the analytic
methods of [2] and already available numerics in [9]. The next natural step is to solve numerically the
inverse problems for the complete three-dimensional Maxwell system and to confirm Theorem 2.1. However
there are substantial difficulties even with the direct problems when generating the boundary data for the
inverse problem. Another important issue is to show that this method is applicable to practical geophysical
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medical settings.

REFERENCES

Alessandrini, Giovanni. Stable determination of conductivity by boundary measurements. Applicable Analysis, 27 (1988),
no. 1-3, 153-172.

Bukhgeim, Alexander. Recovering a potential from Cauchy data in the two-dimensional case. Journal of Inverse I1l-Posed
Problems 16 (2008), no. 1, 19-33.

Bao, Gang; Li, Peijun. Inverse medium scattering problems for electromagnetic waves. SIAM Journal on Applied Mathe-
matics, 65 (2005), no. 6, 2049-2066.

Bao, Gang; Li, Peijun. Numerical solution of an inverse medium scattering problem for Mazwell’s equations at fized
frequency. Journal of Computational Physics, 228 (2009), no. 12, 4638-4648.

Caro, Pedro. Stable determination of the electromagnetic coefficients by boundary measurements. Inverse Problems 26
(2010), no. 10, 105014, 25 pp.

Caro, Pedro. On an inverse problem in electromagnetism with local data: stability and uniqueness. Inverse Problems &
Imaging, 5 (2011), no. 2, 297-322.

Dobson, David C.; Santosa, Fadil. Resolution and stability analysis of an inverse problem in electrical impedance to-
mography: dependence on the input current patterns. STAM Journal on Applied Mathematics, 54 (1994), no. 6,
1542-1560.

Gibou, Frederic; Fedkiw, Ronald P.; Cheng, Li-Tien; Kang, Myungjoo. A Second-Order-Accurate Symmetric Discretiza-
tion of the Poisson Equation on Irregular Domains. Journal of Computational Physics 176 (2002), no. 1, 205-227.

de Hoop, Maarten V.; Lassas, Matti; Santacesaria, Matteo; Siltanen, Samuli; Tamminen, Janne P.. Positive-energy D-bar
method for acoustic tomography: a computational study. Inverse Problems, 32 (2016), 025003, 35 pp.

Isakov, Victor. Increasing stability for the Schrodinger potential from the Dirichlet-to-Neumann map. Discrete & Contin-
uous Dynamical Systems-S, 4 (2011), no. 3, 631-640.

Isakov, Victor; Lai, Ru-Yu; Wang, Jenn-Nan. Increasing stability for the conductivity and attenuation coefficients. STAM
J. Math. Anal. 48 (2016), no. 1, 569-594.

Isakov, Victor; Lu, Shuai; Xu, Boxi. Linearized inverse Schrédinger potential problem at a large wavenumber. STAM J.
Appl. Math., 80 (2020), no. 1, 338-358.

Isakov, Victor; Wang, Jenn-Nan. Increasing stability for determining the potential in the Schréidinger equation with
attenuation from the Dirichlet-to-Neumann map. Inverse Problem & Imaging, 8 (2014), no. 4, 1139-1150.

Kreiss, Heinz-Otto; Petersson, N. Anders. A second order accurate embedded boundary method for the wave equation with
Dirichlet data. STAM Journal on Scientific Computing 27 (2006), no. 4, 1141-1167.

Kreiss, Heinz-Otto; Petersson, N. Anders; Ystr om, Jacob. Difference approzimations for the second order wave equation.
SIAM Journal on Numerical Analysis 40 (2002), no. 5, 1940-1967.

Mandache, Niculae. Ezponential instability in an inverse problem for the Schrédinger equation. Inverse Problems, 17
(2001), 1435-1444.

Ola, Petri; Paivarinta, Lassi; Somersalo, Erkki. An inverse boundary value problem in electrodynamics. Duke Mathematical
Journal, 70 (1993), no. 3, 617-653.

Rumpf, Raymond C.. Simple implementation of arbitrarily shaped total-field/scattered-field regions in finite-difference
frequency-domain. Progress In Electromagnetics Research B, 36 (2012), 221-248.

Somersalo, Erkki; Isaacson, David; Cheney, Margaret. A linearized inverse boundary value problem for Maxwell’s equa-
tions. J. Comput. Appl. Math., 42 (1992), no. 1, 123-136.

Sylvester, John; Uhlmann, Gunther. Global uniqueness theorem for an inverse boundary value problem. Annals of Math-
ematics, 125 (1987), no.1, 153-169.



	1 Introduction
	2 Stability estimates
	2.1 Setups
	2.2 Increasing stability for the linearised inverse conductivity problem
	2.3 A special TE mode

	3 Numerical aspects for the linearised inverse problem
	3.1 Numerical reconstruction algorithm
	3.2 Numerics of the forward problems and linearised boundary data
	3.3 Inversion of the conductivity and improving resolution under high frequencies

	References

