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Abstract

We describe a general procedure, based on Gerstenhaber—Schack complexes, for extending to
quantized twistor spaces the Donaldson-Friedman gluing of twistor spaces via deformation theory
of singular spaces. We consider in particular various possible quantizations of twistor spaces
that leave the underlying spacetime manifold classical, including the geometric quantization of
twistor spaces originally constructed by the second author, as well as some variants based on non-
commutative geometry. We discuss specific aspects of the gluing construction for these different
quantization procedures.

1. Introduction
1.1. Introductory historical comments: motivations and signatures

Twistor theory was originally put forward, in December 1963 (see [49, 53]), as a novel geometri-
cal proposal for the description of physics, specifically attuned to Einstein’s 1905 theory of special
relativity. Minkowski’s 1908 geometrical framework for that theory [42] was as a four-dimensional
spacetime M which differs from Euclidean 4-space in that the Euclidean (+, +, +, +)-signature met-
ric is replaced by a Lorentzian (—, +, +, +) one, or, as we shall prefer here, a Lorentzian (4, —, —, —)
metric, according to which it is the time measure along timelike curves that is what is directly defined.
The symmetries of Minkowski’s spacetime M are given by the 10-dimensional Poincaré group.

In twistor theory, this symmetry is extended to the 15-dimensional conformal group SO(2,4) of
symmetries of compactified Minkowski space M€, of topology S' x S°, which extends M by the
incorporation of a ‘light cone at infinity’ Z, whose vertex is a point i representing both spatial and
temporal infinity, joined to a 3-cylinder of topology S? x R representing ‘lightlike’ (or null) infinity.
The free-field Maxwell equations extend to M, as do the other massless field equations for various
spins (see [47, 48]).

In the positive-definite Euclidean case, the connection with physics is less direct, making use of
the concept of spacetime ‘Euclideanization’, which plays a role in various approaches to quantum
field theory (dating back to [62]), by means of the ‘trick’ of allowing the time to be described by an

Corresponding author. E-mail: matilde @caltech.edu

1

© The Author(s) 2021. Published by Oxford University Press.
All rights reserved. For permissions, please e-mail: journals.
permissions @oup.com

1202 AeIN 81 U0 1saNB Aq 62€.¥29/¥20deey/yewb/e60 L 01/10p/soie-oueApe/yiewb/wod dno oiwspeoe//:sd)y wolj papeojumoq


mailto:matilde@caltech.edu

2 M. MARCOLLI AND R. PENROSE

imaginary parameter. The compactification now becomes the standard 1-point conformal compact-
ification of Euclidean 4-space R* to the conformal sphere $*. The symmetry group is now SO(5, 1).
However, passing to the common complexification of both M and S*, we again obtain a complex-
conformal 4-quadric CS*, wherein the single point i, in the compactification of $*, now extends to
the complex 3-cone CZ, with vertex i.

The idea of twistor theory is to appeal to the Grassmann—Klein representation of the family of
projective lines in complex projective 3-space CP? as a complex 4-quadric, but where we now take
this in the reverse sense, that is to say, the complexified conformal spacetime CS* is to be regarded
as the Klein representation of projective lines in a complex projective 3-space P, the projective
space of the complex vector space T, referred to as twistor space. The complexifications of $* and
MC are identical, so in each case we get the same projective twistor space 7. However we are also
interested in reality structures in the two cases, and these come out very differently, despite the fact
that the same complex space CP3 arises as its twistor space PT in each case. The difference lies in
the way that the ‘real’ points of the spacetime are interpreted within P7".

Let us first consider the original Lorentzian case [49]. Here, we obtain a realization of the isomor-
phism between the Minkowskian conformal spacetime group SO (4,2) and the twistor symmetry
group SU(2,2). The points of the compactified spacetime M are all represented by CPP?s lying in
a 5-real-dimensional subspace PA” C PT of topology S x S2. The points of PA/ themselves corre-
spond to null straight lines—that is, light rays—in M, including the generators of Z. The S?>-family
of light rays through a fixed point p in M€ corresponds to a CP' in PA/. The condition for two points
of M€ to be null separated (that is, joined by a light ray) is that the CP's that represent them in PA/
intersect.

The points of P7 ~. PA also have an interpretation within the (compactifed) real spacetime M€,
but not as light rays. It is easy to interpret a point p in P7 ~. PA/ by considering, instead, the dual
p*, with respect to the SU(2, 2) structure, which is a CP? that intersects PA/ in an S3. This S? can be
taken to represent p via this duality. It is naturally fibered according to the Clifford—Hopf fibration
S < §% — §2, where each point g € S° lies on an S! fiber which is the intersection of S* with the
complex line joining g to p. In spacetime terms, this construction provides us with the realization of
S? as a twisting 3-parameter family of light rays termed as ‘Robinson congruence’, which originally
provided the name ‘twistor’ (see [53]).

In the case of a Riemannian (Euclideanized) spacetime S*, where we are primarily interested
only in the conformal Riemannian structure of S*, each point of $* still corresponds to a CP! in the
CP? (that is, PT), but in this Riemannian case, we have no null-separated points in the spacetime.
Accordingly, none of the lines in this CP? (that is, PT) can intersect, and thus, instead of the real
spacetime points being determined by a subspace (that is, PA") within P77, we have a fibration

CP! — CcP? — §*

(see, for example, [1]).

The twistor framework for either spacetime signature, or in the complex case, becomes remark-
ably useful for the description of massless free fields (in regions within $*, M€ or their common
complexification CS*) for various spins, such as the free electromagnetic Maxwell field, which is
the case of spin 1. Any such field—which we may now take to be a complex solution of the field
equations (this being relevant to quantum wavefunctions)—can be separated into its right-handed
(positive helicity s) and left-handed (negative helicity s) parts, where |s| is the spin of the field. The
quantity s, where 2s is necessarily an integer, s being called the helicity, is negative for left-handed
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helicity and positive for right-handed, and we also allow s = 0. The field equation for s = 0 is simply
the wave equation, and for |s| = 1, we get the Maxwell equations. For |s| = 2, we get the description
of the free gravitational field according to the weak-field linear limit of Einstein’s general theory of
relativity. For s =%1/2, we get the neutrino/antineutrino equations in the limiting case of zero mass.

Explicitly, the solutions of these equations are represented very directly as simple contour inte-
grals of holomorphic functions of a single twistor z, referred to as twistor functions, taken to be
holomorphic and homogeneous of degree —2s — 2, but otherwise subject to no equations. Twistor
functions are more properly thought of as defining elements of 1st Cech cohomology (see, for exam-
ple [S5], particularly Section 6.10). To describe the field in a local region of the spacetime, it is
sufficient to use a 2-set Cech covering of the corresponding region in P7, which we may regard as
an open ‘thickening’ of a CP'.

In the case s =—2, so that the twistor function’s homogeneity is +2, we find that this construction
generates the left-handed (that is, negative helicity) weak-field solutions of the full Einstein vacuum
field equations (with or without a cosmological constant A), that is, (complex) Einstein 4-manifolds.
This comes about as follows. In the linear case, locally (in the spacetime) we need consider only
a 2-patch Cech covering, the twistor function being defined on their overlap. For the full nonlinear
situation, we take this twistor function to define a ‘gluing’ of one patch to the other which differs
from the identity map. A theorem of Kodaira [32] and Kodaira—Spencer [33] tells us that, so long as
this displacement is not too large, we still get a 4-parameter family of CP's, straddling the patches.
Regarding these as defining points in a conformal 4-manifold (with conformal structure defined in
terms of intersections between CP's, as in the conformally flat case), we obtain, locally, completely
general analytic conformal 4-manifolds which are anti-self-dual, this constraint referring to the van-
ishing of the self-dual part W of the Weyl curvature tensor W = W + W™, where W~ would be its
anti-self-dual part. This construction yields, locally, the most general such anti-self-dual conformal
4-manifold.

Moreover, in standard twistor space 7, we have a certain 2-form I referred to as he ‘infinity
twistor’, which gives M a Euclidean metric if I is degenerate (that is, rank 2) and a de Sitter or
anti-de Sitter one if I is non-degenerate. If in the above ‘gluing’ we preserve I from patch to patch,
then the assigned metric is necessarily Einstein (Ricci tensor being proportional to the metric tensor)
and provides us, locally, with the most general such anti-self-dual 4-space (see [49, 60]). This has
become known as the ‘nonlinear graviton’ construction [51, 52].

The question naturally arises as to whether some sort of twistor construction might give rise to
generic space-times which provide us with completely general (analytic) space-times. Even more
pertinently, in the directly physical Lorentzian case, one might well regard the above construction as
completely useless because in this case the decomposition W = W' + W™ is a complex one, where
W and W™ are complex conjugates of one another, so that if one vanishes, so does the other, and
we are restricted to conformally flat space-times.

On the other hand, one might imagine that there could be some ‘non-linearization’ of the twistor
procedure that had enabled us to generate linearized self-dual Weyl tensors from twistor functions
of homogeneity degree —6, analogously to the way that the nonlinear graviton achieved this for
homogeneity +2. (This had been termed the ‘googly problem’, by analogy with a difficult bowling
action in the game of cricket.) Then perhaps one might ‘add the two together’ in some sense so as
to obtain a solution to the general problem of finding a full expression for solutions of Einstein’s
vacuum equations in twistor terms. However, despite many attempts, employing different types of
idea, no solution has yet come close to a solution along these lines.
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It should be mentioned, at this point that many researchers have adopted a different viewpoint,
referred to as the use of ‘ambitwistors’, which involves combining a twistor with a dual twistor into a
single entity. Although much significant work has been achieved along these lines (see, for example
[36]), nevertheless, this must be regarded as a solution to a different kind of problem, and some of
the economy that is a feature of twistor theory is lost.

Another way of thinking about our difficulty here is that spatial reflection takes twistors into
dual twistors (members of the dual twistor space); moreover self-dual and anti-self-dual parts of the
Weyl curvatures are interchanged upon 3-spatial reflection. In the Lorentz-signature framework, the
complex conjugate of a twistor is a dual twistor, and vice versa. Accordingly, a holomorphic function
of a twistor would reflect into an anti-holomorphic one, so it would seem that we need to extend the
formalism to include both twistors and dual twistors if we are to preserve holomorphicity, so we
appear to be driven back to ambitwistors, and thereby lose much of the economy that is inherent in
the twistor formalism.

However, there is another solution, which is to appeal to the framework of twistor quantization,
whereby holomorphicity (crucial for many expressions of twistor theory) is retained, although at
the expense of the non-commutativity that is inherent in the use of differential operators. In this
procedure, the complex conjugate of a twistor is replaced by a holomorphic differential operator [50],
this procedure having had relevance in many of the expressions of twistor theory. Some aspects of this
non-commutative algebraic approach, in the Lorentzian framework, are to appear elsewhere, under
the name of ‘palatial’ twistor theory (see [54]), but here we go more deeply into the general structure
of this procedure, mainly in the positive-definite signature situation, and explore the resulting non-
commutative twistor geometry describing classical spacetimes.

1.2. Summary and organization of the paper

In [50] one of us introduced a quantization of twistor spaces, based on a geometric quantization
procedure. This construction was motivated by the fact that extending the twistor formalism for con-
formally curved spacetimes involves the problem of dealing with non-analytic transformations of
twistor space that mix the Z* and the conjugate Z,, coordinates. The observation that such transfor-
mation do, however, preserve Poisson brackets obtained by viewing the Z,, as canonical conjugate
variables of the Z“ leads naturally to considering a quantized version of twistor space, which still
makes it possible to work with holomorphic functions of the Z%, where the operator corresponding
to Z,, is identified with 9/9Z.

More recently, non-commutative deformations of twistor spaces were considered in the context
of non-commutative geometry (see [6, 7, 34, 35]), obtained using the Connes—Landi 6-deformation
technique [19]. These constructions are based on quantizing the Hopf fibration

CP! — CP? — s*. (1.1)

However, all these constructions involve a quantization of the spacetime manifold S* and a compat-
ible quantization of the twistor space CP3 determined by the geometry of the Hopf fibration. The
motivation for these non-commutative deformations lies primarily in the construction of instantons
on non-commutative 4-spheres, hence the non-commutative deformation of the spacetime manifold
is crucial to the purpose.

The point of view we are interested in here is different, in the sense that we are interested in
quantizations of the twistor space that leave the spacetime manifold commutative.
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The main focus of the paper is the gluing problem for quantized twistor spaces formulated in
Part D of [54]. We use the Gerstenhaber—Schack theory of non-commutative deformations [28] to
extend the Donaldson—Friedman gluing [22] of classical twistor spaces to their non-commutative
counterparts. In this paper, we work primarily with Riemannian, rather than Lorentzian manifolds,
in order to be able to directly compare the gluing result we discuss with the classical result of [22].
However, the general procedure we describe for the gluing of quantized twistor spaces would apply
also in the Lorentzian setting in which the problem was originally formulated in [54].

Section 2 of the paper introduces some examples of non-commutative deformations of twistor
spaces. In particular, we show that, in addition to the geometric quantization construction of quan-
tized twistor spaces originally introduced by one of us in [50], other variants are possible, which
have a natural interpretation in the setting of non-commutative geometry. In particular, we investi-
gate quantizations of twistor spaces that are obtained, for an (anti)self-dual Riemannian manifold
M, by imposing that M remains commutative and that the quantization of the twistor space Z(M)
is compatible with the Hopf fibrations relating the twistor space Z(M) to M with twistor lines CP!
fibers and the twistor space Z(M) and the sphere bundle S(M) of the spinor bundle ST (M) with fiber
S'. We describe the geometry of some possible quantizations obtained via these requirements. We
also show the different role that the Hopf fibration plays in the geometric quantization of twistor
spaces of [50], in the Lorentzian setting, and its compatibility with the quantization.

In Section 3 we focus on the main question of gluing of non-commutative twistor spaces. We
present an abstract and very general procedure that applies to any chosen non-commutative defor-
mation that can be described in terms of deformation quantization. In Section 4, we show more
explicitly how the examples of twistor space quantization introduced in Section 2 fit into this general
procedure.

Our main construction of Section 3 is based on a non-commutative generalization of the gluing
result of [22]. Donaldson and Friedman showed in [22] that one can associate to the connected sum
M = M #M, of two (anti)self-dual Riemannian 4-manifolds M; a singular space Z(M) obtained
by first blowing up the twistor spaces Z(M;) along one of the CP' fibers and then gluing together
the two exceptional divisors, Z(M) = Z(M;) Ug, ~g, Z(M>), with Z(M;) = Blgpi (Z(M;)). The gluing
map of the exceptional divisors is determined by an orientation-reversing isometry of the tangent
spaces of M; at the points x; where the connected sum is performed and where the respective fibers
F,, = CP!' are blown up. The space Z(M) obtained in this way has a normal crossing singularity
along the identified exceptional divisors, which form a CP' x CP'. In [22] they then consider the
question of whether the singular space Z(M) admits an unobstructed deformation to a smooth space,
and they show that, when this is the case, the resulting smooth space is the twistor space Z(M) of
the connected sum manifold. In particular, this ensures the existence of (anti)self-dual metrics on the
connected sum. The analysis of deformations and obstructions used for the result of [22] is based
on a deformation theory of spaces with normal crossings singularites developed in [27]. The main
deformation result of [22] states that, if the twistor spaces Z; = Z(M;) have unobstructed deformation
theory, namely if the cohomology H?(Z;, O(TZ;)) = 0, then the deformation theory of Z(M) is also
unobstructed.

We investigate to what extent the gluing and deformation procedure of [22] can be adapted to
quantized twistor spaces. The work of Gerstenhaber and Schack [28] showed that classical Kodaira—
Spencer deformation theory of complex manifolds can be subsumed as a ‘commutative part’ of
a more general deformation theory that includes non-commutative deformations and that is gov-
erned by a parameterization of infinitesimal deformations and obstructions in terms of Hochschild
cohomology.
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6 M. MARCOLLI AND R. PENROSE

Using this formulation of deformation theory, and starting with unobstructed non-commutative
deformations of the twistor spaces Z; = Z(M;), relative to a choice of a twistor line L;, we show that it
is possible to obtain an unobstructed non-commutative deformation of the singular space Z, subject
to a compatibility condition between the choices of the cochains that define the higher terms of the
deformation. In particular, if the commutative parts of the deformations of the Z; is unobstructed, the
construction recovers the gluing and deformation of [22], so that we can identify the resulting non-
commutative deformation of Z with a non-commutative deformation of the twistor space Z(M;#M>)
when the latter exists. If the commutative part of the deformations of the Z; is obstructed but the non-
commutative deformations are unobstructed, the resulting non-commutative deformation of Z can be
viewed as a quantized twistor space for M| #M, which may exist even if the classical one does not,
for instance in cases when M #M, does not carry an (anti)self-dual structure.

In Section 4, we look again at the specific examples of non-commutative deformations of twistor
spaces discussed in Section 2 and we show to what extent the general gluing procedure of Section 3
applies in each case. We show that it can be applied to the original quantization of twistor spaces of
[50], where it agrees with a geometric quantization of a Gompf sum of symplectic manifolds. We
then show how the gluing works explicitly for the other variants of quantization of twistor spaces
obtained in Section 2 from deformations of the Hopf fibration, with different geometric properties
of the corresponding deformation theory.

2. Non-commutative twistor spaces

We discuss different non-commutative deformations of twistor spaces. Our primary interest is the
quantized twistor space introduced by one of us in [50]. However, we also show that, if one works
with (anti)self-dual Riemannian manifolds and imposes the requirements that the non-commutative
deformation of the twistor space is compatible with the Hopf fibration, while leaving the spacetime
manifold commutative, this can lead to a choice of somewhat different quantizations of the twistor
spaces. In particular we first recall the geometric quantization of twistor space, viewed in the con-
text of geometric quantization and deformation quantization, and then we analyze a few different
variants of the construction of a quantized twistor space. We then return to discuss the geometric
quantization of twistor spaces of [50] and we analyze more in detail the role of the Hopf fibration
and the compatibility of the quantization with the Hopf fibration, which is different from the other
cases we discuss in this section.

In order to construct these different quantizations of twistor space, we focus on the geometry
of the Hopf fibration. We show that there are different ways of deforming the Hopf fibration S! —
$% — S? to non-commutative spaces, which result in a compatible non-commutative deformation
of the Hopf fibration S* — 7 — $*, and more generally of the unit sphere bundle S(A (M)) of a
self-dual 4-manifold M, in a way that leaves the space manifold $* or M commutative.

A first method we discuss is based on deforming the Hopf fibration S' < §* — §? by deforming
all the 2-tori of the Hopf foliation of S* to non-commutative tori. This deformation and the resulting
deformations of S(A,(M)) fall within the setting of the Connes-Landi #-deformations of non-
commutative geometry. Moreover, they have a counterpart, where the non-commutative deformation
can be expressed in terms of a non-commutative deformation of the fibrations C* < C? \. {0} —
CP! and C* < C*~. {0} — CP?3, and which can be described in terms of the non-commutative
toric deformations of Cirio—Landi—Szabo [12-14]. However, we will show that this method does not
correspond to the quantization of twistor spaces introduced in [50]. Indeed, in this deformation the
base S? ~ CP' of the Hopf fibration ! — §* — §? remains commutative, unlike what is expected as
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GLUING NON-COMMUTATIVE TWISTOR SPACES 7

effect of the quantization of [50]. This results in a non-commutative sphere bundle S(A (M))g that
fibers with S'-fibers over a commutative twistor space Z(M) and also fibers over the commutative
spacetime manifold M, with fibers the non-commutative spheres Sg.

A second method is based instead on a non-commutative deformation of the Hopf fibration ' <
§% — §? that is based on the deformation quantization method originally introduced in [3], where the
compatibility of the deformation and the Hopf fibration is achieved using the construction of [45, 46].
We will show that this non-commutative deformation induces a deformation of the sphere bundle
$3 < S(A; (M)) — M that leaves the self-dual 4-manifold M commutative, and a compatible non-
commutative deformation of the twistor space CP! < Z(M) — M. The resulting non-commutative
Z(M)y, obtained in this way, however, is not exactly the quantization described in [50]. Indeed we
show that, instead of the commutation relations [Z%, Z°] = 0, [Z,, Zg] = 0 and [Z*, Zs] = hé§, in the
twistor space Z(M), we obtain by this deformation method, both [Z%, Z,,] = h and also [Z%,Z%] = h,
where Zy=272,2, =273,Z, =Z0 and Z5 = Z.

This variant of the commutation relations of [50], with the additional non-trivial commutators
[Z*, Z*] = h, also has a natural interpretation in terms of the settings described by one of us in [54].
Indeed, in this case one is considering in the deformation both the symplectic form of [50] (see (2.2)
below), as well as the one discussed in Section C.6 of [54] and related to the cosmological constant.

There is also a third construction that we will discuss, which is also associated with deformation
quantization methods and which produces a non-commutative twistor space that is an almost-
commutative geometry (in the sense of [9]) over the spacetime manifold M. This construction has as
base of the non-commutative Hopf fibration the fuzzy 2-sphere. We will also discuss briefly the prop-
erties of these resulting ‘fuzzy twistor spaces’. In this case also the commutation relations between
the twistor variables are as in the previous case, rather than as in [50].

By focusing on the case of M = S* we then show that, if we require the same form of compatibility
with the Hopf fibration as in the previous cases, then the commutator prescription

[2%,2°]=0, [Za,Z3]=0, [Z% Zs] = hd}. 2.1)

of [50] would imply that the spacetime manifold $* is also deformed to a non-commutative space.
In the original construction of [50], however, the role of the Hopf fibration is different from the
other cases we discuss in this section, and is best understood in the original Lorentzian setting. We
describe in Section 2.6 how copies of the Hopf fibration S! < §* — $? are embedded in the subspace
PPN of the twistor space defined by the vanishing of the signature (+, +, —, —) norm »_  Z*Z, of the
SU(2,2) structure on CP*. We then show that the geometric quantization of twistor space induces
a compatible quantization of these Hopf fibrations. This different role of the Hopf fibration then
suggests yet another possible variant of non-commutative deformation of twistor space, again based
on the #-deformations, applied to all the Hopf fibrations in PN. We discuss this other variant in
Section 2.7.

While our primary interest is in investigating the gluing problem for the original geometric quan-
tization of twistor space of [50], we include the discussion of all these different non-commutative
deformation methods anyway, because it seems interesting to compare how these constructions
behave with respect to the gluing problem, see Section 4.

2.1. Symplectic geometric quantization of twistor space

We review briefly the quantization of twistor spaces originally introduced by one of us in [50],
seen in terms of symplectic geometric quantization and in terms of deformation quantization. The
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8 M. MARCOLLI AND R. PENROSE

deformation quantization viewpoint will be useful in order to relate this non-commutative deforma-
tion to the general deformation and obstruction procedure for the gluing of non-commutative twistor
spaces that we introduce in Section 3.

Let (M, g) be a Riemannian manifold with an (anti)self-dual metric. Then there is an integrable
almost complex structure J on the tangent bundle 7Z of the twistor space Z = Z(M) = S(A4(M)) =
P(8*T(M)), with A (M) the bundle of self-dual 2-forms and S(M) the positive part of the spinor
bundle, and Z is a three-dimensional complex manifold. The fibration C* < ST (M), — P(ST(M)),
with ST (M), the complement of the zero section, in turn determines a complex involution J on
S*(M)o. We denote by Z%, a =0, ...,3 and Z, the complex coordinates that are conjugate under
this complex structure. We can consider the symplectic form

w= Zdza AdZ,,. (2.2)
«

The complex structure J determines subspaces T%! and 7' of the complexified T(S+(M)o)C,
spanned by vectors v + iJv. The subspace P = T*!, spanned by the vectors 9/0Z,, gives the complex
polarization used for geometric quantization.

The geometric quantization procedure, associated with a symplectic manifold (X, w), consists
of two steps: the prequantization and the polarization and quantization [63]. In the prequantiza-
tion stage, one considers the Hilbert space of square-integrable sections of a hermitian line bundle
H = L2(X, L), with Chern class ¢;(£) = h~![w], with a prequantization map that assigns to func-
tions f on X operators on H of the form —iiX; — 6(X;) + £, with 8 the symplectic potential and X,
the Hamiltonian vector field associated with f, so that Poisson brackets of functions are mapped, up
to a factor of ih~! to commutators of operators. Here d — ih~'6 is the local form of a connection
on the line bundle £. For X = T*RY with coordinates (g%, p;) the operators assigned to the position
coordinates g* are of the form iha%k + ¢* and those associated with the momenta p, are of the form

—ihaiq,z. The prequantization space and operators involve functions of a mixture of both positions
and momenta. This can be narrowed down, through a choice of polarization, to a set of variables that
separates positions and momenta and makes it possible to work with just half of the variable. The
polarization P is a half-dimensional subbundle of 7X. The prequantum sections of £ are then replaced
by the polarized sections, namely those that are, in the appropriate sense, covariantly constant
along P.

More explicitly, in the case we are considering, we write the symplectic form (2.2) as w = i00K
with K = ZQZ"‘ZI and we consider the symplectic potential § = —iJK that vanishes on the polar-
ization P. Thus polarized sections of the prequantum line bundle can be identified in a local chart
with functions of the holomorphic coordinates Z¢. The operators corresponding in this quantization
to the coordinates Z® and Z,, satisfy the commutator relations (2.1).

For our purpose of investigating the gluing of quantized twistor spaces, it is convenient to associate
with this description of the quantized twistor space in terms of symplectic quantization a description
in terms of deformation quantization. This can be done along the lines of Fedosov quantization [24].

In the theory of deformation quantization developed in [3], a formal deformation of A is a C[[f]]-
algebra obtained by assigning a C[[f]]-linear multiplication o, : A[[f]] x A[[f]] — A[[f]], with o; =
a+toy + 2oy + -+ with a the multiplication of A and C-linear maps o, : A x A — A, so that
associativity oy (a,(a, b), ¢) = ay(a, ay(b, ¢)) holds.

Under the procedure of Fedosov quantization [24], given a symplectic manifold (X, w), one con-
siders the space W = Sym¢. (TX)[[#]], with the two gradings of symmetric powers and of powers of
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GLUING NON-COMMUTATIVE TWISTOR SPACES 9

h, and the subspace of flat sections I'y (V) with respect to a flat connection V on W, whose poten-
tial can be recursively determined as power series with respect to both gradings (see [24, 25, 44]).
Fedosov showed that every f € C>(X)[[/]] determines uniquely a section p(f) =fin 'y (W) with
degree zero part (in the Symg(7X)-grading) equal to f and that the associative product of the
deformation quantization C° (X)[[/2]] can be obtained by inverting this map, f g = p~"(fo g).

PROPOSITION 2.1  The geometric quantization of twistor spaces of [S0] has a compatible associated
deformation quantization.

Proof. In the case of geometric quantization on a complex manifold, with the holomorphic polar-
ization, as in our case of twistor spaces, it is shown in [44] that the compatibility between geometric
quantization and deformation quantization reduces to two conditions:

(1) For f, g holomorphic, the product fy, g is also holomorphic.
(2) The % product of a function that is affine-linear in -2 with a holomorphic function is still

] oz
affine-linear.

Thus, it suffices to show that these two conditions are satisfied to ensure that the geometric quan-
tization of twistor spaces can also be described in terms of an associated compatible deformation
quantization. We have K =Y Z*Z,, hence the second condition requires that the product of an
affine-linear function of the Z,, coordinates with a holomorphic function of the Z* coordinates is
still affine-linear in the Z,. The coefficients mi;gzﬁ = 84,5 Of the symplectic form are constant,
hence there are no associated curvature terms. In this case, as observed in [24], the product takes the
form

ih o 0
_ _ih g
f*hg—eXp( 5@ e 3Y5>f(xy h)g(Y, h)|x=y

o0 . k
= Z ;lh iwalﬁl .. -wo‘kﬁk akf akg )
prd 2 k! X - .. 9Xu OXP - - OXPr

It is then clear that, if both f and g are holomorphic functions of the holomorphic coordinates Z* then
also fx, g is a holomorphic function of the Z* and if f is affine linear in the Z,, and g is a holomorphic
function of the Z%, the product still has an affine-linear dependence on the Z,, variables. ]

2.2. Hopf fibrations and twistor spaces

We discuss next some other possible quantizations of twistor spaces, which also have the property
that the underlying spacetime manifold remains classical. These are obtained using different methods
in non-commutative geometry (given, respectively, by -deformations, deformation quantization and
fuzzy spaces), applied to the Hopf fibration S' < §3 — §2. In order to describe these quantizations,
we first recall a few facts regarding the role of the Hopf fibrations in the geometry of twistor spaces.
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10 M. MARCOLLI AND R. PENROSE

The first significant example of twistor space that illustrates the relation to the Hopf fibration is
the case of M = S* with Z(M) = CP? and the Hopf fibration (1.1) relating them. The twistor space
construction is illustrated in this case by the commutative diagram of Hopf fibrations

Sl = Sl

I

53 57 S4

I T

CP! —> CP® —~ S = HP! (2.3)

The Hopf fibration projection S* — §? is given by (z0,21) — (220Z1, |20/* — |z1]?) or, in Hopf coor-
dinates, by (¢€' cos, > sinn) — (e/(€17€) sin 2, cos 2n). In fact, after the identification of $? with
CP! via the stereographic projection, the Hopf projection map is simply the restriction to $* C
€2 \ {0} of the projection C? ~. {0} — CP', (z9,21) + (20 : z1), in the affine chart (z0,21) ~ 202, '
In this form, the Hopf projection map remains of the same form (qo, 1) — qoqfl in the case of the
Hopf fibration $* < §7 — §* ~ HIP!, after replacing z; € C by quaternions ¢; € H. Thus, we can
equivalently consider the diagram of fibrations

c*

|

C2 {0} —=C* {0} —=HP!

| Lk

CP! CP? HP' 24

where we identify C?> . {0} = H \ {0} and C* \ {0} = H x H . {0}

Our investigation of different forms of quantization of twistor spaces starts by considering the
twistor space CIP* and possible quantizations of the Hopf fibration S' < §® — §? that leave the
spacetime S* manifold classical. This will have, in particular, the advantage that the same method
can be applied to more general spacetime manifolds M, in both the Lorentzian and Euclidean setting,
that admit a twistor space Z = Z(M) with a corresponding fibration

CP' — Z(M) — M. (2.5)

In this more general setting, we want to consider a diagram analogous to diagram (2.3) relating the
Hopf fibration of the twistor space CPP3 to the Hopf fibrations S' < §* — §? and §% < §7 — §*.
More precisely, let M be an (anti)-self-dual Riemannian 4-manifold. Then the associated twistor
space Z=Z(M) is the sphere bundle Z(M)=S(A,(M)) of A (M), where A>(M)= A, (M)®
A_ (M) is the splitting of 2-forms into self-dual and anti-self-dual parts. Thus, there is a fibration
§? < Z— M, see [2]. If S(M) = ST (M) ® S~ (M) denotes the spinor bundle of M, with S* (M)
complex 2-plane bundles, then one can also describe the twistor space as the projectivized spinor
bundle Z(M) = P(S™(M)). The self-duality condition guarantees integrability of the almost com-
plex structure [2], hence the twistor space is a complex manifold (in general non-Kahler, unless
M is conformally equivalent to either S* or CP? [31]); the embedding of the fibers CP' — Z(M)
is holomorphic, while the projection Z(M)—M is only a smooth map. We will use the notation
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GLUING NON-COMMUTATIVE TWISTOR SPACES 11

S(M) :=S(S*(M)) for the unit sphere bundle of the spinor bundle. The twistor and spinor bundles
fit into the analog of diagram (2.3),

St ———= g1

.

S~ S(M) ——= M

Lk

CP' —= Z(M) ——= M (2.6)

The horizontal fibration comes from the identification Z(M) = S(A 1 (M)) and the vertical one from
Z(M) =P(S8*(M)). We will also consider the associated diagram

C* c*

| l

C2 {0} —> SHM) —= M

R

CP! Z(M) —— M 2.7

where ST(M)° is the complement of the zero section in the spinor bundle.

2.3. B-deformations and toric deformations

We discuss our first non-commutative deformation method. The Connes-Landi #-deformation
method [19, 64] associates to a compact Riemannian spin manifold (X, g) that admits an action
of a torus 72 = U(1)x U(1) by isometries a non-commutative space Xy with # € R a deformation
parameter. Here the notion of non-commutative space is understood in the sense of spectral triples
[16], a natural setting for a non-commutative formulation of Riemannian spin geometry. In this
setting, the original commutative manifold (X, g) is encoded as the data (C*°(X), L*(X,S), D) of its
algebra of smooth functions, the Hilbert space of square-integrable spinors and the Dirac opera-
tor. A reconstruction theorem [15] shows that, conversely, a commutative spectral triple satisfying
the relevant list of axioms determines a classical manifold. Given a torus action by isometries
T? — Isom(X, g), the algebra C>°(X) can be deformed to a non-commutative algebra, which we
denote by C*°(X)y, obtained by decomposing smooth functions in the original algebra into Fourier
modes (weighted components) with respect to the torus action, and replacing their commutative
pointwise product by a non-commutative product modeled on the non-commutative 2-torus 73 of
modulus 6. More precisely, by viewing functions f € C*°(X) as bounded multiplication operators on
the Hilbert space L*(X,S), one decomposes f into components f,,, according to the torus action,
W (iy12) (fum) = 2™ +me) £ The deformed product of C*°(Xp) is then defined component-wise
by setting

f;l,m *0 hk.r = eﬂie(m_mk)fn,m hk,r- (28)
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12 M. MARCOLLI AND R. PENROSE

The Hilbert space and the Dirac operator of the spectral triple remain undeformed, so that one
obtains an isospectral deformation Xp := (C>°(X)g, L*(X,S), D)x. A reconstruction theorem for
theta-deformations is proved in [8].

For our main application here we are especially interested in the case of the 6 deformation of
S obtained by deforming all the tori T2 in the Hopf fibration to non-commutative tori T92. This
means that in the Hopf fibration S' < §® — $? one considers the action of T2 by translations on
each of the tori of the Hopf foliation of S3, translating the Hopf coordinates (£, &,). The effect of
the #-deformation then transforms each T2 in the foliation of S* with a non-commutative Tg while
maintaining the Hopf link given by the fibers over 0 and oo undeformed. We refer to the resulting
non-commutative space as Sg.

More explicitly, we represent the sphere S* as the unit quaternions g € H

[ eficosn  esing
1= (—Zz Z1> - (—e"52 sinp  e~1cos 77) ’
with z1,22 € C, |z1|* + |z2> = 1, and with (&, &, ) the Hopf coordinates
1 =X+ ixg = e cos N, =x3+ixg= & sin7).
The 6-deformation of the 3-sphere replaces ¢ with

Ucosn  Vsing
—V*sinp U¥cosn

where U, V are the generators of the non-commutative torus Tg algebra, satisfying UV = ¢>™VU.
Thus, as shown in [19], the algebra describing the non-commutative space Sg is generated by o = U
cos 1 and 3 =V sin 7, satisfying the relations

af =0, a*B=eP8a*, afa=aa*, B B=FB", aa*+BB*=1. (2.9)

We show that quantizing the 3-sphere through the §-deformation that renders all the Hopf tori non-
commutative has the effect of generating a non-commutative deformation of the sphere bundle of the
spinor bundle of a self-dual 4-manifold M, which however leaves the twistor space Z(M) classical.

PROPOSITION 2.2 The 0-deformation Sz of the 3-sphere determines a non-commutative deformation
S(M)g of the sphere bundle of the spinor bundle S(M) = S(S*(M)) with the property that the non-
commutative S(M)g fits into a diagram of fibrations

St—=— 5t

.

S8~ S(M)y—= M

Lk

CP! —=Z(M) ——=M (2.10)

where only the spaces S';ﬁ and S(M)g are non-commutative and all the other spaces, including the
twistor space Z(M), remain classical.
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GLUING NON-COMMUTATIVE TWISTOR SPACES 13

Proof. If one considers the §-deformation Sg of the 3-sphere considered above, one still has the Hopf
fibration, where the total space S?, is non-commutative, but both the base S? and the fiber S' remain
commutative. To see this, consider the U(1)-action on the algebra defining the non-commutative
space Sg givenby o+ A and 3 +— A\ ~! 3, for A\ € U(1). This clearly preserves the defining relations.
The invariant subalgebra (SZ)U(I), which corresponds to the base of the fibration, is generated by the
elements X = fa, X* =a*f* and ¥ = aa™* — % with the relations XY =YX, YX* = X*Y and Y? +
XX* = %, hence it is the algebra of functions of a commutative two-dimensional sphere. This Hopf
fibration S' < S3 — $? is considered from the point of view of spectral triples and Dirac operators
in [20].

We then construct the deformation S(M)y by considering the fibration over the commutative
manifold M, where all the fibers are obtained by replacing the commutative sphere S with its 6-
deformation S3. The resulting S(M)g can itself be regarded as a f-deformation, where the isometric
action of 7% on S(M) used for the deformation is the action that translates the Hopf tori in each fiber
S3. The defining algebra of S(M), is generated by sections a(x), 3(x) with x € M, with the relations as
in the case of S3. The same argument used to show that the Hopf fibration S' < §* — $? becomes the
fibration S! < S35 — S? then shows that the invariant subalgebra of the U(1) action a/(x) — Acv(x)
and 3(x) — A~!3(x) has fibers over M given by the quotient 2-spheres and is identified with the
bundle $? < Z(M) — M. Thus, we obtain the fibration S! < S(M)s — Z(M) that fits the diagram
above. ]

This Connes—Landi 6-deformation has an associated Cirio—Landi—Szabo toric deformation,
which is obtained by considering diagram (2.7). The main idea behind this class of toric defor-
mations is to deform algebraic tori G,,(C)" = (C*)" to non-commutative algebraic tori (as defined
in Section 2.1 of [12]) rather than deforming tori 7" = (S')" to the usual non-commutative tori.

COROLLARY 2.3 There is a toric deformation (C* <. {0})g that fits into a Hopf fibration C* —

(C2 < {0})g — CP'. This determines a corresponding non-commutative deformation of diagram
2.7).

Proof. The non-commutative toric deformation of (C?~. {0} ) is obtained by considering the toric
structure and the deformation C[o]s of the algebras of the cones with the algebra (C2~ {0})y
determined by a gluing diagram

0— (C*~{0})y — H(C[U]g — H(C[aﬂa’]g.

o,0’

The gluing diagram is well defined because the algebras C[o]y are subalgebras of the same non-
commutative deformation of the ring of Laurent polynomials associated with the maximal torus
and the algebraic torus actions all agree. The explicit form of the relations that determine the maps
Clo]s — CloNa')y is given in [12], p.54. The diagonal action of C* on C? \ {0} determines a
C*-action on the deformed algebra (C? \. {0} )y with invariant subalgebra that determines a com-
mutative CP! so that the deformation fits into a Hopf fibration C* < (C2 \. {0})g — CP'!. We can
then consider the non-commutative space obtained from S*(M)° by deforming the C2 \. {0} fibers
to (C2~ {0})g while leaving M commutative, namely a bundle of (C?~ {0})y algebras over M.
The non-commutative space ST (M) obtained in this way fibers over the commutative twistor space
Z(M) with fibers C*. O
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14 M. MARCOLLI AND R. PENROSE

2.4. Deformation quantization of the Hopf fibration and twistor spaces

We now consider a second type of non-commutative deformation of diagram (2.6), still based on
a non-commutative deformation of the Hopf fibration S Iy §3 — $2. This time, however, both the
base S? and the total space S* are deformed to non-commutative spaces. We show that this deforma-
tion of the Hopf fibration gives rise to compatible non-commutative deformations of both the sphere
bundle S(M) of the spinor bundle and the twistor space Z(M). This method is based on deforma-
tion quantization. We show that the non-commutative twistor space Z(M), constructed in this way
differs from the quantization prescription of [50] through the presence of one additional non-trivial
commutator [Z%, Z%] = A.

It is well known that there are difficulties in applying the formalism of deformation quantization
to fibrations and principal bundles, including the Hopf fibration S! < §* — S? that we are interested
in here. This is discussed in detail in [5] (see also Remark 2.10 of [46]). In fact, a satisfactory very
general theory of Riemannian principal bundles in non-commutative geometry was only developed
very recently [10]. In the next example we do not consider this more sophisticated viewpoint, as
we work only at the level of the algebras, not of spectral triples. We use here the construction of
[45, 46], based on a deformation quantization of contact manifolds. This allows us to consider a
non-commutative version of the Hopf fibration S! < §* — S that gives rise to compatible deforma-
tion quantizations of S> and S2. The latter can be identified as a non-commutative Kihler manifold
deformation of CP', so that the complex manifold structure of the twistor space is maintained.

The Wick algebra is the algebra A(C2) of the quantum plane C7, with generators (o, (i, Cg ¢ I
(corresponding to the two complex coordinates (; and their conjugates (;) and commutation relations

G.gl=0. [¢f.¢1=0. [G.¢]=hoy (2.11)

This algebra can be identified (see [45, 46]) with a dense subalgebra of the deformation quantization
(C>°(C?)[[n]], %), with the associative product written in the Moyal form as

— =
fixfo:=fiexp(h(9:0¢ — O¢0¢))fo, Where

— = — =

f] (8485 — 858C)f2 = 5 Z(agifl 85’]“2 — 8Eif1 8<‘.f2), (212)

i

and all the terms in the expansion are bidifferential operators. Our notation here differs slightly from
[45, 46], where the commutation relation of the Wick algebra is [¢;, 5]} = —2hd;;. Thus, our generators
G, C;f of the algebra are related to the generators &, &; of [45, 46] by ¢; = v/2&; and ler =2&. We
work here with the version as in (2.11) for consistency with the commutation relations of the twistor
coordinates in [50].

‘We now show that this non-commutative (C%L, with an associated non-commutative Hopf fibration,
determine compatible quantizations of the sphere bundle S(M) and the twistor spaces Z(M).

PrROPOSITION 2.4 The Wick algebra deformation .A((C,%l) determines non-commutative deformation
quantizations of S° and S? compatible with the Hopf fibration. Given a (anti-)self-dual 4-manifold
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GLUING NON-COMMUTATIVE TWISTOR SPACES 15

M with twistor space Z(M), the deformation above induces compatible deformation quantizations of
S(M) and Z(M), related by a diagram

gt = . g1

;o

53 S(M)y, M

Lk

Sip——=Z(M) —= M (2.13)

Proof. The relation of the Wick algebra to the Hopf fibration was described in detail in [45, 46]. We
recall the main steps here as we need them in the construction of the non-commutative twistor space.

In the Wick algebra consider the element R? := Cg *Co+ i x(¢ lT =(o* §g +C lT * (1. In the algebra
(C%°(C?~ {0})[[A]], ») this is an invertible element with a square root R (Lemma 3.1, Theorem 3.3,
and p. 929 of [46]). Consider then the subalgebra A generated by the elements 7, := v/2R™! *C,T
and 7 :=v/2¢+R™", and p := —2hR 2. These satisfy the relations

=] == [ onfl=nl lo.m] =0,
ik — (1= p)n) xn; = pdy, nd*no+n) *m = 1. (2.14)

As shown in [45, 46], the algebra A =: A(S3) is a dense subalgebra of a closed subalgebra A of
(C°°(C? < {0})[[A]], %) which is isomorphic to a deformation quantization of the 3-sphere, A ~
C>°(8%)[[]]. The algebra A can also be characterized as the fixed point subalgebra of the flow p :
R — Aut(C>(C? \ {0})[[R]], x) with p,(; = €'¢; and pld = etd, and with p; = ¢*h. The quantized
2-sphere at the base of the Hopf fibration is obtained by considering the algebras C*°(U;)[[A]] with
U; C C~ {0} given by {(;7#0}. The algebra .A> admits localizations A7, which are the invariant
subalgebras, under the flow p, of C*°(U;)[[A]], and the algebra A is obtained as a gluing

The elements Z = v(i = Moy Ysem and W= ¢ !« are defined on U and U, respectively, and
satisfy (11, Z] = [p1, Z1] = [ir, W] = [, W] = 0. Thus, one can consider the subalgebras of A7’ gen-
erated, respectively, by p, Z 7t 10, ng and pu, W, wr, N, nf, with the transition function on Uy N U,
given by (11, W, Wi, nl) = (1, 27", (Z1) ", Zx 1m0, n} xZ"). Here Z and W define the local coor-
dinates on the deformed CP! and 79, n;, which satisfy [Z, 1] = [W, 1] =0 and 7 = Z* 1, can
be regarded as holomorphic sections of a line bundle over this deformed CP'. The coordinates
77" satisfy [Z,ZT] = u(1+Z+*Z") x (1 +Z%Z"), which is regarded in [46] as a deformation of
the Kihler metric on CP! satisfying {z,z} = (1 +zz)>. The canonical conjugate variable of Z in

1202 AeIN 81 U0 1saNB Aq 62€.¥29/¥20deey/yewb/e60 L 01/10p/soie-oueApe/yiewb/wod dno oiwspeoe//:sd)y wolj papeojumoq



16 M. MARCOLLI AND R. PENROSE

this deformed CP' is not Z' but (1 +Z «Z)~! x Zt, since these satisfy the commutation relation
[Z, (14 Z" %« Z)~' % Z!] = p1, see Lemma 4.2 of [46]. Thus, we obtain in this way a consistent defor-
mation quantization of S* and CPP'. The respective deformation parameters in this construction of
[45, 46] are related by ;n = —2AR ™2, where K is the deformation parameter of C? in the Wick algebra
C? and y the deformation parameter of S® and CP!. For simplicity, we will refer to all three of these
deformations using the same notation C3, S3 and CP}, and the corresponding algebras as A(C3),
A(S3), and A(CP}), where the dependence of the deformation parameter £ on 7 is as stated above.

Consider then a self-dual Riemannian 4-manifold M with its twistor space Z(M) = S(A4(M)) =
P(S*(M)) and with the sphere bundle S(M) = S(S*(M)) of the spinor bundle. Let i/ = {U, } be an
open covering of M that trivializes both S(M) and Z(M). We denote by q% 3 and gbfx 5 aset of transition
functions for Z(M) and S(M), respectively, compatible with the Hopf fibration S Ty §3 582 in
diagram (2.6),

Sl Z_d> Sl
g3 P bas g3
R Pas ° 52

where ¢% 5 are the SU(2)-valued transition functions of the spinor bundle S * (M) acting on the asso-
ciated sphere bundle S(S*(M)). We construct then a bundle of Wick algebras over M, seen as a
deformation of the spinor bundle S*(M). Namely, we consider over each open set U, the triv-
ial product U, x C3 which means the algebra given by the tensor product A(U,) ® A(C%) of the
Wick algebra with functions on U,. The SU(2)-valued transition functions of the spinor bundle
ng determine algebra automorphisms gi)fx’ g:UaNUp— Aut((C%L) which act by mapping the gener-
ators (Co, Cl) (Co =aCo+b¢1, ¢ = cGo+d¢) and (], C] )= (C&Zfng +b¢], CI =~5Cg +dc).
The Co, 1, Co Co are generators of the Wick algebra with [C;, Cj} 0, C;r, CJT} =0and [, C]T] = (|a]® +
|b|?)1S;; = hé;;. Thus, identifying A(U, NUg) ® A(C3) with the algebra A(U, N Ug, A(C3)) of
A(C})-functions on U, N Ug we obtain automorphisms ®q, 3(F)(x) = ¢5 5(x)(F(x)). We denote
by ST (M)}, the non-commutative space obtained in this way through the gluing with the transition
functions described above,

0— AST(M —>H.A )®A(Ch) = [[A(Ua N Us) ® A(C3).
o,

We obtain a non-commutative S(M)y, = S(S*(M)), with the same construction, with fiber the alge-
bra A(S3). Indeed, the algebra A>° ~ C°°($%)[[u]] is characterized as the subalgebra of C*°(C \
{0})[[1]] invariant under the flow p, and the change of variables (o, Cl,Cg, h = (G, fl,fg, ¢h
commutes with the flow. We then obtain the compatible non-commutative twistor space Z(M); by
considering, over the same open covering, a locally trivial bundle of algebras CP}, with the tran-
sition functions induced by the transition functions qbfy, - The algebra of CP! is characterized in
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GLUING NON-COMMUTATIVE TWISTOR SPACES 17

[46] as the subalgebra of A> given by the condition {f € A% |[u,f] = 0}. This depends on the fact
that [p, Z] = [, W] =0, which in turn is determined by the commutator relations of the element R?
with the generators of the Wick algebra, which with the commutation relations (2.11) is given by
i xR2 = (R® + h) ;. Thus, it suffices to check that the SU(2) action (o, (1) — (Co, €1 ) preserves these
commutation relations. This is the case since the fi are linear combinations of the ;. Thus, we obtain
compatible constructions of the non-commutative S(M), and Z(M)}, as bundles of non-commutative
algebras over the commutative space M, that fit diagram (2.13). ]

We now compare the non-commutative twistor space Z(M)y, obtained in this way with the non-
commutative twistor space introduced by one of us in [50] and we show that our Z(M)y, has one
additional non-trivial commutator relation.

PROPOSITION 2.5  Let M be a self-dual 4-manifold and let Z(M)}, be the non-commutative twistor
space obtained as in Proposition 2.4. The quantized S(M), and Z(M)y, differ from the quantization

prescription of [50] by the presence of two rather than one non-trivial commutators, [Z%,Z,] = h
and [2%,Z%] = h.

Proof. In twistor coordinates Z* and Z,, the classical variables Z, are the twistor conjugate vari-
ables, namely Zo = Z2, Z; = Z3, Z, = Z9, Z3 = Z'. The quantization of twistor space introduced
in [50] is obtained by imposing the condition that the variables Z* commute with each other,
[z%,7Z°] =0, and also [Z,,Zs] = 0, while Z* and Z, are conjugate variables satisfying the rela-
tion [ZC“,ZB} = hég. The h parameter can be absorbed into a rescaling of the variables, but we
will consider it here explicitly as deformation parameter, to compare with the Wick algebras con-
sidered above. In the case of M = S* = HIP' we can consider the two affine charts of HP' given
by (¢, 1) and (1,g) with g, g € H and the transition function § = ¢~ on the overlap H \ {0}. We
write ¢ = zo + z1j with zg,z; € C. For the construction of S +(S4)h as in Proposition 2.4, we then
consider an algebra of the form .A(C?) ® A(C3) for each of these two open charts. These have gen-
erators z; ® ¢; for i,j € {0, 1}, satisfying the relations [z; ® (j,z, ® (] =0, [z; ® C-T, Zu® C,H =0 and
[20® (21 @ /] = h. Thus, we obtain an identification of S*($*); with the algebra with genera-
tors Z% =z, ® (, and Z, = Z, ® ¢} with commutation relations [Z%, Z°] = 0 = [Z,, Z] and with
two non-trivial commutator relations between the Z* and the Z,, given by [Z*,Zz] = h when either
a=p or a+2 =, mod 4. In terms of the conventional notation with twistor variables mentioned

above this means both [Z%, Z,,] = h and [Z2%,Z%] = h. O

2.5. Fuzzy twistor spaces

We mention one more possible construction that satisfies a form of the Hopf fibration compatibility
and the commutativity of spacetime and which also is close to satisfying (2.1). This is related to the
fuzzy sphere approximations of the 2-sphere.

Consider first the non-commutative deformation C2, with generators (o, (1, (jg ,C IT (corresponding
to the usual coordinates zg, z1, Zp, 71 of the commutative case) and with the commutation relations
(2.11). For a single copy of C the deformation Cy, with [, ('] = & just corresponds to the quantum
plane where the real coordinates satisfy [y, x] = 2ih and as an algebra C2 = Cj, ® Cy, is a product of
two such quantum planes, which we will also write as Cp x Cy.
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18 M. MARCOLLI AND R. PENROSE

In this setting, the non-commutative deformation of the Hopf fibration is obtained by considering
the Wick algebra A(C?) generated by the (o, (i, (g ,C IT satisfy the commutation relations (2.11) and
the algebras A((C? \. {0})5,) and A(S3) as described in Section 2.4.

Consider then the elements

1 .
L= E(Cod ), L= %(COCIT —¢¢), Ly= %(C(ko —clen. (2.15)

These generate a U(1)-invariant subalgebra for the action (; — A(; and C,-T — ;\CiT and they satisfy
the commutation relation [L,, L,] = ihe®°L.. By regarding the subalgebra generated by the L, as a
deformed 2-sphere, one can view the inclusion of this subalgebra as a version of a deformed Hopf
fibration.

Thus, we see that the non-commutative twistor spaces Z(M)y,, obtained via deformation quantiza-
tion, have an associated family of ‘fuzzy twistor spaces’ based on the relation between the deformed
2-sphere described here above and the fuzzy spheres S%. In turn the fizzu spheres have a direct con-
nection with deformation quantization of the 2-sphere, as discussed in [26]. The fuzzy spheres [38]
of level N = 2j determine an approximation of the ordinary 2-sphere S? by finite non-commutative
spaces. These are based on decomposing the algebra of functions on the 2-sphere, seen as alf (su(2))-
module, into irreducible representations ®,>0V,, with V,; spanned by the spherical harmonics Oy,
and then truncating at some energy level N =2j, by only considering 0 < ¢ < 2j. A description of
the fuzzy spheres in terms of spectral triples is given in [21] and a precise sense in which the fuzzy
spheres converge to the ordinary sphere when N — oo is analyzed in [57].

The fuzzy sphere algebra S% is obtained by mapping the coordinates (x;, x2, x3) of the 2-sphere
§? C R?, with x7 +x3 4+ x% = 1, to operators

1
Xo=—F———=Ja

JG+1)

where N = 2j and J,, the generators of the Lie algebra su(2) satisfying [J,, J,] = ie®“J., viewed as
operators acting in the (N + 1)-dimensional representation of SU(2). The normalization factor is
chosen so that the sphere relation ), X2 = 1is preserved. The map x, +— X, is not an algebra homo-
morphism, but it determines an isomorphism of *-representations of I/ (su(2)). The resulting algebra
8%, describing the fuzzy sphere is generated by Xj, X2, X5 with the relation X7 + X3 + X3 = 1 and the
non-trivial commutation relation

(X0 X)) = i€apeXo (2.16)

1
Vi(i+1)
This algebra is in fact just the matrix algebra My (C). R

Under the map x, — X, the spherical harmonics ©,,, are mapped to matrices Oy, € My;(C)
(the fuzzy spherical harmonics), whose entries are Clebsch—Gordon coefficients, and where one

retains only the harmonics with £ = 0, ..., N. Thus, the algebra S% can be equivalently described by
considering the expansion f(x) = >, d¢,m©¢m(x) in spherical harmonics Oy, of functions on the
2-sphere and replacing f(x) with the elementj‘: 22]:0 Yom ag,még,m in S%. For functions on S? that
only involve modes in the spherical harmonics with £ < N the fuzzy sphere product is then given
by fi xg2 f>:=fi > as product of the corresponding matrices in My.1(C). As shown in [26], this
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GLUING NON-COMMUTATIVE TWISTOR SPACES 19

product of the fuzzy sphere algebra S is related to the deformation quantization product of S,%L by
the relation

fixg fo="Pn(fi*nfo)ln=2/v+1)

where Py denotes the projection of the first N 4+ 1 modes ¢ = 0, ..., N in the spherical harmonics and
f1,/> are in the range of Py.

The construction of fuzzy twistor spaces is similar to the construction of the non-commutative
twistor spaces based on deformation quantization discussed in Section 2.4.

PROPOSITION 2.6 The fuzzy sphere algebra A(S%) = My41(C) seen as a subalgebra of the Wick
algebra C3 for h=1/\/j(j+1) and N=2j, determines fuzzy twistor spaces Z(M)y and S(M)y
compatible with the Hopf fibration (2.6).

Proof. The fuzzy twistor spaces Z(M)y are obtained by considering an open covering {U,, } of M that
trivializes the spinor bundle S* (M), with SU(2)-valued partition functions gzbfl, 5 We then consider
over each U,, the algebra A(U, ) ® C3 and the associated non-commutative space ST (M), obtained
by gluing these algebras with the transition functions as in Proposition 2.4. For h = 1/1/j(j+ 1) and
N =2j, the fuzzy twistor space is then obtained by considering the subalgebras A(U,,) ® A(S%) =
A(Uq) ® Myj11(C) with the transition functions ¢, ; acting as automorphisms of the algebra A(S7)
using the (N + 1)-dimensional representation of SU(2). O

As mentioned above, for i=1/4/j(j+ 1) and N =2j, the algebra describing the fuzzy sphere
8% is the matrix algebra My (C), hence the fuzzy twistor space Z(M)y is an almost-commutative
geometry in the sense of [9]. We will discuss some of the properties of this almost-commutative
geometry more in detail in the next section.

2.6. Geometric quantization of twistor spaces and the Hopf fibration

We return now to the original geometric quantization of twistor spaces [50], recalled in Section 2.1
and we discuss the role of the Hopf fibration (2.6), in comparison with the other cases introduced
above.

In the Riemannian setting, the Hopf fibration is involved in the geometric quantization of the
twistor space in the form of the C*-bundle ST (M)o over the twistor space Z(M) and the complex
structure J on T(S*(M),) compatible with the complex structure on Z(M), with the twistor coordi-
nates Z* and Z,,. However, in this case, the role of the Hopf fibration is more subtle than in the other
forms of quantization we described in this section.

One can see this by focusing on the Riemannian case with M =S* with Z(M) = CP? and
S(M)=S". In this case, we can see explicitly that if the commutation prescription (2.1) is obtained
as a Wick algebra deformation and we also impose the same compatibility requirements with the
Hopf fibration diagram (2.6) used in the previous constructions, that would necessarily lead to a
non-commutative S*.

For M = 5* we have Z(M) = CP? and S(M)=S" and these spaces fit in diagram (2.3) of Hopf
fibrations, or equivalently in diagram (2.4). We now require that C* is quantized as a Wick algebra
C{, with generators (y, (1, (2, (3 and CJ NG IT CZT , C3T and commutation relations [¢;, ;] =0, [C,T, CJT} =0
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20 M. MARCOLLI AND R. PENROSE

and [(;, CJT] = hdj;. This agrees with the commutators (2.1) for the non-commutative twistor space of
S* by identifying the variables Z* with the generators (; and the variables Z, with the generators
¢! We also require that the resulting quantizations of Z(S*) = CP* and of S(5*) = 57 are compatible
with the Hopf fibration diagrams (2.3) and (2.4). This means that the prescription for the quantization
of (C*~. {0}) should be compatible with the projection maps C* . {0} — HP! and §7 — HP'.

The commutative algebra A(S4) of functions on $* has commuting generators c, af, B, BT, x with
relation v’ + 38T 4 x> = 1 and the projection map is given by (see Appendix A of [35])

a=2zz22+0z), B=2(z122—2023), X=2020+21Z1 — 2222 — 2323

The subalgebra of (C* . {0}), generated by the elements

a=2Cd +ad). B:=2(00G~0G), =0+l - ed -¢d

satisfies

1

71081 = GG (6 = 6d) = GG (GG - 6d) =0
1

“[a,all =G d e - doed +adda - dasd

4
= he G = hejGo+ el G — hel¢r = —hx = h(R} — Ry)
11881 = aclod ~ dado+ aged - dads

= nGoC + ncf ¢+ hescd + nelco = nR + RY),

where as before we write R% = CgCo + ¢ C;r and R? = C;r G+ C3C;r.

Jl 8= (o Il + il = 0
and [, af] = 0 likewise. The commutators [, a'] and 3, 3T] do not simultaneously vanish, hence
the subalgebra obtained in this way is also non-commutative.

Moreover, we can see that, if we adapt to the Hopf fibration S3 < §7 — §* the argument used
in Section 2.4 for the deformation quantization of the Hopf fibration S' < §* — S2, by replacing
complex numbers with quaternions, we also end up with a non-commutative HP} obtained as the
non-commutative CPP}, discussed in Section 2.4. In this case also the commutator relations (2.1) are
satisfied and the same strict compatibility with the Hopf fibration used in our other constructions of
quantized twistor spaces are satisfied, but this cannot be made compatible with the requirement that
the spacetime manifold S* remains commutative.

The discussion above shows that the compatibility between the quantization of twistor spaces by
commutators (2.1) and the Hopf fibration is not implemented by diagrams (2.3) and (2.6). However,
a different form of compatibility with the Hopf fibration holds for the twistor quantization of [50].
In order to better identify the role of the Hopf fibration in the geometric quantization of the twistor
space of [50], it is useful to look at the construction in the original setting of a Lorentzian metric,
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GLUING NON-COMMUTATIVE TWISTOR SPACES 21

and the occurrence of the Hopf fibration of $* (Clifford parallels) in the Lorentzian version of twistor
theory.

PROPOSITION 2.7 The geometric quantization of (Lorentzian) twistor spaces of [50] with commu-
tator relations (2.1) is compatible with the Hopf fibration, by viewing copies of the Hopf fibration
S < §3 — §? embedded in the Hopf fibration CP' — CP? — S* by first restricting the projection
CP? — $* to PN — S3 over the equatorial sphere of S* and then slicing PN with planes P in CP3
passing through a chosen point q in the upper half PT* of CP3 \. PN.

Proof. Here, in the Lorentzian case, CPP? has an SU(2, 2) rather than an SU(4) structure. The sub-
space PN of CP3, consisting of the element of zero SU(2,2) norm, divides CP? into two halves
PT™, respectively of positive and negative norms. The S? fibration of CPP3 over §* has PN over an S°
equatorial subspace of the sphere S*. Now, to see the Hopf fibrations, we take an arbitrary point g in
the top (positive norm) half of CIP* and take an arbitrary CP? plane P through g, of the kind which
contains a projective line in the bottom half of CIP?, so that P has positive SU(2,2) norm. We find
that the intersection of P with PN is a Hopf-fibered S*, where the Hopf circles are the intersections
of the projective lines through ¢ with this S*. The S? fibration of CP? carries these Hopf fibrations
down to the equatorial S* in the sphere S*.

The S* here is not really ‘physical space-time’, but it may be thought of as having the physical 3-
space at time ¢ = 0, represented by the equatorial S®, but where the S* arises when the time ¢ evolves
away from zero through pure-imaginary numbers (a so-called ‘Wick rotation’). Thus, $* should be
regarded as the conformally compactified Wick-rotated space-time.

The original importance of these Hopf fibrations to Lorentzian twistor theory (and whence the
original name ‘twistor’) came about from the fact that the points of PN have an immediate physical
interpretation, in terms of light rays in the Minkowskian space-time. The way that we can ‘see’ the
points in CPP? (or, more directly, the planes P in CPP?) in physical terms, is in terms of these twisted
congruences of light rays in the physical 3-space, here represented as the equatorial S* described
above.

This means that the diagram illustrating the role of the Hopf fibration in the geometric quantization
of twistor space of [50] is not the one we considered in (2.3) but it arises by considering the inclusions

CP'——CP3 — §*

1)

CP!——=PN —— $3

I

Sl 88 g (2.17)

where the second line is obtained by restricting the fibration CP' < CP? — $* over the equatorial
S in §* and the third line is obtained by slicing PN with a plane P = CIP? through a chosen point g
in the upper (positive norm) half of CPP?, and correspondingly slicing the fibration of PN over S°.
The submanifold PN of the twistor space CP? is a level set PN ={K =Y"_ZZ, = 0} of the
signature (+, +, —, —) norm associated with the SU(2,2) structure on CPP? mentioned above. The
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symplectic form w = Y"_ dZ* AdZ,, on the twistor space satisfies w = i0OK = d(dK oJ). The 1-
form « = dK o J|py determines the contact structure on PN with distribution of contact hyperplanes
¢ =Ker(a) = TPNNJTPN, with J the complex structure. The geometric quantization of the twistor
space CP3 as a symplectic manifold, that we recalled in Section 2.1, induces a compatible quantiza-
tion of the contact manifold PN. (For a general formalism for geometric quantization of symplectic
manifolds with contact boundary see, for example [61].) The planes P through a point p € PT"
are symplectic submanifolds and T(PNPN) N ¢ determines the associated distribution of contact
planes on the Hopf spheres S* = P N PN. One obtains in this way a quantization of the Hopf fibration
S! < §% — §? compatible with the geometric quantization of the twistor space. g

2.7. Another 0-deformation

The role of the Hopf fibration S' < §* — S? in the case of Lorentzian twistor spaces, described
in (2.17) and Proposition 2.7, suggests then a different use of the Connes—Landi -deformations
to obtain a non-commutative deformation of twistor spaces. Instead of deforming S* to the non-
commutative Sz in diagrams (2.3) and (2.6), as we discussed in Proposition 2.2, which gives a non-
commutative S(M)s with commutative Z(M), we can apply the same #-deformation of the Hopf
fibration, with non-commutative S and commutative S' and S, to all the Hopf spheres $* = PN
PN in (2.17). This gives rise to a resulting #-deformation for the twistor space Z(M) = CIP, or of
more general twistor spaces in the Lorentzian case. Notice that, while the spacetime manifold is
Lorentzian, and Lorentzian geometry is explicitly used to identify copies of the Hopf fibration S! <
§? — $? inside the Hopf fibration CP! — Z(M) — M, only the Riemannian structure of $° is used in
these 0-deformations as the Lorentzian spacetime manifold remains undeformed and classical. Thus,
the formalism of #-deformations (which requires the Riemannian setting of spectral triples) can still
be applied. We summarize this reasoning with the following statement, whose proof is analogous to
Proposition 2.2.

PROPOSITION 2.8 A non-commutative Connes—Landi 0-deformation of the twistor space Z(M) =
CP? and of the Hopf fibration CP' — (C}P’g — S* can be obtained by simultaneously applying the
Connes—Landi 0-deformation S' — Sz — 82 to all the Hopf spheres S* = PPN with P varying
over planes in CIP? passing through a given point p € PT.

There is a significant difference between a non-commutative deformation of twistor space
obtained as in Proposition 2.8 and the geometric quantization of [50]. In the case discussed here,
the non-commutative deformation is entirely carried by the Hopf spheres S} that deform the inter-
sections PPN = S*. Thus, the non-commutativity only affects the PN part of twistor space rather
than the entire PT* parts. Significant examples of classical spaces with non-commutative bound-
aries occur elsewhere, for example the non-commutative boundaries of modular curves studied in
[39—41]. On the other hand, in the quantization of [50] it is the entire twistor space that is quantized
through its symplectic structure, with a compatible quantization of the contact submanifold PN.

3. Deformations and gluing

In this section, we consider the problem of gluing non-commutative twistor spaces formulated
in [54], and we present a general setting based on the Gerstenhaber—Schack complex, [28], to
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address this question for non-commutative twistor spaces obtained via a procedure of deformation
quantization.

In the commutative case, for (anti)self-dual Riemannian manifolds, the gluing of twistor spaces
that corresponds to a connected sum of spacetime manifolds is analyzed in [22] in terms of Kodaira—
Spencer deformation theory, in the form developed in [27] for singular spaces with normal crossings
singularities, applied to the gluing along the exceptional divisors of the blowups of the twistor spaces
along one of the twistor lines. Here we consider the more general deformation theory, as formulated
in [28], which involves both commutative and non-commutative deformation. We formulate the prob-
lem of gluing quantized twistor spaces in terms of the deformation theory of a diagram of algebras.
We first discuss the general setting and then we apply it to the different forms of quantization of
twistor spaces illustrated in the previous section.

3.1. Non-commutative deformation and obstructions

The construction of [22] of the gluing of twistor spaces corresponding to connected sums of the
underlying self-dual 4-manifolds relies essentially on the Kodaira—Spencer deformation theory for
complex manifolds. Since in our setting we are dealing with non-commutative twistor spaces, we first
recall here a setting, the Gerstenhaber—Schack complex, where the usual Kodaira—Spencer deforma-
tion theory can be recovered as part of a more general deformation theory of diagrams of unital
associative algebras. We follow the exposition of [28] for this summary. For our purposes we restrict
to the case of algebras over C, though the setting of [28] is much more general.

In this setting, the deformation theory for a single unital associative algebra A over C is governed
by its Hochschild cohomology @,HH" (A, A). Consider a deformation of an associative algebra A,
namely a C[[f]]-algebra A[[f]] with C[[]]-linear multiplication o, = o+t + 2z + - - - extending
the multiplication « of A with C-linear maps «; : A x A — A, satisfying the associativity relation
ay(ay(a,b), c) = ay(a, oy (b, ¢)). Using the notation fx g(a, b, ¢) := f(g(a,b), c) —f(a, g(b, c)), we can
rewrite the associativity constraint as a sequence of equations

Z ap *ag(a, b, c) = aa,(b,c) — ay(ab, ¢) + ay(a, be) — ay(a, b)c, 3.1

p+q=np.g>0

where the right-hand side is the Hochschild coboundary d«,,(a, b, ¢). The first order term « satis-
fies da; =0, so that «; defines a Hochschild 2-cocycle and cocycles that differ by a coboundary
determine equivalent deformations. Thus, one identifies HH? (A, A) as parameterizing the infinites-
imal deformations of A. The next condition gives a; (a1 (a, b), ¢) — a1 (a, a1 (b, ¢)) = daa, where the
left-hand side defines a Hochschilf 3-cocycle. Thus, this constraints represents a possible obstruc-
tion to extending the infinitesimal deformation « to a global deformation . One can view this as
a quadratic map © : HH*(A, A) — HH? (A, A). The condition ©([a;]) =0 is the necessary vanish-
ing of the primary obstruction that corresponds to the second associativity constraint. Similarly, the
expressions » p-tg—np.g>0 Op * g define 3-cocycles and the constraints (3.1) require that all of these
are coboundaries dav,, hence trivial in HH? (A, A).

The deformation theory of a single associative algebra A is generalized in [28] to a deformation
theory of diagrams of algebras. In this setting, given a small category C, a diagram of associative
C-algebras over C is a contravariant functor A : C*” — Alg. Examples include the cases where C
is the poset of open sets of a smooth manifold ordered by inclusion or the poset of Stein open sets
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of a complex manifold, seen as a category, and associated commutative algebras of smooth or holo-
morphic functions, respectively, with restriction maps. The formal deformations of a diagram A
are diagrams of C[[f]]-algebras over the same C that reduce modulo ¢ to A. This means, for every
object C of C a deformed associative multiplication a& = o€ + tozf + tzozg + --- on the correspond-
ing algebra A€ and for every morphism ¢ : C — C' a C[[f]]-algebra morphism ¢ : AC" — AC of the
deformed algebras, so that one obtains a diagram A, : C”? — Algc[m]. A suitable notion of equiva-
lence of diagrams and deformations is discussed in Section 17 of [28]. A single algebra A = A4 can
be associated with a diagram A : C — Alg. It is defined as a convolution product over the diagram
in the following way. As a C-vector space A is spanned by elements of the form > a® ¢, ¢, with
elements a© € AC for objects C € Obj(C) and morphisms ¢, c € Mor(C) with source s(¢a,c) = C.
The convolution product is determined on the individual components by

(@ pac) - (a Yuc) =a dac(@ ) (G¥)ac (3.2)

when #(¢) = s(¢p) = C’" and zero otherwise, with ($1)a c = Pa.c © Pa.c. The deformation theory
of diagrams A is constructed in Section 21 of [28] in terms of a cochain complex that computes a
generalization of a local cohomology for a local system over the nerve of the category C, which is
given by a Yoneda cohomology.

The subdivision C’ of a small category C is a category whose simplicial nerve N'(C') is the first
barycentric subdivision of the nerve N'(C). The second subdivision C” is always a poset. The sub-
division comes endowed with a functor C’ — C, hence a diagram A : C — Alg has an associated
subdivision A" : C' — Alg. by precomposition. We denote by A’ and A” the assembled algebras
associated with the subdivisions A" and A” of the diagram. One also denotes by A the extension
of the diagram A to the category Cx where a terminator object oo has been added with a unique
map C — oo from every C € Obj(C), by setting A = C and C — A° the unique homomorphism
determined by the C-algebra structure of AC. In the case where the small category C is a poset, there
is an isomorphism of Hochschild homologies HH*(A, A) ~ HH*(A, A) of a diagram A of algebras
and of its associated single algebra A = A4. This is the ‘special cohomology comparison theorem’
of [29]. For more general small categories C a similar ‘general cohomology comparison theorem’
holds ([28], Section 23) which identifies the Hochschild homology HH* (A, A) ~ HH* (A", A").
These identifications are then used (see Section 25 of [28]) to compare the deformation theory of
the diagram A with that of the assembled algebras A and A”. Indeed, it is proved in Section 25 of
[28] that the deformation theory of a diagram A is equivalent to the deformation theory of the single
algebra A;fﬁ (see p. 224 of [28]).

In particular, in the case of a complex manifold X, with 7 = Ty the sheaf of (germs of) holo-
morphic tangent vector fields, and with A¥T the exterior powers, a covering of X consisting of
Stein open sets (or affine open sets in the case of projective algebraic varieties) closed under inter-
sections determines a poset C and a diagram A : C — Alg of commutative algebras with AU the
ring of holomorphic functions on the open set U. Then the Hochschild homology of the diagram
is given by HH" (A, A) = @y 11—, H* (X, A¥T), where the terms H’(X, A¥T) are identified with the
terms HH**(A, A) defined more generally for a diagram of commutative algebras in Section 26
of [28]. These identifications HH**(A, A) ~ H*(X, A*T") were proved in [28] for the case where
X is a smooth projective variety and C the poset determined by a covering of affine open sets
and conjectured for the case of a complex manifold with Stein open sets. A more general set-
ting where these identifications hold, which includes complex analytic manifolds and smooth
schemes in characteristic zero is given in [58]. In particular, all the infinitesimal deformations of
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the diagram A of commutative algebras are parameterized by HH?(A, A), with an obstruction map
HH*(A, A) — HH*(A, A). Among these deformations, the part HH"!' (A, A) ~ H' (X, T) parame-
terizes deformations of A to diagrams of commutative algebras, that is, classical deformations of
the underlying manifold X, with the obstruction map HH"!(A, A) — H>!(A, A) identified with the
classical obstruction map H' (X, 7) — H?(X, T). These are deformations ‘in the commutative direc-
tion’. The part HH*?(A, A) ~ H°(X, A>T of the space classifying infinitesimal deformations of A
corresponds instead to those deformations of the diagram of commutative algebras to diagrams of
non-commutative associative algebras, deformations ‘in the non-commutative direction’.

3.2. Classical and non-commutative deformations of twistor spaces

We analyze here the classical and non-commutative deformation theory of the twistor spaces
Z; = Z(M;) of two (anti)self-dual Riemannian manifolds M; and of their blowups Z: along a fixed
twistor line. We describe the classical and non-commutative deformation theory of the gluing
Z of the blowups along the exceptional divisors in terms of the Hochschild cohomology of an
associated diagram of algebras as in [28]. We start by showing how to associate to the gluing
Z(M) = Z(M,) Ug, ~, Z(M,), of the blowups Z(M;) = Blepi (Z(M;)) along the exceptional divisors
a diagram of algebras in the sense of [28].

LEMMA 3.1  The singular space Z(M) obtained by gluing the blowups Z(M;) along the exceptional
divisors E; determines an associated diagram of commutative algebras A(Z) :C — Alge, where C
is a poset determined by a system of Stein open sets in the complement of E; in Z; and pairs of Stein
open sets in Z; and Z that contain the identified exceptional divisors.

Proof. Let~ : Ty, (M) — T,,(M>) be the orientation reversing isometry of the tangent spaces of the
spacetime manifolds M; at the points x; where the connected sum is performed. We denote by the
same symbol 7y the induced identification of the exceptional divisors = : E; — E, of the blowups of
the twistor spaces Z(M;) at the twistor lines (CIP’}CI,. Let U; = {U; o} be open coverings of the blown
up twistor spaces Z; = Z(Mi) by Stein open sets, closed under intersections. They form a poset under
inclusions. Consider then the small category C with objects given by those U, ,, in the coverings U;
with the property that U; , N E; = () and additional objects given by pairs (Uj o, Uz g) of open sets in
these coverings such that Ey N U; o, # 0 and E; N U, g # 0 and such that v : Ey N Uy o — E2NUsp
is an isomorphism. Morphisms of C between open sets of each covering I/; are inclusions and mor-
phisms between pairs (U} o, Uz g) and (Uy o, Uy g ) are pairs of inclusions ¢1 oo/ : Ur,o < Uy, and
. Ug — Uy with the property that 15 s/ |E,nu, 5 ©7 = taa [EAU,. - We then construct
a functor A : C — Alg. by assigning to objects U;, AVie = A(U;,) the algebra of holomorphic
functions on U; , with morphisms A(¢;4,0/) = pia,a @ A(Uiar) = A(U; ) the restriction map cor-
responding to the inclusion ;¢ o : Ujo < Ujor. To objects (Uy o, Uz g) we assign the algebra
AWel25) given by

{(frawhop)  fra € A(Ura) fop € A(U2g), folEsntss ©Y = falEinuia b

with morphisms (1,q,a7, t2,6,8') With 12,8 8/ |E;nv, 5 © Y = t1,a,a |EiAU,, 0 C mapped to the restriction
maps pos g5 : AU V2s) 5 AULa2g), O
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26 M. MARCOLLI AND R. PENROSE

The general construction of the assembled algebra .4, associated with a diagram and the special
cohomology comparison theorem of [28] then give the following.
CoOROLLARY 3.2 The deformation theory of the diagram A(Z) is equivalent to the deformation
theory of a single algebra generated by elements of the form f; o pi oo and (fi,a.12,8) P’ p,a,8 With
the convolution product

ﬁ,api,o/,a 'ﬁ,a’pi,a”,a’ :ﬁ,api,a’,a(ﬁ,a’) Pia’

(franf2.8) Par.prions - (fransfo ) Pargranpr = (fraPara(fla ) fasps.s(fapr)) Par gra,p

and zero otherwise.

The computation of the Hochschild cohomology that governs the deformation theory of the dia-
gram A (Z) then gives the following result that recovers the Donaldson—Friedman deformation theory
of the singular space Z as the part of the deformation theory of the diagram A(Z) that corresponds
to deformations ‘in the commutative direction’.

THEOREM 3.3 The commutative part of the deformation theory of the diagram A(Z) recovers the
Donaldson—Friedman deformation theory of the singular space Z.

Proof. Near the normal crossings singular locus, the gluing Z = Z, U, 2, 7, is locally described
1—=L£2

by {z0z1 =0} C C* and we can assume that the open coverings U; of Z; are chosen so that
this local description holds for each Uy Uy, ,nE ~Enu, s Uz, Thus, we can view the algebras
Aa,p = A(Uy,0, Uz g) as copies of the algebra associated with V = {zyz; =0} C C*. In this case,
the Hochschild cohomology is computed by André—Quillen cohomology, namely the decomposition
HH"(A L A) = ®,HH" """ (A, A) satisfies HH" """ (A, A) ~T""""(A), where the André-Quillen
cohomology T%/(A) is the jth cohomology group of Hom 4(A'lL4,A) for the derived exterior
power ALy of the cotangent complex, see [37] Section 3.5. The terms T*!(A) correspond to
the terms defined as T, of [22] and are identified with the piece HH""!(A, A) = T"~"1(A) of
HH"(A, A). In terms of deformation theory, the term HH"!(A, A) of the second Hochschild coho-
mology parameterizes the infinitesimal deformations in the ‘commutative direction’, while the term
HH>(A, A) of the second Hochschild cohomology represents the infinitesimal deformations of A
in the ‘non-commutative direction’. The obstruction map for the classical deformations is given by
the component ® : HH"!(A, A) — HH*'(A, A) of the overall obstruction map ® : HH*(A, A) —
HH?(A, A). This corresponds to the obstruction map ® : T}, = T"!(A) — T% = T>!(A) considered
in [22]. To see then that this identification holds not only at the local level of the algebras A, g but
also globally for Z, we can use the fact that the Hochschild cohomology HH* (A, A) for diagrams
of algebras and the pieces HH""~"(A, A) of the decomposition can be computed in terms of two
filtrations (that truncate the first rows or columns, respectively) on a double complex C** (A, A)e(r),
with e(r) the idempotent that determines the (r,n — r) piece, which has the Hochschild differen-
tial on the vertical direction and the simplicial differential of the nerve of the category C in the
horizontal direction and building blocks given by [] i, ,—, C* (A7, A)e(r) @per A9 where a p-
simplex o : [p] — C is a covariant functor from the category [p] = {0 < --- < p} to C and co = c(0)
and do =o(p). These filtrations determine a spectral sequence converging to HH*(A, A), see
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GLUING NON-COMMUTATIVE TWISTOR SPACES 27

Sections 21-26 of [28]. For A(Z) one obtains in this way the deformation theory & : ’]I% — T% of

[22] from the component ® : HHNI’I(A(?), A(Z)) — HH*>'(A(Z), A(Z)) of the deformation theory
® : HH*(A(Z), A(Z)) — HH*(A(Z), A(Z)) of the diagram of algebras. O

The result above shows, in particular, that even when the deformation theory @ : ']I‘lz — ’]I‘% of [22]

for the gluing Z of the blowups of the twistor spaces Z(M;) is obstructed, it may still be possible
to obtain an unobstructed deformation theory in the ‘non-commutative direction’, that is, for the
infinitesimal deformations in HH>°(A(Z), A(Z)). This means that, in such cases, even if the singular
Z cannot be deformed commutatively to the smooth twistor space Z(M) for the connected sum M =
M #M, (for instance if M does not admit a (anti)self-dual structure) one still has a non-commutative
twistor space Z(M)j, obtained as a deformation in the non-commutative direction of Z.

We also need a consistency relation between the choices of the non-commutative deformations
on the twistor spaces Z; = Z(M;) and on the glued Z. This can be obtained by first showing that
the deformations of the twistor spaces Z; induce deformations of the blown up twistor spaces Z; and
then by identifying a compatibility condition between the deformations of the Z; and the deformation
of Z.

We first recall the following setting. As shown in [4], given a diagram of algebras

A2 A,
l@ liﬁl
P2
Ay —— Aj (3.3)
such that
0428”24, 04,5 4, 50 (3.4)

is an exact sequence of A-bimodules, with the properties that the maps A — A; are flat epimorphisms,
then there is a long Mayer—Vietoris exact sequence for Hochschild homology

= HHn(A,A> — HHn(Al,Al) @HH,,(Az,Az) — HHn(A3,A3) —

We cannot apply this to directly to the case of the spaces Z; and Z and their local models near the
normal crossings singularity E; ~ Ej, because the algebra homomorphisms ¢; in the corresponding
diagram do not satisfy the flatness hypothesis. Thus, we cannot compare directly the deformation
classes and the obstructions for Z; and Z through the Mayer—Vietoris sequence. However, there is still
a long exact sequence of Hochschild cohomology that we can use to compare these deformations.

Let A, g be one of the algebras describing the geometry of Z near the normal crossings singularity
in the diagram of algebras A(Z) and let A, ; and A, be algebras in the diagrams A(Z;) and A(Z,),
respectively, describing the geometry near the exceptional divisor E;. For simplicity of notation we
drop the subscripts «, /3 and we just refer to these algebras as A, Ay, As.

LemMA 3.4 Let v; € HH*(A;, A;) for i=1,2 be unobstructed deformation classes, ®(v;) =0 ¢€
HH3(A;, A), and let v € HH*(A, A) be a deformation class that is also unobstructed, ®(v) =0 €
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28 M. MARCOLLI AND R. PENROSE

HH? (A, A). There are epimorphisms ¢; : A — A; that induce a long exact sequence of Hochschild
cohomology

<+ HH"(A, A) = HH" (A, A)) ® HH" (A, Ay) — HH" (A, A3) — - - (3.5)

and morphisms HH"(A;, A;) — HH"(A, A;). The image ci(7y) of v in Z*(A, A;) is a 2-cocycle
that extends to a 2-cocycle in the complex (Z*(A, A;)[[1]], §) where ¢ = &;c + [m., c] with &; the
Hochschild differential of C* (A, M) for the bimodule M = A; and m., the deformed multiplication
on A determined by the unobstructed deformation class v € HH* (A, A). Similarly, the image c(a;)
of vi in Z*(A, A;) is a 2-cocycle that extends to a 2-cocycle in the complex (Z*(A, A)[[1]], ).

Proof. In our case the geometry near the normal crossings singularity can be described as the locus
{z122 = 0} with {z; =0} and {z, =0} the two components and {z; = zo = 0} the intersection. The
corresponding algebras A, Aj, A, As then fit into a diagram (3.3) which satisfies the exactness of
the associated sequence of .A-modules (3.4) and the epimorphism condition, which can also be stated
as the condition that A; ® 4 A; ~ A;. The short exact sequence (3.4) of .A-modules induces a long
exact sequence (3.5) of Hochschild cohomology (see [28], p. 36). Moreover, the Hochschild coho-
mology is a contravariant functor in the algebra, hence the homomorphisms ¢; : A — A; induce
homomorphisms ¢;* : HH"(A;, A;) — HH"(A, A;). Consider an unobstructed deformation class
v € HH*(A, A). The condition ®() = 0 € HH? (A, A), ensuring that all obstructions vanish, is the
condition that the left-hand side of (3.1) are all coboundaries for all n. A homomorphism ¢ : M — N of
A-modules induces a morphism C"(A, M) — C"(A, N) by composition, mapping a multi-linear map
f: Ax -+ x A— M by to the multi-linear map ¢pof: A X --- x A — N, which is a cochain map. We
still denote by 7 a 2-cocycle representing the deformation of .4 and by ¢;(7) its image in Z2(A, A;).
The 3-cochains ®(7), in the left-hand side of (3.1) are similarly mapped to 3-cochains ¢; o ®(7),
in C3(A4, A;). We need to check that these cochains are the cochains that determine the extensibil-
ity condition of the cocycle ¢;(vy) € Z*(A, A;) to a 2-cocycle in the complex (Z*(A, A;)[[1]], ).
This extensibility condition is discussed in [56]. A 2-cocycle v € Z%(.A, M) extends to a 2-cocycle
v, to (Z* (A M)[[t]], &) iff v, is determined by a choice of a collection v, € C*(A, M) satisfying the
property that all the obstructions 3-cochains

wy(v) := Z Vg *Yp

p+q=n,p>0

are coboundaries, where

Vg *p(a, b, ¢c) = vg(yp(a,b), c) —vy(a, v, (b, c)).

In particular, for v; = ¢;(7) € C*(A, A;) we have w,(v;) = ¢i(w,(7)), hence if 7 is an unobstructed
deformation of A with [w,(7)] =0 € HH*(A, A) we also have that v; = ¢;(y) is a cocycle that
extends to (Z*(A, A;)[[1]], §,). Moreover, the cocycles v; = ¢;(y) € C*(A, A;) determined the same
class [th; (v1)] = [t2(v2)] € HH?(A, A3) by the long exact sequence. The case for the contravariant
functoriality ¢ : HH"(A;, A;) — HH" (A, A;) is similar: if +; is an unobstructed deformation of A;
then the 2-cocycle ¢;*(;) extends to (Z*(A, A;)[[1]], 6-). O
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GLUING NON-COMMUTATIVE TWISTOR SPACES 29

We can then propose as compatibility condition between the deformations of the algebras A; and
of A as the condition that the 2-cocycles in Z*(A, A;) obtained in this way define the same class,
()] = [ei(7)] € HH2(A, A,).

We still need to discuss how an unobstructed deformation theory for the twistor spaces Z; = Z(M;)
determines an unobstructed deformations of their blowups Z; = Blep! (Z). In fact, this issue is

already discussed in [22], although only deformations in the ‘commutative direction’ HH"!(A, A)
are considered there with obstruction map ® : HH"! (A, A) — HH>'(A, A). We show here how the
argument needs to be modified in our setting to account for the full non-commutative deformation
theory in HH?(A, A) with obstruction map ® : HH?(A, A) — HH? (A, A).

PROPOSITION 3.5 Fori=1,2, let (Z;, L;) be the pairs of the twistor spaces Z; = Z(M;) of (anti)self-
dual Riemannian 4-manifolds M; and the twistor lines L; = (C]P’JZCI, over chosen points x; € M;. Let v;
be unobstructed non-commutative deformations of the pairs (Z;, L;). These determine compatible
unobstructed non-commutative deformations of Z; and of the blowups Z;.

Proof. Let ~,"' be the Hodge component in HH"'(A(Z;), A(Z;)). Since we are assuming that ;
involves a non-trivial deformation in the non-commutative direction, we know 'yil'l #0. The v; €
HH>(A(Z;), A(Z)) satisfy ®(v;) =0 HH*(A(Z), A(Z)) hence the ~"' € HH"'(A(Z), A(Z))
also satisfy ®(y"') =0 HH>'(A(Z;), A(Z;)). We can view the non-commutative deformation as
being parameterized by a non-trivial holomorphic skew multivector field, v; € H%(Z;, A>Tz,)), with
the obstruction vanishing in H°(Z;, A3T7)). As in [22], we denote by 77, the sheaf of holo-
morphic vector fields on Z; that are tangent to L; along L;. These are related to 7z by the short
exact sequence of sheaves 0 — 7,1, — Tz — v; — 0, with v; the normal bundle of L; in Z;. Holo-
morphic vector fields on Z; that preserve L; extend to holomorphic vector fields on the blowup
Z; = Bl (Z:), hence deformations of the pair (Z;, L;) classified by elements in H%(Z;, A>T, 1,)) with
obstructions in H%(Z;, A3T,1.)) determine corresponding deformations of Z; = Bl (Z;). Since Z; is
a three-dimensional complex manifold, sections in H°(Z;, A*7;)) are spanned as .A(Z;)-module by
0, A Oy, A Oy,, for local coordinates (zo, z1, z2). Since L; is a line, this means that along L; the vector
fields in 77, ;, are generated as A(Z;)-module by 9, with z a local coordinate on the line L;, hence
the exterior powers vanish along L;, which means that sections of A*77 ;, are locally of the form
20,21, 22) Oy A O, A O, where f is in the ideal of functions vanishing along the line L;. Similarly, if
9., N 8., with i <j is a local basis for sections of A>T, we can see sections of A>Ty, ;, as satisfying a
vanishing condition along L;. The obstructions w,(7;) of a section of A>7, ;. are given by

Wi = D Yk

L+k=n,£>0

for a collection of Hochschild 2-cochains {7;x}ren for the pair (Z;,L;). These determine
Hochschild 3-cocycles of the deformation theory of (Z;, L;) which we can identify with sections
in H%(Z;, A*7z,1,)). Thus, we obtain that unobstructed non-commutative deformations of the
pairs (Z;, L;) determine compatible unobstructed non-commutative deformations of Z; and of the
blowup Z;. O
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In this section, we have focused primarily on the Riemannian case, in order to compare our
deformation and gluing procedure for non-commutative twistor spaces, based on the Gerstenhaber—
Schack complex, with the deformation and gluing theory of classical twistor spaces of Donaldson—
Friedman, which is formulated in the Riemannian context. It is important to stress, though, that
the Gerstenhaber—Schack approach to deformations and the associated obstruction theory does not
require the Riemannian assumption and can be applied very generally to non-commutative twistor
spaces, either Riemannian ot Lorentzian, described in terms of deformation quatizations. Other
forms of non-commutative deformations, such as those based on the Connes—Landi #-deformations,
however, have an underlying Riemannian assumption, since they are based on the spectral triples
formalism, which at present is not fully developed in the Lorentzian case. On the other hand, in
the case of the original quantization of twistor spaces of [50] the Gerstenhaber—Schack formalism
described in this section applies in both Riemannian and Lorentzian setting, and provides a general
setting for the gluing problem described in Section D of [54]. We discuss these specific cases more
in detail in the next section.

4. Gluing quantized twistor spaces

The deformation and gluing procedure described above is very general in the sense that it applies in
any setting where a quantization of twistor spaces is constructed using a deformation quantization
procedure. The specific quantizations of twistor spaces that we discussed in Section 2, however,
have additional structure such as the geometric quantization, the #-deformation, the deformation
quantization of the Hopf fibration, and the almost commutative geometry. Thus, it is better for each
of these cases to analyze how a gluing procedure works that accounts for these additional structures.

4.1. Gluing of geometric quantizations

We start with our main object of interest, which is the geometric quantization of twistor spaces
constructed by one of us in [50]. We have shown in Section 2.1 that these quantized twistor spaces
can be seen as deformation quantizations, through the Fedosov relation [24] between geometric and
deformation quantization. We can then apply the construction we presented in Section 3.2.

We can proceed as described in the previous section to construct a non-commutative twistor space
for the connected sum M = M|#M,, given the quantizations of the twistor spaces Z(M;). If these
quantizations are obtained using the geometric quantization method of [50], then we want to check
that, if a classical unobstructed deformation Z, exists of the singular gluing Z of the blowups Z; of
the twistor spaces Z(M;), then the gluing of the quantized twistor spaces can be performed in a way
that gives rise of a geometric quantization of the deformation Z,.

ProPOSITION 4.1  Let M; be two (anti)self-dual Riemannian manifolds with Z; = Z(M;) their twistor
spaces. Under the connected sum M = M\#M, operation, a gluing of the geometric quantizations
of the Z;’s is determined by the geometric quantization of a Gompf symplectic sum of of the X; =
ST (M;)o that fiber over Z; with C* fibers.

Proof. As in Section 2.1, we consider the symplectic form w; = > dZ® AdZ;, on X; := ST (M),
and we consider X =38 *(M;)o, the pullback of the C*-bundle S*(M;), along the projection map
Z; — Z; from the blowup Z; = Bl (Z;) of atwistor line L,, in Z;. The singular space Z obtained by the
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gluing of the complex manifolds Z; along their exceptional divisors Z = Z; U E ~E, Z corresponds to a
gluing X = X| Uy, ~v, X2, with V; the real codimension two symplectic submanifold of X; given by the
preimage of the exceptional divisor E;, which is a singular symplectic variety with a normal crossings
singularity. The singular space Z satisfies the d-semistable condition, namely the normal bundles v;
of E; inside Z; are such that v ® v, is the trivial line bundle. Thus, the Gompf symplectic sum
construction of [30] applies to the pairs (Xi, Vi, @;) and gives a one-parameter deformation family, in
the form of a nearly regular symplectic fibration (X, w, 7 : X — C) with 7' (0) = X. For 7 #0, the
restriction w, of w to X; = m~!(¢) is non-degenerate, and is a smoothing of X. Thus, we can regard the
geometric quantization of X, as the quantized twistor space resulting from the gluing of the quantized
twistor spaces of the manifolds M;. If the classical deformation theory of Z is unobstructed, so that
we have a smooth deformation Z, of Z, then this construction can be done compatibly with the C *-
fibrations X; — Z; so that X; = S+ (M,)o provides such a deformation, where M, is the connected sum
4-manifold M;#M, endowed with an (anti)self-dual metric g, for which Z, = Z(M,) is the twistor
space. |

4.2. Gluing of deformations of the Hopf fibration

In the case of the deformation quantization of the Hopf fibration and the associated quantization
of twistor spaces discussed in Section 2.4 the question is whether the gluing procedure described
in Section 3.2 maintains the compatibility with the Hopf fibration. Since in the Riemannian setting
the Hopf fibration Z(M)— M with fibers the twistor lines assumes the existence of an (anti)self-dual
structure on M, we can work under the hypothesis that the underlying commutative deformation
theory of the Z(M;) is unobstructed and there is a resulting twistor space Z(M), where M = M| #M,
has an (anti)self-dual structure, obtained as classical deformation of the singular Z as in [22].

Under this assumption, we can identify the result of the non-commutative deformation of Z
of Section 3.2 with a non-commutative deformation of Z(M). We need to check that, if the non-
commutative deformations of the Z(M;) are chosen to be deformations as in Section 2.4, obtained
via a non-commutative deformation of the Hopf fibration ! < §* — CP!, then the resulting non-
commutative deformation of Z(M) is also of this form. We can view this as the non-commutative
analog of the argument of [22] showing that the classical deformation of the singular space Z is
indeed the twistor space of M = M|#M,, hence in particular it has an associated Hopf fibration.
Indeed the result of [22] for the classical deformation will directly imply the compatibility of the
non-commutative deformations.

PROPOSITION 4.2 Let Z; 1, be non-commutative deformations of the twistor spaces Z; = Z(M;) with
compatible non-commutative deformations S;r, of S; = S(M;), obtained as in Proposition 2.4 that
fit in the Hopf fibrations diagram (2.13). Let Z; be a classical deformation of the singular space
Zo = Z obtained by gluing the blowups of Z; at a twistor line along the exceptional divisors. Then
the deformations Z; 1, and S;, and Z, determine compatible non-commutative deformations Zh, S’h
and Z, 1, and S, 1, that satisfy the same compatibility with the Hopf fibration as in (2.13).

Proof. As in [22], notice that the set of CP! lines in the blowup Z; = Bl(C]pl (Z;) is parameterized by

My ~ {x;} UP(T,,(M;)), that is, the real blowup M; = Bl,,(M;), with P(T ( 1)) =~ RP?. The set of
CPP! lines in the singular space is similarly parameterized by the gluing of these real blowups along
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the exceptional divisors P; := P(Ty, (M;)) ~ RP*, which we denote by M = M; Up,~p, M,. Thus, we
can construct a space S obtained from the singular space Z by the Hopf fibration diagram

Sl_=>sl

|

S S —— N

R

CP'—>Z—>M 4.1

where the map Z — M has fiber over x € M the CP' line in Z that the point x parameterizes, and the
space S is obtained by building over each CP! line in Z a 3-sphere S° via the Hopf fibration.

This allows us to apply the construction of the compatible non-commutative deformations of
Proposition 2.4 to the pair S, Z, compatibly with the non-commutative deformation of the Hopf
fibration, which we represent as the diagram of non-commutative spaces

S1;>Sl

|

L

CP}, — Zy —= M 4.2)

We then consider an unobstructed one-parameter deformation Z; of the singular space Zy = Z to
the twistor space Z(M) of the connected sum manifold M = M, #M,. We denote by M, the (anti)self-
dual structure on M that is the smoothing of M with local form xy = near the normal crossings
singular locus of M. Then, as shown in [22], the set of lines of Z, is parameterized by the points
of M,; all lines have the correct normal bundle O(1) ¢ O(1) and a fixed-point-free antiholomorphic
involution leaving the lines invariant, hence they satisfy the characterization of twistor spaces and
can be identified with Z, = Z(M,). Thus, we also have an associated S, = S(M;) that fits in the Hopf
fibrations diagram (2.6). We can then apply the same construction of Proposition 2.4 on all of the pairs
(S22, (81, Z:), (S, Z), (S, Z,) and obtain corresponding non-commutative deformations obtained by
deforming the Hopf fibration. The compatibility between all of these non-commutative deformations
comes from the compatibilities of the underlying commutative spaces parameterizing lines in Z;, Z;,
Zand Z,. O

4.3. Gluing of 0-deformations

In the case of the f-deformations (as well as the case of the fuzzy twistor spaces that we discuss
below in Section 4.4) the gluing procedure can be handled in a different way that does not require
relying on the non-commutative deformation theory of Section 3.2.
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PROPOSITION 4.3 Suppose given unobstructed classical one-parameter deformation Z; of the sin-
gular space Z to the twistor space Z(M) of the connected sum M = M,#M,. This determines an
associated family of 0-deformations S(M,) compatible with a 0-deformation Sp of a fibration S over
the singular Z and 0-deformations S(M;)g obtained as in Section 2.3.

Proof. In the case of the §-deformations of Section 2.3 it is only the spaces S(M)y = S(S1(M))g that
is deformed to a non-commutative space, while the twistor space Z(M) itself remains commutative.
In this case, the gluing and deformation theory of Z(M;) and Z(M,) remains the same as in the
setting of [22], with the twistor space Z(M;#M,) obtained from a commutative deformation of the
singular space Z built from unobstructed commutative deformations of the Z(M;). Thus, in order
to obtain compatible non-commutative deformations of the S(M;)g that glue to a non-commutative
deformation of S(M)y, we need to show how to associate to the choice of an unobstructed deformation
of Z(M;) and the non-commutative 0-deformations S(M;)s a resulting deformation of the singular
space Z with an associated 6-deformation S(Z) such that the deformation of Z to Z(M) yields the
desired #-deformation S(M)g.

As in Proposition 4.2, we parameterize lines in Z; by the real blowp M; and lines in Z by the
resulting gluing M, and the construct compatible fibrations S; and S that fit the Hopf fibration diagram
(4.1). This leads to an associated construction of a f-deformation Sy that fits the non-commutative
Hopf fibration diagram

Sl;)sl

|

S§ —— Sy —= M

Lk

CP'—~Z—>M 4.3)

with Z corresponding to a U(1)-invariant subalgebra of the algebra A(S’g) of the f-deformation, as
in the cases of the §-deformations S(M;)y obtained as in Section 2.3. The compatibility between the
6-deformations Sy and the S (M;)g, for i = 1,2 is provided by the fact that the parameterizing families
of lines of Z in the complement of the glued exceptional divisors agree with those of Z;, namely with
M; N {x;} so that the §-deformations of the 3-spheres over each of these CP!-lines agree for S(M;)
and S.

We then proceed again as in Proposition 4.2, by considering the Z, and compatible S, that fit the
Hopf fibration diagrams (2.6). The characterization of [22] of Z, as twistor spaces of the (anti)self-
dual structure M, on the connected sum spacetime manifold then identifies the S, constructed in this
way with S(M)).

This means that we can then compatibly build a family of #-deformations S(M;)y that fit into the
Hopf fibrations diagram (2.10). ]

The gluing of the #-deformations of Proposition 2.8 is more interesting, since in this case
the twistor spaces Z(M;) themselves are deformed to non-commutative spaces Z(M;)y via a
#-deformation of the respective subspaces PN; C Z(M;) along the Hopf spheres Sz.
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PROPOSITION 4.4 The gluing Z of the blowups Z(M;) = Blepi (Z(M;)) of the twistor spaces Z(M,)

along the exceptional divisors E; admits a 0-deformation Zy compatible with the 0-deformations
Z(M;)g of Proposition 2.8.

Proof. Since in the #-deformations of Proposition 2.8 only the subspace PN of the twistor space
is deformed to a non-commutative space, we can assume that the points x; € M; are chosen so that
the fibers (C]P’}(l are contained in the respective PN; C Z(M;). The Hopf spheres that are §-deformed
to obtain the non-commutative Z(M;)y are the intersections $3 = PNPN;, with a family of planes
passing through a chosen point in the positive norm part PT" of the twistor space. The planes P
cut out Hopf circles S}(’,’ p in the fiber (CIP’;I_. Since the non-commutative deformation involves the
individual Hopf spheres S5, we can restrict our attention to a single sphere. Thus, instead of working
with the gluing Z of the blowups Z(M;) = Blcp: (Z(M;)) along their exceptional divisors, we can
consider Hopf spheres S;’J[ C PPN; and their real blowups along the Hopf circles S}q’ p,- The resulting
singular space S is a gluing of two 3-spheres Sf)i along a torus T2, which can be identified with the
boundary of a tubular neighborhood of one of the Hopf circles S)'CI,, p.- In Hopf coordinates, we can
identify such a tubular neighborhood with values 0 <7 < ¢ for some ¢>0 and (£, &) € T?. Thus,
the resulting space can be regarded as the gluing of two copies of S° along one of the tori 77 that are
#-deformed to non-commutative tori in the deformation to Sg. While the gluing S of the two 3-spheres
along the torus is not a smooth manifold, but has a normal crossing singularity along the torus, it
is still possible to define a §-deformation Sy, since the deformation happens along the individual
tori that are deformed to non-commutative tori. These are either the torus along which the gluing
is performed or the other Hopf tori in each of the to S>. The resulting # deformation is obtained by
considering the algebra of functions that are smooth on each of the two S* and that have matching
values on the torus where the gluing is performed. The non-commutative #-deformed product on this
algebra of functions is then defined as in (2.8), which has the effect of deforming all the individual
Hopf tori in S to non-commutative tori. In order to view the #-deformation Sy as a spectral triple, one
can take as Hilbert space and Dirac operator the direct sum of the respective ones on the two copies
of 3. This is analogous to the spectral triple construction used in the gluing of copies of smooth
manifolds into fractal configurations, see [11, 23]. (]

In this case, because of the very explicit nature of the non-commutative deformation in terms
of Hopf tori, we have not used the description of deformations in terms of Hochschild coho-
mology. Notice, however, that a description of the deformation and obstruction theory for the
non-commutative 3-spheres S has been discussed, in a more general setting of non-commutative
deformations of 3-spheres, by Connes and Dubois—Violette in [18]. For the relation of deformation
quantization and isospectral deformations see also [59].

4.4. Gluing of fuzzy twistor spaces

The fuzzy twistor spaces introduced in Section 2.5 provide an example of quantization of twistor
spaces to which the general deformation theory approach described in Section 3.2 does not directly
apply, due to a rigidity property.

PropPOSITION 4.5 The fuzzy twistor spaces are rigid, in the sense that they do not admit any
deformations that maintain the underlying spacetime manifold M commutative.
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Proof. It is shown in Section 16 of [28] that the Hochschild cohomology and the set of equivalence
classes of deformations are a Morita invariant. Namely, if two unital associative algebras A and
B are Morita equivalent, then there is an isomorphism HH*(A, A) — HH*(, B) that preserves
the cup product and the graded Lie bracket. A bijection between the set of equivalence classes of
deformations is then obtained in the following way. There is a finitely generated projective right
A-module £ such that B =End 4(£); hence, we can identify B = eMy(.A)e, for some idempotent
e € My(A) with My(A)eMy(A) = My(A), by regarding € as a summand of a free module of rank
N. Given a deformation A, of A, there is a corresponding deformation My(.A;) of My(.A) and an
idempotent e, in My(.A,), with constant term equal to e. Then, e,My(.A,)e; determines a deformation
of B that is Morita equivalent to A,.

For a Fréchet algebra of smooth functions on a compact smooth manifold, A= C>(M),
the behavior of the Hochschild homology was analyzed in [17]. As discussed in [43], the
continuous and smooth deformation theories of C>°(M) are governed by the same cohomol-
08y HH(C™ (M), C (M)) = HH o0y (C™ (M), C (M) = HO(M, A*Tyy), where HO(M, A*Ty)
denotes the space of global sections of the exterior algebra of the tangent bundle of M, that is, the
skew multivector fields on M. The infinitesimal deformations up to equivalence can then be seen
as the elements of the second Hochschild cohomology, that is, the sections in H 0 (M, A2’7714), while
the obstructions live in this third cohomology, identified with H°(M, A3Ty;). These correspond only
to deformations of the spacetime manifold M in the ‘non-commutative direction’. Thus, all these
deformations violate the requirement that spacetime itself remains commutative. |

In this case, however, a gluing of fuzzy twistor spaces that corresponds to the connected sum of
the underlying spacetime manifolds can be performed without passing through the deformation and
obstruction theory discussed in Section 3.2.

PROPOSITION 4.6  The orientation reversing isometryy : Ty, M1 — Ty,M; at the points x; € M; where
the connected sum M = M#M,; is performed determines a gluing of the fuzzy twistor spaces of M;
to a fuzzy twistor space of M.

Proof. Consider the manifolds with boundary M, obtained by removing a small ball U; near the
points x;, with boundary OM’ ~ §3. We can consider cylindrical ends S°x [0, €) attached to M/ and
a metric (without self-duality property) interpolating smoothly between the metric of M. to a cylin-
drical metric on a smaller interval, built using the metric on the tangent space at x;. The orientation
reversing isometry 7y : Ty, M; — T,,M, determines a gluing map that identifies these cylindrical ends.
Assuming that over a slightly larger ball U} C M; containing x; the almost commutative geometry
of the fuzzy space is a product A(U!) ® A(S%), we can use the same SU(2)-valued gluing map,
seen as an automorphism of .A(S%,) through the (N + 1)-dimensional representation of SU(2), to
glue together the non-commutative spaces .A(S%) over the cylindrical ends. The resulting non-
commutative space is still an almost commutative geometry, in the general form of [9], where the
underlying commutative geometry is by construction M, with non-commutative fiber S%; hence, it
provides a model for a fuzzy twistor space for M, regardless of the existence of an (anti)self-dual
metric on the connected sum. O
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