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Abstract

Determinant maximization problem gives a general framework that models problems aris-
ing in as diverse fields as statistics [Puk06], convex geometry [Kha96|], fair allocations
[AGSS16], combinatorics [AGV18], spectral graph theory [NSI19a], network design, and ran-
dom processes [KT12]. In an instance of a determinant maximization problem, we are given
a collection of vectors U = {vy,...,v,} C RY, and a goal is to pick a subset S C U of given
vectors to maximize the determinant of the matrix ) ;cg viviT. Often, the set S of picked vec-
tors must satisfy additional combinatorial constraints such as cardinality constraint (|S| < k)
or matroid constraint (S is a basis of a matroid defined on the vectors).

In this paper, we give a polynomial-time deterministic algorithm that returns a (")
-approximation for any matroid of rank r < d. This improves previous results that give O(r).
approximation algorithms relying on ¢©(")-approximate estimation algorithms [NS16, [AG17,
AGV18,[MNST20] for any r < d. All previous results use convex relaxations and their relation-
ship to stable polynomials and strongly log-concave polynomials. In contrast, our algorithm
builds on combinatorial algorithms for matroid intersection, which iteratively improve any
solution by finding an alternating negative cycle in the exchange graph defined by the matroids.
While the det(.) function is not linear, we show that taking appropriate linear approximations
at each iteration suffice to give the improved approximation algorithm.

1 Introduction

Determinant maximization problem gives a general framework that models problems arising in
as diverse fields as statistics [Puk06], convex geometry [Kha96], fair allocations [AGSS16], combi-
natorics [AGV18], spectral graph theory [NST19al], network design and random processes [KT12].
In an instance of a determinant maximization problem, we are given a collection of vectors U =
{v1,...,0,} C R?, and a goal is to pick a subset S C U of given vectors to maximize the deter-
minant of the matrix ;.5 0,0, . Additionally, the set S of picked vectors must satisfy additional
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combinatorial constraints such as cardinality constraint (|S| < k) or matroid constraint (S is a basis
of a matroid defined on the vectors).

Apart from its modeling strength, from a technical perspective, determinant maximization has
brought interesting connections between areas such as combinatorial optimization, convex analy-
sis, geometry of polynomials, graph sparsification and complexity of permanent and other count-
ing problems [ALSW17,|AGS516, AG17, Kha96].

Applications. Observe that when the number of vectors picked is exactly d, the objective is
precisely the square of the volume of the parallelepiped spanned by the selected vectors. The
problem of finding the largest volume parallelepiped in a collection of given vectors has been
studied [Nik15a| Kha96| SEFM15] for over three decades. Another interesting application is the
determinantal point processes [KT12], where a probability distribution over subsets of vectors is
defined. The probability of selecting a subset is defined to be proportional to the squared volume
of the parallelepiped defined by them. These distributions display nice properties of negative cor-
relation. Finding sets with the largest probability mass is exactly the determinant maximization
problem. We refer the reader to [NST19a] for applications in experimental design and to [AGSS16]
for application to fair allocations.

The computational complexity of the determinant maximization depends crucially on the com-
binatorial set family which constrains the set of feasible collection of vectors. The simplest con-
straint being the cardinality constraint, wherein the number of vectors is fixed, has been the most
widely studied variant. For this, a variety of methods including convex programming based
methods [ALSW17| [SEFM15, INik15b), [SX18]], combinatorial methods - such as local search and
greedy [Kha96, MSTX19, [LZ21]] - as well as close relationship to graph sparsification [ALSW17]
have been exploited to obtain efficient approximation algorithms with very good guarantees.
Overall, these results give a very clear understanding of the computational complexity of the
problem.

The more general case when the combinatorial constraints are defined by a matroid constraint has
recently received extensive focus [NS16, IAGSS16, I AG17, AGV18, MNST20]. This is especially
interesting since some of the applications are naturally modeled as matroid constraints, in par-
ticular, as partition constraints. Unfortunately, there is a big gap between estimation algorithms
and approximation algorithms in this case! Indeed, one can approximately estimate the value of
an optimal solution with a good guarantee, however, finding such a solution is much more chal-
lenging, leading to an exponential loss in the approximation factor. For example, even for the
special case of the partition matroid, there is an e“-approximate estimation algorithm but the best
known approximation algorithms return a solution with an approximation factor of eo(dz), an ex-
ponential blow-upﬂ A fundamental reason for this gap is the reliance on the relationship between
convex programming relaxations for the problem and the theory of stable polynomials and its
generalization to strongly log-concave polynomials. Unfortunately, these methods are inherently
non-algorithmic and do not give a simple way to obtain efficient algorithms with the same guar-
antees that match the estimation bounds.

1Since we are computing the determinant of d X d matrices, the exponent of d in the approximation factor is appro-
priate. Indeed, many works even consider the dh-root of the determinant where the approximation factors are also the
dM_root of the above bounds.



1.1 Owur Results and Contributions

In this work, we introduce new combinatorial methods for determinant maximization under a
matroid constraint and give an O(d°(?))-deterministic approximation algorithm. While previous
works have used a convex programming approach and the theory of stable polynomials, our
approach builds on the classical matroid intersection algorithm. Our first result focuses on the
case when the rank of the matroid is exactly d, i.e., the output solution will contain precisely d
vectors.

Theorem 1 There is a polynomial time algorithm which, given a collection of vectors vy, ..., v, € RY and
a matroid M = ([n],Z) of rank d, returns a set S € L such that

1
T _ T
det (Z UiUi ) = Q <dow) Ig)g%(det <Z UZU:‘ ) .
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Our results improve the eo(dZ)-approximation algorithm which relies on the ¢©(@)-estimation al-
gorithm [AGV18, IAG17, MNST20]. Our algorithm builds on the matroid intersection algorithm
and is an iterative algorithm that starts at any feasible solution and improves the objective in each
step. To maintain feasibility in the matroid constraint, each step of the algorithm is an exchange of
multiple elements as found by an alternating cycle of an appropriately defined exchange graph.

Result for r < d. We also generalize the result when the rank r of the matroid is at most d.
Observe that the solution matrix ) ;g viviT is a d X d matrix of rank at most r and, therefore, the
appropriate objective to consider is the product of its largest r eigenvalues, or equivalently, the
elementary symmetric function of order r of its eigenvalues. Let syn,(M) be the r' elementary
symmetric function of the eigenvalues of the d x d matrix M. Thus, our objective is to maximize

symy (Lies 0iv; ).

Theorem 2 There is a polynomial-time algorithm which, given a collection of vectors vy, .. .,v, € R and
a matroid M = ([n],Z) of rank r < d, returns a set S € T such that

T) _ 1 -
Symiy (Evivi ) =0Q (ro(r) maxsymy Y v ).
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This again improves the best bound of eo(rz)-approximation algorithm based on e©(")

estimation algorithms. The proof of Theorem is presented in Appendix

-approximate

Technical Overview. For intuition, let vol(S) denote the volume of the parallelepiped spanned by
the vectors in S. Then vol(S)? = det (L;cs v, ), for any S C U with |S| = d, so we can think of
vol(S) as an equivalent objective function. First, observe that the feasibility problem of checking
whether there is a set S € Z such that vol(S) > 0 can be reduced to matroid intersection. Indeed,
the feasibility problem is equivalent to checking if there is a common basis of the matroid M
and the linear matroid defined by the vectors {vy, ..., v, }. Since we aim to maximize vol(S) over
all independent sets S, a natural approach is to use the weighted matroid intersection algorithm.
Unfortunately, our weights are not linear, i.e., vol(S) does not equal }_;cs w; or log-linear [];cs w;
for some weights w on the vectors. Nonetheless, the matroid intersection algorithm forms the
backbone of our approach.



Overview of Matroid Intersection. Before we describe our algorithm, let us review a classical
algorithm to find a maximum weight common basis of two matroids. Given U = {1,...,n}, a
weight function w : U — R and two matroids M7 = (U, Z;) and M, = (U, Z,), the goal is to find
a common basis S of maximum weight w(S) := }_,c5 w.. We assume that there exists a common
basis of the two matroids. Consider the following simple algorithm that also introduces some of
the basic ingredients necessary for our algorithm. The algorithm will take as an input a common
basis S and either certify that S is a maximum weight common basis or return a new common
basis S of higher weight. To explain the algorithm, we recall the important concept of the exchange
graph. Given the set S, we construct a directed bipartite graph G(S) with bipartitions given by
U\Sand S. Forany u € U\ Sand v € S, G(S) contains an arc from u to v if S — v + u is a basis
in M5, and an arc from v to u if S — v + u is a basis in M. For convenience, we use S — v + u
to refer to the set (S U {u}) \ {v}. Moreover, give each vertex u € U \ S a weight —w, and each
vertex v € S a weight of w,. A nice fact from matroid theory is that S is a maximum weight basis
if and only if there is no negative weight cycle in this directed graph (Chapter 41, Theorem 41.5
[Sch03]). Moreover, if C is a directed negative weight cycle with minimum hopﬂ then SAC forms
a common basis of the two matroids whose weight is strictly larger than the weight of S. Thus, the
algorithm finds a maximum weight basis by iteratively finding a negative weight cycle in such an
exchange graph.

With the above algorithm as a guiding tool, we describe our algorithm. The two matroids are pre-
cisely the constraint matroid M and the linear matroid defined over the vectors. A first challenge
is that the objective function vol(S)? = det (¥;cs v;v; ) is not linear. Thus it is not possible to define
the vertex weights as was done above. But a natural function to work with instead is the function
log vol(S), which is known to be submodular. While we do not use submodularity explicitly, our
algorithm takes linear approximations of this function at each iteration while searching for im-
provements as in the matroid intersection algorithm. We use the geometric relationship between
vol and det closely. The first new ingredient in our algorithm is to introduce arc weights rather
than vertex weights in the exchange graph G(S). Indeed for the forward arcs (u,v) for u ¢ S

and v € S that correspond to the linear matroid, we introduce a weight of — log %&M We

also introduce a weight of 0 for the backward arcs, which correspond to the arcs for the constraint
vol(S—v+u) .
vol(S)
write the vector u ¢ S in the basis S, i.e. u = Y5 a4,0, for some a,, € R for each v € S. Then
%(Z;r”) = |auw| (See Lemma. Such relationships between the ratio of volumes and coefficients

in expressing the vectors in basis given by S play an important role.

matroid M. The crucial observation is the following interpretation of the weight log

Our first lemma shows that if the volume of the current solution is much smaller than the opti-
mal solution, then there must be a cycle such that the sum of weights of the arcs on the cycle is
significantly negative.

Lemma 1 (Determinant to Cycle) Let S be a basis of M and OPT be the basis of M maximizing
vol(OPT). If vol(OPT) > %1984 . vol(S), then there exists a directed cycle C of 2¢ hops for some
¢ > 0 in the exchange graph G(S) such that

I |aus| > 2(01)° =: f(0).

(u,0)eC,uéS,ves

We call such a cycle an f-violating cycle. Observe that such a cycle can be found as a negative

2Hops here refers to the number of arcs of the cycle.



weight 2/-hop cycle when weights are updated to w,(u,v) = 1log f(¢) — log |a,,| for a forward
arc (u,v) whereu ¢ Sand v € S. The lemma relies on the following observation. Abusing notation
slightly, let T and S be matrices whose columns are the vectors in OPT and S, respectively. Writing
each vector in OPT in the basis given by S we obtain T = SA' for some matrix A. The condition
in the lemma implies that det(A) > ¢>1°89, Also observe that the weight of any (u,v) where
u € OPT and v € S is exactly —log |a,,| where a,, is the (u,v)th—entry in A. Combining these
facts, we can show there exists a cycle satisfying the conditions of the lemma.

The next step in the algorithm is to find an f-violating cycle C and then update the solution to
T = SAC. Again, we relate the change in objective vol(T) to the coefficients. While the entries
|auu| of the cycle are large, the objective of the new solution T depends not only on the weight of
the edges of the cycle but the weight of all arcs between all vertices in C \ S and C N S. Indeed,
consider a square matrix B with rows and columns indexed by C \ S and S N C respectively with
entry (u,v) as a,,. Recall a,, is the coefficient of vector v when u is expressed in basis S. Then
vol(T) = | det(B)| - vol(S) (Lemma[6). Thus it remains to lower bound the determinant of B. The
entries on the diagonal of the matrix B exactly correspond to entries that define the weights of the
forward arcs on the cycle C. Thus Lemma [1|implies that the product of the diagonal entries of B
is large. In the next lemma, we show that if the cycle C is the minimum hop f-violating cycle, then
we can in fact lower bound the determinant of the matrix.

Lemma 2 (Cycle to Determinant) If C is a minimum hop f-violating cycle in the exchange graph G(S),
then vol(SAC) > 2 -vol(S). Moreover, SAC is also a basis of M.

This lemma crucially uses the fact that C is a minimum hop f-violating cycle as in the case for
matroid intersection algorithms. Indeed, off-diagonal entries of the matrix B correspond to arcs
that form chords of the cycle C. The minimality of C allows us to show upper bounds on all the
off-diagonal entries of the matrix B. A technical calculation then allows us to lower bound the
determinant.

1.2 Related Work

Determinant Maximization under Cardinality Constraints. Determinant maximization prob-
lems under a cardinality constraint have been studied widely [Kha96, SEEM15, INik15b, ISX18,
ALSW17, MSTX19]. Currently, the best approximation algorithm for the case r < d is an ¢'-
approximation due to Nikolov [Nik15b] and for r > d, there is an e?-approximation [SX18]. It turns
out that the problem gets significantly easier when r >> d, and there is a (1 + €)“-approximation
whenr > d+ g [ALSW17,MSTX19,[LZ21]. These results use local search methods and are closely
related to the algorithm discussed in this paper, as the cycle improving algorithm will always find
a 2-cycle when the matroid is defined by the cardinality constraint.

Determinant Maximization under Matroid Constraints. As mentioned earlier, determinant max-
imization under a matroid constraint is considerably challenging and the bounds also depend on
the rank r of the constraint matroid. There are ¢°")-estimation algorithms when r < d [NS16),
AG17,IALGV19] and a min{eo(’),O(do(d)) }-estimation algorithm when r > d [MNST20]. The
output of these algorithms is a random feasible set whose objective is at least min{e®("), O (do(d)) }
of the objective of a convex programming relaxation, in expectation. Since the approximation
guarantees are exponential, it can happen that the output set has objective zero almost always.
To convert them into deterministic algorithms (or randomized algorithms that work with high
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probability), additional loss in approximation factor is incurred. These results imply an eO(®).
approximation algorithm when » < 4, and a O(do(da))—approximation algorithm [MNST20] for
r > d. Approximation algorithms are also known where the approximation factor is exponential
in the size of the ground set for special classes of matroids [ESV17].

Nash Social Welfare and its generalizations. A special case of the determinant maximization
problem is the Nash Social Welfare problem [CKM™16]. In the Nash Social Welfare problem, we
are given m items and d players and there is a valuation function v; : 2[") — R, for each player
i € [d] that specifies value obtained by a player when given a bundle of items. The goal is to
find an assignment of items to players to maximize the geometric mean of the valuations of each
of the players. When the valuation functions are additive, the problem becomes a special case
of the determinant maximization and this connection can be utilized to give an e-approximation
algorithm [AGSS16]. Other methods including rounding algorithms [CG15, CDG™17] as well as
primal-dual methods [BKV18al] have been utilized to obtain improved bounds. The problem has
been studied when the valuation function is more general [GHM18, BKV18b, AMGV18| GHV21]
and a constant-factor approximation is known when the valuation function is submodular [LV22].

Other Spectral Objectives. While we focus on the determinant objective, the problem is also

interesting when considering other spectral objectives including minimizing the trace or the max-

imum eigenvalue of the (Y;cs (viv?))_l. These problems have been studied for the cardinality

constraint [ALSW17, INST19b]]. For the case of partition matroid, the problem of maximizing the
minimum eigenvalue is closely related to the Kadison-Singer problem [MSS15].

2 Algorithm for Partition Matroid

We first show the algorithm and the analysis for a partition matroid with rank d. This allows us
to show the basic ideas without going into the details of matroid theory. The generalizations to
general matroid are quite standard. We detail them in Section

Consider a partition matroid M with d partitions Py, ..., P;, where each P; contains n; vectors
Vi1, ..., Vi, € RY. Our goal is to find a set S which provides a good approximation to the objective

max {det(z vo'): S| =4d,|SNPi| =1 Vz} .

veS

Let OPT denote the optimal solution set. The following theorem is a specialization of Theorem
to the case of partition matroid.

Theorem 3 Given a partition matroid M with d parts, let OPT be the optimal solution to the determinant
maximization problem on M. Then, there is a polynomial-time deterministic algorithm that outputs a
feasible set S € M such that

det (Z v,v?) > ¢~ 10d108(d) . det ( ) vm?) .

ieS icOPT



m Partition matroid M,

m Linear matroid My

Figure 1: The exchange graph G(S)

2.1 Algorithm

We begin by formally defining the exchange graph, the different weight functions, and then the
algorithm which helps establish Theorem [1|for the case of partition matroids.

Definition 1 (Exchange Graph) Formally, for a subset of vectors S = {v1,va,...,v4} with v; € P;
for all i, we define the exchange graph of S, denoted by G(S) as a bipartite graph, where the right-hand
side consists of vectors in S, i.e., R = {v1,0y,...,v;} and the left-hand side consists of all the vectors
L = UL, Pi\{vi} (See Figure . Each v; € R has an edge to every u € P;\{v;}, i.e., all the vectors in
the same part as v;. The vertices on the left-hand side have forward edges to every vertex in S.

We define a family of weight functions on the exchange graph. The basic weight function will be
denoted by wy : A(G(S)) — R and, in addition, we define weight functions w; foreach 1 <i < d.
To define these weights, we use the function f : [d] — Z with f(i) = 2(i!) for each i > 0.

Definition 2 (Weight functions on the Exchange graph) We first define weight function wq. All the
backward arcs, from any v; € S to every u; € P;\{v;}, have weight 0. For u; € L, let u; = Y4, ajj - ;i
be expression for u; in the basis S where a;j; € R for each i. Then the forward arc (u;j,v;) has weight
wo(uj,v;) == —log(lajj|) for each i € [d] and each u; € L.

Now we define the weight function wy on the arcs for any 1 < ¢ < d. All backward arcs still have weight 0
but every forward edge (u, v) has weight wy(u,v) := w + wo(u,v).

The following lemma gives the intuition behind the weight function wy defined above. It shows
that the weight on arc (u;,v;) exactly measures the change in the objective when we replace ele-
ment v; with u; in S. The proof appears in the appendix.

Lemma 3 Let S be a solution with vol(S) > 0 and u ¢ S. Then for any v € S, we have wy(u,v) =

vol(S4+u—v
_log \(IO;ES) )



While we will be specific about which weight function to use, but if it is not specified, then we
refer to the weight function wy.

Definition 3 (Cycle Weight) The weight of a cycle C in G(S) is defined as wo(C) = Y_.cc wo(e).

Observe that the weight of a cycle depends only on the weight of the forward edges as backward
edges have a weight 0.

We want to move from the current set S to a set with higher volume by exchanging on cycles in
G(S). But we want to exchange only on cycles that satisfy certain nice properties. For this purpose,
we define f-Violating Cycles and Minimal f-Violating Cycles. The algorithm will always exchange
on a Minimal f-Violating Cycle.

Definition 4 (f-Violating Cycle) A cycle in G(S) is called an f-violating cycle if
wo(C) < —log f([C/2),

where |C| is the number of arcs in C.
We have the following simple observation regarding f-violating cycle.

3
Observation 1 If C is a f-violating cycle then ITu0)eciucr,oer |aun| > 2 ((%) !) .

(See appendix
Definition 5 (Minimal f-Violating Cycle) A cycle C in G(S) is called a minimal f-violating cycle if
* Cisan f-violating cycle, and

e for all cycles C' such that V(C") C V(C), C' is not an f-violating cycle.

Note that finding an f-violating cycle with 2i arcs is equivalent to finding a negative cycle with 2i
arcs in G(S) with weights w;. We use the following simple algorithm to find a minimal f-violating
cycle in G(S) (if one exists), where we iterate on the number of arcs in the cycle.

Algorithm 1 Finding minimal f-violating cycle
fori=1,...,ddo
if there is a negative cycle C with exactly 2i arcs in G(S) with weight function w; then
Return C
end if

end for

The following lemma is immediate. A proof appears in the appendix.

Lemma 4 Algorithm |l|finds the minimal f-violating cycle in G(S).



After finding a minimal f-violating cycle, C, we modify the current set S to SAC and repeat. Ob-
serve that SAC is always a feasible set as it will pick exactly one element from each part. The main
idea is that if vol(S) is small compared to vol(OPT), i.e., vol(S) < vol(OPT) - e~(@108(d)) then
there is always an f-violating cycle in G(S) (see Lemmal). Moreover, if C is a minimal f-violating
cycle, then vol(SAC) > 2 - vol(S) (see Lemma 7). If we initialize S to any solution with non-zero
determinant, then the ratio vol(OPT)/ vol(S) is at most 2*” where ¢ is the encoding length of our
problem input (Chapter 3, Theorem 3.2 [Sch00]). This implies that we need only modify the set S
polynomially many times before vol(S) becomes greater than vol(OPT) - e~ ©(@1°8(4)) which gives
Theorem 3l Such an initialization can be obtained by finding a basis of R? that picks exactly one
vector from each part. As discussed above, this problem can be solved by the matroid intersection
algorithm over the partition matroid and the linear matroid defined by the vectors.

Algorithm 2 Algorithm to find an approximation to OPT

S < setwith |S| =d, |SNP;| =1 forall i, and vol(S) > 0.
while there exists an f-violating cycle in G(S) do
C = minimal f-violating cycle in G(S)
S =SAC
end while
Return S

Lemma 5 For any set S with |S| = d and vol(S) > 0, if vol(S) < vol(OPT) - e3%198(@)  then there
exists an f-violating cycle in G(S).

Proof Let OPT = {uj,up,...,us} and S = {v1,v2,...,05} such that u;,v; € P; for alli € [d].
Observe that (v;, #;) is an arc in the exchange graph for each i since u; and v; belong to the same

parﬂ

Abusing notation slightly, let T and S be matrices whose columns are the vectors in OPT and S,
respectively. Let A be the coefficient matrix of T w.r.t. S,ie., T = SAT. Then

vol(OPT)? = det(TT") = det(SATAST) = det(SS") - | det(A)|>.

Let X = OPT\S, Y = S\OPT, and |X| = |Y| = k. Without loss of generality, let Y = {v1,..., v}

- A A
and X = {uy,...,ur}. Then A = {0 Ik
rows in X and columns in Y. Then det(A) = det(Ag).

As per the hypothesis in the lemma, we have det(SST) < det(TT") - e~ 1971°8(4), Therefore,

], where Ay is the sub-matrix of A corresponding to

]det(Ak)] > eSdlog(d) > eSklog(k). (1)

By the Leibniz formula, we have det(Ay) = Y ycg, sign(o) I, a;y(j)- Taking absolute values gives
| det(Ax)| < Yoes, I, |ais(i)|- Since [Sx| = k! < ek1o8(k) there exists a permutation o € Sy such
that

N

T 10| > | det(Ag)| - e~k1o8®) > giklog(k) "
i=1

3Given u; # v;



Let the cycle decomposition of this o be ¢ = {C1,Cy,...,Cs}. Then each C; corresponds to a
unique cycle in G(S) with 2|C;| hops by considering the forward arcs (u;, v,(;)) for each i on the
cycle and the backward arcs (v;, ;) for each i in C;. We claim that at least one of these cycles is an f-
violating cycle. If not, then by the definition of f-violating cycles, we have [];c, a0y | < 2(]Cj N3.
Multiplying over all cycles in ¢ gives

=

4 4

[Tlaio)| = TTTT laiew| < TT20G11)? < 28(kt)? < e*'o8®),

i=1 j=1ieC; i=1

where the second last inequality follows from Zle |Cj| = k. This contradicts eq. @), so G(S) must
contain an f-violating cycle. 0

The requirement in Lemma 5/ that vol(S) < vol(OPT) - e~5#198() is tight, up to the coefficient in
the exponent. Consider the case where d is a power of two (or more generally, any d for which
a Hadamard matrix of order d is known to exist), S = {ey,...,e;s} consists of the standard basis
vectors, and L = H = {hy,...,h;} consists of the columns of the d x d Hadamard matrix. The
entries of H are all =1, and h/hj = 0 for i # j. Then vol(S) = 1, and the optimal solution is
OPT = H, which has objective value

d
vol(H) = [ |[hil| = d?? = e2'8(@ . vol(s),
i=1

since the vectors in H are orthogonal. Meanwhile, the exchange matrix in this case is A = H'.
Since all the entries of A are -1, we know that the product of the entries along any cycle will have
an absolute value of 1. Thus, we cannot find an f-violating cycle in the same way, despite the fact

that vol(S) < vol(OPT) e~ 5log(d)

2.2 Cycle Exchange and Determinant

Now we show that exchanging on a minimal f-violating cycle C increases the objective of the
output set by at least a factor of two. The proof relies on two technical lemmas. First, observe that
the arc weights given by wy(u,v) are exactly how much the objective will change if switch from
the solution S to S + u — v in the solution. But switching on a cycle will switch multiple elements
at the same time. Since our function vol(.) (or more appropriately log vol(.)) is not additive, it is
not clear what the change in the objective. The following lemma characterizes exactly how the
objective changes when we switch a large set.

Consider our current solution S. Let C be the minimal cycle found and ¢ = |C|/2. Let X = CNL
and Y = CNS. Thus the output set T = (SU X) \ Y. We will also abuse notation to let X,Y
and S represent the matrices whose columns are the vectors in their respective sets. Note that S is
d x d while both X and Y are d x £. Observe that vol(S)? = det(SS") and vol(T)? = det(TT") =
det(SST + XX — YY"). Crucially, we show that the matrix consisting of coefficients a,, that
define the weights on the arcs of the exchange graph for u € X and v € Y also defines the change
in objective value.

Lemma 6 Let S be a basis, let X and Y be sets with |X| = |Y| = ¢ and Y C S. Let A be the £ x d matrix
of coefficients so that X = SA", and let Ac be the ¢ x { submatrix of only the coefficients corresponding to

10



uqu Vp—1
Uy

Figure 2: The cycle C

columns in Y. If T = (SUX)\Y then vol(T)? = vol(S)? - det(AcAl).

Without loss of generality, let C = (vg — u3 — v1 — Uy — U2 — ...uUy — 7p) so that X =
{uy,...up}and Y = {vy,...,v,-1,v0}, and order the columns of Ac accordingly so that the ¢-th
column corresponds to vy. Observe that diagonal entries of the A correspond to coefficient of v;
when expressing u; in basis of S and thus equals a;;. C being f-violating implies that the product
of the diagonal entries [T¢_; |a;j| > f(¥). To show that the volume of T is large, we need to show
| det(Ac)| is large. To this end, we utilize crucially that C is the minimal f-violating cycle. Observe
that the off-diagonal entries a;; exactly correspond to the weight on chords of the cycle. Since
each chord introduces a cycle with smaller number of arcs, by minimality we know that it is not
f-violating. This allows us to prove upper bounds on the off-diagonal entries of the matrix Ac.
Finally, a careful argument allows us to give a lower bound on the determinant of any matrix with
such bounds on the off-diagonal entries. We now expand on the above outline below.

Lemma 7 If C is a minimal f-violating cycle in G(S), then vol(SAC) > 2 - vol(S).

Proof Let C = (vg — u; — v1 — Uy — v — ... Uy — vg) where v;, u; 1 belong to the same part
and v; € S (See Figure[2).

By the Lemma@ we know that vol(SAC) = det(AcAL)2 - vol(S) = | det(Ac)| - vol(S). We will
index the entries of Ac according to the indices of u; and v; where the last column corresponds to
vp. Since C has 2/ hops, Ac is an £ x ¢ matrix.

We now bound each entry of the matrix Ac in terms of the its diagonal entries, a;; fori =1,...,n.
We show upper bounds on the absolute value of each entry as a function of the diagonal entries.
Consider the i, j-th entry of Ac. Fori > j, define the cycle C;; := (u; — Uj = Ujy1 = Ujy1 —
... vi-1 = ;). G;jis a cycle with 2(i — j) hops and V(C; ;) C V(C). C being a minimal f-violating

cycle implies that C; j is not an f-violating cycle. Therefore, e~ 0(Cij) = |a; ;| - Hé;} 41 lass| < f(i—
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Up—_1€ 2 Ui—1

Uy €

(a) Shortcut when i < j

(b) Sub-cycle when i > j

Figure 3: Structure when the edge u; — v; (in blue) is added

j). This implies
fli=))

H;;H |s,s '

©)

la; | <

Similarly for j = ¢, we have |a; /| < % .
s=1 15,8

Fori < j < ¢, define C{,]. = (vo = Uy = vy = ..U — V] — ..Uy — Vp). Again, C{’]» is a cycle
with 2(¢ — j 4 i) hops which is not f-violating. Therefore,

i—1 Y4
“li,j"HWs,S" H |as,s| < f(€—j+1). (4)
s=1

s=j+1

Since C is an f-violating cycle, we also have

4
H las,s| > f(£). )
s=1
Combining @) and (5) gives
fle—j+i)
a;j| < =" s
| Z,]| f(g) :S[;!| S,S‘
Let B, be the matrix obtained by applying the following operations to Ac

¢ Multiply the last column by a; ; and for j < ¢, divide the j-th column by Hi:z s

12



¢ Divide the first row by a1 1 and for i > 1, multiply the i-th row by HS 5 lss

e Divide the last column by f(¢) and, if needed, flip the sign of the last column so thata,, > 0.
Then | det(Ac)| = f(¢) - | det(By)|, and By satisfies the following properties:

® bjj=1foralliec [{—1], by >1,

* |bjj| < f(i—j)forallj <i</{ and

o |bijl < f(l—j+i)/f(£)foralli<j<L.
For ¢ > 2, we have the following claim:

Claim 2.1 det(B;) > 0.75 and det(By) > 0.1 forall £ > 3.

With this claim in hand, it implies that |det(Ac)| > 0.1 f(¢) > 2 forall ¢ > 3. For { = 2,
det(B,) > 0.75, and det(Ac) > 0.75- f(2) > 2. Therefore, vol(SAC) > |det(Ac)]| - vol(S) >
2-vol(S). O
Proof of Claim Consider the following process on By:
Algorithm 3 Gaussian Elimination Process (Column Operations)
fors=1,...,¢do >QOuter Loop
forj=s+1,...,¢do >Inner Loop
b:,j = b:,j - b:,s . %
end for
end for

Note that det(B;) > 0.75, det(Bs) > 0.73, and det(Bs) > 0.83 (see the end of the Appendix). From
hereafter, we will assume that ¢ > 5.

The output of the Algorithmis a lower triangular matrix. Let b; ;(s) denote the value of b; ; before
the s-th iteration of the outer loop of Gaussian Elimination. For example, b; (1) = b;; for all i, .

For any i < j, b; j becomes 0 at the end of the i-th iteration of the outer loop of the algorithm, and
does not change after that. So, the final value of b; ;, before it becomes 0, is b; ;(i). Similarly, for
i > j, the value of b; ; does not change after the (j — 1)-th iteration of the outer loop, and therefore
the final value of b; ;, i.e., b; ;(£) satisfies b; ;(£) = b; ;(j).

Since this process does not change the determinant of B;,, we have det(B;) = Hle b;i(j). By
Lemmal b;i(j) >1-0.92/(for j < £ and by ,(¢) > 0.303. Therefore,

¢

2

det(By) = | |b]] <1 — Oj) -0.303.
j=1

The function (1

07) is a decreasing function of /, but has a horizontal asymptote at ~ 0.39.
Thus, (1— %2)""" > 0.

39 and this gives

det(B;) > 0.39 x 0.303 > 0.1.
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Lemma 8 For ¢ > 5, the final values of entries of B, after Algorithm 3|are bounded as follows:

L |bii() < () - fli =) for 1 <j <1,

2. |bij(i)| < 15-f(U—j+1i)/f(€) fori<j<U{,

3. |bie(i)] <2.84-f(i)/f(£) fori <,

4. 0;i(j) >1-22 forall j < ¢,

5. bye(£) > 0.303.
Proof We will prove the lemma by induction on j, the column index. Note that Algorithm [3(does
not change the values of the first column of By, and it also does not change the values of the first

row of B, before they become 0. So, the bounds are trivially true for the first column and the first
TOW.

Fori > j,
- bs,j(s)
c(q .. _ 5]
bl,](]) = bl,](l) S; bis(s) b (5) (6)
Taking absolute values gives
: = [bs,i(s)]
166j(7) = bij (D] < L [bis(s)] - sy 7)
s=1 S,S

The induction hypothesis implies that for all s < j, |b;s(s)| < (;) f(i—s), |bsj(s)] < 1.5-f(L~—
j+s)/f(£),and bss(s) > 1—0.92/¢ > 0.816 (since £ > 5). Plugging these bounds in (7)), we get

)b < 5N () gy fEi*s)
)~y ()] < g & (1) - £ =) . ®

Note that

flims)-fE—j+s) _ (=) ((C=j+9))° _ (DY
fli—7) 0 (G INERE |
:) < % Therefore,

Forany1 <s <j—1,

A
X
b
4
=

fli=s)-flt=j+s) _ (7)) (i-j+1)?

G- f =@y e
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Plugging this in (8) gives

i— 7 2 j-1 i l+i—j
)~y < 5 (18- CEE (1) f)

s=1 zs)
184.(i_j+1)2, .(Hl ]) E( _]+5)>

(
( & (C+i=pto
(
[

< fi—j)

= fli—j) (184 (=jr1f 2 D) 'Ji< _]+S>>

02 (E—l—z—])' =

c 1 2 . g ] 1 o
184 U ]£2+ S ( ]+S>>. O)
For positive integers a,b, x with x < a < b,

G () () (=60)-G0)

Using [[0) witha =¢—j+1,b=¢—1,and x = { — j gives Zﬁ;ll ("7 < (,_%.,) and from (@),

= f(i—j)

EM

—j 0—j+1
b~ <6 (- ST B ()
< i (10 (1) L), )
Since (£ — j + 1)j is maximized at j = (£ + 1) /2, we have =1 < (U1 < 036 for any ¢ > 5.

Plugging this in (12) gives
() < b5 ()] + £(i — ) -0.6624- (;) < fli—j) (1 06624 <;)> .

Now we will restrict ourselves to the case when i > j. For i = 2, j can only be 1 and this corre-
sponds to an entry in the first column for which the bounds are trivially true. So, we only need
to consider i > 3. Since 1 < j < i, we have ( ') > i. Furthermore, since £ > 5 and i > 3, we have

1<0.3376-i < 0.3376(j). This gives

0,0 < FGi— ) <O.3376- (;) +0.6624 - (;)) < fli—j)- (;)

This concludes the proof of part

For j > i, we have

. = |bS,j<S)’
1 (0) = bij (D1 = L 1bis ()] - 2y (13)
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By the induction hypothesis, |bs ;(s)| < 1.5- f(£—j+3s)/f(£), |bis(s)| < (;) - f(i—s),and bss(s) >
1—0.92/¢ > 0.816. Plugging these bounds in (13, we get

) v J+S>.i.~_
|b; (i) — b;;(1) 08162 s fli—s). (14)
3
1—j+ _2((l—jHs))3((i—s))® .
Note that ASHHms) _ 20l (G-9" _ 5. ((/11)) Forany1<s<i-1, e <
Therefore,
fl—jvi=s)-fls) . 1 2
fll—j+i) 7 (T (E—j+i*

Plugging this in gives

. fl—j+i) 3.68 i1 /i 1
T NG e o (Z (0 <“+>>

s=1 i—s
_fU—j+i) 368l —))! i( —]+s>
f) U=j+i?-(¢ —J+1 o '
Using (10) again, we get ) ._ 1(625]75 ) < (f:]]:) and this gives
. N fl—=j+10) 3.68 - il({ —j)! C—j+i
(1) — b < . .
100 = bl < =i v = \e—j+1
FE—j+i) 3.68 - i

TR U= (=1 (15)

is maximized ati = ¢ — j. So for any j < ¢, we have

The function = +)

(i) — by < LT HD 368 S+
5, 8) = b (Dl < == s <%

Using the fact that [b;;j(1)| < f(¢ —j+i)/f({), we have |b;;(i)] < 1.5 f({ —j+1)/f(£) for
i<j<Ud.
For j = ¢ and i > 2, equation gives

() — by (1)) < L1368 g gy SO

S HOX
and therefore |b; ((i)| < 2.84 - % This concludes the proof of partsand
Fori = jandj < ¢, using (1I), we get

. 1.84- 184-((—1) _ 092
. —1l < < < .
LU a3 S~ 2 =7
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For i = j = /, by (8) and the induction hypothesis,

/-1
[b,e(£) = bee(1)] < 208:2/6 Z < > fézg

Following the proof outline of equation (TI) gives |by¢(¢) — by,(1)] < &% -1 < 0.697. Since

bye(1) > 1, wehave by y(¢) > by (1) —0.697 > 0.303. O

3 Update Step for General Matroids

Consider the case when M = ([n], ) is a general matroid of rank d. When we exchange on a cycle
C and update S < SAC, the resulting set is guaranteed to be independent in the linear matroid
because of the determinant bounds in Lemma |/} but it is not clear that it would be independent in
the general constraint matroid, M, when M is not a partition matroid. However, by exchanging
on a minimal f-violating cycle in our algorithm, we can make the same guarantee.

In this section, we prove the existence of an f-violating cycle for any matroid M with rank d when
the current basis S is sufficiently smaller in volume than the optimal solution OPT. We also prove
that exchanging on a minimal f-violating cycle preserves independence in M.

Theorem 4 For any basis S with |S| = d and vol(S) > 0, if vol(S) < vol(OPT) - e~>418(4)  then there
exists an f-violating cycle in G(S).

Proof Since S and OPT are independent and |S| = |OPT]|, there exists a perfect matching between
OPT\S and S\OPT using the backward arcs in G(S) (Chapter 39, Corollary 39.12a, [SchO03]). Let
X = OPT\S, Y = S\OPT, and |X| = |Y| = k. Without loss of generality, let Y = {vy,..., v} and
X ={uy,...,ux} such that (v; — u;) is an arcin G(S) for all i € [k].

Let T and S be matrices whose columns are the vectors in OPT and S, respectively. Let A be the

/

coefficient matrix of T w.rt. S,ie., T = SAT. Then A = [f(l)k IA
d—k
of A corresponding to rows in X and columns in Y. Then by the same proof as in [5} there exists a

permutation ¢ € S such that

], where Ay is the sub-matrix

k
[Tl > | det(A)| - eF1o8k) > gtklog(k) (16)
i=1

Let the cycle decomposition of o be ¢ = {C1,Cy,...,C/} where C; = (iy — ia — ...i; — iy).
Since there is an edge from v, ;) to u,(;) for all j, every cyclic permutation C; Corresponds toa
cycle (uj — vy, — uj, — vjy... — ui; — vy — u;,) in G(S). We claim that at least one of
these cycles is an f-violating cycle. If not, then by the definition of f-violating cycles, we have
[Ticc, |aio()| < 2(|Cj|!)? for all j < £. Multiplying over all the cycles in o gives

k 4 4

[Tl HH @] < TT2(ICi1H% < (10 (K)

i=1 =1i€eC; j=1
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where the last inequality follows from Zle |Cj| = k. This contradicts (16), so G(S) must contain
an f-violating cycle. U

Lemma 9 If C is a minimal f-violating cycle in G(S), then SAC is independent in M.

Proof For clarity, let V(C) denote the vertex set of C. Let T := SAV(C) and let |C| = 2/. Lets
consider the graph G(S) with weights wy, and define w(D) := Y_,cp wy(e) for any cycle D. Since
C is an f-violating cycle, w,(C) = wo(C) + log(f(¢)) < 0.

Let the set of backward arcs in C be Nj, and the set of forward arcs be N,. For the sake of con-
tradiction, assume that T ¢ Z. Then, there exists a matching Nj on V(C) consisting of only
backward arcs such that Ny # Nj (Chapter 39, Theorem 39.13, [Sch03]). Let A be a multiset of
arcs consisting of all arcs in N, twice and all arcs N; and Nj (with arcs in N; N N appearing twice).
Consider the directed graph D = (V(C), A). Since N; # Nj, D contains a directed circuit C; with
V(C1) € V(C). Every vertex in V(C) has exactly two in-edges and two out-edges in A. Therefore,
D is Eulerian, and we can decompose A into directed circuits Cy,...,Ck. Since only arcs in Np
have non-zero weights, we have Y5, w;(C;) = 2w;(C).

Because V(Cy) C V(C), at most one cycle C; can have V(C;) = V(C). If for some j, V(C) = V(C;),
then w(C;) = wy(C) as C; must contain every edge in N,. So, ¥, w¢(C;) = w¢(C) < 0 and there
exists a cycle C; such that V(C;) € V(C) and w,(C;) < 0. Otherwise V(C;) C V(C’) for all j and
Y we(Ci) =2wy(C) < 0. Again, there exists a cycle C; such that V(C;) € V(C) and w,(C;) < 0.

Let C’ be the directed cycle such that V(C') C V(C) and w;(C’) < wy(C) < 0. Define y := |C'|/2.
Thus wy(C") = y-log(f(£))/ ¢+ wo(C") < 0. Since y < £,log(f(y))/y < log(f(£))/¢. Therefore
wo(C") < —y-log(f(¢))/¢ < —log(f(y)). So C’is an f-violating cycle with V(C") C V(C), which
contradicts the fact that C is a minimal f-violating cycle. O
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A Omitted Proofs

Proof of Lemma 3| Recall the statement of the Lemma: Let S be a solution with vol(S) > 0 and
vol(S+u—v)
vol(S)

Let S = {vy,...,v;} so that v = vy and write u = Zle a;v;. We can also write v = v + Z?:z b;v;
where v is orthogonal to S\ {v}. Then u = ayv™ + Y7 ,(a1b; + a;)v;. For X € R? with |X| = k <
d, let vol(X) denote the k-dimensional volume of the parallelepiped spanned by X. Then

u ¢ S. Then for any v € S, we have wy(u,v) = — log

vol(S) = vol(S — ) - ||v*]|,

while
vol(S +u —v) = vol(S — ) - |a1]||v™]|,

since the change in volume from adding a single new vector is proportional to the length of the
component of that vector which is orthogonal to our current set. Thus

-

vollS £ —v) _ _jog YelS —0) - lawllo |l _ o0,

~log =315y vol(S =) - [oL]

O

Proof of Observation (1| Recall the statement of the Observation: If C is a f-violating cycle then
H(u,v)eC:ueL,veR ‘auv‘ > 2(‘C‘/2'>3

If C is f-violating then ¢(C) < —log f(|C|/2), where ¢(C) is the sum of the w edge weights in C,
and f(|C|/2) = 2((|C|/2)!)3. Note that |[CN R| = |[CNL| = |C|/2,s0 f(|C/2]) = 2(]CNR|!)3. By
expanding ¢(C) we see that

((C) = ) wo(u, )

(u,v)eCuel,veR

= —log ( I |auv|> .
(u,v)eC:ueL,veR

Since /(C) < —log f(|C|/2), we can take the exponential to remove the logarithms and attain the
desired inequality. O

Proof of Lemmad Recall the statement of the Lemma: Algorithm [I]finds the minimal f-violating
cycle in G(S), if one exists.

In the ith iteration of Algorithm [Ijwe determine if there is a negative cycle in G(S) with weights
w; and 2i hops, as follows. For each vertex of G(S), we start an instance of Bellman-Ford (See
Chapter 8, Section 8.3, [Sch03]) with that vertex as the root, and proceed for 2i iterations. For
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source u, after 2i iterations, we check whether the distance from u to u is negative. If so, we have
found a negative cycle with at most 2i hops. Note that for weights w;, any negative cycle with at
most 2i hops is an f-Violating cycle. Since the (i — 1)-th iteration of the algorithm ensured that
there are no f-Violating cycles with at most 2(i — 1) hops, a negative cycle in the i-th iteration (if
any) must have exactly 2i hops.

Suppose there is an f-violating cycle C in G(S), so that £ = |C|/2. Then, with weight w, the total
weight of the cycle C is

w(C)= ¥ wilu,o)= Y log(f(€))/L+wo(u,v) = log £(£) +wo(C).

(u,0)eC (u,0)eC

Since C is f-violating we know that log f(¢) < —w(C), so the above calculation shows that C has
negative total weight with weights wy. This guarantees that Algorithm[I|will return an f-violating
cycle whenever one exists.

Now suppose that C is the cycle returned by Algorithm [1jand we must show that C is minimal
f-violating. Let C’ be another cycle such that V(C’) € V(C). Then C’ has fewer hops than C, but it
was not returned in iteration |C’| /2, so we know that C’ must not be f-violating. Thus C is indeed
minimal. O

Proof of Lemma|6] Recall the statement of the Lemmal6} Let S be a basis, let X and Y be sets with
|X| = |Y| =£and Y C S. Let A be the £ x d matrix of coefficients so that X = SA", and let Ac be
the ¢ x ¢ submatrix of only the coefficients corresponding to columns in Y. If T = (S U X)\Y then
vol(T)? = vol(S)? - det(AcA[l).

We will abuse notation slightly to let S, X,Y also denote the matrices with columns from their
respective sets. Order the columns of S so that Y makes up the first ¢ columns of S. Let A’ be the
¢ x (d — ¢) submatrix of A consisting of the remaining columns not already in Ac. Then

Ac AT
0 Iz

-

which implies that
det(T) = det(S) - det(A¢).

Bounds on det(B;), det(B3), det(B;) mentioned in Proof of Claim
For / = 2, bl,l(l) = 1, ’bl,Z(l)’ S 0125, |b2,1(1)‘ S 2, and ‘bz/z(Z)‘ Z 0.75.

2
det(BZ) > Hbu<l) > 0.75.
i=1

The bounds on final values of B3 are:
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b11(1) =1

b12(1)] < 0.0371

|b13(1)] < 0.00463

|bo1(1)] <2.0

by2(2) > 0.92

Iby3(2)| < 0.0463

Ib31(1)] < 16.0

b32(2)] < 2.5926

b33(3) > 0.79

3
det(B3) > Hbm‘(i) > 0.73.
i=1

The bounds on final values of By are:

b12(1)] < 0.015625
by (2) > 0.96875
|b32(2)] < 2.25
|b42(2)] < 22.75

b1 5(1)] < 0.00057871
b23(2)| < 0.01678241
b33(3) > 0.95
|by3(3)] < 2.645

b1 4(1)| < 0.000073
|b,4(2)| < 0.00072338
|b3,4(3)| < 0.018463
by4(4) > 0.9

bi1(1) =1
by1(1)] < 2.0
|b31(1)] < 16.0
Iby1(1)] < 432.0

4
det(B4) > Hbm‘(i) > 0.83.
i=1

B Rankr <d

In this section, we prove Theorem 2| Consider a matroid M = ([n],Z) with rank r < d. Starting
with a basis S with non-zero volume, we will use a slight modification of Algorithmto iteratively
find a basis with strictly larger volume. However since the set S is not full dimensional, our edge
weight functions will be different.

Let S = {v1,vy,...,0,} be a basis of M with vol(S) > 0. We can write any vector u; in M as

L
a;,jv; +u;,
1

u; =

]

7

1
i

where 13- is orthogonal to Span(S).

The change in volume on replacing some v € S by u ¢ S is given by

vol(S — u +v) , et

vol(s) e

, (17)
2
[o+]

where v is the component of v orthogonal to Span(S — v). The two terms in equation have
geometric meanings. Let us decompose u into u* + ull, where u' is the component of u orthog-
onal to Span(S). Then |a,,| is exactly the change in the volume if we project u to Span(S) before

— I L. . . .
%g)r”), and "I is the change in the volume if we project u orthogo-

replaCil’lg v, ie., |auv| = HULH
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oL Vol( 5y - S0, we augment the exchange graph to

nal to Span(S) before replacing v, i.e., Hu ” vol(S—vtu)

reflect this.

Like Lemma I when sym, (S) < sym,(OPT) -r Q(r), we can find an f-violating cycle (for an
appropriate function f) in the augmented exchange graph

However unlike Lemma [7] the change in the objective induced by a cycle C in the augmented
graph is not a simple function of the weights of chords and arcs of C. To get around this issue,
we use the geometric relation between sym,_ and vol, specifically the subadditivity of vol to relate
sym, to the chord and arc weights of C.

We define the exchange graph G(S) exactly as Definition 1 with wo(u;,v;) = —log(|a;;|). Our
approach to find a basis with larger volume is to first try to exchange on an f-violating cycle in
G(S). Like Algorithm 1, exchanging on an f-violating cycle implies increase in volume. Unlike
Algorithm 1, failure to find an f-violating cycle does not imply that the volume of the current
solution is close to optimal. So, we move to Stage 2, where we work with an augmented version
of the exchange graph defined below.

We decompose every vector u; in M as

_ 1
uj =u; +uj,

where 1] € Span(S) and u;- is orthogonal to Span(S).

In the augmented exchange graph G(S), for every vector u; € M, we create two vertices ul” (called
a parallel vertex) and u;" (called a perpendicular vertex) in the left-hand side.

Definition 6 (Augmented Exchange Graph) For a subset of vectors S = {vy,v,...,v,}, we define
the augmented exchange graph of S, denoted by G(S) as a bipartite graph, where the right-hand side
consists of vectors in' S, i.e., R = {v1,0,...,0,} and the left-hand side consists of all the vectors L =
Uueu\s{uil,uy}. For each v; € R, if S — v; +u € I, then v; has an edge to u™ and an edge to ull. The
vertices on the left-hand side have forward edges to every vertex in S ( See figure Figure[d).

L

Each vector v; € S can be decomposed as v; = };,; a;v; + v]-L, where v;

0~f S\{v;}. We will call v]-L the orthogonal component of v; and use it to define edge weights in
G(S).

is orthogonal to the span

Definition 7 (Weight functions on the Augmented Exchange graph) All the arcs from some vertex
in R to some vertex in L, have weight 0. The weights of the forward arcs are defined as

e for every parallel vertex “1“ € L, the weight of the arc “1“ — vjis
I

wo(u; — v]-) = —log(|ai,]-|),

o for every perpendicular vertex u;- € L, the weight of the arc u- — vj is

o]
Wo(ui” = v)) : ( )
<1
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m Constraint matroid M,

m Linear matroid M,

Figure 4: The augmented exchange graph G(S)(An exchange cycle is shown in bold edges)

We define a family of weight functions on the exchange graph. To define these weights we use the new
function f(i) = (i) ifi > 2and f(1) = 2. Now we define the weight function w, analogously to wy,
i.e., all backward arcs still have weight 0 but every forward edge (u,v) has weight

. log(f (¢ .

wy(u,v) == Og(i()) + wo(u,v).
Observation 2 For a current solution S, let M(S) be the matroid obtained from M by adding an element
parallel to every u € U\S, and labelling the pair u, ull. Then the subgraph of G(S) induced by edges
with finite weight is the matroid exchange graph where My = M(S), and My is the linear matroid on

SUUuems{ut,ul'}.

By construction, no independent set in M (S) contains both u™ and ull, for any u € U\S. Thus, if T is an
independent set in M(S) and T is obtained from Z by replacing each instance of u™, or ull with the original
element u € U\S, then T is independent in M.

Similar to Lemma a function of wy (u l”, v;) and Wy (u;-, vj) measures the change in objective when
we replace element v; by u;.

Lemma 10 Let S be a solution with vol(S) > 0 and u ¢ S with u = ul + u'. Then for any v € S, we

have \/e=200(ul,0) 4 p=200 (1t 0) — %W

Our algorithm works in 2 stages. In the first stage, we try to find an f-violating cycle in the
exchange graph G(S). If the algorithm finds such a cycle, it exchanges on it. If no f-violating
cycle is found, we move to the augmented exchange graph G(S), and search for an f-violating
cycle in G(S). If no such cycle is found in Stage 2, then Lemma [12| guarantees that vol(S) >
e~Or1og(r)) . yol (OPT).
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Algorithm 4 Algorithm to find an approximation to OPT
S < basis with vol(S) > 0.

Let f(i) = 2(i")% and f(i) = (i)
while There exists an f-violating cycle in G(S) or an f-violating cycle in G(S) do
if There exists an f-violating cycle in G(S) then
Stage 1:
C = minimal f-violating cycle in G(S)
S =SAC
else
Stage 2:
C = minimal f-violating cycle in G(S)
C={uen\S:ultorul eClu{vesS:vecC}
S =SAC
end if
end while
Return S

Lemma 11 If Algorithm[4finds an f-violating cycle, C, in G(S), then vol(SAC) > 2 - vol(S).

Proof Let C’ be the projection of C onto Span(S). By Lemma 20, we know that vol(SAC) >
vol(SAC’), and by Lemma(7} we know that vol(SAC’) > 2 - vol(S). Therefore,

vol(SAC) > vol(SAC’) > 2 -vol(S),

which concludes the proof of the Lemma. O

From hereafter we analyze the case when Algorithm {4 does not find an f-violating cycle in Stage
1, moves on to Stage 2 and finds an f-violating cycle in G(S).

B.1 Existence of f-violating cycle
To guarantee we make progress at every iteration, we need to ensure there will always be an f-

violating cycle, whenever our current volume is far from the optimal volume. Before we prove
the existence of an f-violating cycle, we state a couple of useful observations.

For convenience, to specify the volume of a set of vectors {v1,vs,...,v,}, instead of writing
vol({vy,v,...,0,}), weuse vol(vy, v, ..., 0;).

Observation 3 For any set of vectors {v{, vll’, V2, ..., 0},

vol(v] + vl{,vz, oo, 0p) <vol(vf,vy,...,00) + Vol(vl{,vz, ce,Ur),

vol(vf + v;{,vz, .o, 0p) > vol(v],va,...,0,) — Vol(v}{,vz, e, ).

Proof Let P be the projection matrix orthogonal to Span(vy, ..., v,). By triangle inequality, we
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have that

HPL(Z}? —1—0?)H < HPlvﬁl + HPLZ)? , and

[Pt + e = et - f[pet]
Since vol(v{,v,...,v,) = HPL’U? H -vol(vy, ..., v,), multiplying both sides by vol(vy, ..., v,) gives
us the required inequalities. O

Observation 4 If v; is the orthogonal projection of v; onto Span(S — v;), then

r
vol(vy, ..., 0¢) H (v1,...,0)
i=k+1
forany k € [r].
Proof Let S; = {vy,...,0v;} fori € [r] and Sy = @. Since vol(vy,...,v,) = [[/_4 V‘éfl 7 where
vol (@) = 1, it suffices to prove that Vo(l é > |lof|| = #\({53}) which follows from the submod-
ularity of logvol(-) as S;—1 C S\{v;}. O

The following lemma is an extension to Lemma when the current solution has » < d vectors.

Lemma 12 For any basis S € T with vol(S) > 0, if vol(OPT) > vol(S) - r*" - f(r), then there exists an
f-violating cycle in G(S).

Proof Since S and OPT are independent and |S| = |OPT|, there exists a perfect matching between
OPT\S and S\OPT using the backward arcs in G(S) (Chapter 39, Corollary 39.12a, [SchO03]). Let
X = OPT\S, Y = S\OPT, and |X| = |Y| = ¢. Without loss of generality, let Y = {vy,...,v,}
and X = {uy,...,u,} such that (v; — u;) is an arc in G(S) foralli € [¢]. Let Z = OPTNS =
{vy41,...,v.} and let us use T instead of OPT for ease of notation.

From the hypothesis of the lemma, we have

7o) < vol(T)  vol(XU2Z)

2r . —
S 508 T vol(YuZ) (18)
Since u; = Z]r-:l a;,0; + uii, we can decompose each vector u; into a sum of r 4- 1 vectors, i.e.,
=Yi-o ufj ) where
1(0) = uL for all i, and
(0 ._
u = a;0;.
Now using Observation 3| we can expand vol(T) as
(i)  (i2) (i)
vol(T) < Y vol({uy ", uy™, ..., uy U Z). 19)
vol(S) vol(S)

i1,02,e0, ié?G{O,...,r}
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(ij)

If ij > / for any j, then u jij and the vectors in set Z are linearly dependent and therefore the

volume is 0. So we can restrict ourselves to the case when i; € {0, ..., ¢} forall j € [].

() ()

For any permutation o € Sy, define F () := {(i1,12,...,i;) : ij € {c(j),0}}. Since U and u;’ are
linearly dependent whenever j > 0, we can rewrite vol(T) as
vol(T) < Y vol({ul™, u{™,..., ul™}uz)
tel, F(o)
< Z Z Vol({ugm, ugTZ),..., MET/)} UuZz). (20)

oS TeF(0)

We will upper bound VOl({ung), ugm, ceey u((f")} U Z) for each T separately. As an illustration for a

fixed o, let us consider T = (0,...,0,0(k+1),...,0(¢)). The corresponding volume term is equal
to
Vol({ugo), .. ,ulgo), u](:ﬁl),. . .,uén)} UZz) VOI(MEO), e, u,((o)) . Vol({u,(;"{l), .. ,ugn)} UZ)
vol(S) B vol(S) ’

Tiy1)
11 e

, we get

as the sets of vectors {ugo), ey u}({o)} and {u,({ . uérg )} U Z are orthogonal to each other. Upper

bounding VOl(ngO), ceey u}({o)) by T, [Ju}t

Ol 3 UZ

) k
vol(S) = (g‘

To bound vol({u,(:ﬁl), ..., uém} U Z), consider

u;

vol({u i, .. ™ uZ)
vol(S)

vol({u,(:ﬁl), . .,ugm} UZ)  vol({aks1,5,,0n0s -+ - 80,07} U Z)

vol(S) vol(S)
(11 o) P cron

H iz vol(S)

i=k+1
(since 7j = o (j) fork < j <)

Using

VOI({UU(k+1)/ sy U(T(()} U Z) 1 1
vol(S) = I1 []

Continuing the above chain of inequalities,

vol({ul™V,...,ul™} U Z) .
vol(S) -

VA
11 \ﬂin!) Tl
je{o(

i—k11 1),...0(k)} HU]-

o (i)
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Now consider any T € F(c),and let I2 := {j : 7(j) = 0} and I¢ = [¢]\I2. Then following a similar
chain of proof as above, we get

vol (Tl),...,..., (v 7 L
= vol(S) n JU2) (H !ﬂw—w\) : (H ] ) :

vol({ul™,...,...,u"} U Z) < ) |
< |ioi) | Z
Te;(,) vol(S) TeF(0) 161_11{ 7 116_1[9 Ui(i) H

Summing over all permutations,

2 f(r) < “:ﬁg; < Z E <H ewo(uirvﬂ(i))> (H ezbo(uli,vm))) .

ceS TeF(0) \i€l?

The RHS is sum of 2°¢! positive terms. So, there exists some permutation ¢ € S; and T € F(0)

such that
i) |
e—wo u Doi) e—wo ui Vo (i) > > f(r).
(e (H ) i 2I0

Let the cycle decomposition of ¢ = {71y, 71y, . .., ¢ } with 7; = {j1, 2, ..., jx, }. For each vector u;,
we define symbols p; indicating whether u; is present as a perpendicular vector in 7, i.e., p; =|| if
i € I and p; =1 otherwise.

Then each cyclic permutation 7; corresponds to a cycle C; in G(S) given by

Pjy . Pix; Pir
PR e ),

— 7 €L i ~
and for every i € [k], <Hj61¥mn, ¢~ 0k} % W)) : (Hjel‘%ﬂm e~ Tl ’U"(”)) = ¢~ () and therefore,

iclg iel?

(n ) (n ) ne—wo > f(n). @)

At least one of the C;’s must be an f-violating cycle. If not, then e~®(%) < f(|C;|/2) and

iely iel? i=1

k k
(H efwo u Do) ) (H e*ZUO u oi) ) Hefwo H |C ‘/2 ( ) (22)

where the last inequality follows from Y1 |Ci| = 2¢ < 2r. Equation (22) contradicts (21), so there
exist i such that C; is an f-violating cycle in G(S). O
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B.2 Analysis of Stage 2

In this section, we prove that if the algorithm finds an f-violating cycle in Stage 2, then exchanging
on this cycle increases the volume by a constant factor. However, since the algorithm fails to find a
cycle in Stage 1, a cycle in Stage 2 must contain a perpendicular vertex. We first bound the number
of vertices a minimal f-violating cycle can contain, and use this fact to prove that exchanging on
such a cycle increases the volume.

Lemma 13 If C is a minimal f-violating cycle in G(S) and C = {u € [n)\S : ut orul e C}yU{v € S
v € C}, then SAC is independent in M.

Proof Observation|2and Lemma @ i@ply that SAC is independent in M (S), and the second part
of Observatio then implies that SAC is independent in M. O

To make our later calculations possible, we first prove that any minimal f-violating cycle in G(S)
contains exactly one perpendicular vector. The following lemma is slightly more general than we
need now, but will be useful later.

Lemma 14 Let C, |C| = 2y be a cycle in G(S) such that there are no f-violating cycles with less than 2y
hops in G(S). Let C contain k > 2 perpendicular vertices ui-, uy ..., u;- such that the section of C from

Ui t0 U poa vy 1 1S 2x; hops for i € [k]. Then

w0 < ﬁf(xi)-

Proof The proof is by induction on k > 1. Let the perpendicular vertices ui, uy, ..., ukL appear in

order along around C. Let C" and C” be the two cycles created by replacing the edges u;- —> v1 and
uzL — vy with the new edges ulL — 17 and L12L — vy, so that C’ is the cycle containing “1 Note
that C" has 2y — 2x; < 2y hops and C” has 2x; < 2y hops. So by the hypothesis of the Lemma,

both C’ and C" are not f-violating.

Additionally,
I N L | I I
Wo(uy — v2) +Wo(uy — v1) = —log T = Wo(u; — v1) + Do(uy — v7),
1 2
and therefore
e~ @0(C) _ p=@0(C")—@o(C") (23)

When k = 2, both cycles C" and C” contain exactly one perpendicular vertex, and since they are
not f-violating, e=™(¢) < f(2y — 2x;) and e~™(C") < f(2xy).

Using equation (23), we conclude that e=@(C) = ¢=@0(C)=@0(C") < £(2y —2x) - f(x7), as desired.

When k > 2 the cycle C’ has k — 1 > 2 perpendicular vertices since it no longer contains u5. Thus,
the induction hypothesis implies that e~®() < 15, f(x;). Since C” is not f-violating, it satisfies
e~ (") < F(2x1).

Again using equation (23), we conclude that e~@(C) = ¢=@0(C)~@0(C") < TTK | f(x;), as desired. O
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When y = Y5_, x;, we know that f(y) > [T, f(x;). Thus, we obtain the following corollary:
Corollary 1 If C is a minimal f-violating cycle in G(S), then C contains exactly one perpendicular vector.

Now we will prove that for a minimal f-violating cycle C, the volume of SAC is strictly larger than
vol(S).

Lemma 15 If C is a minimal f-violating cycle in G(S), then vol(SAC) > 2 - vol(S).

]|

Proof If |C| = 2, thenlet C = (u" — v). Since C is an f-violating cycle, e=®(C) = o] > f(1) >

2. By Lemma [10}

vol(S—v+u) | , . |ut]’

vol(§) |\ "

> e~ @(C) > 9

+ 2 pul p—
[0+l

This concludes the proof when C has 2 arcs.

Now consider the case when C has at least 4 arcs. By Corollary [T} we can assume that C contains

exactly one perpendicular vertex. Let C = (ui — v; — u! — Uy — u! — vy — ui), where

¢>2,v;€S,and v; — u;yq is an arcin G(S).

Define T := SAC, X := C\S = {uy,up,...,up},and Y := SNC = {v1,v3,...,v4},and let S\Y =
{vp41,..., v+ }. Let P denote the projection matrix orthogonal to the span of S\ Y.

Then

vol(T)  vol({S\Y}UX)  vol(ui,u, ..., up,0pp1,...,0r)
vol(S) — vol({S\Y}UY)  vol(vy,va,...,00,0p41,.-.,0r)

Note that for any set of vectors {x1,..., x4},
VOl(xl, X2, e e X0, 0041, - - ,Ur) = VOl(PX],PXz, ey ng) . VOl(Ungl, e ,Ur).
Applying this to the sets X and Y, we get

vol(T) _ vol(Puy,Puy,...,Puy)  vol(PX)
vol(S)  vol(Pvy,Poy,...,Py)  vol(PY) '

By definition, u; = }.;_q a;v; + uit. Taking the projection of u; orthogonal to Span(S\Y), we get
Pu; = Zf:1 a;jPv; + uiL, since Pv; = 0 for all j > /. So we can decompose each vector Pu; into a
sum of £ + 1 vectors, i.e., Pu; = Zf:o ul(j ) where

(0)

o u = uiL for all i, and

L Ml(]) = Eli,]'PZ)]'.

()

i

()

Note that for any iy, iy € [¢], the vectors 1’ and u S

are linearly dependent for any j > 0.
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Let Ic denote the tuple (0,2,3,...,¢). Using Observation 3| we can lower bound vol(PX) as

vol(PX) > vol( ugo), u§2),. e ugg)) - ) vol( ugil), uéiz), ey ug,i")). (24)

i] ,iz,...,i/e {0,1,...,5}
(iv/i2,idg) #lc

For any permutation o € S, define F(c) := {(i,i2,...,i) : ij € {0(j),0}}. Since u( ) and u() are
linearly dependent, we can rewrite (24) as

vol(PX) > vol( ugo)/ ugz), e, uy)) — Z vol( ung), ugTZ), ., uém)
TEUU}—(U)\IC
> VOI(MEO), ugz),..., uy)) — Z Z VOl(ung), uéTZ),..., uém). (25)

ceSpteF(0)\Ic
For a fixed o # id; and some T € F(0),let IY :== {j € [¢] : 7(j) = 0} and 1¢ := [¢]\I2. Also, let
X = {va(i) (i E Ig} Then

vol(u{™, u{™, ..., u{®)y  vol <Uie19 {”il}> -vol (Uiezg {ﬂi,a(i)PUa(i))})

vol(PY) B vol(PY)
vol (UieH {Pvtr(i))}>
’ E ‘ui,a(i)‘ ’ VOI(PY)
1
T 100l B (from Observation [4)
i€lg [Tico Vi)
:H HUZH H‘azo ‘_Hefwou g Hewau Do (i)
ieI? U(i) i€l 16[0 ielf
Summing over all tuples T € F(0), we get
)3 vol(u i ”ETZ)I---/ ”gm) < He*zbo(u#,vam) 11 o~ 0001 05(1))
€7 (0) vol(PY) it ielg
4
— I_I <67w0(u%/va(z’)) + efwo(ulurvu(i))) . (26)

Let We € R be a matrix with [(Wclij = e~ @0 () 4 o= @01 20) Then we can rewrite [26) as

vol( ugm, ugm, .., uém) ¢
<TTIWelioii - (27)
Te;g) VOI(PY) E[ C]I,U(Z)

Similarly, the sum of tuples for the identity permutation id, gives

vol( ugm’ M§2), v “9) vol( ugn), uéfz), . u(”)) ¢
* <[ [[Wc] (28)
vol(PY) TEF(;Q)\IC vol(PX) g cli
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Plugging equation (27) and equation in (25), we get

vol(PX) _ vol( ugo), u§2), e, uy)) ¢ ¢ N vol( ugo), u§2), e, uy))
vol(PY) = vol(PY) a U;dﬂ[wdi'g(i) a E[WC]I” a vol(PY)
~ 2vol( u§0), ugz), .., uff)) ¢ ¢
VOl(PY) - g;dE[WC]i,U(i) - E[WC]I,Z
B 2vol(u§0), ugz),..., uy))
Vol (PY) — perm(W¢) . (29)
From Lemma (16| we have
L 4
perm(W¢) < 1.56 - ”“1“ T lasl - (30)
lor || =
Note that @ @)
vol(uy ’, uy”, ..., Hul I
oley) i H‘ il Y
Inserting the bounds from and in (29) gives
vol(PX) _ [Juj | ] 15
|ai,i] : (2—156) =044- : ‘ui,i|-
T R R

. . . .
Since C is an f-Violating cycle, e=@(C) = |14 ] 11, |ai;| > f(€). Therefore,

vol(SAC)  vol(
vol(S)  vol(PY) —

B.3 Miscellaneous Lemmas

Lemma 16 Let C = (vy — ”1 — v — ug — Uy — . uﬂ — vg) be a minimal f—violating cycle in

G(S) with £ > 2 and let Wc be a matrix with [Wc|;; = |a; j| + H‘ | , then
]
o Il
perm(W¢) <1 T T laiil -
* o]l 13
€1
Proof Define z; := HZi”, p1 =1, and z; := |a;;|, p; =|| foralli > 2.
1

We show upper bounds on the absolute value of each entry of W¢ as a function of z;’s. Consider
the i, j-th entry of We. Fori > j, let Ci; == (u; — v; — ufff = Vi1 = .01 2 ). Cirisa

cycle of with 2(i — j) hops and V(CZL]) C V(C). C being a minimal f—V1olat1ng cycle implies that
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CZL] is not an f-violating cycle. Therefore, e (G = |)|‘Zl ‘H i } 112 < f(i —j). This implies
]
L
u —
s= ]+1

(i)
<H;11

.. p . . .
Similarly, let Cz”j = (uH = v — “]-]:1 — Vjy1 = ...0m = ul“), Again, using the fact that Cl!!j is

Similarly for j = ¢, we have

not f-Violating we get

Fi
‘ai,]'| < fi(,1 ]> ’ (33)
s=j+1 Zs
forany i > jand for j = ¢, we have a,y < Hj‘c(l) .
5=1 %5

Fori<j<€,lethj = (vo = u' = 01 — ...uf = v; = ...u)" — vg). Again, Cj; i is a cycle with

2(¢ — j+ i) hops and which is not f-violating. Therefore,

b B e
HU]J‘H -st-slzlrlzs < fll—j+i). (34)

Since C is an f-violating cycle, we also have
~ ( ~
e ) =TTz > f(0). (35)
s=1

Combining and gives

] feopen
2

Similarly, fori < j < ¢,

fle—j+i) +h,
oy =

la; ;| <

L L L
Define x; := (|a1,1| + ||”1 H)/ H”l H and x; := (’azz’ + HH H)/’all‘ for i > 2. Then x; > 1 and the

1 1L
[or ][ o | [lo]]

i-th diagonal entry of W¢ is x; - z;.

Let B, be the matrix obtained by applying the following operations to W¢

* Multiply the last column by z; and for j > 1, divide the j-th column by ]_[é:2 Zs
e Divide the first row by z; and for i > 1, multiply the i-th row by [T'Z} z

e Divide the last column by [T z;.
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* Divide the j-th column by x;.

Then | perm(We)| = ([T'_; xizi) - | perm(B;)|, and By satisfies the following properties:
e bj;=1forallie [(],
o |bij| <2-f(i—j)/xj<2-f(i—j)forallj<i</{and
o |bij| <2-f(l—j+i)/(f(0)xj)) <2-f(—j+i)/f(¢)foralli<j <L
If ¢ =1, perm(By) = 1and for ¢ > 2, Lemmagives perm(B;) < 1.3. Therefore, we have

ut T
perm(W¢) < 1.3- HXZ1—13 H(!LZUH— H ”) <13-1.2- "“ i” ITlail =1.56-¢ ()
i= i vy ol i=2

where the last inequality follows from Lemma O

Lemma17 IfC = (vg — ui — v; — ug — U —> . uﬂ — vg) is a minimal f-violating cycle with

¢ > 2, then

‘ [ _ao(C
Il + g ) <12 e @©, (36)

i1 Hvi H

Proof Since C is an f-violating cycle,

e _ il 1
e~ ™0(C) — I H|alz\ > f(0) (37)
o | =2
1
Define x;( := ||‘|Zl|||| and x;1 := |a;;| for all i € [¢]. Then we can decompose the LHS of as
follows: l

1 (1ol + 122} = £ Mo TTo = ¥ u

i=1 o | zC[l)ieZ i¢Z zClY

We now upper bound w(Z) for all Z # {1} based on the cardinality of Z. For the empty set, i.e.,
|Z| = 0, since Algorithm 4 did not return a cycle in Stage 1, w(Z) = [T, |a;;| = e~ () < f(¥).

Consider a subset Z with |Z| = k where k > 2. We define a cycle Cz such that Cz contains the
same arcs as C but a vertex u; € C\S is present as a perpendicular vertex in Cyz if and only if

u € Z. Then w(Z) = e~ @(C2), Let the distance between successive perpendicular vertices in Cz
be by, by, ..., br. Then Y¥_, b; = £ and by Lemma w(Z) = e ™) <TT5, f(b;).

Since Cz has the same structure as C, we can completely characterize Cz by the first vertex among
uy,uy, ..., uy which is perpendicular, and the distances between successive perpendicular vertices
in Cz, i.e, by, by, ..., bx. There are only ¢ options for the first perpendicular vertex. Therefore,

k —_— ~
T ow@se T OIw e () se-e< A e
He= i b=t !
by,by,..., b >1
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For a subset with one element, i.e.,, Z = {x}, x # 1, —logw(Z) is the same as the weight of the
cycle

C, (Uo—>u!—>vl—> u,%—>vz—> —>ug—>vo)

Combining C, with C, we get two cycles

C§1):(Uo—>uf—>vl—>..uL—>vz—>—> M!—>Z)0)
p (vo—>u¥—>v—> uﬂ—)v—> —>ug—>vo)
such that @y(C) - @y(Cy) = ZDO(CJ(CD) wo(C( ))) By Lemma [14] we know that e~ @0(C) < flx—
1)f (¢ —x +1). Also, since Cy @ only contains parallel vectors, @y (Cy (2)) = wo(C,(CZ)) ; and since C%*)
is not f-violating, e (@) < f( ). Therefore, e~@0(C)=®(Cx) < f(x - 1)f(€ —x+1)-f(¥). C
being f-violating implies e~®(C) > F(¢), and therefore e=@(C) < f(x —1)f(£ —x +1)f(£)/f(£).

Summing over all choices of x, we get

v ac) o v SEDF(C—x+1)f(6) _ 4f(0)
R PUE 7 =7 )
Combining (37), (38), and (39), we get
ﬁ(\aHIJrH LH) Y wZ)<w@)+ Y wZ)+ )
i=1 Il zClY Z:|z|=1 Z:|z|>2
< f(€) +e ™ +4fé)+fég).
Since e=™(C) > F(£) > (£1)*- f(2),
fI <| |+ | LH) < e~ @(0) <1+3+1> <12.0-™(C)
AR (ens 68~
]

Lemma 18 Let By € R**! satisfy the following properties:

e bji=1forallic [{],
e 0<b; <2 f(i—j)forallj<i<{and

© 0<b; <2-f(l—j+i)/f(0)foralli <j< L

Then the permanent of By is at most 1.13.

Proof For ¢ =2,perm(By) =1+ b1p-bp1 <1+ ]{8 < 1.1.
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Now, consider the case when ¢ > 3. Let id; denote the identity permutation on ¢ elements. Ex-
panding the permanent of By gives

4

0
perm(B;) = Y [[biviy =1+ Y. [1bice- (40)

oeSyi=1 ceS\{ide} i=1

We categorize all permutations in S\ {id, } based on the number of fixed points and the number of
exceedances. The set of fixed points of a permutation o € S is defined as {i € [¢] : 0(i) = i} and
the exceedance of ¢ is defined to be the number of indices i such that (i) > i (for more details,
see Remark []jand Lemma [19). Let S;(n, k) denote the subset of S; with ¢ — n fixed points and k
exceedances. Then

S0l = () 000,

where T(n,k) is the derangement number defined in Remark/1]

Since all permutations in Sy\{id,} have at most ¢ — 2 fixed points and at least 1 exceedance, we
can further expand as

4
Y. Ibicw- (41)

l
perm(B;) =1+ )

For a permutation o € Sy(n, k),

: s 2 (0 — (i) +i
[1ticir = T1 bicer- T1 biowy < T1 2fGi—c(@)- 1 Al = é() )
i=1 i>o(i) i<o(i) i>o(i) i<o(i) f( )

where the last inequality follows from the hypothesis of the Lemma.

Since Y'Y, i — o(i) = 0 for any permutation o, Yiso(iyi —0(i) + Licopy £ —o(i) +i = £-|{i :
(i) > i}| = £-k for any ¢ € Sy(n, k). Therefore, if ¢ € Sy(n, k), then there exist integers
1<xy,x0,...,xy <n—1with}} ; x; = {-k, such that

4 n f
- b . n 1li=1 f(xi) )
E i,0(i) <2 f(f)k

Since f satisfies f(a+b) > f(a) - f(b), under the constraints on x;’s, for any k > n/2,

<on. Jf(f - 1)k 'f(Zk —n+1) .jf(l)nfkfl

¢
bi i = s
L ik (o
and fork < n/2,
¢ Fl—1)1. f(l —n+2k—1)- f(1)"k
by < 2 L=V T 0 o) F1
i=1 f(g)
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Using the definition of f, for any k > n/2,

! oy (Qk—n+1)NM
! bigy < 227k 1 « J1TE )) , (42)
and fork < n/2,
- 2n—k 1
b, o <2407k, ' 3
g io(i) = gll(kfl) . (ﬁ (g_ 1) (é_ 7’l—|—2k))11 ( )

For some k and n with k < /2, summing over all permutations in Sy(n, k) gives

4
!/ 1
Yo TTbie < < ).T(n,k)-z2"k- . (44)
ves i 0 T (- (C=1). . (€= n+ 2k)T

We will bound the three terms of equation (44), namely (ﬁ), T(n, k), and p2n—k separately.

Expanding the first term, we get

(5)_ 1 0(0—1)...(L—n+1) 1

n

D (l=1). (l=n+28) a0 . (L (b=1)...(b—n+2k) ~nl- 61"
(45)

For the third term, note that k < n/2 implies that 22—k  23n=3k and sincek > 1, —n + 2k > 2.
Using these two facts, we get

1 23(n—k)
22—k, < <1. 46
BED (- ((—1). . ((—n120) - ({—n+ 250D (46)

Plugging (45) and ({6) in [@4), we get

‘ 1 1
bi,Ui S — T(TZ, k) . . (4:7)
aeS/Z(:n,k)H @) =t kT k=) (g (6—=1)...(£—n+2k))
For k =1, T(n,k) = 1 and therefore
! 1 1
< .
L Tbiew =5 (C-(=1)...(0—n+2)) (48)

oeSy(nk) i=1

For any 2 < k < n/2, using Lemma we have T(n, k) < (2k + 3)". Since k > 2,2k +3 < 2 - 2k,
and therefore T(n,k) < (2-2k)"*2. Plugging this is (7)), we get

1 1

¢
bivtiy < — 5 - (2k)" - 2" :
ae&z(n,k)ﬂ i) S r g FEN (0 ((=1)...((—n+20)

(49)

Moreover k < n/2 implies that n —k > n/2, and as a result n < 2(n — k) and 2" - (2k)" <

38



22(n=k) . (2k)2("=K) Therefore,

1
2. (2k)" -
" wEn @ o) nr20)
1
22(n—k) - (2k 2(n—k)
< (2k) AED (0 (0—1).. (E—n+26))

<2)2(n—k) <2k>2(nfk)
(0= n+2k)20=K) " (£ — n 4 2k)2(1=K)

<1, (50)

where the last inequality follows from 2k < ¢ —n + 2k and 2 < ¢ — n + 2k.
Combining and (50), we have forany 2 < k < n/2,

1 1

4
bio(iy < " -
Uegm[{ P = g T B (0 (0= 1) . (= n+2k))

(51)

For a fixed k and n with k > 1n/2, summing over all permutations in Sy(, k),

- 11
¢ ey ((2k—n+1)!
Y. [Ibien < <n> - T(n, k) -22—k1. (( i D) . (52)
oeS(nk) i=1
We will again bound the three terms, namely ( ﬁ ), T(n,k), and 92n—k—1

For the first term, since n/2 < k,2n — k — 1 < 3k — 1, and therefore

k1 (k=n+1)1)% 5y (Rk—n+4+1)!)°
2% ) (3k <2 ) 73k

separately.

Since2k—n+1<k,andk+1</,

1 (2?3
2 (k4+1)3%"

93k—1 ((2k—n+1)!)°

03k <

Fork =1,2,3,4,5, ((kz%')); < 1. Fork > 6, 2Kk! < kk. Therefore,

p2n—k-1 (k—n+1)1)° 1

Expanding the third term,

(5) (Ck=n+1)> L (L=1)...(b=n+1) (2k—n+1)1)?

n 02k B n! . 0%k
1
n

-1 (k=—n+1)1*> 1 (2k—n+1)!)?
~ n! (2Zk—n ~A(n—1)! nf2k—n-1

(2k —n+1)!
{(n—1)!

<

Since k +1 < n,wehave 2k —n +1 < n — 1, and therefore

O (k—n+1)1H%  (2k—n+1)! 1
<n>' /2% = I(n—1)! SZ'

(54)
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Plugging in (53) and (54) in (52),

B ﬁbzv <* T(n,k) - ((Zk—;k-l-l)!)G' (55)

UGS@(H k) i=

Since T(n,n —1) =1, fork = n — 1, we have
l 1 ((n=1))°
Z Hb 5 e (56)
veS, (k) i=1 W =20 )

By Lemmafork <n—1,T(nk) < (2n—2k+5)" fork > n/2, and

¢ 1 (2k —n+1)1°
Z wa 7 (2n —2k+5)" - 76k
ceSy(nk) i=1

Let n = 2k — z, then

2k —n+1)!)° L, ((z4+1)Ne
(2n—2k+5)”-(< 7o ) = (2k—2z+5)% Z7(< 7o )
_ z+1)1)°
S(Zk—z+5)2k Z(( gék)) )
Taking derivative of Wé# with respect to k,
(2k — z 4 5)%k—= 2k —z
. — s <0.
7 2 -log(2k —z+5) +2 TR 6log(f) ) <0
Therefore mﬁ# is a non-increasing function of k. Since n = 2k —z > 1, k satisfies 2k > z + 1.
So (Zkﬁ# is maximized when 2k = z 4 1. Therefore,
o, ((z+1)1)° (z4+1)1)% ((2k—n—+1))° 1
(2k—z+5)"% g <6 g =6 I SN ==

where the last inequality follows from 2k —n + 1 < /. Plugging this bound in gives

V4
6
Y beo <5 Y=g (57)

ceSi(nk) i=1
Plugging in (48), (51), (56), and into (41),
4

!/ n—1
perm(By) =1+3 ), Y., [[bi.w

n=2k=10e8;(nk) i=1

:1+i Y. ﬁbi,n(i)'i'z ). ﬁbw

n=20eS;(n1) i=1 n=52<k<n/2ceS;(nk) i=1
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l l l n—2 {
+2 X Jlhent+tX X X Ilbiew
n=2geS8;(nn-1)i=1 n=2k=[n/2] ceS;(nk) i=1
14
1 1
< .
S ) o - = 2))
1
_|_
r;2§k<n/2 nt- (6D (0 (0=1) ... (0 —n+2k))°
l 6 14
1 ((n—=1) 1 6
+Y = - —
1,; 20 £6(n—1) n;Zkzzn/Z 20 ¢6(n—k-1)
1 1 L3 1
< il I et
Sltptptast Ly o
§1+l+l+i+L <113,

ooz 206 6 —1 —
for ¢ > 3.

Remark 1 (Exceedances and the Eulerian Number) For a permutation o € Sy,

* The exceedance of o is defined as |{i € [n —1] : o(i) > i}|.

e The Eulerian number E(n, k) is defined to be the number of permutations in S, with k — 1 ex-

ceedances.

* The derangement number T(n, k) is defined to be the number of derangements in S, with k ex-

ceedances.

The explicit formula for E(n, k) is E(n, k) = ;»‘;rg(—l)f(”;?l) (k41 —j)" (page 273, [Com74]). The

exponential generating function of E(n, k) is given by (page 273, [[Com74])

o N n t— 1
55 B e Yo 1
n=0k=0 nlo el

The exponential generating function of T (n, k) is given by (Proposition 5, [Bre90])

o n—1 n -1
Y Y Tkt met
n=0 k=1 nl t—el=r

Comparing (B8) and [B9), we infer
T(n k) = L) () -EG k).

j=0 J
Lemma 19 For any positive integer n,
e T(n,1)=Tn,n—-1)=1,
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e T(n,k)=T(n,n+1—-k) < (2k+3)" foranyk € {2,...,n—2}.

Proof Since E(n,m) = ZZZ)l(—l)k(”Zl) - (m+1—k)", taking absolute values, we get

E(n,m) < (”:;1) -(m+1)"+<n;1) S(mA1-2)"+...

< (m+1)"- (Z <”Zl)> < (m+1)"-2m,

i=0

Using equation [p0]and taking absolute values, we get

T(n,k) < ; (’;) CE(j,k) < ;) (’;) (k1) = (1 +2(k+1)".

The following lemma is an extension to lemma 6}

Lemma 20 Let S be a subset of r < d vectors in R%. Let C be a cycle in G(S), and let X = C\S and
Y = S\C such that | X| = |Y| = {. Let X = YAc + X, where X | denotes the projection of vectors in X
orthogonal to Span(Y'). Then the change in objective value is given by

vol(SAC)?

In particular, if C' is the projection of the vectors in C onto Span(S), then vol(SAC)? > vol(SAC’)2.

Proof Let W = S\Y. Let us abuse notation to denote by X the matrix whose columns are the
vectors in set X and similarly for other sets defined above. Then let X = YAc + WA’ + Z, where
Z is the component of X which is orthogonal to Span(S). Let Y = Y, + Yy, where Y, is the
component of Y orthogonal to Span(W).

Let M denote the matrix whose columns are the elements of SAC. Concretely, M = [X W] follow-

ing the notation above. Note that
X' X'X X'W
[ X w} = det
wr’ WX wiw

— det (WTW)U2 det (XTX - XTW(WTW)‘leX) , (61)

vol(SAC)? = det(M' M) = det (

where the last equation follows from the fact that M " M is positive definite.

Now, since Z is orthogonal to both Y and W, we get
X"X = (YAc) " (YAc) + (WA T(WA") + ZTZ + (YAc) T (WA") + (WA) T (YAc).  (62)
Additionally, W(WTW)~!WT is the projection matrix on the column space of W, so

WWTW)ITWTX = YiyAc + WA'. (63)
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Multiplying equation (63) with X gives

XTWWTW)TWTX = (YAc) T (YwAc) + (YAc) T (WA') 4+ (WA T (YwAc) + (WA") T (WA').
(64)
Subtracting equation (64) from equation (62), we see that

XTX - XTWWTW)ITWTX = (YAc)T (Y — Yw)Ac + (WA T (Y = Yw)Ac+Z"Z
= (YLAc) (YL A) + 2T Z.

Substituting the value of X' X — XTW(WTW) WX from the above equation in equation (61),
we conclude that

vol(SAC)? = det (wTW) det ((YLAC)T(YLAC) + ZTZ) .

vol(S)? = det ([wT ¥ )det (KZ/ vl\//TTVVVVD

:det(WT )UZdet YTy — YTW(WTW)—leY)
det (W'w) "

— det (WTW) Y2 det (YIY L) . (66)

Similarly,

WT

det (YW - YWW) (65)

Finally, dividing equation (64) by equation gives

VOI(SAC)2 . det ((YJ_AC)T(YJ_AC) + ZTZ)
vol(S§)2 det (YY)

Since Z " Z is positive semidefinite, we conclude that

vol(SAC)?  det ((Y  Ac)" (Y1 Ac) +2"Z)
vol(S)2 det (YY)
> det ((YLAc)T(YLAc))
det (YIYJ_)

= det(ALAQ).

If C' is the projection of C onto Span(S), then Lemma |§I implies that vol(SAC’)?> = vol(S)? -
det(Al Ac) < vol(SAC)>. O
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