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In the present work we theoretically study thermoelectric transport and heat transfer in a junction including
a T-shaped double quantum dot coupled to nonmagnetic electrodes and supplemented with a third dot in a
parallel configuration. We focus on the combined effect of Coulomb interactions and quantum interference
occurring in the T-shaped portion of the considered triple quantum dot on the thermoelectric electron
transport. The transport through the system is studied within the Coulomb blockade regime in the limit of

strong intra-dot interactions between electrons beyond the linear response regime. It is shown that under these
conditions both charge and heat transfer through the considered system may be significantly affected by the
quantum interference and inter-dot Coulomb interactions.

1. Introduction

In the last two decades, transport properties of tailored nanoscale
systems including single and/or multiple quantum dots (QD) are being
intensively studied due to their fundamental and applied perspec-
tives [1-5]. Advances in controlling and measurements of heat trans-
ferred through small systems [6-8] further intensified these studies
which suggest new possibilities for manufacturing nanoscale devices
such as heat-to-electric energy converters [9-12], cooling systems [2,
3,13,14] and heat diods [15-23].

One of the key features of transport through a QD is a high degree
of phase coherence being preserved during electron transfer. Provided
that several transport channels for electrons coexist, interference be-
tween different paths can be manifested through various interference
effects such as Aharonov-Bohm oscillations in the electron conduc-
tance [24-27], Fano resonances/antiresonances [28-31] and Dicke
effect [32]. The pattern may be affected by the interplay between
the charge/heat and spin transport through the system with ferromag-
netic [33-36] or superconducting [36-39] electrodes. Also, Coulomb
interactions between electrons on the dot as well as inter-dot Coulomb
interactions in multiple QDs may affect the interference pattern in both
Coulomb blockade regime [32,40-42] and Kondo regime [43-46].

In the present work we theoretically analyze the influence of Fano
effect and Coulomb interactions on thermoelectric transport through
multiple QDs beyond the linear response regime. We choose a simple
model representing a triple quantum dot placed in between normal
nonmagnetic electrodes shown in Fig. 1. The triple QD includes dot
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1 linking the left and right electrodes, side dot 2 detached from the
electrodes but coupled to dot 1 (these dots form a T-shaped double dot
providing two different paths for traveling electrons which may lead
to emergence of quantum interference effects) and dot 3 attached to
the right electrode. The chosen model resembles those used in some
earlier works [31,42] where multiple QD including side dots were
used to study manifestations of Fano effect in thermoelectric transport
characteristics within the linear response regime. Here, we supplement
the T-shaped double dot with dot 3 which creates a spatial asymmetry
in the system thus providing opportunities for rectification of charge
and heat currents to occur.

The analysis is carried on using nonequilibrium Green’s functions
formalism. It is simplified by the assumption that phonon contribution
to the electron transport through QDs is small, as often happens in
real systems due to the mismatch between frequencies of phonon
modes associated with the dots embedded in their matrices and modes
associated with the environment preventing the overlap between these
groups of phonons [47,48]. Basing on this assumption, we omit from
consideration phonon contribution to the heat transfer and all effects
originating from electron—-phonon interactions. We assume that there
exist both intra-dot and inter-dot Coulomb interactions between elec-
trons concentrating on the limit of strong intra-dot electron-electron
interactions. We show that within this limit inter-dot Coulomb interac-
tions together with Fano resonances occurring in the T-shaped portion
of the triple dot may bring significant changes into charge and heat
currents.
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Fig. 1. Schematics of the considered transport junction including a T-shaped double
dot placed between electrodes and comprised of the dot 1 and dot 2 and a third dot
(dot 3) attached to the right electrode.

The paper is organized as follows. In Section 2 we describe the
employed model and the formalism. In Sections 3 and 4 we apply
obtained results to analyze the effect of Fano interference on the charge
and heat currents, respectively. Conclusions are given in Section 5.

2. Model

As mentioned above, we omit electron—phonon interactions and
assume that the coherent electron transmission is the predominant
mechanism governing electron transport. Within Anderson model, the
considered system is described by the Hamiltonian:

H=Hg+H,+H, €})
Here, the contribution from the electrodes has the form:

HE = Z ea,k,aC(J,ka.(,ca,k,a7 (2)
a.k,c
where @ = {L, R} labels the left and right electrodes, ¢,y , are single
electron energies in the electrodes and Cz,k,g’ca,kva are creation and
annihilation operators for electron states k, s (the index o is labeling
spin-up and spin-down electrons).
The term H, is associated with the triple dot:

H, = Z no(E;+Un; _;) + Z Z Uijnignj o

i o0 i.Jj

+8Y (dl*’cdzﬂ + H.c) . 3)
o
In this expression, 1 < i,j < 3 (i # j), E; are electron energies
on the dots, U; and U;; are intra-dot and inter-dot charging energies,
e = d +dis> and d] .d;, are creation and annihilation operators
for electrons on the dots. Within the chosen model electron tunneling
characterized by the coupling parameter § occurs solely between dot
1 and side dot 2. In the following calculations, Coulomb energies U;;
corresponding to interactions between dot 3 and dots 1 and 2 are
presumed to be equal (U;; = U;; = U) for i = {1,2} as well as all
intra-dot Coulomb energies (U; = U). Also, we put U;, = U, = U,
The last term which describes the couplings of the triple dot to the
electrodes has the form:

Hy= Y (11k0sCh oo + ks Chephis ) + H-C. )
k,o,i

n;

where i = 1,3 and factors ¢, ,; represent coupling strengths between
the dots and the electrodes. Note that there is no electron transfer
between electrodes and the side dot 2.

Basing on the Hamiltonian (1) we compute expressions for the
retarded (G (E)) and advanced (G%(E)) electron Green’s functions for
the considered triple dot. We use the version of equations of motion
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(EOM) method suggested in Refs. [49,50]. The Green’s functions are
computed within the Coulomb blockade regime where charging ener-
gies significantly exceed thermal energies kT, (T, being the electrodes
temperatures and k being the Boltzmann constant) as well as energies
characterizing couplings of the dots to electrodes. We consider the
limit of strong intra-dot Coulomb interactions assuming that U >
U,U,, E;, p and moderately biased systems |Au = u; — pug| < U (up g
being chemical potentials of the electrodes). Under such conditions
each dot may contain only a single electron because energy levels E =
E; + U are shifted beyond the conduction window and remain empty
because electrons tunnel from there to the electrodes. As a result, strong
intra-dot Coulomb interactions become nearly irrelevant whereas much
weaker inter-dot Coulomb interactions may significantly affect electron
transport.

Under the accepted conditions expressions for nonzero matrix el-

ements G;jG(E) may be reduced to the form ({i,j} = {1,2}, i # j):
S S ®)
il o'( ) 1— ﬂzl)l-ﬁ(E)l)jﬁ(E) B
ﬁvl D’Uj o
E)y= ——————— 6
’/ "( )= 1- ﬁzvi’a(E)vj’o(E) ©
and
Gy ,(E) = v3,. )
In these expressions [15]:
4
a8 = (1= (m=r)) 2, Yoy s T ®

where 1 <i,j,k<3,j# k#i, Py =1~ {(n; )1 = {m)), P,={n; )1 -
() By = (n) (0= (), By= s () = (i) + ),
I, =0, I, = Uy, II; = U and II, = U, + U. Electron occupation
numbers on the dots (n,, ) are determined by the equations:

(nig) =5- / dEGj (E). ©

The lesser Green’s function G3(E) may be approximated as G3(E) =
iy, FEGL(E)YTEGE(E) where fZ(E) are Fermi distribution functions
for electrons with the spin ¢ on the electrodes whose temperatures
and chemical potentials are T* and p,, respectively, and matrices I'?
describe the coupling of the triple dot to the electrodes. We compute
the occupation numbers on the dots by self-consistently solving Egs.
(9).

Within the wide band approximation I'Y do not depend on the
tunnel energy E. Also, in a system with nonmagnetic electrodes, these
matrices, as well as Green’s functions, are independent of the electron
spin provided that the transport remains spin conserving. Assuming
that dot 1 is symmetrically coupled to the electrodes, matrices I'* for
the transport junction schematically shown in Fig. 1 have the form:

I, 0 0 I, 0 o0
r‘t=fo o ol; rR=lo o o]. (10)
0 0 0 0 0 Iy

where the parameters I'" = I'* = I and I'f! = I describe the
couplings of dot 1 to both electrodes and the coupling of dot 3 to the
right electrode, respectively. Using Egs. (5)-(9) we find the electron
transmission function 7(E) = Tr{G*E)I'RG’(E)I'L} which is reduced
to 7(E) = IﬂG{l 2 in the case of the considered transport junction.

3. Charge currents

Thermoelectric properties of a transport junction could be analyzed
by studying charge and heat currents generated by a bias voltage
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Fig. 2. Electron transmission through the triple dot as a function of the tunnel energy.
Curves are plotted assuming I' = I'} = I; =2 meV, E; = -2 meV, E; = -3 meV, E, =0,
up =g =0, f=10 meV (main body); U, = 10 meV, U =0 (inset). I' is accepted as a
unit of energy.

and/or a temperature gradient applied across the system [37,40,51—
57]. Further we use the standard Landauer expression for the charge
current I [4,51]:

I= %/dEr(E) (fHE) - fR(E)). an

Similarly, the heat current through the system may be presented in the
form [15,51]:

J= % / dET(EXE = Ap) (fH(E) - fA(E)). (12

We first consider the electron transmission function which, besides
other factors, depends on the positions of the energy levels on the
dots and on inter-dot coupling and Coulomb interactions, as shown
in Fig. 2. One observes that in the absence of Coulomb interactions
between the T-shaped portion and dot 3 (U = 0) the latter becomes
irrelevant. Then inter-dot tunneling causes dips associated with Fano
effect at E = E, = 0 and E = E, + U, as displayed in the inset. These
results agree with those earlier reported for T-shaped double dots (see
e.g Ref. [31]). If the tunneling ceases to exist quantum interference does
not occur, and the transmission shows peaks at E = E; and E = E;+U,.
When the charging energy U # 0 the transmission line shapes become
more complicated. Besides Fano dips at E = E, and E = E, + U, extra
dips emerge at E = E, + U and E = E, + U, + U which also originate
from Fano effect. In general, we see that Coulomb repulsion between
electrons on the dots noticeably reduces the transmission peaks thus
opposing electron transport through the triple dot.

Characteristics of electron transmission spectrum are reflected in
the behavior of charge and heat currents which is discussed below. We
start from a brief analysis of the charge current solely driven by a bias
voltage which is supposed to be symmetrically distributed across the
system (p; g = iz le|V). To recognize manifestations of Fano effect in

I -V characteristics we first omit from consideration electron-electron
interactions assuming that U, = U = 0 and that E; = E, = 0, as well.
Resulting I — V curves are displayed in the inset to Fig. 3. It is shown
that when dot 1 and dot 2 are coupled and Fano antiresonance at E, = 0
emerges, a plateau centered at V' = 0 appears on the current-voltage
curve. This feature vanishes when the dots are decoupled and the sole
transport channel is associated with dot 1. Including into consideration
Coulomb interactions we disclose similar plateaus centered at %lelV =

E, + U, and/or l|e|V = E, + U which are caused by Fano effect.
Instead of plateaus, regions of negative differential conductance dI/dV
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Fig. 3. Charge current I as a function of the bias voltage V (top) and rectification
ratio R, as a function of charging energies U and U, (bottom) plotted assuming that
kT =1meV, I'=1, =I5 =2 meV, E, =0 meV, E; = -3 meV. I' is chosen as a unit
of energy and I'/|e| as a unit of voltage. Top panel: E, = —2 meV (main body) and
E, =U =U, =0 (inset). Bottom panel: E, = -2 meV, =5 meV, V =40 mV.

may appear as a result of combined action of quantum interference and
inter-dot Coulomb interactions.

Coulomb repulsion between electrons on dot 3 and those on dot 1
and dot 2 makes I — V' characteristics asymmetric indicating rectifying
properties of the considered triple dot. The rectification is especially
well pronounced when the side dot is detached from dot 1 (f = 0) and
remains empty thus suppressing the alternative pathway for traveling
electrons and quantum interference effects. In this case the triple dot
is reduced to a double dot considered in the earlier work [23]. In
general, the rectifying properties of the system are more distinct when
Coulomb repulsions between dot 3 and dots included in the T-shaped
portion of the triple dot considerably exceed the inter-dot coupling
(U > p) weakening the effect of quantum interference. Also, the
current rectification is more distinct when U, is significantly smaller
than U. At strong Coulomb repulsion between dots 1 and 2 (U, > 8,U)
I-V curves remain nearly symmetrical even at U # 0. This is confirmed
by the results plotted in the bottom panel of Fig. 3 where we show
the rectification ratio R; = |l +/ I_‘, (I, and I_ being currents at the

forward and reversed bias voltage of the same magnitude) as a function
of charging energies U and U,,.

When the electrodes temperatures differ, charge current may be
jointly driven by the bias voltage V' and temperature gradient AT. We
could separate out a thermally induced current (thermocurrent) I,,
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Fig. 4. Thermally induced current I,, versus temperature difference in the absence of
a bias voltage (top) and [I,, versus bias voltage V at a fixed temperature difference
ATT = —1.6 (bottom). Curves are plotted assuming that k7 =5 meV (top), kT =2 meV
(bottom), I' =1, = I; =2 meV, E; = -2 meV, E, =0, E; =6 meV, f =10 meV (main
bodies), U, = U = 0 (insets). I' and I'/|e| are used as units of energy and voltage,
respectively.

defined as the difference I(V,T,AT)—I(V,T,AT =0) (T = %(TL +TR)).

As follows from its definition, thermally induced portion of the charge
current is rather pronounced at weak bias voltage when thermal and
electrical driving forces are comparable, and it becomes negligible at
stronger bias when the electrical driving exceeds the thermal driving.
Further we compute [,, assuming a symmetrical distribution of the
temperature difference: T; g =T + ~AT.

We could detect signatures of Fano antiresonances studying depen-
dencies of I, on the temperature gradient and on the bias voltage
which are presented in Fig. 4. Assuming that inter-dot Coulomb interac-
tions are negligible, electron transport strongly depends on the coupling
between dots 1 and 2. Comparing curves shown in the inset to the upper
panel one sees that the inter-dot coupling results in the I,, weakening
and in the decrease of the corresponding I,, — AT curve slope at small
AT. The latter feature originates from Fano effect.

The thermocurrent behavior becomes more complex when it is
simultaneously driven by thermal and electric forces. If the dots 1 and
2 are decoupled and the sole transport channel is associated with dot 1
the corresponding I,,—V curve plotted at a fixed negative AT (T} < Tg)
and displayed in the inset to the lower panel shows two peaks. The
double-humped line shape is generated by a combined effect of the
bias voltage and the thermal gradient which pushes charge carriers of
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Fig. 5. Heat current J as a function of the on-site energies E, and E, (top) and of
the gate voltage V, and the temperature gradient AT (bottom) plotted at kT =5 meV,
I' =T, =TIy =2 meV. In the top panel % =12, E;=6 meV, f=10meV, Uy =U =0.

In the bottom panel E, = -2 meV, E, =0, E; = -3 meV, % = 1.2 (inset). I" is used

as the unit of energy.

both kinds (electrons and holes) from the hot (right) electrode to the
cool (left) one. One peak appears when ElelV is close to E,. Here, the

charge current is mostly maintained by electrons and controlled by the
thermal gradient. Another peak emerges near l|e|V ~ kTy where I,
is mostly generated by holes driven by the bias voltage. In between the
peaks both electrons and holes contribute to the charge flow and their
contributions counterbalance each other in part or completely. When
electrons could tunnel between the dots and two peaks separated by
Fano antiresonance emerge in the electron transmission, I,, — V' line
shape becomes different. New features appear at l|e|V ~ E,, indicat-
ing several changes in the I,, direction. Note that the thermocurrent
changes its direction at ¥ = 0 and remains weak over a certain interval
around this point. This behavior is also a manifestation of Fano effect
as well as the reduced slope of I,, — AT curve at small AT and the
appearance of plateau around ¥ = 0 in the I — V' curve discussed
above.

Inter-dot Coulomb interactions cause changes in I,, behavior. These
changes are especially notable when interactions between electrons on
dot 3 and those on the remaining dots occur, for they are responsible
for asymmetry of I,, versus AT and I, versus V curves. At negative
temperature gradient and/or bias voltage all three dots are occupied,
and Coulomb repulsion between dot 3 and dots 1 and 2 partly sup-
presses the thermocurrent, whereas at positive and sufficiently strong
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V and/or sufficiently pronounced AT the occupation of dot 3 drops and
the effect of Coulomb interactions weakens, as shown in Fig. 4.

4. Heat currents

Now, we turn to studies of heat currents flowing through the system
biased by the applied temperature gradient AT. Again, we assume a
symmetric distribution of the temperature between the electrodes, so
T remains constant. We compute the heat current using the general
expression given by Eq. (12). Adopting this expression we omit from
consideration phonon mechanisms of energy transfer and concentrate
on the electron contribution to the heat current. In the considered case,
the difference in the chemical potentials of electrodes Ay = u; — ug
occurs due to the thermovoltage AV, which originates from Seebeck. As
before, we consider the electron transport within the Coulomb blockade
regime.

To better elucidate how quantum interference may affect the heat
current we first consider a case simplified by omitting Coulomb in-
teractions. In this case, the dip in the electron transmission resulting
from Fano effect occurs at E, = u (4 being the chemical potential of
electrodes in the absence of bias voltage). However, charge carriers
whose energy equals u do not contribute to the heat flow from the
hot electrode to the cool one provided that 4 = 0. Assuming that
T, > Ty, the heat current is mostly generated by electrons with energies
slightly shifted towards kT, and we may expect a Fano effect related
minimum in the heat current to appear at E, ~ kT, as shown in Fig. 5
(see bottom panel). The minimum remains distinguishable when E; is
sufficiently close to E,.

Signatures of Fano dips in the transmission may be discovered by
analyzing the dependencies of the heat current on the gate voltage
also displayed in Fig. 5. Provided that U, = U = 0 and the dots 1
and 2 are decoupled, the heat current shows a single maximum at
V, ~ E; + kT which occurs due to the electron transport via dot 1.
Coupling between the dots results in splitting of this peak in two and
emerging of a minimum indicating Fano antiresonance at V, ~ kT.
Coulomb repulsion between dots 1 and 2 (U, # 0) results in occurring
of two dips arising from the Fano effect, and the repulsion between
electrons on these dots and those on dot 3 (U, # 0, U # 0) partially
suppresses the heat current and brings additional features into J versus
V, line shapes.

The dependence of J on the thermal gradient is presented in the
inset to the bottom panel of Fig. 5. One observes that Coulomb inter-
actions noticeably suppress the heat transfer through the considered
system and may bring asymmetry into J versus AT curves which
indicates heat current rectification. It was suggested in some earlier
works [22,23,29,58-60] that inter-dot Coulomb interactions may cause
rectification of a heat current in a double QD. One may expect that the
same could happen in the considered triple dot provided that Coulomb
repulsion between dot 3 and dots 1 and 2 is sufficiently strong. In Fig. 6
we show the rectification ratio for the heat current R; = |J,/J_| (J,
being heat currents corresponding to the forward AT > 0 and reversed
AT < 0 bias created by the thermal gradient). In this figure, left and
middle panels are plotted assuming that U, = 0 for two different values
of the coupling parameter . Comparing them one sees that R; may
reach values of the order of 10 provided that inter-dot tunneling in the
T-shaped portion is weak. However, a stronger tunneling significantly
worsens rectifying properties of the triple dot. The effect of inter-
dot tunneling and associated quantum interference may be partially
neutralized by Coulomb repulsion between dots 1 and 2 for it opposes
the inter-dot tunneling. This is illustrated in the bottom panel of Fig. 6
which is plotted accepting the same value of # as that in the middle
panel but using U, # 0.
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ATT

Fig. 6. Heat current rectification ratio R, as a function of the temperature gradient
AT and of the charging energy U plotted at kT =5 meV, E, =-2meV, E, =0, E; =6
meV, I' = I} = I'; =2 meV. Top and middle panels are plotted assuming that U, = 0
and g =5 meV (top panel) and # = 10 meV (middle panel). Bottom panel is plotted
assuming that f = U, = 10 meV. I is used as the unit of energy.

5. Conclusion

Single and multiple QDs are being manufactured and studied both
theoretically and experimentally. In the present work we theoreti-
cally analyzed thermoelectric transport through a system consisting
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of a T-shaped double dot completed with a third dot in a paral-
lel configuration and placed in between nonmagnetic electrodes. We
studied electron transport through the chosen triple QD within the
Coulomb blockade regime. Effects of electron—phonon interactions on
the electron transport were omitted basing on the assumption that
phonon contributions to both electrical and thermal conductance of
the system were small and coherent electron transport predominated.
Transport characteristics were computed using the Green’s functions
formalism within the limit of strong intra-dot Coulomb interactions
where intra-dot charging energies greatly exceeded inter-dot ones.

We focused on the effect of quantum interference between the
transport channels provided by the T-shaped portion of the triple QD
on the thermoelectric transport beyond the linear response regime. It
was shown that Fano effect may affect charge and heat currents flowing
through the considered transport junction. The effect of quantum inter-
ference strongly depends on electron energies on the dots included in
the T-shaped portion of the triple dot and of inter-dot coupling strength
which determines positions of Fano antiresonances on the energy scale.

Electron—electron interactions between the dots may result in rec-
tification of charge currents driven by a bias voltage as well as heat
currents driven by the thermal gradient. We showed that in both
cases the corresponding rectification ratio is controlled by the interplay
between inter-dot electron—electron interactions and quantum interfer-
ence effects associated with electron tunneling in the T-shaped portion
of the considered triple QD. Specifically, inter-dot tunneling may sig-
nificantly reduce the rectification ratio characterizing both charge and
heat currents.

Adopted model of a triple dot may be employed to better under-
stand certain aspects of electron transport in metal-molecule trans-
port junctions where several pathways for traveling electrons could
coexist and interference effects may affect transport characteristics
together with electron-electron interactions. Therefore we believe that
the presented results provide a step towards further understanding and
modeling of thermoelectric and heat transport through quantum dots
and molecules.
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