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ABSTRACT: One of the key questions in systems biology is to
understand the roles of gene regulatory circuits in determining cellular
states and their functions. In previous studies, some researchers have
inferred large gene networks from genome wide genomics/tran-
scriptomics data using the top-down approach, while others have
modeled core gene circuits of small sizes using the bottom-up
approach. Despite many existing systems biology studies, there is still
no general rule on what sizes of gene networks and what types of
circuit motifs a system would need to achieve robust biological
functions. Here, we adopt a gene circuit motif analysis to discover
four-node circuits responsible for multiplicity (rich in dynamical
behavior), flexibility (versatile to alter gene expression), or both. We identify the most reoccurring two-node circuit motifs and the
co-occurring motif pairs. Furthermore, we investigate the contributing factors of multiplicity and flexibility for large gene networks of
different types and sizes. We find that gene networks of intermediate sizes tend to have combined high levels of multiplicity and
flexibility. Our study will contribute to a better understanding of the dynamical mechanisms of gene regulatory circuits and provide
insights into rational designs of robust gene circuits in synthetic and systems biology.

■ INTRODUCTION
It has been established that many important biological cellular
processes are controlled by complex gene regulatory networks
(GRNs).1,2 The inference of the GRNs driving cellular state
transitions has become one of the major challenges in systems
biology.3 To address this question, many bioinformatics
methods4−12 have been developed to infer GRNs using
genomics data sets, such as gene expression data. Yet,
researchers have found it very difficult to generate high-quality
network models.13−15 In our view, the main issue is that most
bioinformatics methods rely on statistical tests to determine
whether one gene regulates another but seldom evaluate
whether an inferred GRN can operate as a functional
dynamical system. This view is supported by a recent
benchmark study of GRN inference methods in that current
existing methods often perform poorly to recover ground-true
networks.13

The above-mentioned concern has led us to think about
what properties of a GRN would contribute to a functional
system. There are two features of a GRN worth looking into.
First, a functional GRN needs to generate rich dynamical
behaviors, e.g., multiple steady states (i.e., multistability) and/
or oscillatory states. As shown in earlier studies, random GRNs
tend to generate less interesting dynamical behaviors than
biological networks.16,17 On the other hand, multistability is
often required for a GRN model to capture a variety of cellular

states during cell differentiation.16,18−21 Second, a functional
GRN needs to be sufficiently flexible so that the GRN can be
controlled by extrinsic cell signaling or an environmental
factor.22−25 It is quite common that the activation of a
signaling pathway can drive the transition of cellular states.26

Equally typical are gene knockdown/knockout experiments
designed to understand the functions of genes based on the
effects of gene perturbations.27 Thus, functional GRNs need to
be flexible, even in the presence of a certain level of
compensation and adaptation due to network redundancy.28,29

Therefore, it is reasonable to hypothesize that a functional
GRN is required to produce rich dynamics and meanwhile be
flexible upon perturbations.
Here, under this conceptual framework, we adopted our

recently developed gene circuit motif analysis approach30 to
explore nonredundant four-node gene circuits that are
responsible for multiplicity (i.e., being rich in dynamical
behavior), flexibility (i.e., being versatile to alter gene
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expression), or both. There are many previous studies on
circuit motif analysis;2,18,31,32 however, we here focused on the
properties of multiplicity and flexibility by extensive simu-
lations and statistical analysis. From the identified small
circuits, we will determine the most reoccurring two-node
circuit motifs and the propensity of co-occurrence of two
circuit motifs. Furthermore, using the identified circuit motifs,
we generated a variety of large GRNs of different types (linear,
scale-free, and random) and different sizes, from which we
investigated the contributing factors of the multiplicity and
flexibility of large GRNs. We hope that the outcomes of these
analyses will shed light on the improved modeling of biological
GRNs.

■ METHODS
A Quantitative Circuit Motif Analysis. We have recently

developed a new approach for gene circuit motif analysis,30

which allows identifying reoccurring two-node circuit motifs
and patterns of motif coupling from the ranking of 60212
nonredundant four-node gene circuits by a certain dynamical
feature. In this approach, we numerate all possible non-
redundant four-node gene circuits, and for each circuit, we
generate the steady-state gene expression profiles for an
ensemble of 10000 mathematical models with the random
circuit perturbation (RACIPE) method33,34 (see the section
RACIPE Simulations and SI Text 1 for details). On the basis of
a user-defined scoring function computed from the simulated
gene expression data (see the section Defining Network
Multiplicity and Flexibility for the two scores defined in this
study), we can rank all the four-node circuits and identify two-
node circuit motifs enriched in the top-ranking circuits. A
similar enrichment analysis can also be applied to evaluate the
co-occurrence of two circuit motifs. Our approach has several
advantages over some existing methods. First, to ensure a
robust statistical analysis, the circuit motif analysis utilizes
extensive simulation data from all nonredundant four-node
gene circuits. Second, the ensemble-based circuit simulations
allow us to quantify circuits’ dynamical behavior not specific to
a special set of kinetic parameters. A scoring function defined
in this way enables us to rank gene circuits robustly and
efficiently. Third, from the analysis of all four-node gene
circuits, we can evaluate the enrichment of small circuit motifs
and their coupling. Note that we limit our analysis to four-node
gene circuits without any signaling node (a node without a
regulator) or target node (a node without a target gene), as
such a circuit could be reduced to a circuit of a smaller size.
Therefore, the circuit motifs we would explore here could be
complementary but also distinct from the most significant
circuit motifs identified in the previous studies.2 In this study,
we applied this enrichment analysis to identify small circuit
motifs contributing to a functional regulatory system.
RACIPE Simulations. For any four-node gene regulatory

circuit or a large gene regulatory network (GRN), we
computed its gene expression distribution by using random
circuit perturbation (RACIPE)33,34 (sRACIPE 1.12). RACIPE
simulates an ensemble of mathematical models for a gene
circuit/network with randomly selected kinetic parameters and
obtains steady-state gene expression profiles. Compared to the
traditional mathematical modeling approaches, RACIPE
simulated gene expression profiles are derived from the same
ODEs but with different kinetic parameters to capture extrinsic
factors, such as cell-to-cell variations and different environ-
mental conditions. We have previously shown, in a few

examples of biological networks, that the gene expression
profiles derived from RACIPE simulations form distinct
clusters of gene expression patterns, where the cluster can be
associated with experimentally observed cellular states of the
systems.16,33,35−37 Thus, RACIPE is a convenient and powerful
method to evaluate the behavior of gene circuits/networks
from simulated gene expression distributions. Here, we
generated 10000 gene expression profiles (log-transformed
and standardized) for each circuit/network to compute its
gene expression distribution. A summary of the RACIPE
implementation, including the ODEs, the ranges of model
parameters, and the choice of initial conditions, is presented in
SI Text 1.

Defining Network Multiplicity and Flexibility. For each
gene circuit, we applied RACIPE to generate the steady-state
gene expression profiles of 10000 mathematical models with
randomly generated kinetic parameters. As mentioned above,
RACIPE-simulated gene expression profiles from a biological
network usually form robust clusters of gene expression
patterns. However, the gene expression profiles from random
gene networks are usually less structured.16,17 To reflect the
ability of biological GRNs in generating distinct cellular states,
we defined a scoring function H, namely multiplicity, by the
negative differential entropy38 of the simulated gene expression
distributions of the 10000 models:
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where pi is the local density of model i, ⟨ ⟩ denotes average, N
is the number of models, and the summation is over all
simulated models. Here, the local density pi is computed by the
k nearest neighbors (knn) estimator,39 where R(k) is the
Euclidean distance of gene expression profiles between kth
nearest model and the center model, d is the dimension of the
gene expression space (d = 4 for any four-node gene circuit),
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. The multiplicity

defined in eq 1 can be interpreted by the mean log local
density. The higher the overall local densities, the higher the H
values. Moreover, in the situation of high local density, more
gene expression clusters can be observed. This is consistent
with our previous findings that the local densities of the gene
expression profiles simulated from a stem cell gene regulatory
circuit are overall larger than those from a random gene
circuit.16

We next defined the flexibility of a gene circuit, F, by the
extent of changes in the gene expression distributions of 10000
RACIPE models between the unperturbed and knockdown
(KD) conditions. More specifically, the flexibility F is defined
as

F e D p p( , )
j

d

l

d

l l l j
1 1

,0 ,=
= = (2)

where the summations are over all gene nodes j (from 1 to the
dimension d) and all principal components (PCs) l (from 1 to
d). Here, principal component analysis is performed on the
gene expression data of models from the unperturbed
condition. el is the lth eigenvalue, which we incorporated
here to emphasize the changes along the largest PCs. We
quantified the differences in gene expression distributions by
D, the Kolmogorov−Smirnov test40 of the probability
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distribution of the data along each PC between the
unperturbed condition (pl,0 for the lth PC) and the perturbed
condition, in which gene j is knocked down (pl,j). Here, we
subset 10% models with the lowest production rates of the KD
gene j to compute the distribution for the KD condition.
In addition, we also defined another scoring function for the

combined multiplicity and flexibility. Because the circuits’
multiplicity H and flexibility F have values in different ranges,
we chose to rank circuits with a new score G, defined by the
product of H and F:

G HF= (3)

Enrichment Analysis of Circuit Motifs. To explore gene
circuit motifs associated with circuit multiplicity or flexibility,
we performed an extensive circuit motifs enrichment analysis
on all 60212 nonredundant four-node gene circuits. These
circuits exclude those that can be equivalently reduced to
circuits of three or a smaller number of nodes (see SI Text 2
and the previous study30 for more details). For each circuit, we
performed RACIPE simulations to generate gene expression
profiles and evaluated the H, F, and G scores defined by eqs
1−3.
For each of the above scores (denoted below as Q), we

calculated the occurrence of any two-node circuit motifs (listed
in Figure S1) within the top-ranked four-node circuits by the
score. There are several existing dedicated methods for
network motif detection.41 But we chose to utilize a simple
numeration approach based on adjacency matrices because we
focused on very small circuits in this study, and our analysis
can account for different edge types (i.e., activation and
inhibition) and autoregulations. We computed the enrichment
score for each two-node circuit motif, defined as

E
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(4)

where H x x n x x( , , ): 1/ 1 ( / )n
0 0= [ + ] is the inhibitory Hill

function. The Hill threshold, Q0, is set to be the Q value of the
600th ranked circuit. The Hill coefficient n is set to 20, for a
sharp transition near the threshold Q0. Moreover, we applied
the enrichment analysis to determine the enriched co-
occurrence of two two-node circuit motifs.
When performing the enrichment analysis, we evaluated

statistical significance by a permutation test as follows. First,
enrichment scores were calculated for every two-node motif as
described above. Second, a null distribution was created by
shuffling the ranking indices of all four-node circuits. Third,
enrichment scores were calculated again but with the shuffled
indices. Fourth, steps two and three were repeated for 10000
times. Fifth, p values were computed by the fraction of cases
where the enrichment score of each motif from the shuffled
indices is greater than the original enrichment score with the
unshuffled indices. Adjusted p values were then computed for
multiple hypothesis testing by the BH method.42 A similar
strategy for statistical significance test has been utilized in
earlier studies.43 Details of the enrichment analysis are also
described in our previous study.30

Generating Large GRNs. We programmatically generated
three types of large GRNs: random, scale-free, and sequential
networks, where the procedure is illustrated in Figure S2. To
generate the random networks, we first built skeleton networks
using standard network generation algorithms, and then each
node in a skeleton network is replaced with a gene circuit motif
of choice. For an edge connecting two circuit motifs, a
randomly selected gene from the first circuit motif was linked
to a randomly selected gene from the second circuit motif.

Figure 1. Multiplicity and flexibility of gene regulatory circuits. (A) The leftmost plot shows the histogram of multiplicity for all nonredundant
four-node circuits. The right panels show, for the top five circuits ranked by multiplicity, the circuit diagrams (top row) and the density maps of
RACIPE-simulated gene expression projected onto the first two PCs (bottom row). In the circuit diagrams, the nodes represent genes, labeled as A,
B, C, and D. The blue lines and arrows represent excitatory regulations, and the red lines and dots represent inhibitory regulations. Panel B shows
the outcomes for the flexibility score.
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First, to generate the skeleton networks with Gaussian
degree distribution and directed edges, we used the
erdos.renyi.game function from igraph R package44 and the
gnp or gnm method. For the gnm version of the random
networks (denoted as random ver1), the total number of edges
was set to equal the total number of nodes. Therefore, these
GRNs are sparsely connected. For the gmp version of the
random networks (denoted as random ver2), the probability of
an edge occurring between nodes was set to 30%. Therefore,
these GRNs are densely connected. From a skeleton network,
half of the edges were randomly selected and designated as
inhibitory edges, while the other half as excitatory edges.
Second, to generate the scale-free networks, we used the
sample_pa function from the igraph R package to generate the
skeleton networks with the power law degree distribution and
directed edges. Third, the sequential networks were con-
structed by connecting the desired number of two-node circuit
motifs one after another. An edge (either excitatory or
inhibitory) was added to connect a randomly picked gene
from the first motif (source) to a randomly picked gene from
the second motif (target). Afterward, another edge (either
excitatory or inhibitory) was added to connect the other gene
from the second motif (source) to a randomly picked gene
from the third motif (target). We continued the procedure
iteratively to connect all motifs.
Altogether, we generated networks of four types (random

ver1, random ver2, scale-free, and sequential), five different
network sizes (10, 20, 30, 40, and 50 nodes), and with three
sets of circuit motifs as the building blocks. The first set of
motifs contains the top three enriched motifs by multiplicity,
the second set contains the top three enriched motifs by
flexibility, and the third set contains all the above six motifs

(see the Results section for details of the motif enrichment
analysis). Each kind of network was generated randomly for
ten times; thus, we analyzed on a total of 600 large GRNs (4 ×
5 × 3 × 10).

■ RESULTS
Characterizing Circuit Multiplicity. We applied the

multiplicity scoring function to all 60212 nonredundant four-
node gene circuits. As shown in Figure 1A, the multiplicity
score H ranges from about 2.5 to 4.8, and the distribution of
multiplicity is a negatively skewed unimodal distribution, with
slightly more circuits of high H values. We found that the
scoring function H is indeed effective in capturing circuit
multiplicity (Figure S3). We observed that the topmost circuits
ranked by H tend to contain regulatory links of mutual
activations, mutual inhibitions, and self-activations. The tight
regulatory connectivity in those circuits allows them to have a
higher number of gene expression clusters, as shown in the
density map of the simulated gene expression profiles projected
onto the first two principal components (PCs) (Figure 1A,
right panels). Instead, the bottommost circuits ranked by H
tend to have only one gene expression cluster (Figure S4A).
Next, we applied the circuit motif enrichment analysis by

comparing the occurrence of any two-node circuit motifs
within the topmost four-node circuits ranked by multiplicity
with the occurrence within the rest circuits. As shown in Figure
2A,B (significant test in Figure S6A), the top five enriched two-
node circuit motifs all contain self-activations, suggesting its
dominant role in determining high multiplicity. The top three
motifs (#30, 21, and 39; see Figure S1 for the circuit diagrams
and indices of all two-node motifs), which have similarly high
enrichment scores, all contain mutual regulatory links.

Figure 2. Circuit motif enrichment analysis with respect to circuit multiplicity. (A) Enrichment scores for all two-node circuit motifs were
computed from all nonredundant four-node gene circuits ranked by multiplicity. The enrichment is significant for most motifs (adjusted p values
<0.01, as shown in Figure S6A), except for motifs #17 and 36 (circuit diagrams and indices in Figure S1). (B) Diagrams of the top five enriched
circuit motifs. (C−E) Heatmaps of the enrichment scores for the co-occurrence of all pairs of two two-node circuit motifs. Three heatmaps
correspond to the overall co-occurrence (C), the co-occurrence of two motifs with a shared node (overlapping, D), and the co-occurrence of two
motifs without a shared node (nonoverlapping, E). Hierarchical clustering analysis was applied to each case with the Euclidean distance and
complete linkage. There are gray colors in panel D, as some motif combinations do not exist.
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Contrarily, the bottom three motifs (#7, 34, and 16) all
contain self-inhibitions. These findings are all consistent with
what we observed in the top-ranked four-node circuits in
Figure 1A and with previous studies showing that self-
activation generates multistability and self-inhibition stabilizes
the gene expression state.2,30,45 Furthermore, we evaluated the
enrichment of the co-occurrence of two circuit motifs within
the top-ranked four-node circuits by the multiplicity, as shown
in Figure 2C−E. We observed again that two motifs with self-
activation tend to be more enriched, while two motifs with self-
inhibition tend to be less enriched.
Characterizing Circuit Flexibility. We applied the

flexibility scoring function to rank all 60212 nonredundant
four-node gene circuits. As shown in Figure 1B, the flexibility
score F ranges from about 0.6 to 1.4, and the distribution of
flexibility is close to a symmetric unimodal distribution. We
tested the flexibility score F on a few four-node circuits (Figure
S5) and found that for circuits with larger F, gene expression
distributions have noticeably larger changes upon gene KD
perturbations. We observed that the topmost circuits ranked by
F tend to be sparsely connected. Compared to the topmost
circuits ranked by H, the topmost circuits by F usually have a
monodirectional interaction between two nodes (either the
first node regulating the second or the second node regulating
the first), and there are fewer autoregulations. Interestingly, the
circuits with high flexibility usually have gene expression
profiles of two clusters (Figure 1B, right panels), while the
circuits with low flexibility tend to have gene expression
profiles of multiple clusters (Figure S4B). This observation can
be understood as follows. For circuits allowing only one gene
expression cluster, the possible gene expression distribution is
limited by the cluster. For circuits with a higher number of
gene expression clusters, it is hard to transit through multiple
states by perturbation. Thus, circuits with two gene expression

clusters are the most likely to achieve substantial changes in
gene expression distributions upon perturbations.
Next, we applied the circuit motif enrichment analysis to

circuits ranked by flexibility. As shown in Figure 3A,B
(significant test in Figure S6B), the first and second most
enriched circuit motifs (#1 and 10) all contain a single
regulatory link from one gene to the other. The third and
fourth most enriched circuit motifs (#19 and 37) are circuits
with mutual activation and mutual inhibition (toggle switch),
respectively. We noticed slight differences in the enrichment
scores between circuits with excitatory regulations and those
with inhibitory regulations, presumably because of sampling
deviations and the measurement of flexibility by knockdown
perturbations. These most enriched circuit motifs usually do
not prefer autoregulation. Interestingly, the toggle-switch-like
circuit motifs (#19 and 37) are frequently observed in the
topmost flexible circuits, as they are known to generate
bistability.46,47 These motifs ensure circuits to be sparsely
connected and bistable, thus allowing the whole circuit to be
also flexible. Furthermore, we evaluated the enrichment of the
co-occurrence of two circuit motifs within the top-ranked four-
node circuits by the flexibility, as shown in Figure 3C−E.
Interestingly, we observed frequent co-occurrence of motif #1
with three motifs, #5, 6, and 1 itself. These three circuit motifs
all share the same excitatory regulatory link from one gene to
the other but differ by just a self-inhibitory link. The co-
occurrence of these motifs further demonstrates the sparseness
of regulatory interactions as one of the determining factors of
flexible circuits.

Distinct Circuits with Features of Combined Multi-
plicity and Flexibility. In the previous two sections, we have
evaluated the multiplicity and flexibility of all nonredundant
four-node gene circuits and applied motif enrichment analysis
to identify two-node circuit motifs associated with either high
multiplicity or high flexibility. Furthermore, we evaluated the

Figure 3. Circuit motif enrichment analysis with respect to circuit flexibility. Contents similar to those in Figure 2. Here, all nonredundant four-
node gene circuits are scored and ranked by flexibility. The enrichment of a single motif is significant for all motifs (adjusted p values <0.01, as
shown in Figure S6B).
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relationship between the multiplicity and flexibility of a circuit.
From the density and scatter plot in Figure 4A, we observed a
weak correlation (0.17275 Pearson correlation coefficient)
between these two scores. Interestingly, we found circuits
rarely have high multiplicity and flexibility simultaneously
(only 0.048% of circuits with both H and F higher than 1.5
standard deviations above the mean value). However, much
more circuits were found to have high multiplicity and low

flexibility (0.144% of circuits with H higher than 1.5 standard
deviations above the mean value and F lower than 1.5 standard
deviations below the mean value). More circuits were also
found to have low multiplicity and high flexibility (0.332%
circuits with H lower than 1.5 standard deviations below the
mean value and F higher than 1.5 standard deviations above
the mean value). It is reasonable that despite no apparent
correlation between multiplicity and flexibility, circuits with the

Figure 4. Gene regulatory circuits ranked by combined multiplicity and flexibility. (A) The density map of multiplicity (x-axis) and flexibility (y-
axis) for all nonredundant four-node gene circuits. (B) The panels show, for the top five circuits ranked by the product of multiplicity and flexibility,
the circuit diagrams (top row) and the density maps of RACIPE-simulated gene expression projected onto the first two PCs (bottom row). Panel C
shows the outcomes for the bottom five circuits.

Figure 5. Circuit motif enrichment analysis by both multiplicity and flexibility. Contents similar to those in Figure 2. Here, all nonredundant four-
node gene circuits are scored and ranked by the product of multiplicity and flexibility. The enrichment of a single motif is significant for most
motifs, except for motif #31 (adjusted p values <0.01, as shown in Figure S6C).
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highest multiplicity are less likely to be flexible, while circuits
with the highest flexibility are required to have fewer gene
expression clusters, thus being low in multiplicity.
As we discussed earlier, we are interested in functional

GRNs with both high multiplicity and flexibility, despite their
low occurrence in four-node circuits. We applied the circuit
motif analysis with the combined score G defined in eq 3. The
range of G is from about 1.5 to 6.72. The top five ranked
circuits, as shown in Figure 4B, have the following features.
First, these circuits all have relatively simpler circuit topologies
compared to the topmost circuits ranked by multiplicity.
Second, these circuits all contain multiple self-activations, thus
generating a high number of gene expression clusters. Third,
the gene expression distributions resulting from these circuits
seem to be less structured compared to those from the circuits
with the highest multiplicity. All these features contribute to
being high in both multiplicity and flexibility. Contrarily, the
bottom five ranked circuits, as shown in Figure 4C, have more
self-inhibitions, allow for gene expression distributions of a
single cluster, and have highly connected circuit topologies.
These properties are exactly opposite to those of top-ranked
circuits, explaining why the bottom-ranked circuits have low
multiplicity and flexibility. These observations are also
consistent with the outcomes of the circuit motif enrichment
analysis, as shown in Figure 5 (significant test in Figure S6C).
Note that we identified circuit motifs #19 and 39 again as
enriched motifs with high multiplicity and flexibility. These
toggle-switch-like motifs were observed presumably because
they can generate bistability, thus having more potential to
generate more states when coupled with similar motifs, and
meanwhile can allow flexible switches among states.21,48

Multiplicity and Flexibility in Large Random GRNs.
Lastly, we explored the properties of multiplicity and flexibility
in large random GRNs. To generate GRNs of an extended

range of multiplicity and flexibility, we selected a list of two-
node circuit motifs as the building blocks and synthesized
them into large GRNs of different sizes, with either sequential,
scale-free, or random topological structure (see the Methods
section for the detailed implementation). The selected motifs
are either (1) the top 3 two-node circuit motifs ranked by
multiplicity (i.e., motifs # 30, 21, and 39), (2) the top 3 two-
node circuit motifs ranked by flexibility (i.e., motifs #1, 10, and
19), or (3) the motifs from both (1) and (2). For each motif
type, GRN topology type, and GRN size, we randomly
generated the topology of ten networks (see the companion
GitHub repository49 for all GRN topologies), followed by
RACIPE simulations to generate 10000 gene expression
profiles for each GRN. To calculate the multiplicity and
flexibility for a large GRN, we performed principal component
analysis on the standardized log transformation gene
expression and applied eqs 1 and 2 using the data projected
onto the first four PCs. Note that in eq 2 the summation over
gene perturbation is still applied to all genes in the GRN. We
chose to first project data onto the first four PCs, as the data
with reduced dimensions usually capture gene expression states
well. Moreover, low-dimensional reduction has been widely
used in high-dimensional gene expression data analysis.
The multiplicity and flexibility of these random GRNs are

summarized in Figure 6, where we identified the following
interesting findings. First, the overall trends of multiplicity and
flexibility for different GRN sizes and types are very similar for
different choices of circuit motifs. The multiplicity scores are
usually at high levels when using the motifs with the highest
multiplicity and at low levels when using the motifs with the
highest flexibility. Similarly, the flexibility scores are usually at
high levels when using the motifs with the highest flexibility
and at low levels when using the motifs with the highest
multiplicity. Thus, among GRNs of different sizes, multiplicity

Figure 6. Multiplicity and flexibility of large gene regulatory networks. The plots show the multiplicity (blue points) and flexibility (red points) for
GRNs of different sizes (number of genes on the x-axis) and different network types (each panel). Different columns correspond to sequential
networks (1st column), scale-free networks (2nd column), random networks with sparse connectivity (ver 1, 3rd column), and random networks
with dense connectivity (ver 2, 4th column). Different rows correspond to networks synthesized with top 3 multiplicity two-node motifs (1st row),
top 3 flexibility two-node motifs (2nd row), and all these 6 motifs (3rd row).
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and flexibility are anticorrelated. Our finding also suggests that
the multiplicity/flexibility properties of a large GRN are largely
determined by the properties of the circuit motifs within the
GRN.
Second, regardless of the type of GRNs, multiplicity was

found to be linearly correlated to the number of genes but
saturated for large number of genes (blue points in Figure 6).
For each category of GRNs (i.e., different sizes and motif
types), the variations of multiplicity among ten random
networks are mostly small, but slightly larger for the GRNs
with mixed motifs. We also computed the multiplicity when
the local density was estimated with the gene expression
profiles of all dimensions (Figure S7), and in this case,
multiplicity is always linearly correlated to the number network
genes. The dependence of multiplicity on GRN sizes can be
understood as follows. When the GRNs are very small, the
number of distinct states allowed by the GRNs is also limited.
When the GRNs become larger, much richer network
behaviors can be observed, therefore larger multiplicity.
However, when the GRNs get extremely large, although the
variations of gene expression still increase (multiplicity for data
with full dimensions), the number of distinct gene expression
states gets saturated (multiplicity for data with reduced
dimensions).
Third, flexibility was found to be linearly anticorrelated to

the number genes for sequential networks, scale-free networks,
and random networks where motifs are sparsely connected
with a fixed number of interactions per motif denoted as
random ver1; see the Methods section or details) (red points,
first to third columns in Figure 6), despite much larger
variations in flexibility among ten networks of the same
category. In those situations, we also observed a saturation of
flexibility for small GRNs. Because of high variations and
saturation of flexibility, we also observed a few small GRNs
with low flexibility. Interestingly, for networks where motifs are
densely connected with a fixed ratio of interactions per motif
(denoted as random ver2), we observed a bell shape of
flexibility with respect to the number of genes; i.e., the highest
flexibility may occur in GRNs of intermediate sizes.
Taken together, when the network size increases, multi-

plicity increases while flexibility decreases. Both multiplicity
and flexibility tend to be saturated for large and small GRNs,
respectively. On the basis of these findings, we perceive that
the GRNs with both high multiplicity and flexibility are likely
of intermediate sizes.

■ DISCUSSION
In this study, we explored the types of gene circuit motifs that
contribute to a functional gene regulatory network (GRNs).
We first defined two scoring functions to quantify the
multiplicity and flexibility of a gene regulatory circuit based
on the circuit’s gene expression distribution. We then
systematically applied the scores to rank all nonredundant
four-node gene circuits. By applying gene circuit motif analysis,
we identified reoccurring two-node circuit motifs and the co-
occurrence of two motifs that enriched in top-ranked circuits
by either multiplicity, flexibility, or a combination of both.
Furthermore, using the enriched motifs as the building blocks,
we generated many GRNs of different types and sizes and
investigated the GRN properties that contribute to high levels
of multiplicity and flexibility. We hope this study will improve
our understanding of the design of biological GRNs.

The core approach utilized in this study is the circuit motif
enrichment analysis that we recently introduced.30 We have
demonstrated the effectiveness of this approach in identifying
not only circuit motifs associated with a particular dynamical
behavior but also the coupling of two circuit motifs. Here, we
focused on multiplicity, the ability of a GRN in generating a
high number of states, and flexibility, the ability of a GRN in
altering gene expression upon perturbations. In our view,
multiplicity and flexibility are among the most important
features of a functional GRN. From the enrichment analysis,
circuit motifs with mutual regulations and self-activation tend
to have high multiplicity, while circuit motifs with single
monodirectional regulation and without autoregulation tend to
have high flexibility. Remarkably, two types of circuit motifs
allow both high multiplicity and high flexibility�either motifs
with sparse connectivity and self-activation or toggle-switch-
like motifs.
While it is important to elucidate the types of circuit motifs

having high multiplicity and/or flexibility, we also wonder how
these circuit motifs contribute to the multiplicity and flexibility
of larger GRNs. To address this question, we generated GRNs
of different sizes and types using the enriched circuit motifs as
the building blocks. From an extensive network analysis, we
found that network multiplicity and flexibility indeed are
largely impacted by the types of circuit motifs with the GRNs.
Overall, GRNs of intermediate sizes (around 30; also see
Figure 6) tend to have combined high levels of multiplicity and
flexibility. Thus, we hypothesize that a biological GRN, when
considered as a functional dynamical system, should be of
intermediate sizes. This can be understood by the following:
when a GRN is too small, it is not complex enough to robustly
generate desired functionality; when a GRN is too large, it
could be too rigid to allow sufficient control by external signals
or environmental factors.50,51 Thus, GRNs of intermediate
sizes can alleviate the issues of smaller and larger GRNs. In our
view, this criterion of network size would be helpful to
elucidate the design principle of biological GRNs and improve
the effectiveness of GRN inference.
There are a few related topics that are worth further

investigation. First, when simulating circuit dynamics, we
assume AND logics when multiple genes regulate a target gene.
It is interesting to evaluate how other types of logical rules52

affect GRN multiplicity and flexibility. Second, the current
approach focuses on characterizing gene expression distribu-
tions, but many functional GRNs may act as oscillators.53−55

One of the potential future directions is to evaluate oscillatory
dynamics56 in the circuit motif analysis. Third, we have
observed that multiplicity get saturated for large networks.
Indeed, biological networks usually exhibit a limited number of
cellular states, thus limiting the level of multiplicity. It is worth
some further studies to elucidate the saturation of cellular
states in biological networks.17

■ ASSOCIATED CONTENT

Data Availability Statement
Relevant R code from this study is available at the following
l ink : ht tps ://g i thub .com/huang l i j i aU201614513/
circuitanalysis. That includes the code for RACIPE simu-
lations, state distribution scoring, construction of all four-node
circuit motifs, enrichment analysis of nonredundant four-node
circuits, and generation of random gene networks. The
topologies of all large gene networks are also provided.
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