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Abstract—One of the most important problems in science is un-
derstanding causation. This problem is particularly challenging
when causation has to be inferred from observational data only.
A further challenge of this problem is if the observed data were
generated in the presence of latent confounders. In this paper,
we propose a method for detecting confounders in multivariate
time series using a recently introduced concept referred to as
differential causal effect (DCE). The solution is based on feature-
based Gaussian processes that are not only used for estimating the
DCE of the observed time series but also for estimating the latent
confounders. We demonstrate the performance of the proposed
method with several examples. They show that the proposed
approach can detect confounders and can accurately estimate
causal strengths.

I. INTRODUCTION

In many science and engineering problems, it is of fun-
damental importance to infer causal relationships from data
— fields as diverse as medicine [7], economics [1], social
sciences [10], and machine learning [22] have an interest in
causal inference. While some notions of causality are indeed
statistical, such as Granger causality [5], much of modern
causal inference relies on interventional and counterfactual
notions [21]. These notions carry strictly more information
than observational data and therefore require randomized
experiments. However, these experiments are often too time-
consuming, expensive, or unethical to conduct, necessitating
the use of observational or quasi-experimental data.

Unfortunately, inferring causal relationships from observa-
tional data is generally ill-posed, meaning further assumptions
are necessary [22, pp. 135]. One particularly common assump-
tion, which often fails to hold in practice, is causal sufficiency;
this assumption states that any variable which directly affects
at least two other variables is observed [25, pp. 22]. If causal
sufficiency is assumed but does not hold, i.e., there exists latent
confounders, incorrect causal conclusions are often made. To
add further to the challenges of inference, causal sufficiency is
difficult to test for, and it generally requires domain knowledge
to establish [25, p.123].

A wide variety of methods have been developed to address
the possibility of confounders, either through their detection or
by learning causal models which indicate possible confound-
edness. While this current work aims at addressing the former
problem, we note that much work has been conducted on the
latter one. These include constraint-based methods such as fast
causal inference [25, pg. 144], score-based methods [4], hybrid

methods [20], or asymmetry-based methods [8] — see [26] for
a recent survey of such methods. A number of these methods
have been adapted or extended to the special case of time
series such as ANLTSM [3]and VAR-LiNGAM [9].

The problem of detecting confounders is comparatively
much less explored. One line of work into confounder de-
tection involves deriving estimators of the “structural strength
of confounding” γ, where γ = 0 corresponds to the un-
confounded case and γ = 1 corresponds to the entirely
confounded case. For linear Gaussian-additive noise models
(LinGAMs) with a scalar confounder, the authors in [13]
develop an estimate of γ using spectral techniques in high
dimensions. Detection using the first moment of such a spec-
tral measure showed superior performance in [17]. The case
of LinGAMs with multivariate confounders was addressed in
[14] using techniques from independent component analysis;
a correction term to make the estimator consistent is provided
in [24].

Another approach to the detection of confounders lies on
the postulate of the algorithmic Markov condition, introduced
in [12]. Under this interpretation of causality, the true causal
factorization is the one which minimizes the Kolmogorov
complexity of the factorized joint distribution. In [15], the
minimum description length (MDL) is used as an approxi-
mation of Kolmogorov complexity, comparing the MDL of
an unconfounded model to the MDL of a latent variable
model (LVM) to detect confoundedness. To our knowledge, no
confounder detection methods have been developed explicitly
for time series.

Finally, if one is interested in a specific causal effect,
some methods have employed LVMs to estimate the av-
erage causal/treatment effect, with the idea that proxies of
confounders can be estimated from observed variables. For
example, [19] uses variational autoencoders to estimate the av-
erage effect of a binary treatment. Meanwhile, using a slightly
different set of assumptions more common to the potential
outcomes framework of causality, [27] creates a framework
for using factor models in estimating average causal effects.

In this paper, we propose a novel method for confounder
detection in time series with additive Gaussian noise. To
achieve this, we extend an existing notion of causal strength
[2] to time series, and estimate the strength of any potential
confounders using random feature-based Gaussian processes
(GPs). We organize the rest of the paper as follows: in



SectionII,wegivebackgroundforcausal models,GPs,and
causaleffectestimation.InSectionsIIIandIV, weoutline
ourproposed modelandsolution. Resultsforavarietyof
numericalexperimentsonsimulateddataarepresentedin
SectionV,beforeconcludinginSectionVI.

II. BACKGROUND

A.StructureCausal ModelandLatentConfounder

Considerasetofobserveddata {y1,...,yN}, withan
underlyingcauseandeffectrelationship. Wecanrepresentthe
relationshipbetweeneachvariablebyasetoffunctions,which
iscalledastructuralcausalmodel(SCM). Mathematically,we
have,

yi=fi(Pa(yi))+ϵi, (1)

where i=1,2,···,N,Pa(·)istheparentsetofagiven
nodeandϵiisindependentnoiseorerrorofthe model. We
usethenotionofparentsetbecause wecanrepresentthe
causalstructure withadirectedacyclicgraph(DAG), with
edgespointingfromparentstochildren.Thevariableindex
isthesameasthenodeindex.Byevaluatingthefunctionsf,
wecangetthecausalstructureandrepresentitviaaDAG,
withthecause-effectbeingedgespointingfromthecauseto
theeffect.

Ifalatentconfounderzexistsandcausesadifferencein
thecausalstructure,thenwiththeconfounderz,theobserved
datayiarenotonlyafunctionofitsparentsetPa(yi)of
variablesbutalsoafunctionoftheconfounder,thatis, we
haveyi=fi(Pa(yi),z)+ϵi.

B. CausalStrength

Thereareseveralpossible waystoquantifythestrength
ofacausalinteraction[11],butinthisworkwewilltakean
approachbasedondifferentialcalculus.Sincethederivativeof
afunctioncanmeasurethesensitivityofthefunction’soutput
tochangesintheinput,anatural measureofcausalstrength
istoconsiderdifferentiationoffunctionsinSCMs.Letyt

beanN dimensionalmultivariatetimeseries.Forsimplicity,
wefocusononeoftheobservedtimeseries,whichwewill
simplysymbolizebyyt and willdenoteitsobservedand
unobservedparentsbyxt−1 andzt−1,respectively. Wenote
thatalltheparentstaketheirvaluesbeforeyttakesitsown
value,whichisindicatedbytheindicesofxandz.Insummary,
Pa(yt)={yt−1,xt−1,zt−1},wherethevectoryt−1contains
alltheparentsofytthatrepresentsomeofthepastvaluesof
yt,andxt−1andzt−1areparentsthatarepastvaluesofother
observedandunobservedtimeseries,respectively.Ifforyt

wewriteyt=f(yt−1,xt−1,zt−1),wedeinethedifferential
causaleffect(DCE)ofasingleparent,e.g.,ofxt−l,ionytto
bethepartialderivativeofthefunctionwithrespecttoxt−l,i

[2],

DCExt−l,i→yt

∆
=

∂f

∂xi,l
, (2)

wherext−l,icorrespondstotheithtimeseriesoftheremaining
N−1timeseriesandlisthelagofthattimeseries,withiand
lfullydeiningtheparent. Werefertothisnotionofcausal

strengthasthedirectDCE,sinceitassumesthatxt−l,idirectly
causeschangestoyt. Moregenerally,xt−l,imightnoteffect
ytdirectly,butthroughachainofcausalmechanismsitexerts
aninluenceonyt.Inthiscase,itismoreappropriatetouse
thechainruletodecomposethetotaleffectastheproductof
theeffectsalongthechain.Hence,thetotalDCExt−l,ionyt

isdeinedtobethecausaleffectyieldedbythecomposition
ofmultiplemechanisms,i.e.

(Total)DCExt−l,i→yt
=

∂f

∂Pa(yt)

∂Pa(yt)

∂xt−l,i
. (3)

Tocomputethetotal DCEforanygiveninteraction, we
repeatedlyapply(3)toderivethecorrectexpression.

Whenalatentprocess zt exertsaninluenceonanother
processyt,theDCE∂yt/∂zt−l,iwillbenonzeroforsomelag
l.Otherwise,thefunctionfiseffectivelyconstantwithrespect
tochangesinzt−l,i,andwecannotsaythatytdependson
zt−l,imeaningfully.Sinceareconstructionofalatentprocess
isnotunique,themagnitudeofthecausalstrengthofzt−ion
ytisnotgenerallymeaningful.However,sincezeronessofthe
causalstrengthdoesnotdependonthechoiceofcoordinates,
i.e.,if̃zt−iandzt−iaretwoequivalentlatentstates,andthe
causalstrengthofz̃t−iiszero,thenthechainrulestatesthat

∂yt

∂zt−i
=

∂yt

∂̃zt−i

∂̃zt−i

∂zt−i
=0×

∂̃zt−i

∂zt−1
=0.

Thus,inprinciple wecanusethecausalstrengthtodecide
thatzt−idoesnoteffectyt.Inthe multivariatesetting, we
assertthatzt−idoesnoteffectytwhenallpartialderivatives
arezero.

C. Gaussianprocesses

Gaussianprocesses(GPs)areaclassofstochasticprocesses
thatareusedin machinelearningfor modelingfunctions
[23]. Morespeciically,let(xt,yt),t=1,2,...,T,beT
input-outputvalues, wherey =[y1 y2...yT]⊤,andy =
f(X), withf∈ RT×1 andX ∈ RT×dx beinga matrix
whoserowsrepresenttheinputstothefunction f,thatis,
X =[x1,...,xT]⊤,y = f(X) =[f(x⊤

1),...,f(x⊤
T)]⊤.

Theideabehind GPsisthatfunctionsamplesarejointly
drawnfromaGaussiandistribution. Mathematically,wehave
f∼GP(m(X),Kθ(X)),wherem(X)isthemeanfunction,
Kθ(X)isthecovariance(kernel)functionoftheprocess,and
θ,isavectorofhyperparametersoftheGP.

1)Randomfeature-based GPs:Thebiggestdrawbackof
GPsistheirpoorscaling,thatis,GPsdonotscaleupwell
computationallywiththenumberofinput-outputpairs,T. We
canaddressthisproblembyresortingtoanapproximationby
wayofexploitingtheconceptofsparsity. Oneapproachis
basedonconstructing GPs withfeaturesthatcomefroma
featurespace[16].AGPwithashift-invariantkernelcanbe
approximatedusingafeaturespacewherematrixdecomposi-
tionswillnotberequired.Thevectorofbasisfunctionsofthe
featurespaceiscomprisedoftrigonometricfunctionsthatare
deinedby

ϕv(x)=
1

√
J

[sinx⊤v1cosx⊤v1···sinx⊤vJ cosx⊤vJ]⊤,



whereV=[v1,...,vJ]arerandomfeaturessampledfromthe
powerspectraldensityofthekerneloftheGP.Thenthekernel
functionk(x,x′)canbeapproximatedbyϕ⊤

v(x)ϕv(x
′)ifthe

kernelisshift-invariant.TheGPapproximationisthen

f(x)≈ϕ⊤
v(x)θ=[cos(x⊤V),sin(x⊤V)]θ/

√
J, (4)

where θ∈R2J×1 isavectorofparametersoftheapprox-
imating model.Thederivativesoftherandomfeature-based
functionwithrespecttoxis

∂f(x)

∂x
=θ⊤[diag−sinV⊤x,diag cosV⊤x]V⊤/

√
J.

(5)

III.PROBLEMFORMULATION

Letxt∈RN×1representavectorofsignalscollectedfrom
adirectedgraphGfromallitsnodesattimet, wherext,i

denotesthegraphsignalofnodeiattimet.Thedirectedgraph
G’sstructurerepresentsthecausalrelationshipbetweeneach
variablecorrespondingwiththenodesinthegraph.Further,
weassumethatthesignalxt,iisafunctionoftheprevious
datageneratedfromallitsparents.Sinceweinvestigatethe
injectioneffectfromallothernodestoonespeciicnode,then
nodebynode,werepresentthetargetvariablext,iattimetas
ytandkeepitsotherparentsPa(xt,\i)asxforclariication
purposes.Ifthereisanunderlyingnotobservedprocess,
i.e.,confoundingprocess,werepresentitbyzt.Speciically,
considerthedatamodel:

zt=f(zt−lzz:t−1,xt−lzx:t−1,yt−lzy:t−1)+ut, (6)

xt=h(zt−lxz:t−1,xt−lxx:t−1,yt−lxy:t−1)+vt, (7)

yt=g(zt−lyz:t−1,xt−lyx:t−1,yt−lyy:t−1)+et, (8)

where lzz,lzx,etc.arethe maximumlagsofpastsamples
effectingvaluesofthecausedvariables,andut,vt,andet

areerrorsmodeledaszero-meanGaussians,andwi:jforw=
x,y,zdenoteswi,wi+1,...,wj.

Thefunctionsf(·,...,·),h(·,...,·),andg(·,...,·)areun-
knownandweassumethefunctionsaredrawnfromGaussian
processes.Theobjectiveistodeterminethecausalstrengths
ofgivennodestoanodeofinterest.Asa metricforcausal
strengthweuseDCEdeinedby

DCExt−l,i→yt

∆
=

∂g(·,·,·)

∂xt−l,i
, (9)

wherext−l,irepresentsthecausingtimeseriesanditslag.

IV.PROPOSEDSOLUTION

Weinvestigatethenodesonebyone,and withoutloss
ofgenerality, wefocusonthescalartargetnodeyt inthe
remainingpartofthepaper. Wewrite(6)and(8)usingthe
formofrandomfeaturesas

zt=H⊤ϕϕϕv(zt−lzz:t−1,xt−lzx:t−1,yt−lzy:t−1)+ut, (10)

yt=θ⊤ϕϕϕv(zt−lyz:t−1,xt−lyx:t−1,yt−lyy:t−1)+et, (11)

where ϕϕϕv representsrandomvectors withV = {Vx,Vy},
H=[ηηη[1],ηηη[2],...,ηηη[dx]],andθareparametervariables. We

assumethattheparametervariablesareallindependent,i.e.,
thecolumnsofHareindependentoftheothercolumns.The
independenceassumptionabouttheparametervariablesim-
pliesthatthedimensionsofztareconditionallyindependent.
TodothesequentialinferenceonthedistributionofH,θ,and
zt,weassignpriordistributionsp(H),p(θ),andp(z0)tothem
andadopttheBayesianparadigm[18].

The methodforindingcausalstrengthsinthepossible
presenceofconfoundersisbasedonrunningparticleiltering
andBayesianupdate.TherearetwogroupsofKalmanilters,
andtheytrackHt,andθt,respectively.BothKalmanilters
usetheestimatedvaluesoftheconfounderzt.Theparticle
ilterfortrackingzt,ontheotherhand,usestheestimated
matrices Htandθttoestimatetheconfoundertimeseries.
TheKalmanilterthatestimatesθtwillproducethemeanof
theestimate,̄θt,anditscovariancematrix,Σt,whicharethen
usedtodeterminethemeanandvarianceofthedesiredpartial
derivativeofytintermsofeq.(5).Thedetailedprocedures
andrelatedcodescanbefoundin[18].

V. NUMERICALRESULTS

Intheexperiments,weconsideredtwodifferentcases.The
irstcasehasconstantcausalstrength,whilethesecondone
hastime-varyingcausalstrengthoftheconfounder.Tovalidate
thatour modelcandetecttheabsenceofaconfounder, we
addedanunrelateddimensiontotheconfounderinSynthetic
Case2below.Bothcaseshaveonlyonetimeunitlagforthe
sakeofeasyunderstanding.

A.SyntheticCase1

zt−1 zt

xt−1 xt

yt−1 yt

Fig.1. DiagramforCase1.Thesymbolzt−1isthehiddenconfounderwhile
xtandytareobserved.

Thelatentstateztcontributestobothxtandyt,whilext

andytarenotconnected. Wegenerated8,000samplesby

zt=
1

1+exp{15sin(t/20)}
, (12)

xt=−0.8zt−1+0.5xt−1+et, (13)

yt=0.5zt−1−0.8yt−1+vt, (14)

whereet∼N(0,1),andvt∼N(0,0.01).TheirstT0=1,000
samplesarepre-trained,andtheremaining7,000samplesare
usedforreal-timelearning.Figure2presentstheDCEsofyt

tothepreviousobservationsandconfounder,whichare

∂yt

∂yt−1
,

∂yt

∂xt−1
,and

∂yt

∂zt−1
.
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Fig.3. Case2:TheactualandestimatedDCEsoftheparentnodes
zt−1andxt−1toyt.

Tomakethelinessmootherandmorestable,weusemoving
averagesoftheestimatedDCEs,i.e.,themeansofestimated
DCEsamongtherolling window withaixed width.In
thispaper,wesetthewidthas100timeunits.FromFig.
2,theestimatedderivatives∂yt/∂yt−1and∂yt/∂xt−1are
botharoundtheactualderivatives.Notethatthextandyt
havenoconnection.OurresultsshowthattheestimatedDCE
∂yt/∂xt−1isaroundzero,whichimpliesthatthereisno
causalstrengthfromtheobservedprocessesxttoyt.The
estimatedlatentstatesarenotuniqueduetotheunknownf
andg,butareidentiiableuptoscales,rotation,andmirroring
onaccountofthepropertiesofrandomfeature-basedGPs
[6].Consequently, we mightnotdetecttherealvalueof
casualstrengths.However,fromthecyanlinesinFig.2,the
estimatedDCEsofyttotheconfounderzt−1arearound-0.5
whiletheactualDCE∂yt/∂zt−1is0.5.Althoughwecannot
determinewhetherthecausationispositiveornegative,the
resultssuggestthatwearenotfarfromtheabsolutevalueof
theDCEs.

B.SyntheticCase2

zt−2 zt−1 zt

xt−2 xt−1 xt

yt−2 yt−1 yt

t≤2500

Fig.4. Diagramforcase2.ztisatwodimensionalhiddenprocesswhilext
andytareobserved.

Inthisexperiment,westudiedacasewhereoneofthe
causalstrengthsistime-varying.Thelatentstateszteffects

xt,andbothztandxteffectyt,wherextandytareknown
whileztisunknown.Wegenerated10,000samplesby

z
[1]
t =0.9z

[1]
t−1+0.5sin(z

[1]
t−1)+u

[1]
t, (15)

z
[2]
t =0.5sin(z

[1]
t−1)+0.9z

[2]
t−1+u

[2]
t, (16)

xt=1.2z
[1]
t−1−0.8z

[2]
t−1+0.8xt−1+et, (17)

yt=0.4z
[1]
t−2+0.6xt−1+vt, whent≤2500, (18)

yt=0.6xt−1+vt, whent>2500, (19)

whereu
[1]
t,u

[2]
t ∼N(0,10

−2),andet,vtarebothdistributed
accordingtoN(0,10−6).TheirstT0=1,000sampleswere
pre-trained,andtheremaining9,000sampleswerelearned
online.Figure3showstheDCEsofyttoxt−1andzt−2.From

theigure,theestimatedDCEsof∂yt/∂xt−1and∂yt/∂z
[2]
t−2

arearoundtheactualvaluesoftheDCEsandareequalto0.6

and0,respectively.Itisnoteworthythatz
[2]
t−2isthesecond

dimensionofthelatentconfounderwithnoeffecttoeither
xt−1oryt.
Ourresultsshowthatonlyoneofthelatentdimensions

effectstheobservations.Theresultssuggestthatourproposed
modelcanidentifythedimensionsofthelatentconfounder.
Moreover,Fig.3providesevidencethatourmethodcanalso
estimatetime-varyingcausalstrengths.TheactualDCEof

∂yt/∂z
[1]
t−1shouldbe0.4beforet≤ 2500,whileitfalls

tozeroduetothesuddendisappearanceofcausation,as
shownby(19).ThecyanlineinFig.3,representingthe

estimatedDCEsof∂yt/∂z
[1]
t−1,issigniicantlynon-zerobefore

t=2500whileconvergingtozeroafterthechangepoint.The
estimatedDCEcannotbehaveliketheactualDCEthatdrops
tozerosuddenlybecausetheBayesianstructurestorespast
information.OnecanexpandourproposedBayesianmodel
by[28]sothatthelearningrateortheforgettingratecan
beadjusted.Theestimatedlatentstatesareidentiiableup
tolineartransformations,whichcausestheestimatedDCEs
∂yt/∂z

[1]
t−1arealsolinearlytransformed.Inthiscase,the

actualDCEof∂yt/∂z
[1]
t−1is0.4beforet=2500,whileour

estimatedDCEsarearound-0.4.Wecannotguaranteethatthe



sign of causation is positive or negative, but the absolute value
of the DCE is estimated closely.

VI. SUMMARY

In this paper, we address the problem of detecting latent
confounders from observed multivariate time series. We apply
random feature-based Gaussian processes to (a) estimate the
unknown functions that describe the relationships between
the time series and (b) track the latent confounders in the
hypothesized system of time series. For estimating causal
strengths, we use the concept of differential causal effect. We
provide simulation examples that demonstrate the ability of
our approach to detect confounders.
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