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Abstract

Kernel methods provide an elegant framework for developing nonlinear learning algorithms
from simple linear methods. Though these methods have superior empirical performance in
several real data applications, their usefulness is inhibited by the significant computational
burden incurred in large sample situations. Various approximation schemes have been
proposed in the literature to alleviate these computational issues, and the approximate
kernel machines are shown to retain the empirical performance. However, the theoretical
properties of these approximate kernel machines are less well understood. In this work,
we theoretically study the trade-off between computational complexity and statistical ac-
curacy in Nyström approximate kernel principal component analysis (KPCA), wherein we
show that the Nyström approximate KPCA matches the statistical performance of (non-
approximate) KPCA while remaining computationally beneficial. Additionally, we show
that Nyström approximate KPCA outperforms the statistical behavior of another popular
approximation scheme, the random feature approximation, when applied to KPCA.

Keywords: Principal component analysis, kernel PCA, Nyström approximation, repro-
ducing kernel Hilbert space, covariance operator, U-statistics

1. Introduction

Principal component analysis (PCA) (Jolliffe, 1986) is an unsupervised learning technique
in which a random variable X taking values in R

d is projected onto the direction a ∈ R
d

such that Var[a⊤X] is maximized. Further, for some ℓ < d, PCA may be used to find
an ℓ-dimensional subspace retaining the maximum possible variance of X, making PCA a
popular methodology for dimension reduction and feature extraction. This low-dimensional
subspace is the ℓ-eigenspace, i.e., the span of the eigenvectors associated with the top ℓ
eigenvalues of the covariance matrix EXX⊤ − EXEX⊤. The respective eigenvectors are
referred to as the principal components of the data, and a lower-dimensional representation
of the input data may be computed by projecting onto the principal components.

The principal components outputted by PCA are linearly related to the original co-
ordinates; however, in many cases a non-linear component provides a better description
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of the data. Kernel PCA (KPCA) (Schölkopf et al., 1998) is a non-linear extension of
PCA which maps the original data into a reproducing kernel Hilbert space (RKHS) (Aron-
szajn, 1950) where PCA is performed, resulting in principal components which are non-
linearly related to the original data. Specifically, for an RKHS H with reproducing ker-
nel k : X × X → R, KPCA solves sup{Var[f(X)] : ‖f‖H = 1}. Analogous to linear
PCA, the principal components in KPCA are the eigenfunctions of the covariance operator
Σ = E[Φ(X) ⊗H Φ(X)] − EΦ(X) ⊗H EΦ(X), where Φ(X) = k(·, X) is the feature map
and ⊗H denotes the tensor product on H, defined as (f1 ⊗H f2)g = 〈f2, g〉H f1 for any
f1, f2, , g ∈ H. Similarly, an ℓ-dimensional representation of X is obtained by projecting
onto the ℓ-eigenspace of Σ. Kernel PCA has been employed successfully in tasks such as
image denoising (Mika et al., 1999; Jade et al., 2003; Teixeira et al., 2008; Phophalia and
Mitra, 2017), image/systems modeling (Kim et al., 2005; Li et al., 2015), novelty/fault de-
tection (Hoffmann, 2007; Samuel and Cao, 2016; de Moura and de Seixas, 2017), feature
extraction (Chang and Wu, 2015), and computer vision (Lampert, 2009; Peter et al., 2019).

Empirically, given X1, . . . , Xn
i. i. d.∼ P, the eigenfunctions of Σ are estimated by those of

the empirical covariance operator

Σ̂ =
1

2n(n− 1)

n∑

i 6=j
(Φ(Xi)− Φ(Xj))⊗H (Φ(Xi)− Φ(Xj)) , (1)

yielding empirical KPCA (EKPCA). Though this may require solving an infinite dimen-
sional system, it can be shown (see Proposition 1) that the eigenfunctions of Σ̂ can be
obtained by solving an n-dimensional eigenvalue problem, which has a computational re-
quirement of O(n3) and a memory requirement of O(n2). This means, EKPCA scales
quite poorly with large sample sizes, a behavior shared by many kernel methods. This has
lead to much research activity in constructing approximation methods which relieve the
computational burden. Nyström method (Reinhardt, 1985; Williams, 1998) is a popular
approximation scheme, which uses a subsample of the original data to construct a low-rank
approximation to the Gram matrix K = [k(Xi, Xj)]i,j , which in turn is closely related to Σ̂.
More precisely, the Gram matrix K is approximated by K̃ = KnmK

−1
mmK

⊤
nm, where Knm

is the matrix formed by randomly selecting m columns of K and Kmm is the intersection
of those m columns and m rows of K. The approximate Gram matrix can be used in sub-
sequent learning tasks, resulting in computational saving for m < n. In the case of KPCA,
the computational complexity is reduced from O(n3) to O(nm2). Of course, the question
of interest is whether this computational saving comes at the cost of statistical accuracy.
In this work we establish the consistency of Nyström KPCA (NY-EKPCA), and study the
relationship between statistical behavior and computational complexity.

1.1 Contributions

The contributions of the paper are as follows:

(i) In Section 3.2, we propose Nyström empirical KPCA (NY-EKPCA), and demonstrate its
computational complexity. In Section 4, we compare the performance of empirical KPCA
(EKPCA) with that of NY-EKPCA in terms of the reconstruction error of the ℓ-eigenspaces
in H. We show that NY-EKPCA matches the statistical performance of EKPCA with
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less computational complexity, provided the number of subsamples, m, is large enough,
and the number of eigenfunctions used in the reconstruction, i.e., ℓ, is not too large. We
note that a similar analysis has been performed working with the uncentered covariance
operator (Sterge et al., 2020), that is, Σ̂ is defined as a V-statistic estimator where the
mean element is assumed to be zero (EX∼Pk(·, X) = 0), i.e., Σ̂ = 1

n

∑n
i=1 k(·, Xi) ⊗H

k(·, Xi). This assumption of EX∼Pk(·, X) = 0 is highly restrictive, as it is not satisfied by
virtually all common kernels, e.g., Gaussian, Matérn, inverse multiquadric, that induce an
infinite dimensional RKHS. However, if this assumption is relaxed, the resulting V-statistic
estimator, i.e.,

1

n

n∑

i=1

k(·, Xi)⊗H k(·, Xi)−
(
1

n

n∑

i=1

k(·, Xi)

)
⊗H

(
1

n

n∑

i=1

k(·, Xi)

)

is no longer unbiased. Since unbiasedness is crucial for a tighter analysis, we consider a
U-statistic estimator of Σ as shown in (1) and develop the analysis based on a Bernstein-
type inequality for operator valued U-statistics, which we proposed in our earlier work
(Sriperumbudur and Sterge, 2022). Thus, the current work provides a non-trivial extension
to our previous results (note that the previous results in Sterge et al., 2020 deal with sums
of independent H-valued random variables unlike U-statistics that appear in this work) by
relaxing a significant assumption of EX∼Pk(·, X) = 0.

(ii) In Section 4.2, to foster a comparison with random Fourier features (RFF) approxima-
tion (Rahimi and Recht, 2008a; Sriperumbudur and Sterge, 2022), we study the performance
of NY-EKPCA in terms of the reconstruction error of the ℓ-eigenspace in L2(P). Compar-
ing NY-EKPCA with EKPCA and random feature approximate EKPCA (RF-EKPCA),
we show that NY-EKPCA again recovers the statistical performance of EKPCA with less
computational complexity. However, unlike in H where the number of eigenfunctions, ℓ
used in the reconstruction cannot be too large, the result in L2(P) holds regardless of the
number of eigenfunctions, ℓ, used in the reconstruction. Additionally, we show the Nyström
approximation to be superior to that of the random features approximation by showing that
NY-EKPCA outperforms RF-EKPCA in terms of the reconstruction error while enjoying
better computational complexity—similar observation was already made in the context of
kernel ridge regression (Rudi et al., 2015; Rudi and Rosasco, 2017).

1.2 Related Work

The statistical behavior of EKPCA has been well studied. The statistical consistency of
EKPCA is established by Shawe-Taylor et al. (2005), where the reconstruction error of the
empirical ℓ-eigenspace is shown to converge at the rate

√
ℓ/n. Blanchard et al. (2007) and

Rudi et al. (2013) obtain improved rates for uncentered KPCA by considering the decay
rate of the eigenvalues of the covariance operator. Additionally, Blanchard et al. (2007)
shows

√
ℓ/n-rate for the excess reconstruction error of EKPCA with empirical recentering.

In Corollary 5, we show that EKPCA with empirical recentering based on U-statistics has
the same statistical convergence behavior to that of uncentered EKPCA as considered in
Rudi et al. (2013). On the other hand, the setting of our paper is different from that of
Blanchard et al. (2007), wherein ours deals with growing ℓ while the latter deals with fixed
ℓ as n→ ∞.
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Outside of the Nyström method, several other approximation strategies have been pro-
posed in the kernel methods literature. These include incomplete Cholesky (Fine and
Scheinberg, 2001; Bach and Jordan, 2005), random features (Rahimi and Recht, 2008a),
sketching (Yang et al., 2017), and sparse greedy approximation (Smola and Schölkopf,
2000). These methods, including Nyström, offer significant reductions in computational
complexity, and, empirically, have been shown to provide performance competitive to their
more expensive counterparts without approximation (Rahimi and Recht, 2008b; Kumar
et al., 2009; Yang et al., 2012). The theoretical analysis of the Nyström method has primar-
ily concerned the distance between the Gram matrix, K, and its low-rank approximation
(Drineas and Mahoney, 2005; Gittens and Mahoney, 2013; Jin et al., 2013). Recent research
has focused on the impact of Nyström approximation in specific learning tasks, allowing
one to observe the trade-off between statistical accuracy and computational complexity.
The supervised setting has been studied heavily (Bach, 2013; Alaoui and Mahoney, 2015;
Rudi et al., 2015), where it has been shown that Nyström approximation can achieve best
possible statistical performance with better computational complexity. Significantly less is
known in the unsupervised setting; however, approximate KPCA has been studied (Lopez-
Paz et al., 2014; Ullah et al., 2018; Sriperumbudur and Sterge, 2022) using the random
feature approximation (Rahimi and Recht, 2008a).

Lopez-Paz et al. (2014) approximated the Gram matrix by a random feature based
Gram matrix and showed the operator norm of their difference to converge to zero at the
rate n

√
(log n)/m as m,n→ ∞, with m being the number of random features. This rate is

too loose as m has to grow faster than n to achieve convergence to zero, which defeats the
purpose of approximation. Ullah et al. (2018) compared the ℓ-eigenspaces (with ℓ fixed) of
EKPCA and its random feature version (call it RF-EKPCA) by comparing certain inner
product of the uncentered covariance operator with the difference between the projection
operators associated with ℓ-eigenspaces of KPCA and EKPCA (resp. RF-EKPCA), after
embedding them all as Hilbert-Schmidt operators on L2(P). Through upper bounds on these
differences of inner products, they argued that m =

√
n random features are sufficient for

RF-EKPCA to have similar statistical behavior to that of EKPCA, thereby guaranteeing
better computational complexity at no statistical loss. However, the work lacks on two
fronts: (i) The comparison is made using only upper bounds on the performance criterion
(i.e., difference of inner products) and no matching lower bounds are provided to establish
their sharpness, which means the sufficiency of

√
n random features is inconclusive, and

(ii) the criterion used for comparison has no clear interpretation. Using the reconstruction
error as a criterion, recently, Sriperumbudur and Sterge (2022) developed a comprehensive
analysis and showed RF-KPCA to have better computational complexity than EKPCA
with no loss in statistical performance. Similar type of results are shown by Sterge et al.
(2020) for Nyström approximate KPCA, that it can yield computational benefit without
statistical loss; however, as mentioned in Section 1.1, this result hinges on the highly-
restrictive assumption that EX∼Pk(·, X) = 0. As is the case in the present paper, Hallgren
(2021) also generalized NY-EKPCA of (Sterge et al., 2020) by relaxing the assumption of
EX∼Pk(·, X) = 0, and provided excess-error bounds in the style of Blanchard et al. (2007)
in the fixed ℓ setting with a convergence rate of n−1/2. However, (Hallgren, 2021) does not
provide any details about the requirement on the number of Nyström subsamples to achieve
this convergence rate and no discussion is provided on the optimality of this rate as well.
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2. Definitions and Notation

For a := (a1, . . . , ad) ∈ R
d and b := (b1, . . . , bd) ∈ R

d, define ‖a‖2 :=
√∑d

i=1 a
2
i and

〈a,b〉2 :=
∑d

i=1 aibi. a⊗2 b := ab⊤ denotes the tensor product of a and b. In denotes an
n × n identity matrix and 1n = (1, n. . ., 1)⊤. We define Cn = In − 1

n1n1
⊤
n and Hn = nCn.

For a matrix A ∈ R
n×m, A+ ∈ R

m×n denotes the Moore-Penrose generalized inverse of A.
a ∧ b := min(a, b) and a ∨ b := max(a, b). Define [n] := {1, . . . , n} for n ∈ N. For sequences
an and bn indexed by n ∈ N, an . bn (resp. an & bn) denotes that there exists a positive
constant c (resp. c′) independent of n such that an ≤ cbn (resp. an ≥ c′bn). For a random
variable A with law P and a constant b, A .p b denotes that for any δ > 0, there exists a
positive constant cδ <∞ such that P (A ≤ cδb) ≥ δ.

For x, y ∈ H, a Hilbert space, x⊗H y is an element of the tensor product space H ⊗H,
and can also be seen as an operator from H to H since (x⊗H y)z = x〈y, z〉H for any z ∈ H.
α ∈ R is called an eigenvalue of a bounded self-adjoint operator S if there exists an x 6= 0
such that Sx = αx and such an x is called the eigenvector/eigenfunction of S and α. An
eigenvalue is said to be simple if it has multiplicity one. For an operator S : H → H,
‖S‖L1(H), ‖S‖L2(H) and ‖S‖L∞(H) denote the trace, Hilbert-Schmidt and operator norms
of S, respectively. R(S) and N (S) denote the range space and null space of an operator
S. Lr(X , µ) denotes the Banach space of r-power (r ≥ 1) µ-integrable functions. For

f ∈ Lr(X , µ), ‖f‖Lr(µ) :=
(∫

X |f |r dµ
)1/r

denotes the Lr-norm of f for 1 ≤ r <∞.

3. Kernel PCA and its Variations

We first start with an assumption that will be used throughout the paper.

Assumption 1 (X ,B) is a completely separable space endowed with Borel σ-algebra B. H
is an RKHS of R-valued functions on X with bounded continuous strictly positive definite
kernel satisfying supx∈X k(x, x) =: κ <∞.

The assumption that X is completely separable, also called second countable, ensures that
Lr(X , µ) is separable for any σ-finite measure µ on B and r ∈ [1,∞) (Cohn, 2013, Propo-
sition 3.4.5). Also, the second-countability of X along with the continuity of k guarantees
that H is separable (Steinwart and Christmann, 2008, Lemma 4.33), which in turn com-
bined with the bounded of k ensures k(·, x) : X → H is Bochner-measurable for all x ∈ X
(Dinculeanu, 2000, Theorem 8 on p.5).

3.1 Kernel PCA in the population and sample

Kernel PCA (Schölkopf et al., 1998) is an unsupervised learning method in which classi-
cal PCA is performed on data which has been mapped to a reproducing kernel Hilbert
space. That is, kernel PCA (KPCA) finds f ∈ H with unit norm such that Var[f(X)] =
E[f(X) − E[f(X)]]2 is maximized. Using the reproducing property, we have Var[f(X)] =
E[〈f, k(·, X)〉H−〈f,mP〉H]2 with mP ∈ H being the unique mean element of P in H, defined
for all f ∈ H by

〈f,mP〉H = E[f(X)] = E[〈f, k(·, X)〉H] =
〈
f,

∫

X
k(·, x)dP(x)

〉

H
, (2)
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where the last equality of (2) holds via Riesz representation theorem (Reed and Simon,
1980) and the boundedness of k, which jointly ensure Bochner P-integrability (Diestel and
Uhl, 1977) of k(·, X). Therefore, we may write Var[f(X)] = 〈f,Σf〉H, where

Σ =

∫

X
k(·, x)⊗H k(·, x)dP(x)−mP ⊗H mP (3)

is the covariance operator on H associated with P. Thus, the KPCA problem may be
expressed as

sup{〈f,Σf〉H : f ∈ H, ‖f‖H = 1}, (4)

bearing a strong resemblance to classical PCA. In fact, KPCA can be seen as a generalization
of classical linear PCA, as taking H = R

d with k(x, y) = x⊤y yields classical PCA with
covariance matrix Σ = E[XX⊤] − E[X]E[X]⊤. The boundedness of k in Assumption 1
ensures that Σ is trace class and thus compact. Since Σ is also positive and self-adjoint,
the spectral theorem (Reed and Simon, 1980) gives

Σ =
∑

i∈I
λiφi ⊗H φi,

where (λi)i∈I ⊂ R
+ and (φi)i∈I are the eigenvalues and eigenfunctions, respectively, of Σ.

(φi)i∈I form an orthonormal system spanning R(Σ), where the index set I is either finite or
countable, in which case λi → 0 as i→ ∞. The solution to (4) is simply the eigenfunction
of Σ corresponding to its largest eigenvalue. We make the following simplifying assumption
for ease of presentation.

Assumption 2 The eigenvalues (λi)i∈I of Σ are simple, positive, and w.l.o.g. satisfy a
decreasing rearrangement, i.e., λ1 > λ2 > . . .

Based on Assumption 2, the orthogonal projection operator onto the ℓ-eigenspace of Σ, i.e.,
span{(φi)ℓi=1} can be written as

P ℓ(Σ) =

ℓ∑

i=1

φi ⊗H φi. (5)

The discussion so far corresponds to the population version of KPCA, i.e., when the
data-generating distribution P is known. In practice, the knowledge of P is available only

through a sample {Xi}ni=1
i.i.d.∼ P. Therefore, performing KPCA in practice requires one to

replace Σ in (3) with an estimate. In the vast majority of the literature (e.g., Schölkopf et al.
1998; Shawe-Taylor et al. 2005), the assumption mP = 0 is made and the corresponding
V-statistic estimator of Σ, i.e., 1

n

∑n
i=1 k(·, Xi)⊗Hk(·, Xi) is used. However, the assumption

mP = 0 is quite restrictive as many popular kernels, such as the Gaussian, do not satisfy
this condition. Therefore, to make the setting and results more general, we make no such
assumption on mP; however, this relaxation causes the resultant V-statistic estimator to be
biased. To mediate the technical difficulties arising from a biased estimator, we consider
the following U-statistic estimator,

Σ̂ =
1

2n(n− 1)

n∑

i 6=j
(k(·, Xi)− k(·, Xj))⊗H (k(·, Xi)− k(·, Xj)),

6
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conceived from the following alternate representation of Σ:

Σ =
1

2

∫

X×X
(k(·, x)− k(·, y))⊗H (k(·, x)− k(·, y)) dP(x) dP(y).

Using the reproducing property, it is easy to verify that

V̂ar[f(X)] :=
1

2n(n− 1)

n∑

i 6=j
(f(Xi)− f(Xj))

2 =
〈
Σ̂f, f

〉
H
.

Therefore, substituting for Σ in (4) yields the objective of empirical KPCA (EKPCA):

sup
{
〈f, Σ̂f〉H : f ∈ H, ‖f‖H = 1

}
. (6)

Of course Σ̂ is self-adjoint and positive. Also, the assumption of strict positive definiteness
of k (see Assumption 1) yields that rank(Σ̂) = n− 1 P-a.s. (therefore compact). Thus the
spectral theorem (Reed and Simon, 1980) yields

Σ̂ =
n−1∑

i=1

λ̂iφ̂i ⊗H φ̂i, (7)

where (λ̂i)
n−1
i=1 ⊂ R

+ and (φ̂i)
n−1
i=1 ⊂ H are the eigenvalues and eigenfunctions of Σ̂. We

make the following simplifying assumption regarding the spectrum of Σ̂.

Assumption 3 The eigenvalues of (λ̂i)
n−1
i=1 of Σ̂ are simple P-a.s., positive and w.l.o.g. sat-

isfy a decreasing rearrangement, i.e., λ̂1 > λ̂2 > . . . P-a.s.

We would like to mention that the simplicity of the eigenvalues of Σ̂ is not really required
for the results of this paper to hold. However, this assumption simplifies the notation
and proofs, and therefore for the sake of simplicity and clarity, we resort to the above
assumption. For any ℓ ≤ n − 1, since (φ̂i)

ℓ
i=1 forms an orthonormal coordinate system in

H, it yields the following low-dimensional Euclidean representation of k(·, x):
(〈
k(·, x), φ̂1

〉
H
, · · · ,

〈
k(·, x), φ̂ℓ

〉
H

)⊤
=
(
φ̂1(x), · · · , φ̂ℓ(x)

)⊤
,

for any x ∈ X . Moreover, following Assumption 3, the orthogonal projector onto span{φ̂i :
i = 1, . . . , ℓ} is given by

P ℓ(Σ̂) =
ℓ∑

i=1

φ̂i ⊗H φ̂i. (8)

Though Σ̂ is finite rank, its eigenfunctions are solution to a possibly infinite dimensional
linear system. The following result, quoted from Sriperumbudur and Sterge (2022), shows
that the eigenvalues of Σ̂ can computed by solving an n-dimensional system.
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Proposition 1 (Sriperumbudur and Sterge 2022, Proposition 1) Let (λ̂i, φ̂i)i be the
eigensystem of Σ̂. Define K = [k(Xi, Xj)]i,j∈[n]. Then

φ̂i =
1

λ̂i

n∑

j=1

γi,jk(·, Xj),

where γi = (γi,1, · · · , γi,n) = 1
n(n−1)Hnα̂i with α̂i /∈ N (Hn), and (λ̂i, α̂i)i are the eigenval-

ues and eigenvectors of 1
n(n−1)KHn.

Since the eigensystem of Σ̂ can be obtained by solving an n× n system, finding (λ̂i, φ̂i)
ℓ
i=1

for ℓ < n has a space complexity of O(n2) and a time complexity of O(n2ℓ)–e.g., by partial
SVD methods such as Krylov subspace method (see Halko et al. 2011, Sections 3.3.2 &
3.3.3).

3.2 Approximate kernel PCA using the Nyström method

For large sample sizes, performing EKPCA amounts to a significant computational burden,
motivating many approximation schemes. We explore the popular Nyström approxima-
tion (Reinhardt, 1985; Williams and Seeger, 2001; Drineas and Mahoney, 2005) to speed
up EKPCA and study the trade-offs between computational gains and statistical accu-
racy. The general idea in Nyström method is to obtain a low-rank approximation to the
Gram matrix K, and replace K by this approximation in kernel algorithms, resulting in
computational speedup. Since the eigenspace of KHn is related to that of Σ̂ (as noted in
Proposition 1), Nyström method also yields a low rank approximation to Σ̂, which is what
we exploit in developing Nyström approximate KPCA. It follows from Proposition 1 that
the eigenfunctions of Σ̂ lie in

H̄n :=



f ∈ H

∣∣∣f =

n∑

i=1


nαi −

n∑

j=1

αj


 k(·, Xi) : α = (α1, . . . , αn) ∈ R



 .

Thus, we could instead express the objective in (6) as an optimization over H̄n, or equiva-
lently, over α ∈ R

n. Define a random subspace

H̄m :=



f ∈ H

∣∣∣f =
m∑

j=1

(
mβj −

m∑

l=1

βl

)
k(·, Xrj ) : β = (β1, . . . , βm) ⊂ R





of H, where m < n indices {r1, . . . , rm} are sampled uniformly without replacement from
[n], yielding the subsample {Xrj}mj=1. Nyström KPCA (NY-EKPCA) optimizes the EKPCA

objective in (6) over H̄m, that is, NY-EKPCA is the solution to the following problem:

sup
{〈
f, Σ̂f

〉
H
: f ∈ H̄m, ‖f‖H = 1

}
. (9)

The following result, whose proof is presented in Section 6.1, shows that the solution to (9)
is obtained by solving a finite dimensional linear system, which has better computational
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complexity than that of EKPCA, provided m < n. To this end, we first introduce some
notation before stating the result,

Kmm= [k(Xrj , Xrl)]j,l∈[m] ∈ R
m×m, Knm = [k(Xi, Xrj )]i∈[n],j∈[m] ∈ R

n×m,

and Kmn = K⊤
nm.

Proposition 2 Define the m×m matrix M = K
−1/2
mm KmnHnKnmK

−1/2
mm . The solution to

(9) is given by
φ̃1 = S̃∗

mK
−1/2
mm u1,

where u1 = (u1,1, . . . , u1,m) is the unit eigenvector of 1
n(n−1)M corresponding to its largest

eigenvalue, denoted λ̃1 and S̃∗
m : Rm → H, β 7→∑m

j=1 βjk(·, Xrj ).

The complexity of computing M and its eigendecomposition is O(m2ℓ+ nm2 +m3)—e.g.,
by partial SVD methods. Therefore, for m <

√
nℓ (i.e., m = o(

√
nℓ) as n, ℓ → ∞), the

complexity of solving (9) scales as O(nm2), which is a reduction from the O(n2ℓ) complexity
of solving EKPCA. It is worth noting the connection between our Nyström approximation
to KPCA and the traditional Nyström approximation of Williams and Seeger (2001) to the
Gram matrix, given by

K̃ = KnmK
−1
mmKmn.

Observing

Mu = K−1/2
mm KmnHnKnmK

−1/2
mm u = n(n− 1)λ̃u

=⇒ K̃HnKnmK
−1/2
mm u = n(n− 1)λ̃KnmK

−1/2
mm u,

it is clear that K̃Hn will have the same eigenvalues as M. All eigenvalues of K̃Hn and M
will be positive as

u⊤Mu =
〈
K−1/2
mm KmnHnKnmK

−1/2
mm u,u

〉
2

= n(n− 1)
〈
Σ̂S̃∗

mK
−1/2
mm u, S̃∗

mK
−1/2
mm u

〉
H
≥ 0.

We will make the following simplifying assumption on K̃Hn and its eigenvalues:

Assumption 4 The eigenvalues (λ̃i)
m−1
i=1 of K̃Hn

n(n−1) are simple P-a.s., positive, and w.l.o.g. sat-

isfy a decreasing rearrangement, i.e., λ̃1 > λ̃2 > . . . P-a.s.

As shown in the proof of Proposition 2 (see Section 6.1), (φ̃i)i form an orthonormal system.
Thus, for some ℓ < m, the orthogonal projector onto span{(φ̃i)ℓi=1} is given by

P ℓnys(Σ̂) =
ℓ∑

i=1

φ̃i ⊗H φ̃i. (10)

One may ask if φ̃1 is the eigenfunction of some operator. Denoting P̄m as the orthogonal
projector onto H̄m, since S̃m : H → R

m, f 7→ (f(Xr1), f(Xr2), . . . , f(Xrm))
⊤, it can be

shown (see Section 6.2) that

P̄m = S̃∗
mHm(HmKmmHm)

+HmS̃m, (11)

9
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and that (φ̃i)i are the orthonormal eigenfunctions of P̄mΣ̂P̄m with corresponding eigenvalues
(λ̃i)i, that is,

P̄mΣ̂P̄mφ̃i = λ̃iφ̃i. (12)

Therefore, we may think of P̄mΣ̂P̄m as a low-rank approximation to Σ̂.

4. Computational vs. Statistical Trade-off

In this section, we explore whether the computational saving achieved by NY-EKPCA is
obtained at the expense of statistical performance. We measure the statistical performance
of KPCA, EKPCA, and NY-EKPCA in terms of the reconstruction error, which is detailed
below.

4.1 Reconstruction error in H-norm

In linear PCA, the reconstruction error defined as

EX∼P

∥∥∥∥∥(X − µ)−
ℓ∑

i=1

〈X − µ, φi〉2 φi
∥∥∥∥∥

2

2

= EX∼P

∥∥∥(X − µ)− P ℓ(Σ)(X − µ)
∥∥∥
2

2
,

is the error involved in reconstructing a centered random variableX by projecting it onto the
ℓ-eigenspace (i.e., span of the top-ℓ eigenvectors) associated with its covariance matrix, Σ =
E[XX⊤]−E[X]E[X]⊤ through the orthogonal projection operator P ℓ(Σ) :=

∑ℓ
i=1 φi⊗2 φi.

Clearly, the error is zero when ℓ = d. The analogs of the reconstruction error in KPCA,
EKPCA and NY-EKPCA, can be similarly stated in terms of their projection operators,
(5), (8), and (10) as follows:

Rℓ(Σ) = EX∼P

∥∥∥(k(·, X)−mP)− P ℓ(Σ)(k(·, X)−mP)
∥∥∥
2

H
,

Rℓ(Σ̂) = EX∼P

∥∥∥(k(·, X)−mP)− P ℓ(Σ̂)(k(·, X)− m̂P)
∥∥∥
2

H
, (13)

Rℓnys(Σ̂) = EX∼P

∥∥∥(k(·, X)−mP)− P ℓnys(Σ̂)(k(·, X)− m̂P)
∥∥∥
2

H
. (14)

In (13) and (14), we center with m̂P := 1
n

∑n
i=1 k(·, Xi) to ensure that the low-dimensional

representation of the reconstructed random variable is computable in practice, as the mean
element mP is likely unknown. Throughout the rest of the analysis we will drop the X ∼ P

subscript, and assume expectations are with respect to X ∼ P unless otherwise noted. The
following theorem, proved in Section 6.3, provides a finite-sample bound on the reconstruc-
tion error associated with NY-EKPCA, under uniform sampling, as well as a new result for
centered EKPCA, from which convergence rates may be obtained.

Theorem 3 Suppose Assumptions 1-4 hold. For any t > 0, define NΣ(t) = tr(Σ(Σ+tI)−1)
and NC,∞(t) = supx∈X

〈
k(·, x), (C + tI)−1k(·, x)

〉
H, where C =

∫
X k(·, x)⊗H k(·, x)dP(x) is

the uncentered covariance operator. Then the following hold:

(i)

Rℓ(Σ) =
∑

i>ℓ

λi.

10
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(ii) For any 0 ≤ δ ≤ 1
2 , n ≥ 2 log 2

δ and 140κ
n log 16κn

δ ≤ t ≤ ‖Σ‖L∞(H),

P
n

{∑

i>ℓ

λi ≤ Rℓ(Σ̂) ≤ 3NΣ(t)(λℓ+1 + t) +
32κ log 2

δ

n

}
≥ 1− 5δ.

(iii) For any 0 ≤ δ ≤ 1
2 ,

P
n

{∑

i>ℓ

λi ≤ Rℓnys(Σ̂) ≤ 6NΣ(t)(λℓ+1 + 9t) +
32κ log 2

δ

n

}
≥ 1− 11δ,

provided the following conditions are satisfied:

1.
(
140κ
n log 16κn

δ ∨ 9κ
n log n

δ

)
≤ t ≤ ‖Σ‖L∞(H) ∧ ‖C‖L∞(H),

2. m ≥ (67 ∨ 5NC,∞(t)) log 4κ
tδ ∨ 140κ

t log 8
tδ ,

3. n ≥ 2 log 2
δ .

Remark 4 Since Σ is trace-class and λℓ → 0 as ℓ → ∞, it follows that Rℓ(Σ) → 0 as
ℓ → ∞. The rate of this convergence may be analyzed after making assumptions on the
decay rate of (λi)i, which will be presented in the upcoming corollaries. The behavior of the
empirical versions (of KPCA) depends significantly on t and NΣ(t). NΣ(t) is referred to as
the effective dimension or degrees of freedom (Caponnetto and Vito, 2007), which measures
the capacity of H. Upon making assumptions regarding the decay rate of (λi)i, the size of
NΣ(t) can be quantified and convergence rates for Rℓ(Σ̂) and Rℓnys(Σ̂) can be obtained. The

upper bounds for Rℓ(Σ̂) and Rℓnys(Σ̂) are equivalent up to constants; however, the conditions

imposed on m and t in (iii) will dictate whether this behavior of Rℓnys(Σ̂) may be achieved
with a reduced computational complexity (m < n). We also would like to highlight that the
results presented in Theorem 3, which are obtained for the U-statistic estimator Σ̂ of the
centered covariance operator, Σ, matches up to constants, the results in Theorem 2 of Sterge
et al. (2020), which were derived for the uncentered covariance operator, C.

The following corollaries derive convergence rates from the bounds in Theorem 3 under
the polynomial and exponential decay assumption on the eigenvalues of Σ.

Corollary 5 Suppose Ai−α ≤ λi ≤ Āi−α for some α > 1 and 0 < A < Ā < ∞. Let

ℓ = n
θ
α , where 0 < θ ≤ α. Then

(i)

n−θ(1−
1
α
) . Rℓ(Σ) . n−θ(1−

1
α
).

There exists an N ∈ N such that for all n > N , the following hold:

(ii)

n−θ(1−
1
α
) . Rℓ(Σ̂) .Pn




n−θ(1−

1
α
), θ < 1

(
logn
n

)1− 1
α
, θ ≥ 1

;

11
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(iii)

n−θ(1−
1
α
) . Rℓnys(Σ̂) .Pn




n−θ(1−

1
α
), θ < 1, m & nθ log n

(
logn
n

)1− 1
α
, θ ≥ 1 ,m & n

logn log
n

logn

.

Remark 6 (i) Of course, α > 1 is required to ensure that Σ is trace class. Observing (ii)
and (iii) of Corollary 5, we see that the convergence rates of Rℓ(Σ̂) and Rℓnys(Σ̂) rely heavily

on the growth of ℓ through θ. Comparing Rℓ(Σ̂) to Rℓ(Σ), EKPCA will match the conver-
gence rate of KPCA provided ℓ does not grow faster than n1/α. We note that 0 < θ < 1
is the only sensible regime both computationally and statistically, as θ ≥ 1 increases the

computational complexity while the rate plateaus at (log n/n)1−
1
α .

(ii) When θ < 1, the convergence rate of Rℓnys(Σ̂) is equal to that of Rℓ(Σ) and Rℓ(Σ̂),

provided m & nθ log n, i.e., if ℓ grows to infinity not faster than n1/α and the number of
subsamples m grows sufficiently fast, then NY-EKPCA and EKPCA enjoy the same statis-
tical behavior. From a computational perspective, the computational complexity of EKPCA

is O(n2+
θ
α ), while the complexity of NY-EKPCA is O(nm2 +m2ℓ) = O(nm2). Thus, NY-

EKPCA will offer a computational advantage with no loss in statistical performance, if
θ < 1

2 + θ
2α , i.e., θ <

α
2α−1 . This means NY-EKPCA has better computational complexity

and same statistical rates for θ < α
2α−1 while it loses the computational edge with no loss

in the statistical behavior when α
2α−1 ≤ θ < 1. Note that the first few principal components

are often the greatest interest in practice; thus, the case θ < 1 may be more relevant in
applications.

Corollary 7 (Exponential decay of eigenvalues) Suppose Be−τi ≤ λi ≤ B̄e−τi for
τ > 0 and B, B̄ ∈ (0,∞). Let ℓ = 1

τ log n
θ for θ > 0. Then

(i)

n−θ . Rℓ(Σ) . n−θ.

There exists an N ∈ N such that for all n > N , the following hold:

(ii)

n−θ . Rℓ(Σ̂) .Pn

{
n−θ log n, θ < 1

n−1(log n)2, θ ≥ 1
;

(iii)

n−θ . Rℓnys(Σ̂) .Pn

{
n−θ log n, θ < 1, m & nθ log n

n−1(log n)2, θ ≥ 1, m & n
logn log

n
logn

.

Corollary 7 shares similar behavior to that Corollary 5 as discussed in Remark 6 but yields
faster rates than in Corollary 5 because of the faster decay rate of eigenvalues. We do not
include the proof of Corollary 7 in Section 6 as it is very similar to that (Sterge et al., 2020,
Corollary 4.3).

12
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4.2 Reconstruction error in L2(P)-norm

While defining the reconstruction error of NY-KPCA in H is the most natural construction,
we additionally study the reconstruction error of NY-KPCA in L2(P) to allow for comparison
with another popular approximation based on random features. Random feature approxi-
mation (Rahimi and Recht, 2008a) computes a random low-dimensional approximation of
the kernel, which is then used in place of k in learning methodologies to achieve reduced
computational complexity. To elaborate, suppose

k(x, y) =

∫

Θ
ϕ(x, θ)ϕ(y, θ)dΛ(θ),

where ϕ(x, ·) ∈ L2(Θ,Λ) for all x ∈ X and Λ is a probability measure (w.l.o.g.) on a mea-

surable space, Θ. For a random sample (θi)
m
i=1

i. i. d.∼ Λ, the random feature approximation
to k is constructed as

km(x, y) =
1

m

m∑

i=1

ϕ(x, θi)ϕ(y, θi) = 〈Φm(x),Φm(y)〉2 ,

where Φm(x) = 1√
m
(ϕ(x, θ1), . . . , ϕ(x, θm)))

⊤ is the approximate feature map, i.e., an ap-

proximation to the canonical feature map, Φ(x) := k(·, x). It can be shown (Sriperumbudur
and Sterge, 2022, Section 3.3) that km is the reproducing kernel of anm-dimensional RKHS,
denoted Hm, which is isometrically isomorphic to R

m. Random feature KPCA (RF-KPCA)
involves solving

arg sup
{
〈f,Σmf〉Hm

: f ∈ Hm, ‖f‖Hm = 1
}
,

where

Σm =

∫

X
km(·, x)⊗Hm km(·, x)dP(x)−

(∫

X
km(·, x)dP(x)

)
⊗Hm

(∫

X
km(·, x)dP(x)

)
,

is the approximate covariance operator on Hm induced by km. Note that RF-KPCA is
exactly KPCA but with Σ and H being replaced by their approximate counterparts, i.e.,
Σm and Hm, respectively. This means, the solution to RF-KPCA is the eigenfunction
that corresponds to the maximum eigenvalue of Σm. The empirical version of RF-KPCA,
referred to as RF-EKPCA, involves solving RF-KPCA with Σ replaced by its U-statistic
estimator

Σ̂m =
1

2n(n− 1)

n∑

i 6=j
(km(·, Xi)− km(·, Xj))⊗Hm (km(·, Xi)− km(·, Xj)) .

Note that the computation of top-ℓ eigenfunctions, (φ̂m,i)
ℓ
i=1 ⊂ Hm, of Σ̂m by RF-EKPCA

has a computational complexity O(m2ℓ +m2n), an improvement upon EKPCA provided
m <

√
nℓ, i.e., m = o(

√
nℓ) as n, ℓ→ ∞. The orthogonal projection operator

P ℓrf (Σ̂m) =
ℓ∑

i=1

φ̂m,i ⊗Hm φ̂m,i

13
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may then be used to compute a low-dimensional representation of Xi ∈ X (see Sriperum-
budur and Sterge, 2022, Section 3 for details). We emphasize that in Nyström approxima-
tion, m is the number of subsampled indices, while in random features, m is the number of
random features sampled.

Unlike NY-EKPCA, where the eigenfunctions reside in H, the eigenfunctions (φ̂m,i)i
lie in Hm. Therefore, the reconstruction error of RF-EKPCA in H-norm is ill-defined. To
remedy this issue, Sriperumbudur and Sterge (2022) proposed a reconstruction error named
Reconstruct and Embed (R-E), in which elements in H and Hm are mapped to a common
space, L2(P) through the inclusion and approximation operators,

I : H → L2(P), f 7→ f − fP,

and

A : Hm → L2(P), f =

m∑

i=1

βiϕi 7→
m∑

i=1

βi(ϕi − ϕi,P) = f − fP,

where ϕi,P :=
∫
X ϕi(x) dP(x), ϕi := ϕ(·, θi) and fP =

∫
X f(x)dP(x). As the name suggests,

the functions are first reconstructed inH based on principal components and then embedded
into L2(P). Formally, the reconstruction error for KPCA in L2(P) is defined as

T ℓ(Σ) = E

∥∥∥I(k(·, X)−mP)− IP ℓ(Σ)(k(·, X)−mP)
∥∥∥
2

L2(P)
.

We refer the reader to (Sriperumbudur and Sterge, 2022, Sections 4.1 and 4.2) for details
about the properties of R-E. In the following, we analyze the behavior of NY-EKPCA
w.r.t. R-E and compare it to that of RF-EKPCA. To this end, the R-E reconstruction
errors for EKPCA, RF-EKPCA and NY-EKPCA are defined as

T ℓ(Σ̂) = E

∥∥∥I(k(·, X)−mP)− IP ℓ(Σ̂)(k(·, X)− m̂P)
∥∥∥
2

L2(P)
,

T ℓrf (Σ̂m) = E

∥∥∥I(k(·, X)−mP)− AP ℓrf (Σ̂m)(km(·, X)− m̂P,m)
∥∥∥
2

L2(P)
,

T ℓnys(Σ̂) = E

∥∥∥I(k(·, X)−mP)− IP ℓnys(Σ̂)(k(·, X)− m̂P)
∥∥∥
2

L2(P)
,

respectively, where m̂P,m = 1
n

∑n
i=1 km(·, Xi). Of course, ‖·‖L2(P) is weaker than ‖·‖H, so

naturally we can expect better error behavior of T ℓnys(Σ̂) when compared with Rℓnys(Σ̂).

However, a more interesting comparison is between T ℓnys(Σ̂) and T
ℓ
rf (Σ̂). To facilitate this,

we first present the following result, which gives finite sample bounds on T ℓ(Σ), T ℓ(Σ̂) and
T ℓrf (Σ̂m).

Theorem 8 (Sriperumbudur and Sterge 2022, Theorem 6) Suppose Assumptions 1-
4 hold. For any t > 0, define NΣ(t) = tr(Σ(Σ + tI)−1). Then the following hold:

(i)

T ℓ(Σ) =
∑

i>ℓ

λ2i .

14
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(ii) For any δ > 0 with n ≥ 2 log 2
δ and 140κ

n log 16κn
δ ≤ t ≤ ‖Σ‖L∞(H),

P
n




∑

i≥ℓ
λ2i ≤ T ℓ(Σ̂) ≤ 9NΣ(t)(λℓ+1 + t)2 +

64κ2 log 2
δ

n



 ≥ 1− 3δ.

(iii) Suppose m random features are sampled i. i. d. from a probability measure Λ. For any

δ > 0, n ≥ 2 log 2
δ , m ≥

(
2 ∨ 1024κ2∑

i>ℓ λ
2
i

)
log 2

δ and 140κ
n log 16κn

δ ∨ 86κ
m log 16κm

δ ≤ t ≤
‖Σ‖

L∞(H)

3 , with probability at least 1− 12δ over the joint measure P
n × Λm:

1

4

∑

i>ℓ

λ2i ≤ T ℓrf (Σ̂m) ≤ 162A1(t)(λℓ+1 + t)2 +
640κ2 log 2

δ

3n
+

256κ2 log 2
δ

m
,

where A1(t) := NΣ(t) +
16κ log 2

δ
tm +

√
8κNΣ(t) log

2
δ

tm .

We must note that unlike (i)-(ii), the probability statement in (iii) is with respect to a joint
measure, as it must consider the randomness introduced by the random features. In light
of the previously presented result, we now present an analogous result for NY-EKPCA in
L2(P)-norm.

Theorem 9 Under the same assumptions as in Theorem 3,

P
n

{∑

i>ℓ

λ2i ≤ T ℓnys(Σ̂) ≤ 36NΣ(t)(λℓ+1 + 9t)2 +
32κ2 log 2

δ

n

}
≥ 1− 11δ,

provided the following conditions are satisfied:

1.
(
140κ
n log 16κn

δ ∨ 9κ
n log n

δ

)
≤ t ≤ ‖Σ‖L∞(H) ∧ ‖C‖L∞(H),

2. m ≥ (67 ∨ 5NC,∞(t)) log 4κ
tδ ∨ 140κ

t log 8
tδ ,

3. n ≥ 2 log 2
δ .

Remark 10 (i) Comparing Theorem 9 with Theorem 8(ii), we note that the bounds for
EKPCA and NY-EKPCA are identical up to constants, similar to the case in Theorem 3.
Compared to their counterparts in Theorem 3, T ℓ(Σ̂) and T ℓnys(Σ̂) have similar dependence
on the effective dimension, but a squared dependence on λℓ+1 and t—in contrast to a linear
dependence in Theorem 3. This is a byproduct of working with the L2(P)-norm, which is
weaker than the RKHS norm, and therefore will result in faster convergence rates, as will be
evident in Corollary 11. Additionally, T ℓ(Σ) will decay as ℓ→ ∞ more rapidly than Rℓ(Σ),
as it depends on the sum of squared eigenvalues. The error in estimating the mean element
is not improved in the move to L2(P)-norm; it is bounded as n−1 in all of the empirical
varieties regardless of norm.

(ii) An immediate difference between NY-EKPCA and RF-EKPCA is the dependence on m.
This difference can be seen in both the upper bounds of T ℓrf (Σ̂m) and T

ℓ
nys(Σ̂), as well as the
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size requirements on m. This is primarily due to the approximation error incurred by RF-
EKPCA, which approximates H with an m-dimensional RKHS. Of course, this dependence
on m is crucial in analyzing the computational vs. statistical trade-off between the two
methods.

The following corollaries specialize Theorems 8 and 9 under the polynomial and exponential
decay assumption on the eigenvalues of Σ.

Corollary 11 Suppose Ai−α ≤ λi ≤ Āi−α for some α > 1 and 0 < A < Ā < ∞. Let

ℓ = n
θ
α , where 0 < θ ≤ α. Then

(i)

n−2θ(1− 1
2α

) . T ℓ(Σ) . n−2θ(1− 1
2α

).

There exists an N ∈ N such that for all n > N , the following hold:

(ii)

n−2θ(1− 1
2α

) . T ℓ(Σ̂) .Pn

{
n−2θ(1− 1

2α
), θ < α

2α−1
1
n , θ ≥ α

2α−1

;

(iii)

n−2θ(1− 1
2α

) . T ℓnys(Σ̂) .Pn

{
n−2θ(1− 1

2α
), θ < α

2α−1 , m & nθ log n
1
n , θ ≥ α

2α−1 ,m & n
α

2α−1 log n
;

(iv)

n−2θ(1− 1
2α

)
1{γ≥θ(2− 1

α
)} . T ℓrf (Σ̂m) .Pn×Λm

{
n−2θ(1− 1

2α
), γ ≥ θ(2− 1

α), θ <
α

2α−1

n−γ , γ < 1 ∧ θ(2− 1
α)

,

where m = nγ for 0 < γ ≤ 1.

Remark 12 (i), (ii), and (iv) of Corollary 11 are quoted from Sriperumbudur and Sterge
(2022, Corollary 7).

(i) We first highlight the difference between the L2(P) and H norms through the comparison

of Corollaries 5 and 11. T ℓ(Σ) decays at a rate of n−2θ(1− 1
2α

), which is faster than that of its
analogue in H-norm, i.e., Rℓ(Σ). While Rℓ(Σ̂) and Rℓnys(Σ̂) recover the optimal convergence

rate (compared to KPCA) in the range θ < 1, T ℓ(Σ̂) and T ℓnys(Σ̂) are only able to recover

the optimal rate for θ < α
2α−1 . The 1

n term, which arises due to the empirical recentering,

is never dominant in Rℓ(Σ̂) and Rℓnys(Σ̂); however, it can dominate in T ℓ(Σ̂) and T ℓnys(Σ̂)
depending on the range of θ.

(ii) Observing T ℓ(Σ̂) and T ℓnys(Σ̂) we see that, as in Corollary 5, NY-EKPCA and EKPCA
have similar convergence behavior, provided m is large enough. Therefore, it follows from
Remark 6, that in both H and L2(P), NY-EKPCA will provide less computational cost with
no loss in statistical performance compared to EKPCA. However in L2(P), unlike in H,
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NY-EKPCA is computationally advantageous than EKPCA regardless of the size of θ.

(iii) When θ < α
2α−1 , both RF-EKPCA and NY-EKPCA achieve the optimal convergence

rate of n−2θ(1− 1
2α

), but with NY-EKPCA being more computationally efficient than RF-
EKPCA. This is because, in this regime, RF-EKPCA scales as O(n1+2γ) and NY-EKPCA
as O(n1+2θ) with γ ≥ θ(2 − 1

α) > θ. In the range θ ≥ α
2α−1 , NY-EKPCA achieves faster

convergence rate of 1
n , while RF-EKPCA converges as n−γ with γ < 1. Further, in this

range of θ, NY-EKPCA will offer less computational cost for γ ≥ α
2α−1 , as RF-EKPCA

scales as O(n1+2γ) and NY-EKPCA as O(n1+
2α

2α−1 ). However, we would like to warn that
these comparisons are made based on only lower bounds on m and it is not clear whether
these bounds are sharp.

Corollary 13 Suppose Be−τi ≤ λi ≤ B̄e−τi for τ > 0 and B, B̄ ∈ (0,∞). Let ℓ = 1
τ log n

θ

for θ > 0. Then

(i)

n−2θ . T ℓ(Σ) . n−2θ.

There exists ñ ∈ N such that for all n > ñ, the following hold:

(ii)

n−2θ . T ℓ(Σ̂) .Pn

{
n−2θ log n, θ ≤ 1

2
1
n , θ > 1

2

;

(iii)

n−2θ . T ℓnys(Σ̂) .Pn

{
n−2θ log n, θ ≤ 1

2 , m & nθ log n
logn
n , θ > 1

2 , m &
√
n log n

;

(iv) For 0 < γ ≤ 1 and m = nγ,

n−2θ
1{γ≥2θ} .Λm T ℓrf (Σ̂m) .Pn×Λm

{
n−2θ log n, γ ≥ 2θ, θ ≤ 1

2

n−γ , γ < 2θ, γ ≤ 1
.

5. Discussion

We have studied the trade-off between statistical accuracy and computational complexity
in Nyström-based approximate kernel PCA. While it is clear that Nyström kernel PCA is
computationally advantageous to EKPCA for Nyström subsamples m < n, we have showed
the error in reconstructing k(·, X) in H using ℓ-eigenfunctions in Nyström kernel PCA to
be statistically optimal, provided m is large enough, and ℓ small enough. Additionally, the
size of m depends on the number of eigenfunctions ℓ; larger ℓ requires more subsamples to
achieve the best possible statistical behavior. Unlike several existing theoretical works on
kernel PCA, we derived these results by not assuming the mean element of k to be zero.
Further, we adapted our notion of reconstruction error to the L2(P) setting in order to
compare Nyström kernel PCA with random feature-based kernel PCA. In L2(P), we showed
Nyström kernel PCA to achieve the best possible statistical behavior, while maintaining its
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computational edge regardless of the number of eigenfunctions, ℓ. In comparison to random
features, we showed Nyström KPCA to require fewer Nyström samples than the number of
random features for RF-EKPCA in order to achieve optimal statistical rates. However, we
express caution that this observation is based only on lower bounds on m and the sharpness
of these bounds have to be established. Further comparison to random features could be
explored by considering alternative definitions of reconstruction error in L2(P) as proposed
in Sriperumbudur and Sterge (2022).

While this work considers only plain Nyström, that is, choosing subsamples uniformly,
it is possible to choose these subsamples with probabilities proportional to their individual
leverage scores, defined as the diagonal entries of the matrix (K + ntIn)

−1K. Considera-
tion of Nyström subsampling according to the leverage scores has yielded success in kernel
ridge regression (Rudi et al., 2015; Alaoui and Mahoney, 2015), where it has led to relaxed
requirements on the size of m necessary to achieve best possible statistical behavior. Thus,
the computational benefit provided by Nyström is more pronounced when points are sam-
pled according to the leverage score distribution. Though leverage score sampling has been
studied successfully in uncentered Nyström KPCA (Sterge et al., 2020), the U-statistic esti-
mator considered in this work introduces significant technical challenges, and so is relegated
to future work.

6. Proofs

In this section, we present the proofs of the results of the paper.

6.1 Proof of Proposition 2

Note that any f ∈ H̄m can be written as S̃∗
mHmα for some α ∈ R

m. Then the objective in
(9) can be written as

〈
f, Σ̂f

〉
H
=
〈
S̃∗
mHmα, Σ̂S̃

∗
mHmα

〉
H
=

1

n(n− 1)

〈
S̃∗
mHmα, S

∗
nHnSnS̃

∗
mHmα

〉
H

=
1

n(n− 1)

〈
SnS̃

∗
mHmα,HnSnS̃

∗
mHmα

〉
2
=

1

n(n− 1)
〈KnmHmα,HnKnmHmα〉2

=
1

n(n− 1)
〈KmnHnKnmHmα,Hmα〉2 ,

where we have used Lemma A.7 in several steps. Similarly, the constraint in (9) can be
written as

‖f‖2H =
∥∥∥S̃∗

mHmα

∥∥∥
2

H
=
〈
S̃∗
mHmα, S̃

∗
mHmα

〉
H
=
〈
S̃mS̃

∗
mHmα,Hmα

〉
2

= 〈KmmHmα,Hmα〉2 =
∥∥∥K1/2

mmHmα

∥∥∥
2

2
,

which also follows from Lemma A.7. Thus, we may express (9) as

sup
α∈Rm∥∥∥K1/2

mmHmα

∥∥∥
2
=1

1

n(n− 1)
〈KmnHnKnmHmα,Hmα〉2 .
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Let u = K
1/2
mmHmα, and the above problem may be written as

sup
u∈R(K

1/2
mmHm)

u
⊤
u=1

1

n(n− 1)

〈
KmnHnKnmK

−1/2
mm u,K−1/2

mm u
〉
2
= sup

u∈R(K
1/2
mmHm)

u
⊤
u=1

1

n(n− 1)
u⊤Mu,

where M := K
−1/2
mm KmnHnKnmK

−1/2
mm . The solution to the above problem is the unit

eigenvector of 1
n(n−1)M corresponding to its largest eigenvalue; denote this eigenvector as

u1 with eigenvalue λ̃1. We then have Hmα1 = K
−1/2
mm u1 yielding the function in H̄m,

φ̃1 = S̃∗
mK

−1/2
mm u1,

solving (9). Subsequent eigenfunctions φ̃i may be computed in a similar manner from the
eigenvectors of 1

n(n−1)M, and the orthonormality of the {φ̃i}i follows from the orthonor-

mality of the {ui}i, i.e.,
〈
φ̃i, φ̃j

〉
H
=
〈
S̃∗
mK

−1/2
mm ui, S̃

∗
mK

−1/2
mm uj

〉
2
=
〈
K−1/2
mm KmmK

−1/2
mm ui,uj

〉
2
= δij .

6.2 Proofs of (11) and (12)

(11) is immediate because H̄m = R(S̃∗
mHm) and

HmS̃mS̃
∗
mHm = HmKmmHm.

To verify (12), because φ̃i ∈ H̄m for all i ∈ [m], we have

P̄mΣ̂P̄mφ̃i = P̄mΣ̂φ̃i =
1

n(n− 1)
P̄mS

∗
nHnSnS̃

∗
mK

−1/2
mm ui

=
1

n(n− 1)
S̃∗
mHm(HmKmmHm)

+HmS̃mS
∗
nHnSnS̃

∗
mK

−1/2
mm ui

=
1

n(n− 1)
S̃∗
mHm(HmKmmHm)

+HmKmnHnKnmK
−1/2
mm ui

=
1

n(n− 1)
S̃∗
mHm(HmKmmHm)

+HmK
1/2
mmMui

= λ̃iS̃
∗
mHm(HmKmmHm)

+HmKmmHmαi = λ̃iP̄mS̃
∗
mHmαi = λ̃iφ̃i,

which follows from Lemma A.7, thereby completing the proof.

6.3 Proof of Theorem 3

For notational convenience, we define k̄(·, X) := k(·, X)−mP.

(i) From Lemma A.6, we have

Rℓ(Σ) =
∥∥∥(I − P ℓ(Σ))Σ1/2

∥∥∥
2

L2(H)
= tr

(
(I − P ℓ(Σ))Σ(I − P ℓ(Σ))

)
=
∑

i>ℓ

λi.
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(ii) Upper Bound: We write

Rℓ(Σ̂) = E

∥∥∥(k(·, X)−mP)− P ℓ(Σ̂)(k(·, X)− m̂P)
∥∥∥
2

H

= E

∥∥∥(I − P ℓ(Σ̂))k̄(·, X)
∥∥∥
2

H
+
∥∥∥P ℓ(Σ̂)(mP − m̂P)

∥∥∥
2

H

−2E
〈
(I − P ℓ(Σ̂))k̄(·, X), P ℓ(Σ̂)(mP − m̂P)

〉
H

=
∥∥∥(I − P ℓ(Σ̂))Σ1/2

∥∥∥
2

L2(H)︸ ︷︷ ︸
A

+
∥∥∥P ℓ(Σ̂)(mP − m̂P)

∥∥∥
2

H︸ ︷︷ ︸
B

, (15)

where the last equality holds because E[k̄(·, X)] = 0 and we have employed Lemma A.6.
For any t > 0 we have

A =
∥∥∥(I − P ℓ(Σ̂))(Σ̂ + tI)1/2(Σ̂ + tI)−1/2(Σ + tI)1/2(Σ + tI)−1/2Σ1/2

∥∥∥
2

L2(H)

≤
∥∥∥(Σ + tI)−1/2Σ1/2

∥∥∥
2

L2(H)

∥∥∥(Σ̂ + tI)−1/2(Σ + tI)1/2
∥∥∥
2

L∞(H)

×
∥∥∥(I − P ℓ(Σ̂))(Σ̂ + tI)1/2

∥∥∥
2

L∞(H)

(†)
≤ NΣ(t)

∥∥∥(Σ̂ + tI)−1/2(Σ + tI)1/2
∥∥∥
2

L∞(H)
(λ̂ℓ+1 + t), (16)

where we have used
∥∥∥(Σ + tI)−1/2Σ1/2

∥∥∥
2

L2(H)
= tr

(
Σ1/2(Σ + tI)−1Σ1/2

)
= NΣ(t),

which holds via invariance of trace under cyclic permutations, in (†). The result follows
from applying Lemma A.1 to (16) and Lemma A.3 to B , noticing that

B ≤
∥∥∥P ℓ(Σ̂)

∥∥∥
2

L∞(H)
‖mP − m̂P‖2H ≤ ‖mP − m̂P‖2H .

Lower Bound: It is clear from (15) that Rℓ(Σ̂) ≥ A . We will show that

Rℓ(Σ) = inf
{ψi}i∈Q

∥∥∥(I − Pψ,ℓ) Σ
1/2
∥∥∥
2

L2(H)

where Pψ,ℓ =
∑ℓ

i=1 ψi ⊗H ψi and

Q =
{
{ψi}ℓi=1 ⊂ H : 〈ψi, ψj〉H = δij , ∀i, j ∈ [ℓ]

}
,

which in turn implies that A ≥ Rℓ(Σ). We have
∥∥∥(I − Pψ,ℓ) Σ

1/2
∥∥∥
2

L2(H)
= tr

[
Σ1/2(I − Pψ,ℓ)(I − Pψ,ℓ)Σ

1/2
]
= tr [(I − Pψ,ℓ)Σ]

=
∑

i≥1

λi − 〈Pψ,ℓ,Σ〉L2(H) . (17)

20



Optimality and Efficiency of Nyström KPCA

Clearly the l.h.s. of (17) is minimized if and only if 〈Pψ,ℓ,Σ〉L2(H) is maximized over Q,

which occurs only when ψi = φi, yielding 〈Pψ,ℓ,Σ〉L2(H) =
∑ℓ

i=1 λi.

(iii) Upper Bound: We first establish notation for the uncentered covariance operator,

C :=

∫

X
k(·, x)⊗H k(·, x)dP(x),

and its empirical estimate

Cn =
1

n

n∑

i=1

k(·, Xi)⊗H k(·, Xi),

which will be necessary for our upcoming analysis. We decompose the reconstruction error
as

Rℓnys(Σ̂) = E

∥∥∥(k(·, X)−mP)− P ℓnys(Σ̂)(k(·, X)− m̂P)
∥∥∥
2

H

= E

∥∥∥(I − P ℓnys(Σ̂))k̄(·, X)
∥∥∥
2

H︸ ︷︷ ︸
C

+
∥∥∥P ℓnys(Σ̂)(mP − m̂P)

∥∥∥
2

H︸ ︷︷ ︸
D

−2E
〈
(I − P ℓnys(Σ̂))k̄(·, X), P ℓnys(Σ̂)(mP − m̂P)

〉
H
. (18)

Now E[k̄(·, X)] = 0 implies the third term in (18) is 0. D can be bound by writing

D ≤
∥∥∥P ℓnys(Σ̂)

∥∥∥
2

L∞(H)
‖mP − m̂P‖2H ≤ ‖mP − m̂P‖2H ,

and applying Lemma A.3, yields

P
n

{
D ≤ 32κ log 2

δ

n

}
≥ 1− δ. (19)

Regarding C , for any t > 0, we have

C
(⋆)
=
∥∥∥(I − P ℓnys(Σ̂))Σ

1/2
∥∥∥
2

L2(H)

=
∥∥∥(I − P ℓnys(Σ̂))(Σ̂ + tI)1/2(Σ̂ + tI)−1/2Σ1/2

∥∥∥
2

L2(H)

≤
∥∥∥(I − P ℓnys(Σ̂))(Σ̂ + tI)1/2

∥∥∥
2

L∞(H)

∥∥∥(Σ̂ + tI)−1/2Σ1/2
∥∥∥
2

L2(H)

≤
∥∥∥(I − P ℓnys(Σ̂))(Σ̂ + tI)1/2

∥∥∥
2

L∞(H)

∥∥∥(Σ̂ + tI)−1/2(Σ + tI)1/2
∥∥∥
2

L∞(H)

×
∥∥∥(Σ + tI)−1/2Σ1/2

∥∥∥
2

L2(H)

(†)
≤ 2NΣ(t)

∥∥∥(I − P ℓnys(Σ̂))(Σ̂ + tI)1/2
∥∥∥
2

L∞(H)
, (20)
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where we have used Lemma A.6 in (⋆) and Lemma A.1 in (†). For convenience, we now let
Σ̂t = Σ̂ + tI. Observing the last term, we have

∥∥∥(I − P ℓnys(Σ̂))(Σ̂ + tI)1/2
∥∥∥
2

L∞(H)

≤
(∥∥∥(I − P̄m)Σ̂

1/2
t

∥∥∥
L∞(H)

+
∥∥∥(P̄m − P ℓnys(Σ̂))Σ̂

1/2
t

∥∥∥
L∞(H)

)2

≤ 2
∥∥∥
(
I − P̄m

)
Σ̂
1/2
t

∥∥∥
2

L∞(H)
+ 2

∥∥∥
(
P̄m − P ℓnys(Σ̂)

)
Σ̂
1/2
t

∥∥∥
2

L∞(H)

≤ 2
∥∥∥(I − P̄m)Σ

1/2
t

∥∥∥
2

L∞(H)

∥∥∥Σ−1/2
t Σ̂

1/2
t

∥∥∥
2

L∞(H)︸ ︷︷ ︸
C1

+2
∥∥∥(I − P ℓnys(Σ̂))P̄mΣ̂

1/2
t

∥∥∥
2

L∞(H)
(21)

= 2 C1 + 2
∥∥∥(I − P ℓnys(Σ̂))P̄mΣ̂tP̄m(I − P ℓnys(Σ̂))

∥∥∥
L∞(H)

≤ 2 C1 + 2
∥∥∥(I − P ℓnys(Σ̂))P̄mΣ̂P̄m(I − P ℓnys(Σ̂))

∥∥∥
L∞(H)

+2t
∥∥∥(I − P ℓnys(Σ̂))P̄m(I − P ℓnys(Σ̂))

∥∥∥
L∞(H)

≤ 2 C1 + 2
(
λ̃ℓ+1 + t

)
, (22)

where we have used R(P ℓnys(Σ̂)) ⊂ R(P̄m) in (21), and (22) holds because P ℓnys(Σ̂) projects

onto the ℓ-eigenspace of P̄mΣ̂P̄m. Lemmas A.5 and A.1(iii) give

P
n
{

C1 ≤ 3t
}
≥ 1− 4δ. (23)

Continuing, we have

λ̃ℓ+1 + t ≤ |λ̃ℓ+1 − λ̂ℓ+1|+ λ̂ℓ+1 + t
(†)
≤ 1

n(n− 1)

∥∥∥
(
K̃−K

)
Hn

∥∥∥
L∞(Rn)

+ λ̂ℓ+1 + t, (24)

where (†) uses the Hoffman-Wielandt inequality (Bhatia and Elsner, 1994) because λ̃ℓ+1

(resp. λ̂ℓ+1) is an eigenvalue of K̃Hn (resp. KHn). Letting Pm to be the orthogonal
projector onto span{k(·, Xrj )|j ∈ [m]}, it is easy to verify that Pm = S̃∗

mK
−1
mmS̃m (Rudi

et al., 2015, Lemma 1). Using SnS̃
∗
m = Knm, which follows from Lemma A.7(ii), we have

the expression

K̃ = KnmK
−1
mmKmn = SnS̃

∗
mK

−1
mmS̃mS

∗
n = SnPmS

∗
n.

Thus, we may write,

∥∥∥
(
K̃−K

)
Hn

∥∥∥
L∞(Rn)

≤
∥∥∥K̃−K

∥∥∥
L∞(Rn)

‖Hn‖L∞(Rn) = n ‖Sn(I − Pm)S
∗
n‖L∞(Rn)

= n ‖(I − Pm)S
∗
nSn(I − Pm)‖L∞(H)

= n2 ‖(I − Pm)Cn(I − Pm)‖L∞(H) , (25)
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where we have used Lemma A.7(iv) in (25). Proceeding,

(25) = n2
∥∥∥C1/2

n (I − Pm)
2C1/2

n

∥∥∥
L∞(H)

≤n2
∥∥∥C1/2

n (C + tI)−1/2
∥∥∥
2

L∞(H)

∥∥∥(C + tI)1/2(I − Pm)
∥∥∥
2

L∞(H)

≤ n2
∥∥∥C1/2

n (Cn + tI)−1/2
∥∥∥
2

L∞(H)

∥∥∥(Cn + tI)1/2(C + tI)−1/2
∥∥∥
2

L∞(H)

×
∥∥∥(C + tI)1/2(I − Pm)

∥∥∥
2

L∞(H)

≤n2
∥∥∥(Cn + tI)1/2(C + tI)−1/2

∥∥∥
2

L∞(H)

∥∥∥(C + tI)1/2(I − Pm)
∥∥∥
2

L∞(H)
. (26)

Applying Lemmas A.2 and A.4 to (26) and Lemma A.1(iv) in (24) gives

P
n

{
λ̃ℓ+1 + t ≤ 9n2t

2n(n− 1)
+

3

2
(λℓ+1 + t)

}
≥ 1− 4δ. (27)

Combining (27) with (23) in (22) gives

P
n

{∥∥∥(I − P ℓnys(Σ̂))(Σ̂ + tI)1/2
∥∥∥
2

L∞(H)
≤ 27t+ 3λℓ+1

}
≥ 1− 8δ, (28)

where we note that 1
n−1 ≤ 2

n for n ≥ 2. The result follows by combining (28), (20), and
(19) in (18).

Lower Bound: Using (18) we have

Rℓnys(Σ̂) = C + D ≥
∥∥∥
(
I − P ℓnys(Σ̂)

)
Σ1/2

∥∥∥
2

L2(H)
.

Since we have shown in (ii) that

Rℓ(Σ) = inf
{ψi}i∈Q

∥∥∥(I − Pψ,ℓ) Σ
1/2
∥∥∥
2

L2(H)
,

the lower bound follows immediately.

6.4 Proof of Corollary 5

(i) From Theorem 3(i) we have

Rℓ(Σ) =
∑

i>ℓ

λi .
∑

i>ℓ

i−α .

∫ ∞

ℓ
x−αdx . ℓ1−α = n−θ(1−

1
α
).

Similarly,

Rℓ(Σ) =
∑

i>ℓ

λi &
∑

i>ℓ

i−α &

∫ ∞

ℓ+1
x−αdx & (ℓ+ 1)1−α & n−θ(1−

1
α
).
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(ii) Theorem 3(ii) and (Sriperumbudur and Sterge, 2022, Lemma B.9) yield

Rℓ(Σ̂) .Pn t−1/α(n−θ + t) +
1

n
,

for logn
n . t . 1 where we have used λℓ . ℓ−α = n−θ. Now if θ < 1

inf

{
t−1/α(n−θ + t) +

1

n
:
log n

n
. t . 1

}
. n−θ(1−

1
α
) +

1

n
,

and for θ ≥ 1

inf

{
t−1/α(n−θ + t) +

1

n
:
log n

n
. t . 1

}
.

(
log n

n

)α−1
α

+
1

n
,

yielding the result.

(iii) Theorem 3(iii) and (Sriperumbudur and Sterge, 2022, Lemma B.9) yield

R
Σ̂,ℓ

.Pn t−1/α(n−θ + t) +
1

n
,

with logn
n . t . 1 and m &

(
1
t ∨NC,∞(t)

)
log 1

t . Since NC,∞(t) . 1
t , we have m & 1

t log
1
t ,

and the result follows as in (ii).

6.5 Proof of Theorem 9

Upper Bound: We have

T ℓnys(Σ̂) = E

∥∥∥Ik̄(·, X)− IP ℓnys(Σ̂)(k(·, X)− m̂P)
∥∥∥
2

L2(P)

= E

∥∥∥I(I − P ℓnys(Σ̂))k̄(·, X)
∥∥∥
2

L2(P)︸ ︷︷ ︸
E

+
∥∥∥IP ℓnys(Σ̂)(mP − m̂P)

∥∥∥
2

L2(P)︸ ︷︷ ︸
F

−2E
〈
I(I − P ℓnys(Σ̂))k̄(·, X), IP ℓnys(Σ̂)(mP − m̂P)

〉
L2(P)

. (29)

The third term of (29) is 0, because E[k̄(·, X)] = 0. Using Σ = I
∗
I (Sriperumbudur and

Sterge, 2022, Proposition C.2 (iii)) we write

E = E

∥∥∥I(I − P ℓnys(Σ̂))k̄(·, X)
∥∥∥
2

L2(P)
=
〈
Σ(I − P ℓnys(Σ̂))k̄(·, X), (I − P ℓnys(Σ̂))k̄(·, X)

〉
H

(†)
=
∥∥∥Σ1/2(I − P ℓnys(Σ̂))Σ

1/2
∥∥∥
2

L2(H)
, (30)

where (†) follows from Lemma A.6. Now (30) is similar to C in the proof of Theorem
3(iii), and the proof will proceed similarly. Using a similar argument to that in (20), and
the idempotency of I − P ℓnys(Σ̂), we have

∥∥∥Σ1/2(I − P ℓnys(Σ̂))Σ
1/2
∥∥∥
2

L2(H)

≤ NΣ(t)
∥∥∥Σ−1/2

t Σ1/2
∥∥∥
2

L∞(H)

∥∥∥Σ1/2
t (I − P ℓnys(Σ̂))

∥∥∥
4

L∞(H)

≤ NΣ(t)
∥∥∥Σ̂−1/2

t Σ
1/2
t

∥∥∥
4

L∞(H)

∥∥∥(I − P ℓnys(Σ̂))Σ̂
1/2
t

∥∥∥
4

L∞(H)
. (31)
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The last term in (31) is simply the square of the last term of (20); therefore, we simply
apply the result from (28), yielding

P
n

{∥∥∥Σ̂1/2
t (I − P ℓnys(Σ̂))

∥∥∥
4

L∞(H)
≤ 9(9t+ λℓ+1)

2

}
≥ 1− 8δ. (32)

Continuing,

F =
∥∥∥Σ1/2P ℓnys(Σ̂)(mP − m̂P)

∥∥∥
2

H
≤ ‖Σ‖2L∞(H)

∥∥∥P ℓnys(Σ̂)
∥∥∥
2

L∞(H)
‖mP − m̂P‖2H

≤ κ ‖mP − m̂P‖2H ≤ 32κ2 log 2
δ

n
, (33)

where last inequality holds with probability at least 1 − δ from Lemma A.3. The result
follows by applying Lemma A.1(ii) to the middle term in (31) and combining with (32) and
(33).

Lower Bound: The proof of (Sriperumbudur and Sterge, 2022, Theorem 6(ii)) gives

∑

i>ℓ

λ2i = inf
{ψi}i∈Q

∥∥∥Σ1/2 (I − Pψ,ℓ) Σ
1/2
∥∥∥
2

L2(H)
.

The result therefore follows by noticing that

T ℓnys(Σ̂) ≥ E =
∥∥∥Σ1/2

(
I − P ℓnys(Σ̂)

)
Σ1/2

∥∥∥
2

L2(H)
.

6.6 Proof of Corollary 11

(i), (ii), (iv) are provided in (Sriperumbudur and Sterge, 2022, Corollary 7).
(iii) The lower bound follows immediately from previous results. For the upper bound,
Theorem 9 and the proof of Corollary 5 (ii) yield

T ℓnys(Σ̂) .Pn t−1/α(t+ n−θ)2 +
1

n
, (34)

for logn
n . t . 1 and m &

(
1
t ∨NC,∞(t)

)
log 1

t . Now

NC,∞(t) = sup
x∈X

〈
k(·, x), (C + tI)−1k(·, x)

〉
H .

1

t
;

thus, m & 1
t log

1
t . Larger values of t correspond to smaller requirement on m; thus, to

optimize the performance of NY-EKPCA we select the largest value of t such that the
behavior of (34) matches that of T ℓ(Σ̂). Setting t = n−θ when θ < α

2α−1 and t = n−
α

2α−1

when θ ≥ α
2α−1 yields the result.
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Appendix A. Technical Results

The following are a collection of technical results that are needed to prove the main results
of this paper.

Lemma A.1 (Sriperumbudur and Sterge, 2022, Lemma B.2) Let H be a separable
Hilbert space and X a separable topological space. Define

C =
1

2

∫

X×X
(ν(x)− ν(y))⊗H (ν(x)− ν(y)) dP (x, y)

where ν : X → H is Bochner measurable with supx∈X ‖ν(x)‖ = κ. For {Xi}ri=1
i. i. d.∼ P with

r ≥ 2, define

Ĉ =
1

2r(r − 1)

r∑

i 6=j
(ν(Xi)− ν(Xj))⊗H (ν(Xi)− ν(Xj)) .

Then the following hold for any 0 ≤ δ ≤ 1
2 and 140κ

r log 16κr
δ ≤ t ≤ ‖C‖L∞(H):

(i) P r
{∥∥∥(C+ tI)−1/2(Ĉ− C)(C+ tI)−1/2

∥∥∥
L∞(H)

≤ 1
2

}
≥ 1− 2δ;

(ii) P r
{√

2
3 ≤

∥∥∥(C+ tI)1/2(Ĉ+ tI)−1/2
∥∥∥
L∞(H)

≤
√
2

}
≥ 1− 2δ;

(iii) P r
{∥∥∥(C+ tI)−1/2(Ĉ+ tI)1/2

∥∥∥
L∞(H)

≤
√

3
2

}
≥ 1− 2δ;
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(iv) P r
{
λk(Ĉ) + t ≤ 3

2(λk(C) + t)
}
≥ 1− 2δ for all k ≥ 1;

(v) P r
{
λk(C) + t ≤ 2(λk(Ĉ) + t)

}
≥ 1− 2δ for all k ≥ 1.

Lemma A.2 (Sterge et al., 2020, Lemma A.1) Suppose Assumption 1 holds and

9κ

n
log

n

δ
≤ t ≤ ‖C‖L∞(H)

for any 0 < δ < 1. Then

P
n

{∥∥∥(Cn + tI)1/2(C + tI)−1/2
∥∥∥
L∞(H)

≤
√

3

2

}
≥ 1− δ,

where C =
∫
k(·, x)⊗H k(·, x) dP(x), Cn = 1

n

∑n
i=1 k(·, Xi)⊗H k(·, Xi) and (Xi)i∈[n]

i.i.d.∼ P.

Lemma A.3 (Sriperumbudur and Sterge, 2022, Lemma B.5(i)) Suppose Assump-
tion 1 holds and n ≥ 2 log 2

δ for any 0 < δ < 1. Then

P
n

{
‖mP − m̂P‖2H ≤ 32κ log 2

δ

n

}
≥ 1− δ,

where mP =
∫
k(·, x) dP(x) and m̂P = 1

n

∑n
i=1 k(·, Xi).

Lemma A.4 (Rudi et al. 2015, Lemma 6) Suppose Assumption 1 holds, and for some
m < n, the set of indices {i1, · · · , im} is drawn uniformly without replacement from [n]. For
some t > 0, define NC,∞(t) = supx∈X

〈
k(·, x), (C + tI)−1k(·, x)

〉
H, where C =

∫
X k(·, x)⊗H

k(·, x) dP(x) is the uncentered covariance operator. Then, for any δ > 0 and m ≥ (67 ∨
5NC,∞(t)) log 4κ

tδ , we have

P
n

{∥∥∥(I − Pm)(C + tI)1/2
∥∥∥
2

L∞(H)
≤ 3t

}
≥ 1− δ,

where Pm is the orthogonal projector onto span{k(·, Xij )|j ∈ [m]}.

The following is an adaption of Rudi et al. (2015, Lemma 6) for U-statistics.

Lemma A.5 Suppose Assumption 1 holds, and for somem < n, the set of indices {ij}mj=1 is

drawn uniformly from the set of all partitions of size m of {1, 2, ..., n}. Then, for 0 ≤ δ ≤ 1
2 ,

0 < t ≤ ‖Σ‖L∞(H) and m ≥ 140κ
t log 8

tδ , we have

P
n

{∥∥∥(I − P̄m)(Σ + tI)1/2
∥∥∥
2

L∞(H)
≤ 2t

}
≥ 1− 2δ,

where P̄m is the orthogonal projector onto H̄m as defined in Section 3.2.
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Proof Define

Σ̂m :=
1

2m(m− 1)

m∑

j 6=l
(k(·, Xij )− k(·, Xil))⊗H (k(·, Xij )− k(·, Xil)),

which means

Σ̂m =
1

2m(m− 1)
S̃∗
mHmS̃m =

1

2(m− 1)
S̃∗
mC

2
mS̃m = Z∗Z,

where Z∗ = 1√
2(m−1)

S̃∗
mCm. Note that Z∗ has range H̄m, and so R(P̄m) = R(Z∗). There-

fore, by Proposition 3 of Rudi et al. (2015), we have

∥∥∥(I − P̄m)(Σ + tI)1/2
∥∥∥
2

L∞(H)
≤ t

∥∥∥(Σ̂m + tI)−1/2(Σ + t)1/2
∥∥∥
2

L∞(H)
.

The proof is completed by applying Lemma A.1.

Lemma A.6 For any orthogonal projector P : H → H, the following holds:

EX∼P ‖(I − P )(k(·, X)−mP)‖2H =
∥∥∥(I − P )Σ1/2

∥∥∥
2

L2(H)
.

Proof By denoting k̄(·, X) := k(·, X)−mP, we have

E
∥∥(I − P )k̄(·, X)

∥∥2
H = E

〈
(I − P )k̄(·, X), (I − P )k̄(·, X)

〉
H

= E
〈
(I − P )k̄(·, X), k̄(·, X)

〉
H = E

〈
I − P, k̄(·, X)⊗H k̄(·, X)

〉
L2(H)

,

where we used (I − P )2 = (I − P ). Since k is bounded, and thus Bochner integrable, it
follows that

E
〈
I − P, k̄(·, X)⊗H k̄(·, X)

〉
L2(H)

=
〈
I − P,E[k̄(·, X)⊗H k̄(·, X)]

〉
L2(H)

= 〈I − P,Σ〉L2(H)

= tr ((I − P )Σ) = tr
(
Σ1/2(I − P )2Σ1/2

)
. (35)

The proof is completed by using
∥∥(I − P )Σ1/2

∥∥2
L2(H)

= tr
(
Σ1/2(I − P )2Σ1/2

)
in (35).

The following is a collection of results regarding the sampling operator Sn and its approxi-
mate version, S̃m, which are quoted from Sriperumbudur and Sterge (2022) and Rudi et al.
(2015).

Lemma A.7 The sampling operator,

Sn : H → R
n, f 7→ (f(X1), f(X2), . . . , f(Xn))

⊤ ,

and approximate sampling operator,

S̃m : H → R
m, f 7→ (f(Xr1), f(Xr2), . . . , f(Xrm))

⊤ ,

have the following properties:
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(i) S∗
n : Rn → H, α 7→∑n

i=1 αik(·, Xi);

(ii) 1
n(n−1)S

∗
nHnSn = Σ̂;

(iii) SnS
∗
n = K and S̃mS̃

∗
m = Kmm;

(iv) 1
nS

∗
nSn = 1

n

∑n
i=1 k(·, Xi)⊗H k(·, Xi) = Cn;

(v) Knm = SnS̃
∗
m.

Proof We refer the reader to Sriperumbudur and Sterge (2022, Proposition C.1) for the
proofs of (i), (ii), and (iii). The proofs of (iv) and (v) are provided in Rudi et al. (2015,
Section B).
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