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FIELD GAMES WITH INTERACTION THROUGH THE CONTROLS*
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Abstract. This work considers stochastic differential games with a large number of players,
whose costs and dynamics interact through the empirical distribution of both their states and their
controls. We develop a new framework to prove convergence of finite-player games to the asymptotic
mean field game. Our approach is based on the concept of propagation of chaos for forward and
backward weakly interacting particles which we investigate by stochastic analysis methods, and
which appear to be of independent interest. These propagation of chaos arguments allow us to
derive moment and concentration bounds for the convergence of Nash equilibria.
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1. Introduction. The motivation behind this paper is to present a systematic
method to investigate the asymptotic behavior of a class of symmetric N-player sto-
chastic differential games in continuous time as the number of players N becomes
large. To be more precise, let us briefly describe such a game in the noncooperative
case. We consider a game in which each player (or agent) ¢ € {1,..., N} controls a
diffusion process X*¥ whose evolution is given by

N

. . . 1 .

N 2N N

dxN = b(t, X, =3 5(Xg,N$a{,N)) dt + o dW;
j=1

for some independent Brownian motions W', ..., W where a*" is a control process

chosen by player i and d, is the Dirac delta mass at x. The measurability of o> will

be precised below. Agent i tries to minimize an individual cost
(1.1)
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where we denote =% := (al,..., o'~ ottt . ,aN). In this context, it is natural to
investigate the concept of Nash equilibrium (&*V,...,a&™"). See section 2.1 for def-
initions and a more precise description of the model. Unfortunately, as the number of
players becomes large, the N-Nash equilibrium becomes analytically and (especially)
numerically intractable. The groundbreaking idea of Lasry and Lions [38] and Huang,
Malhamé, and Caines [32] is to argue that, heuristically, for such a symmetric game,

when N goes to infinity, 4"V should converge to a so-called mean field equilibrium

)

*Received by the editors October 11, 2021; accepted for publication (in revised form) February

16, 2022; published electronically June 13, 2022.

https://doi.org/10.1137/22M 1469328

Funding: The work of the first author was supported by ARO grant AWD 1005491 and NSF
award AWD 1005433. The work of the second author was supported by National Science Foundation
grant DMS-2005832.

TORFE, Princeton University, Princeton, NJ 08544 USA (lauriere@princeton.edu, ludovic.
tangpi@princeton.edu).

3535

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/31/23 to 140.180.240.126 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy
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&', which is defined as follows. For a fixed (measurable) measure flow (&);>0 with
second marginals ()0 let (df)tzo be a solution of the stochastic control problem

T
it B[ [ (6.X7 00,60 di + g7 ).
@ 0
AXE = b(t, X, oy, &) dt + o AW

A flow of measures f is an equilibrium flow if it satisfies the following consistency

condition: the law of (Xtdé ,&%) equals & for every t € [0, T7]; the associated control &'
is an equilibrium control. The question at the heart of the present paper is to know
how far & is from &»". In other words, we are interested in an estimation of the
“error” |aBN — al|.

It is only after more than a decade of intensive research on mean field games that
the intriguing heuristics mentioned above have been put into mathematically rigorous
ground and in satisfactory generality. Notably, the works of Lacker [35] and Fischer
[22] proved convergence results on the N-Nash equilibria to the mean field equilibrium
as N goes to infinity for open-loop controls. Using a PDE on the Wasserstein space
called the master equation, Cardaliaguet et al. [12] proved convergence for closed-loop
controls, even in the presence of common noise. We also refer to works by Lacker [36],
Delarue, Lacker, and Ramanan[19, 18], and Cardaliaguet [10] for more recent progress
on this convergence question. Anticipating our brief discussion of these papers in the
soon-to-come literature review (see section 1.2), let us mention at this point that
with the exception of [19], none of the above cited papers investigates nonasymptotic
results, nor do their settings cover games with interactions through the distribution of
controls (or “control interactions” for short).

Games with control interactions, sometimes called “extended,” or mean field game
of controls (MFGC) occur when the dynamics or the cost function of player i may
explicitly depend on the empirical distribution of the controls of the other players,
and not just on their respective states. Such games were first introduced by Gomes,
Patrizi, and Voskanyan [27] and their investigation quickly picked up momentum due
to their relevance in various problems, e.g., in economics and finance. References are
provided below (see section 1.2). One important aspect of our analysis will be to
include the treatment of such games.

1.1. Main results: Informal statements and method. The main result of
this paper is to show that (even) for games with interactions through the controls, un-
der sufficient regularity and convexity assumptions on the coefficients of the game one
obtains a nonasymptotic estimate of the “error” term E[|a" —a%|?] and consequently
convergence of &Y to &'. This moment estimate is bolstered by concentration in-
equalities (some of which are dimension-free) notably bounding the probability that
the Wasserstein distance between the empirical measure of the N-Nash equilibrium
and the law of the mean field equilibrium exceeds a given threshold. The price to pay
for these nonasymptotic bounds is to require either a small enough time horizon or
additional monotonicity conditions on the coefficients. The contribution of this article
is also methodological. In fact, we design a three-step approach to bound the error:

(i) Characterize the solution of the N-player game by a system of forward-

backward stochastic differential equations (FBSDEs).

(ii) Investigate asymptotic properties of the system of equations, showing in par-

ticular that it converges to a McKean—Vlasov FBSDE (see definition below).

(iii) Show that the limiting McKean—Vlasov FBSDE characterizes the mean field

equilibrium.
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To achieve step (ii), we further develop the theory of backward propagation of chaos
initiated by the authors in [39]. The idea here is that, roughly speaking, the FBSDEs
characterizing the N-player game can be interpreted (themselves) as a system of
weakly interacting particles evolving forward and backward in time. A substantial
part of the article is devoted to the investigation of nonasymptotic, strong propagation
of chaos-type results for such particle systems. At the purely probabilistic level, these
results extend the original ideas of Sznitman [45] introduced for interacting (forward)
particles to fully coupled systems of interacting forward and backward particles. Due
to the independent relevance of these convergence results, this part of the paper is
presented in a self-contained manner and so that it can be read separately. In fact, in
this article, aside from the (noncooperative) large population games discussed so far,
we illustrate applications of this “forward-backward propagation of chaos” by proving
convergence of a system of second order parabolic partial differential equations (PDEs)
written on an Euclidean space to a so-called master equation, a second order PDE
written on the Wasserstein space. This allows for convergence results to PDEs on
infinite dimensional spaces similar to the ones derived by Cardaliaguet et al. [12],
with different types of nonlinearities.

1.2. Literature review. The investigation of the limit theory in large popula-
tion games started with the works of Lasry and Lions [37, 38|, further extended by
Feleqgi [21], Bardi and Priuli [2], and Gomes, Mohr, and Souza [24]. These papers
share the limitations of either treating problems with linear coefficients or assuming
that agents have controls which are not allowed to depend on other players’ states.
In the breakthrough works of Lacker [35] and Fischer [22], the authors prove rather
general convergence results for the empirical measure of the states of the agents at
equilibrium using probabilistic techniques. We also refer to Lacker [36] for interest-
ing further developments, notably for the case of closed-loop controls. The analyses
of these authors use the notion of relaxed controls and study associated controlled
martingale problems. This technique seems hard to extend to games with control
interactions considered here, and it provides compactness results rather than con-
vergence rates. However, one central advantage of this approach is that it does not
assume uniqueness of the mean field equilibrium, which we do (at least in our main
theorem). This shortcoming is shared with the PDE-based approaches of Delarue,
Lacker, and Ramanan [19, 18] and Cardaliaguet et al. [9] (but some of these works
additionally need existence and bounds on the first and second order derivatives of the
solution of the associated master equation). In fact, our approach is related to these
methods in that they both rely on optimality conditions characterizing the equilib-
rium. However, instead of using optimality conditions phrased in terms of PDEs, we
use FBSDE characterizations. As a result, the technique developed here is a purely
probabilistic one and we do not restrict ourselves to Markovian controls as in the PDE
approaches.

Beyond its methodological aspects, our paper contributes to the large popula-
tion game and the mean field game literature by its analysis of games with control
interactions. Mean field games with such interactions are sometimes referred to as
“extended MFG” or “MFG of controls” and have been introduced by Gomes, Patrizi,
and Voskanyan [27] and Gomes and Voskanyan [26]. Interaction through the controls’
distribution is particularly relevant in economics and finance; see, e.g., [16, 29, 11]
and [25, section 3.3.1] (see also [13, sections 1.3.2 and 4.7.1]). Some aspects of the
PDE approach and the probabilistic approach to such games have been treated re-
spectively in [6, 7, 33] and in [15]. Note also that this paper focuses on open-loop
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equilibria. The convergence problem for closed-loop equilibria is considered by [36, 9]
using very different methods. Furthermore, let us finally point out that the method
developed in this paper also applies to noncooperative games and the results have
natural PDE interpretation. These connections are presented in detail in the arXiv
version of the paper [40].

1.3. Organization of the paper. In the next section we present the proba-
bilistic setting and formally state our main results pertaining to the convergence of
the N-Nash equilibrium to the mean field equilibrium. The emphasis is on nonasymp-
totic results and concentration estimates. Section 3 is dedicated to the discussion of
versions of Pontryagin’s maximum principle for games with interaction through the
controls. The investigation of propagation of chaos for forward-backward interacting
particles is carried out in section 4. These elements are put together in section 5 to
prove the main results stated in section 2.

2. Main results: Formal statements. Let 7" > 0 and d € N be fixed, and
denote by (2, F, P) a probabilitty space carrying a sequence of independent R%-valued
Brownian motions (W?%);cy. For every positive integer N, let W', ..., W~ be N
independent copies of W and JF be an initial o-field independent of W', ..., WV, We
equip Q with the filtration FV := (FN )te[o,r], Which is the completion of the filtration
generated by W1, ..., W and Fy, and we further denote by F? := (fg)te[o,T], which
is the completion of the filtration generated by W* and Fy. Without further mention,
we will always use the identifications

W=w"! and F=F.L

Given a vector z := (2!,...,2") € (R")V, for any n € N, denote by

LY (z) ':izN:(S-
L) Nj:1 xd

the empirical measures associated to z. It is clear that L” (z) belongs to P,(R"), the
set of probability measures on R™ with finite p-moments. Given a random variable
X, we denote by

L(X) the law of X with respect to P.

Throughout the paper, C denotes a generic strictly positive constant. In the com-
putations, the constant C' can change from line to line, but this will not always be
mentioned. However, C will never depend on N.

Let us now formally state the main results of this work.

2.1. The N-player game. We consider an N-agent game where player i
chooses an admissible strategy o' to control her state process, which has dynamics

(2.1) dX?g = b(t, Xtiﬂ7 O‘iv LN(X%7 Qt))dt + Jthi7 Xé’g ~ ,LL(O)7

for some function b, a matrix o, and a distribution u(® € Py (R?), where the state
depends on an average of the states and controls of all the players through the em-
i

pirical measure LY (X%, ;). The initial states X;* are assumed to be independent
and identically distributed (i.i.d.). Let m € N and let A C R™ be a closed convex set.
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The set of admissible strategies is defined as'
T
A= {a :[0,7] x Q@ — A FN—progressive such that E{/ |at|2dt] < +oo} .
0

Given two functions f and g, the cost that agent i seeks to minimize, when the strategy
profile is a = (a,...,a!), is J(a';a~") given in (1.1). Note that under our assump-
tions (specified below) the cost J is well defined for all admissible strategy profiles.
As usual, one is interested in constructing a Nash equilibrium & := (&%, ..., a"), that
is, admissible strategies (&!,...,&") such that for every i = 1,...,N and a € A it

holds that
JHa) < J(ai;g_i).

When such a Nash equilibrium exists for every N, our aim is to investigate its
asymptotic properties as N — oo. In particular, we give (regularity) conditions on
the coefficients of the diffusions and the cost under which the Nash equilibrium of the
N-player game converges to the mean field equilibrium which we define below. We
denote by Wa(&, ') the second order Wasserstein distance between two probability
measures &, & and by O¢h, 0,h, and 0, h the so-called L-derivatives of a function h in
the variable of the probability measure £ € Py(R¢xR™), 1 € P2(R?), and v € P2(R™),
respectively. See, e.g., [1, 41] or [13, Chapter 5] for definitions and further details.

We will use the following assumptions, on which we comment after stating our
main results; see Remark 2.5.

(A1) The function b: [0,T] x R® x R™ x Py(R’ x R™) — R’ is continuously differ-
entiable in its last three arguments and satisfies the Lipschitz continuity and
linear growth conditions

|b(t7 x,a,f) - b(t,.’lf/, a/’g/)| < Lf(‘x - J}/| + |a - a’/| _|_/W2(§?£l))7
1/2
b2, < € (14 Lol + ol + (foeun bl 6(00)) ")

for some C,L; > 0 and all z,2’ € RY, a,a’ € R™, ¢t € [0,T)], and &,¢ €
PQ (Re X Rm).

The functions f : [0,T] x R* x R™ x P(R* xR™) — R and g : R x P(R¥) = R
are continuously differentiable (f in its last three arguments) and of quadratic
growth:

(2,0, < C(1+ 10l + [af + fyrin W2 E() )
9@, )] < C(1++ [af> + [y vl pu(dv))

for some C' > 0 and all z € RY, a € R™, t € [0,T], and £ € Py(RY x R™).
(A2) The functions b and f can be decomposed as

(2.2) b(t,z,a,&) :=by(t,z,a,p) + ba(t,x,£),
. f(t,$,a,§):fl(t,x,Cl,//&)‘i‘fz(t,-T,f)

for some functions by, bo, f1, and fo, where p is the first marginal of &.

1Unless otherwise stated, we denote by | - | the Euclidean norm and by ab := a - b the inner

product, regardless of the dimension of the Euclidean space.
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Considering the function

(2.3) H(t,xz,y,a,8) = f(t,z,a,&) + b(t,z,a,&)y,

there is v > 0 such that

(2.4) H(t,x,y,a,8) — H(t,x,y,d,€) — (a —a )0 H(t,z,y,a,&) > v|a—d|?

for all a,a’ € A, 2 € RY, a € R™, t € [0,T], and ¢ € P»(R* x R™); and the
functions  — g(x, 1) and (z,a) — H(t,z,y,a,§) are convex, where u is the
first marginal of £. In addition, the functions

O H(t, ), 0H(t,-,-,-,-) and J,g(-,-) are Ly-Lipschitz continuous
and of linear growth:

0 H (2,0, 6) < C(1+ [z + [y] + (fe [0p(ar)?),
OaH (t, 2,0, 9,)| < C(1+ [zl + Ja] + [yl + (fye [0 (d0))?),
10, ) < C (1 fo + (e [0 (d0))/2)

for some C > 0 and all x € R, a € R™, t € [0, 7], and & € P2(R? x R™) where
w is the first marginal of £.

For every (t,x,a,&) € [0,T] x RY x A x Po(R**™) and (u,v) € R x R™ we
have

Iaub(t,.%', CL,/J,)(U)| S C? 1/2
96 (t,2,0,)(u,v)] < C(1+ ful + fo] + ( fie [oPpu(do)) ),
uate @) < O(1+ ul + 2l + (fue o)) )

for some C' > 0 and all x € RY, a € R™, t € [0,7T], and £ € Po(R* x R™) where
w is the first marginal of €.

The matrix o is uniformly elliptic. That is, there is a constant ¢ > 0 such that
(o0'z,2) > c|z|? for every x € RE.

2.2. The mean field game. The mean field game that corresponds to the above
N-player game is described as follows: Given a flow of distributions (&;):efo,r) With
& € Po(R® x R™) with first marginal j; € Po(R?), the cost of an infinitesimal agent

1S

T
J¢(a) = E[ / F(L X0, €0)dt + g(X5 i)

with the dynamics

AX& =b(t, XX, o, &)dt + odW;,  X§ ~ .

The admissibility set on which the cost function J¢ is minimized is

T
A = {a :10,T] x Q — A F'progressive such that E[/ v |? dt} < —i—oo}.
0
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The goal for the agent is to find &¢ € 2 minimizing J¢ and satisfying the fixed point
(or cousistency) condition

&t = ﬂ(Xté‘g,df) for all ¢.

The first main result of this paper is the following link between the N-player game
and the (asymptotic) mean field game in small time horizon:

THEOREM 2.1. Let conditions (A1)—(A5) be satisfied and assume that there is
k > 2 such that p(© admits moments of order k. Assume that the N -player game
admits a Nash equilibrium &~ € AN. Then, there is 6 > 0 such that if T < 6, for
each i the sequence (&5N)y converges to a mean field equilibrium &' € 2 in the sense
that it holds that

E“éyi’N —al 2} < C(rnmtek + TN E)

for allt € [0,T] and N € N and some constant C > 0 where, for any M, N,k we put
TN,Mk = TN,Mk,2 and

(2.5)
N-Y2 4 N—(k=p)/k if p>M/2 and k # 2p,
TN MEp =4 N"V2log(1 + N) + N=k=P)/k if p = M/2 and k # 2p,
N=2M 4 N—(k=p)/k if M > 2p and k # M/(M — p).

In the case of linear quadratic games the convergence rate can be simplified to the
optimal rate O(1/N). The proof of this statement can be found in the arXiv version
of the paper; see [40, Theorem 11]. The small time assumption of Theorem 2.1 can
be replaced by a monotonicity property on the drift.

(M) The Hamiltonian admits a minimizer

A(ta x,yvﬂ) € argrginH(t,x,a,y,{),
ac

where p is the first marginal of £. The drift b satisfies the monotonicity condi-
tion

(2.6) (z—1')- (b(t, 2, At .y, 1), €) —b(t, 2, A(t, 2y, 1), g)) < —Kylz—a'|?

for all z, 2’ € RY, (t,€) € [0,7] x P(R* x R™) — R’ and some constant, Kj > 0.
Moreover, it holds that
(2.7)

w=y)- (b(t’x’A(ta z,y, 1), &) — b(t, x, At w,y’,u)@) <—Kly—-y'?
(37 - x’) . axH(t,x/,A(t,x/7y7#),£) — axH(t7x’A(t,m7y7#),£)> < —K|ZIJ _ 33/‘2,
( 71'/)‘ azg(maﬂ)farg(l‘/yﬂ)) ZK|£L’*LE"2

8

for all t € [0,T], z,2",y,y" € R’ and & € Po(R**™), and for some constant
K > 0.
In the statement and proof of the next result it will be judicious to distinguish the
Lipschitz constant of b in each of its arguments, so that the Lipschitz continuity
condition in (A1) now reads as follows:
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(A1) The function b satisfies

b(t,z,a,8) —b(t,2’,a’,&")| < Ly z|lx — a'| 4+ Lyola — '] + Ly Vo (E,E),
b(t, z,a,8)| < C(1+ |z| + |a] + [z [2[?¢(dx))

for some constants C > 0, Ly z, Lp.q, Lp¢ > 0 and all 2,2’ € RY, a,a’ € R™,
t €10,7], and &, & € Po(R x R™) where y is the first marginal of .
Recall that Ly is the Lipschitz constant of 9, H and 0,¢ as stated in (A3). With this
notation, put

K = 2<%Lb7aLf + Lb’§> <8T€7LfTLf + %) + Lb,§ + Lb’giL:YLf,
2
Ko 1= 16T L3 (Ly +T) (Lo + 25 ) e2br OFE0) o [y ¢ B

N Lpe+LysLpa
Ksp=4(k—1)= L ST
2 ’y(LF-‘rLG)exp(k:TLF(2+k(k71)))

THEOREM 2.2. Let conditions (A1"),(A2)—(A5), and (M) be satisfied and assume
that there is k > 2 such that p'© admits moments of order k. Suppose that the N-
player game admits a Nash equilibrium &~ € AN . If the constant K, satisfies

Ky > max(Ky, Ko, K3 1),

then for each i the sequence (&™) n converges to a mean field equilibrium &' € 2 in
the sense that it holds that

E “di’N — & 2} < C(rNmtek +rNeE)

for allt € [0,T] and N € N and some constant C > 0.

Remark 2.3. In assumption (M), the fact that A depends only upon the first
marginal of £ is due to (A2). This will be proved below. Moreover, the reader will
observe in the proof that the essential condition needed to derive the convergence is
(2.6). The conditions (2.7) are needed to guarantee existence (for T' arbitrary) of the
McKean—Vlasov FBSDE (5.12) characterizing the game. The conditions (2.7) can be
dropped when this equation admits a unique solution.

We now complement Theorems 2.1 and 2.2 with concentration estimates for the
N-Nash equilibrium.

THEOREM 2.4. Under the conditions of Theorem 2.1, it holds that?

EWh (LN (&), L(61))] < C(rnoes +7Nek)

for all (t,N) € [0,T] x N.

If in addition n©) is a Dirac mass, then there is a constant c(Ly) depending only
on the Lipschitz constants of b, f, g, and 0, H such that if T < c¢(Ly), then for every
N > 1 and € > 0 it holds that

(2.8) P(h(&)) — E[h(@;")] > ¢) < N% e K

2We recall that &~ ::_((3417 ..., &), where &* is a mean field equilibrium of the mean field game
with Brownian motion W*.
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for two given constants K,C which do not depend on N and for every 1-Lipschitz
function h : R™N — R. In particular, for N large enough it holds that

_ 2
+e KNE.

(2.9) P(W(L¥ (@), £(6) 2 €) < 5y

If the functions b, f, and g satisfy (M) and are such that

(2.10) 10aH (t,2,a,8)| + |0 H(t, z,a,8)| < C(1+ |a] + (fgm |[v]* v(dv)1/?),
|02g(x, )| < C,

where v is the second marginal of €, then for every T > 0 and for N large enough it
holds that

(2.11) P(/OT h(a) — E[h(aN)] dt > s) < % P

for two given constants K,C which do not depend on N and for every 1-Lipschitz
function h: R™N — R.

Before going any further, let us make a few remarks concerning our assumptions.

Remark 2.5. Let us now briefly comment on the assumptions made in Theo-
rems 2.1 and 2.4. In a nutshell, both theorems tell us that under sufficient reg-
ularity and integrability of the coefficients of the game, we have convergence with
explicit convergence rates. Conditions (A1), (A3), and (A4) speak to these regular-
ity and integrability conditions. These conditions, along with the convexity, prop-
erty (2.4), are typically assumed in the literature, even to guarantee solvability; see,
e.g., [30, 4].

The conditions in (A2) are structural conditions on the coefficients. These con-
ditions are probably not essential from a mathematical standpoint. They are due to
our method, which consists in finding an explicit representation of the equilibrium in
terms of processes whose convergence can be derived; see (5.9). Thus, the conditions
in (A2) can be replaced by any other conditions, ensuring such representations of the
equilibria. Importantly (2.2) is not needed when we do not have mean-field interac-
tion through the controls, but only through the states. The Lipschitz assumptions
on 9, H and 9, H in (A3) are not necessary when 9,¢ is bounded and 9, f and 9,b
are bounded in x. In fact, in this case, BSDE estimates show that the function 0, H
can be restricted to bounded y’s, so that these Lipschitz continuity conditions are
automatically satisfied if 0,0 is Lipschitz.

3. Pontryagin’s maximum principle. As explained in the introduction, two
elements of our three-step approach to derive the limit consist in applying Pontryagin’s
maximum principles for N-agent games and for mean field games. This section is
dedicated to the presentation of these results. In the case of N-agent games we give
the “necessary part” of the maximum principle. Since the case of mean field games
is less involved, we present both the “necessary” and the “sufficient” parts.

3.1. Pontryagin’s maximum principle for N-agent games. The goal of
this section is to discuss Pontryagin’s maximum principle of the N-agent game and
derive characterization properties for the Nash equilibria. Hereafter, for each p > 1
and k£ € N we denote
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SP(RF) := {Y e HO(RF) ‘ E[ sup \Ytﬂ < +oo},
0<t<T

HP(RY) := {z € HO(RF) ]E[(/T |zt|2dt)p/2] < +oo},
0

with H(RF) being the space of all R¥-valued progressively measurable processes.

PROPOSITION 3.1. Let the conditions (Al), (A4), and (A5) be satisfied. If &
is a Nash equilibrium of the N-player game, then for any admissible control B =
(BY,...,BN) it holds that

(3.1) O HN (8, X¥ 4, Y ) (B — &41) >0, P®dt-a.s., for all i,

where H™'' is the i-player’s Hamiltonian given by

N
HN (2, 0,y) = f (ta', 0, LN (z,0)) + ) b (27,07, LN (2, 0)) y*?

Jj=1

and putting gV (z) = g(a', LY (2)) and Y = (Yo, YWN), (Y4, Zi0k),
solves the adjoint equation

N
(32) YT = —0, BN, X5 4 Yt + Y ZPEAWE, Y = 0,V (X5).
k=1

Note that (Yi’j,Zi’j’k)i,j7k implicitly depend upon & but we omit writing this

dependence to alleviate the notation.
Proof. If & is a Nash equilibrium, then player i solves the stochastic control
problem sup,c 4 J(a, & "). That is, it holds that

J(@&4 &™) = sup J(a,a").
acA

Therefore, the result follows by application of the (standard) stochastic maximum
principle; see, e.g., [14, Theorem 2.15]. O

For later reference and for convenience of the reader, we spell out the adjoint
equations (3.2) in terms of the functions f,b, g appearing in the game. From [14,
Proposition 5.35], we have

Oni g™ (z, @) = 0; ;0,9 (v', LN (z)) + ~0n (2", LY (2)) (%),

where 6; ; = 1 if and only if ¢ = j and 0 otherwise. Similar relations hold for f and
b, and for the partial derivatives with respect to the control variables. We deduce
that

i i & 1 i & &
(83)  YP =009 (XN LY (X)) + 0 (X5 LV (X)) (5%
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and

N
Y} = =0, HY (8, XT, 4, Y )t + Y 207 dWE
k=1

= — (G0 (1. X0 % 60, LY (X7 4))
1 & A & . 6 A j
+ Nau.f(tv Xt’iﬁ ) LN(X?’ @t)) (thLv O‘i))dt
— (2ub(tx7% &, LV (6 ) Y, dt
~ A s oA . ~ N ..
(34)  +Egapyc {aub(t, X, ay, LV (X2, @t)) (x7e, Ag)Yt} dt+ >z aw},
k=1

. =Ny
where we used the notation ¢, " := + Zj\;l 0

tion of the triple (X7, a7, Y.

(X392 69 y9) for the empirical distribu-

3.2. Pontryagin’s maximum principle for mean field games of controls.
Let us recall that the Hamiltonian H is defined by (2.3), i.e.,

H(t,2,0,y,8) = f(t,2,0,8) + b(t, z, 0, E)y.

Recall the following optimality conditions for mean field games.

PROPOSITION 3.2. If & is a mean field equilibrium such that the mapping t —
€Y = L(X{, &) is bounded and Borel measurable, then it holds that

(35)  H(LXE 60V = inf HE X 0, Y56), Pedias,
ac
with (X, Y2, Z§, &) solving the FBSDE system

(3.6) dX§{ = b(t, X, Gy, £8)dt + odWy, X& ~ (0,
' d}/td = _awH(taX?7dta}/tda§td)dt + Z?tha Y’Zé = awg(X%a‘C(XT&))

Reciprocally, let & be an admissible control with associated controlled process X
and adjoint processes (Y%, Z%) as given by (3.6). Assume t — £ = L(X, éy) is
Borel measurable and bounded (i.e., the second moment is bounded uniformly in t).
Assume that for each & € P(RY x R™) with first marginal u the functions x +— g(z, 1)
and (z,a) — H(t,z,a,y,§) are dt-a.s. convex and that & satisfies (3.5). Then & is a
mean field equilibrium.

This result is standard; it follows, for instance, by application of [13, Theorems
2.15 and 2.16] to the (standard) control problem parameterized by a given flow of
measures, then using the consistency condition.

4. Quantitative propagation of chaos for coupled FBSDE systems. This
section studies abstract propagation of chaos-type results for forward-backward sys-
tems of SDEs. These results will be central for the proofs of the main theorems, but
seem to be of independent interest. Therefore, we present the section so that it can
be read independently.

The main idea is that we consider a system of “particles” evolving forward and
backward in time and with interactions through their empirical distributions. We show
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that under mild regularity conditions on the coefficients of the equations describing
the dynamics of the equations, the whole system converges to a system of McKean—
Vlasov FBSDEs. Moreover, we derive explicit convergence rates and concentration
inequality results. Propagation of chaos-type results for backward SDEs (not coupled
to forward systems) have been previously derived in [8, 31, 39].

Letting d, ¢, q € N, we fix three functions

B:[0,T] x RY x R? x Py(R* x RY) — RY,
F:[0,T] x R x R? x RT*4 x Po(RY x R?) = R?, G : R x Py(R") — RY
and an ¢ X d matrix o for some ¢, d,q € N. Consider the coupled systems of FBSDEs

t
XN = af + / B (XEN VPN IN(X,,,Y,)) du+ o W,
0

T
W Ve = G0N LY Q) + [ RO YN, 2N LN (X, Y du
t
N T
- Zk:l ft Zu’k’N dWwfv
with 4 = 1,..., N, and for given i.i.d., Fo-measurable random variables z{,. ..z}
with values in RY, and where as above, we used the notation Y := (Yt ..., YN

and X := (X*,..., XV). We recall that W', ..., W are independent d-dimensional
Brownian motions. We will use the following conditions:
(B1) The functions B, F, and G are Lipschitz continuous, that is there are positive
constants L, Ly, Lg > 0 such that

(4.2)

|Ft(‘r7y727€) - Ft(xlvylvz/7é-l)‘ < LF (|.T - x/l + |y - yl‘ + |Z - Z/| + W2(§7§,)>7

|Bi(z,y,&) — Bu(2', v, &) < L (|lz —2'| + [y — ¥'| + Wa(&,E)),
|G(z, 1) — G2, 1')| < Lg (|lo — 2’| + Walu, 1))

for every t € [0,T], z,2’ € R®, y,y/ € RY, 2,2/ € R?*? £ ¢/ € Po(R* x R?), and
p, 1t € Po(RY) .
(B2) The functions B, F', and G satisfy the linear growth conditions
1/2
[Bu(w,y, &) < L (14 [zl + gl + (S [of* €(dv)) '*),
1/2
Ful@,y,2, )] < L (14 Jo] + [yl + |21 + ([ [0 d£(0))"?),
1/2
Gl | < La (14 Jo] + ([ ol dp(v)) %)

(B2') The functions B, F', and G satisfy the linear growth conditions

Bl &)1 < L (L4l + (o o) ).
Fulog, 2,01 < L (1ol + (1o dv() ™).
Gz, p)| < La,

where v is the second marginal of €.

Remark 4.1. Under the conditions (B1)-(B2) and (A5), it can be checked (see,
e.g., [39, Remark 2.1]) that the functions

) — (Bt(xlaylv LN(gv g))’ s 7Bt(xNa va LN(ga g)))v
>§) = (Ft(x17y17 ZlLN(&?E)L sty Ft(iUNny7 ZN7 LN(£7 y)))7

(z,y
(z,y

2 (Ga!, IV (@), ..., G(aN, LN (2)))
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are Lipschitz continuous and of linear growth (with Lipschitz constant independent of
N). Thus, the unique solvability of the system (4.1) when the time horizon T is small
enough is guaranteed, e.g., by [13, Theorem 4.2]. Existence of a unique solution on
arbitrary large time intervals typically requires additional conditions, for instance, if
one additionally assumes (B2’), see [42, Theorem 4.1] (when the coefficients are also
smooth), or under monotonicity-type conditions on the drift and the generator for
instance as assumed in (B3) below, see [17, Theorem 2.6] or [44].

The first main result of this section is the following:

THEOREM 4.2. Assume that the conditions (B1)—-(B2), (Ab) are satisfied and
that there is k > 2 such that E[|z}|¥] < oo. Denote by (X,Y,Z) € S?(R*V) x
S2(RIN) x HE((RI*)NXNY the solution of the FBSDE (4.1). There is § > 0 such
that if T' < 0 and the McKean—Viasov FBSDE

t
Xt:z(l)Jr/ By (X, Yy, L(Xy,Yy)) du+ o Wy,
(4.3) 0 T T
Yt:G(XT,L(XT))Jr/ Fu(Xu,Yu,Zu,L(Xu,Yu))du—/ Z,, AW,
t t

admits a unique solution (X,Y,Z) € S?(R¥) x S?(RY) x H2(RI*?), then it holds that

(4.4) S[up ] E|:W22 (LN (X,,Y,), L(X, Yt))} < C(rngrek T+ TNE)
te[0,T

for all (t, N) € [0,T] x N, where vy qro5 = TNgt+ek2 15 given by (2.5), and for
some constants C' depending on Lg,Lp, Lg, k, o, E[|x(1)|k], and T. In addition for
all N € N we also have

T
B| s (X0 - x| 4 B v -] | [z - 2itas
s€[0,T] 0

(4.5) < C<7‘N,q+£,k + TN,z,k)-

4.1. Proof of Theorem 4.2. The arguments of the proof of Theorem 4.2 are
broken up into intermediate results that we present in this subsection. Given a pro-
gressive d-dimensional process 7, we use the shorthand notation & (v - W) for the
stochastic exponential of . That is, we put

t 1 t
gs,t('y'W) = exp(/ A/uqu_ 5/ |’7u|2du)

In this whole subsection, we assume that (4.3) admits a unique solution denoted by
(X,Y, Z). We start by proving useful moment bounds for solutions of McKean—Vlasov
FBSDEs. For simplicity in this subsection, we will put Ly := max(Lg, Lr, Lg).

LEMMA 4.3. Assume that the condition (B2) is satisfied and that (4.3) admits a
unique solution (X,Y,Z) € S?(R¥) x S?(R?) x H(R?*?). Further assume that there
is k > 2 such that E[|z}|¥] < co. If either T is small enough or (B3) is satisfied for
Kpg therein such that

Lbye
2¢(Lp + Lo) exp(kTLr (2 + 5253))

(4.6) Kp >4k — 1)
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where L ¢ is the Lipschitz constant of B in (y,§), then it holds that
(4.7) E[ sup |Xt|k} + sup E[|3F] < occ.

te[0,T] te[0,T]

Proof. When T is small enough, the proof follows standard FBSDE estimations.
It is therefore omitted.

Let us assume the the monotonicity condition (B3) is satisfied. Applying It6’s
formula to |X|*, using (B3) and (B2) yields

t
Xl sl +";/ —Kp|Xul" + Loy el Xul 7 (14 |V
0
t
+ B[ X7 + E|Y.)?) du+ k / X5y W,
0
t
L
< \xéIHk/ (4<k— 1)=Bwg —KB)|Xu‘k
0 g
+ELB,y,§{1+|Yu|k+E[|Xu‘2]k/2+E[‘Yu|2]k/2}du
t
+k/ Xklgaw,,
0

where Lp ¢ denotes the Lipschitz contant of B in y and &, and where we used the
inequality xy < 2P /pe + ey?/q with p, ¢ Holder conjugates. Thus, taking expectation
(up to localization) and applying Gronwall’s inequality

4k=—1)Lp ¢

T
(4.8) EHXNﬂS&kLBwéémeTEL/ D@Wd4—+0.
0

Similarly, applying Ito’s formula to Y* and then Young’s inequality for some 7 > 0
yields

T
V" < E[|G(XT,E(XT))|’“ +ka/ Yol 57N (Xl + [Yal + 1 Zu] + B[ X P2
t
k(k—1) [T
e - M [z pa 7
t
k k 21k/2 k-1 1 g k
t
T
e [ X+ BIXP + BV
t
k(k—1)\ [T
(4.9) + k(an - %) /t Yul* 721 Zu | du | ft}

where the second inequality uses (4.8). Choosing 1 such that nL;— @ = 0, taking

expectation of both sides, and applying Gronwall’s inequality yields

T
BN < G |1l + [ Xl a] 4 o
0

4(k*1)LB,y,§

T
g(hsézs‘K”TTEL/ }@Wd4-+02
0
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with Cy := 28(Lp + Lg) exp(kTLp(2 4+ 22E5)). First choosing e > 0 small enough

k(k—1)
that e < [2"(Lr + Lg) exp(KTLr (2 + 155y))] " and then Kp > 4(k — 1)Lp,y¢ /e,
and integrating on both sides yields E[fOT |V, ¥ du] < co. In view of (4.8) and (4.9)
this yields the result. ]

The proof of Theorem 4.2 is based on the coupling technique used in [39]. To this
end, we fix N iid. copies (X1, Y1, ZY),... (XN,YN,ZN) of (X,Y, Z) such that for
each i, (X?,Y?, Z%) solves Equation (4.3) with driving Brownian motion W* and initial
condition x}. This can be done when the McKean—Vlasov FBSDE (4.3) has a unique
solution, and thus the associated law £(X,,,Y,) is unique at each time u € [0,T]. By
[13, Theorem 4.24], the FBSDE (4.3) is uniquely solvable for 7" small. The following
lemma is a central element of our argument. Recall the notation X = (X’l, ceey XN)
and Y := (Y!,...,YN).

LEMMA 4.4. If (B1)—(B2) are satisfied, then there are positive constants C and
c(Ly) depending only on Ly such that if T < ¢(Ly), then for every 0 <t < T it holds
that

B[W3(L(X:, Y3), LV (X, Y,))]

(4.10) < CEWH(L(X:, Vi), LY (X, Y,) + WE(L(Xr), LY (X)) |-

Proof. Applying It0’s formula to the process eﬂt|}7ti — Y;Z-’N\z for some 8 > 0 to
be determined later, we have

IR
= M|G(XG, L(X7)) - G(Xg", LY (X))

N T
—2Y [T Y i - 2N
k=1"1
+ 2/ PUTd = Vi) [Pl X0 Vi 2 £(Xu, V)
t
— Ru(XUN YN, 2N IN(X,, Y )| du

N T .. . T ~ . .
— Z/ 65“|Z;’]’N — 5ijZ;|2 du — / ,Beﬁ“|Yul — YJ’N\Qdu.
Pl t

By Lipschitz continuity of F and G, then applying Young’s inequality with a strictly
positive constant a to be set below we get

PV — VPN < 2ePTLy | X0 — XpN 2 + 2T LyW3 (L(Xr), LN (X))

N T T
-2y / (Y = YNV (6ki 2L — ZPN)dWE + / L | X7, — XN Pdu
k=17t t
T ~ . . N T . . ~ .
+/ P (Lya+4Ly — B) Vi = VN Pdu — Z/ |\ 20N 5,78 12 du
t =17t

T T
L - .
+ 1Ly / WY (X, Y,), £(X, V) du+ =L / |2 — 2N Pdu,
t t
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Letting a > Ly and 3 = Lya+4Ly, and taking conditional expectation on both sides
above, we have the estimate

IV = VNP < 20T LB || X — XEN 2+ WE(LY (Xg), £(X7))
T
(4.11) [ (1R = X BN (X Y £ Vo)) du | Y.
t

On the other hand, for every 0 < s <t < T, by Lipschitz continuity of B, the forward
equation yields the estimate

(4.12)
t

X XN < Ly (1R = X 1T Y WLV (X, Y, £ Vo)) da
0

Adding up the squared power of the above with (4.11) yields
K5 = XPNP V- YV < O BN (X), £(X 1)
T
[ (1= XV 17— VI 4 WRLY (X, Y, £ Ya) ) du | 7.
0

T <1A CLl —, we then have
Iz

E[|X{ - XN P+ |V - YN
T
< Cu, B WHEN (), LX) + [ WHEN (X, Y., £, Vo))
0
for a constant C', 71 which depends only on Ly, T. Coming back to the forward

equation, it follows by the definition of the 2-Wasserstein distance, by (4.12), and by
Gronwall’s inequality that

Wi (LN (X 1), LY (X))
1L ,
< NZ X5 — X3
i=1
T 1 N o
< [ (5 ST VNP WL (X, ), (X, Vo))
0 i=1

Therefore, we can continue the estimation of | X7 — X} |2 + |¥; — Y;"V |2 by

E[1X] = Xp P+ 1Y -

< Oy naB [WHLY (), () + WY (). 2 ()

T
b [ WY v £ ) ]
0
. T
< Capina v 2287 B WHLC) L ) + [ (37 2o AT - ¥
0

1=

1
(4.13) = XV WY (0 Yo £(X V) |
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Thus, further assuming 7' < ﬁ yields

CrL;r1V

B |WH(LN(X,, Y, LN (X, 1) < B SOURE— X 1Y - YR
i=1

Z\H

< Cuy 2B W (L(Xr), LN (X)) / WLV (X, Y,), £(Xs Vo)) dul.
By the triangle inequality we can therefore deduce that
E[WR(LN (X, Y,), £(X0 Y0))]
< BWB(LN (X, Y,), L(X0, Y) | + BN (X, Y), LY (X, V)|

< E[WS(LN(Xt,Xt),C(Xt%))]

+0Lf,T,2E{W§(£( N(Xp)) / WILN(X,.Y.), E(Xu,Yu))du}

from which we derive (4.10), assuming 7' < 1/CL; 7. O

Proof of Theorem 4.2. The bound (4.4) follows by Lemmas 4.4 and 4.3. In fact,
from Lemma 4.4 if T" is small enough that 7' < 1/CL, 12, then for every ¢ € [0,T7] it
holds that

E[WR(LN (X, Y,), £(X0, V)]
< CE[WR(LN(X,,¥,), £(X0, V)| + CEW(LY (X ), £(X7)
S C(rNmeek +TNeE)s

where the second inequality follows by [23, Theorem 1] which can be applied thanks
to Lemma 4.3. To prove (4.5), first observe that by assumption (B1) and Gronwall’s
inequality we readily have

t
(414) |XPY X} <M / (V2N — Y2+ Wa(TN (X, Y ), £(Xo, Ya)) du
0

for all 0 < ¢ < T. On the other hand, by It6’s formula applied to the process
[V, — Y12 as in the proof of Lemma 4.4, and then the inequality 2zy < ex? + y%/e
with the constant ¢ := 1/2, we have

N T
N3 [z szl
= Jt
< Ly (1X5Y = XHP + WH(LY (X7), £(X1))
N T
—2Y [ Sy s zhaw
T 1 T
+/ (QIZ}N EZI R X$|2) ds +/ (BLF + Ly) YN = Y] |ds
t t

(4.15)
T
+ / LWA(LN (X, Y), £(X,. Y.)) ds.
t
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Thus, it follows by Gronwall’s inequality that

T
v -vipe| [ |Z;’17N—Z;dufﬁ]
t

< CryrE [WS@N(XT),ﬁ(XT» + s XY X
u€(s, T

T T
o [ P [ (X, L0 Y du | 7
t t
< Oy, B [w%@N(XT),c(XT))

T T
(4.16) +/ Wg(LN(L,Xu),c(Xu,Yu))du+/ |Y7}’N—Y7}2du.7—'t]v],
0 0

where the second inequality follows by (4.14) and Cp, 7 > 0 is a constant depending
only on Ly and T. If T is small enough, then we have

sup B[V, — Y/
te(s,T)

T
< ch,TE[w§<LN<XT>7£<XT>> - w§<LN<Xu,Yu>,c<Xu,Yu>>du}

< C(rng+ee + TN LK),
where the last inequality follows from (4.4), and where we also used that
(4.17) W3 (LN (X7), £(X7)) < W3 (LN (X, Y), L(X7, V7).
Thus, using (4.14) leads to

B| sup |X/ N~ thﬂ < C(rngrek + TN ek)-
tels,T]

Finally, coming back (4.16) yields the bound for || Z''N — Z1||32(ge «gay. This con-
cludes the proof. 0

4.2. Propagation of chaos under monotonicity conditions. The next re-
sult shows that under additional monotonicity conditions Theorem 4.2 can be ex-
tended to arbitrary time duration 7" > 0. These monotonicity conditions are classical
in the analysis of FBSDE; they are, for instance, used in [44, 17, 5]. Here, it is im-
portant to distinguish the Lipschitz constant of B in each of its arguments. Thus, in
(B1), we write

|Be(x,y,8) = Bi(a',y/ . &) < Lpale — 2’| + Lpyly — ¢'| + L V2 (&, €)

for some Lp ;, Ly, Lpe >0 and all z,2" € RY, y,y/ € RY, and &, &' € Po(R x RY).

THEOREM 4.5 (monotonicity conditions).  Assume that the conditions (B1)—

(B2), (A5) are satisfied and that there is k > 2 such that E[|x}|¥] < oo. Further

assume that the McKean—Vlasov FBSDE (4.3) admits a unique solution (X,Y,Z) €
S?(RY) x S2(RY9) x H?(R?*) and

(B3) there is a constant Kp > 0 such that the following monotonicity property holds:

(l’ - xl) : (Bt(l'vyaf) - Bt(x/ay7£)) < _KB|:E - £L'/|2

for all z,2" € R® and (t,y,€&) € [0,T] x R? x Py(R* x RY).
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If the constant Kpg satisfies (4.6) and

Kp > 8T(LE + LeT)(Lpe + L) exp {2Lr (64 Lr ) } +2Ls.c,

then it holds that

s, E {W% (LN (X, Y,), L(X,, Yt))} < COrygiek
te[0,T

and

T
swp (B[ = 0] + B[ = vi)) 4 | [ 120 - 2P| < Crguea
t€[0,T) 0

for allt €10,T], N € N and for a constant C > 0.

Proof. As in the proof of Theorem 4.2, let (f(l7 Y, Zi)lgiSN be N ii.d. copies of
the solution (X, Y, Z) of the Mckean—Vlasov equation (4.3). We will use the shorthand
notation AX{ := XN — Xi AY) = VPN — Vi and AZ = ZPPN — 5{,;=j}2ti.
Applying 1t6’s formula, we have

AXP
T . . . ~ . ~ .
2 [ A (BN VY, DY (X)) - Bl T LX) du
0
t
=2 [ X (B Y LY, Y) - BuRL YN LY (X, Y,)) du
0
t
+2/ AXE . (Bu(X;,Y;vN,LN(gu,Zu))—BU(X;,Y;,,C(XU,Yu))) du
0
t - . , 1 X . o\1/2
<2 [ “KplAXIP + Ly IAXLIAY] + Lo AX5 (5 Do 18XIP +]av7P)
0 =1

+ LB,§|AX’Z-L‘W2(LN(XU7KU)? ‘C(Xuv Yu)) du,

where the latter inequality follows by the monotonicity property and Lipschitz con-
tinuity of B and triangular inequality applied on the Wasserstein distance. Now,
applying Young’s inequality with some ¢ > 0, we obtain

t N
. L L o Lpel .
IAXI? < 2/ (734’; BE 4 Ly —KB>|AX;\2+ §’5NZ|AX5|2du
0 € =

t N
72 2
+ /0 eLpy|AY,|"+¢eLlp; N ngl |AY]|

(4.18) + L Wi (LN (X, Y.), L(Xu, Ya)) du.
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Thus, taking the average on both sides gives

1 Y CLp.+ L 1
S AXI <2 (M Wpe— K )7 AXI [
NZ' 77 < /0 5 +2Lpe— Kp N;I ul du

t 1 N -
+ (Lo + Loy 3 IAVY
+LviWZQ(LN(Xuvzu)aE(Xuvyu)) du.

Next, we apply Gronwall’s inequality to arrive at the bound

1 -
i > IAaxip
j=1
(4.19)

t 1 N ) - B
< X / e(Lpg+ Lpy) DAY+ L W3 (LY (X, Y,), £(Xa, Ya)) du,
0 =1

where we introduced the constant
L L
(5(6) = M + 2LB,£ — KB.
2e )
Let us now turn to the backward process. Here again, we apply It6’s formula to get
INAEEelb e LN(XT)) G(Xr, L(Xr))
+2/ Ayl XlN YZN ZZ’LN LN(X Y)

F (X, Vi, Z1 C(Xu,Yu)))) du
-3 / AZ [ du =) / QAYIAZLI AW
=17t j=1"1

N
) 1 ) -
< 2L (IAXEP + 5 DT IAXGP + W(LN (Xy), £(X1)))
Jj=1

T
+2LF/ |AY;|{\AX,3| +|AY| + Az
t
1 & 712 712 1/2 N/ v v
+(NJZIAXU| +IAYIE) T+ Wa(LN (X, V), £(Xu, Vo)) | du

N T N T
-y / AZL P du— / QAYIAZN AW,
j=1""t j=1"*

where we used Lipschitz continuity of F' and G. Now, we apply Young’s inequality
with some constant n > 0 and then take conditional expectation on both sides (the
martingale property follows from integrability properties proved above) to arrive at
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N T
AV + (= aLe)E[Y [ 1820 du| 7]
j=1"t

1 N

<2ALB[|AXEE + - Y IAXGP | FY
j=1

T N N
1 : 1 : ) 1 )
+2L E[/ 5+ =AY P+ =) JAYIP+|AXLP+ = ) |AXT)?
B[ (5+)1avi] IR RS P
FWHLY (L L) £ Vi) du | 77

(420) 202 B[ WH(LY (X,), £(Xr) | Y.

Averaging on both sides and choosing 1 small enough that 1 —nF > 0 yields
1 & : 1 & T

N LAY i)y SB[ [ 1Az Y

j=1

j=1 ¢

N
1 .
<4LEB[ > Iax)? | Y]
j=1
T N N
I\ 1 ) 1 .
i 7|2 il 712
+2LFE[/ (6+ U)NZ|AYu| +25 Y IAX]
t j=1 j=1
FWRIN (X T) £(Xo, Vo)) du | ftN}

+ 202 B[WA(LY (X), £(X7) | Y]

We will subsequently apply Gronwall’s inequality, take expectation on both sides, and
then integrate in time. Thus, due to Fubini’s theorem we have

1. (T
E|= AY/ | dt
w2 [ avea
Jj=1
- 1 N . < fnd
< 4LgTe5<”>TE[NZ |AX{F2} + 2T L2 MTE W%(LN(KT),E(XT))}
j=1

_ T N X ~ ~
; 2LFTe5<n>TE[ | 25 L IAXIE - WY (R 7). £, Ya) du] 7
j=1

where we introduced the constant

5(n) :=2Lp (6 + %)
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Using (4.19), we further bound the above as

E[li/TlAWIth} <r TGBFE[lzNj/TWPdt]
Nj:10 ! - e Nj:lo t
+2TLEE|WE (LY (1), £(X1)) |
+AT(LELp ¢+ LrT)(Lpe + 1)e ST 285(e)T

[/ W2(LN(X,,Y.), z:(Xu,Yu))du}

with

TerGpr = 4eT(LE + LpT)eMTeXET (L o + L ).

First choose ¢ small enough that

4€T(L2G + LFT)es(n)T(LB’g + LB,y) <1

This ¢ does not depend on Kp. With such an ¢ at hand, choose Kp large enough

that d(¢) < 0. Thus, we need

Kp > T(L%; + LFT)GS(U)T(LB,g + LB7y)2 + LB7§.

This implies that I'. 7 ¢ B, r < 1. Hence, we have

N T 2 5(mT
1 . AT (L= L 2LrT)(L 1 n
E[ Z/ |N’f|2dt} < (L&Lpe +2LpT)(Lpe +1)e 0
N = Jo 1-T.raBF

[/ WE(LN(X,,Y.), E(Xu,Yu))du}

2TLZ,

T Toronr [WE (LN (Xp), £(X1))-

This also implies, due to (4.19), that

EH%/OTngth} < CEUOTWS(LN(Xu,Yu),c(Xu,Yu)))du]

+CE [WS(LN(XT), L(X7))

for some constant C' > 0.
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We will now use these inequalities to show the claimed convergence results. Going
back to (4.18) and (recalling the choice of €), we have

, b, 1 & ,
E[AX]?|<E 2/ ZBE N |AXT 2 du

t ] 1 N .
112 2
+/0 eLp ,|AY}| +ELB$5N;|AYHJ|
+ L VLN (K.Y, £ i) ]
T ~ ~
<CE| [ WHIN (L, L), 00X Vo)) ]
0
t
(4.21) +CE[W§(LN(XT),E(XT))} +5LB,€E[/ |AYJ|2du}.

0

Plugging this bound in (4.20), gives
- 1 N
2 2 _&(n) i2, 72
B[AY{[?] < 205D B[|AXL + N 218Xl |
pa

+ 21250 E W (LN (X,), £(Xr))|

T N
_ 1 ) )
5(n) 2 P2
+2Lpe "E[/t Nj§:1|AY,f| +|AX]|

N
1 . -~
b L IAXLE + WY (£ L) LUK Vo))

Jj=1

<ce| [ WAL (R, T ), LK V) du] + CB WAL (&), £1%r)
0

_ T )
(4.22) +2eLp e Te* DT (Ly + LG)E{/ |AY;|? du} .
0

We now integrate in time on both sides, use Fubini’s theorem, and further choose
¢ small enough that 28L375T€5(W)T(LF + Lg) < 1. This allows us to obtain the
bound

EUOT |AYJ|2du} < CEUOTW%(LN(Xuyu),L(Xu,Yu)))du]
+ CE[WR(LY (Xy), £(Xn))]-
Thus, due to (4.21), we have

BllaxiP) < cE[ / Tw§<LN<Xu,?u>,£<Xu,yu>>>du]
0

+CE [w%(LN(XTL L(X7))
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for all t € [0, T]. Going back once again to (4.20) (after taking expectation and using
Gronwall’s inequality) allows us to obtain the bound

T T
E[|AY:‘|2+ / |Azz|du]sc7E[ / wg(LN(fcu,m£<XU,YU>>>du]
0 0

+ CE[WR(LN (X7), £(Xr))].

Finally observe that by triangular inequality we have

B Wi v, 206 v0)

N
1 . 4 S
<2 3o Bflaxt® o 1avR] 2B [N L T, 0 v

Jj=1

This concludes the proof since the bound

B WA (0, 1), £06,Y0) | + BRI (). £08n)] < Crge

follows by [23, Theorem 1] and Lemma 4.3. d

4.3. Concentration estimates. We conclude this section with some deviation
and dimension-free concentration estimates to strengthen the above convergence re-
sults.

THEOREM 4.6. Assume that the conditions (B1)—(B2) and (Ab5) are satisfied and
that the McKean—Vlasov FBSDE (4.3) admits a unique solution (X,Y,Z) € S*(R*) x
S?2(R9) x H2(R?*4). Then we have the following concentration estimations:

1. If there is k > 4 such that E[|z}|*] < oo, then for every e € (0,00), N > 1 it
holds that

(4.23) sup P (W5 (LN (X,,Y,), L(X,Y7)) > ¢)
t€[0,T]

2
< C(QN,%1{5<2} +bNk,s + E(TN,q—&-Z,k +rnek))

for some constant C' > 0 which does not depend on N,e, with by . =
N(Ne)~k=2)/2 and

exp(—cNe?) if g+ 0 <4,
an,e =4 exp(—cN(g/log(2 + 1/¢))?) ifq+ =4,
exp(—cNe@H0/2) ifq+e>4

for two positive constants C' and c depending only on Ly, T, o, k, and
Ef|b|*].

2. There is a constant ¢(L¢) > 0 such that if T < ¢(Ly), then denoting by p™v
the N-fold product of the law L(X,Y) of (X,Y), it holds that

(4.24) v (H - /Hde > 5) < e K<
for every 1-Lipschitz continuous function H € C([0,T],R*+9)N for some con-

stant K depending on Ly, T and o, but not on (N, £, q,d). If (B2) is replaced
by (B2'), then (4.24) holds for all T > 0.
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Let us start by the following lemma, which gives a Talagrand T3 inequality for
the law of the solution of an FBSDE. Note that this result is not covered by [3] since
here, the system is fully coupled.

LEMMA 4.7. Let my,ma € N and let f : [0,T] x R™ x R™2 x Rm2*d 5 Rmz
b:[0,T] x R™ x R™ — R™  and g : R™ — R™2 be such that f(t,-,-,"),b(t,-,")
and g are three Ly-Lipschitz continuous function uniformly in t, and o € R™*4 s

a matric satisfying (A5). Then there is a constant ¢(Ly) > 0 depending only on Ly
such that if T < ¢(Ly), then the FBSDE

t
X, =z +/ bo(Xu,Yy) du + oW,
(4.25) 0

T T
t t

admits a unique square integrable solution (X,Y,Z) such that X and Y have almost
surely continuous paths and

(4.26) the law L(X,Y) of (X,Y) satisfies To(Cy y)

for some constant Cy,, (explicitly given in the proof) depending only on Ly, T, and
o, but which does not depend on my, ms, and d. That is,

Wa(L(X,Y),Q) < /Coy HIQIL(X,Y))  for all Q € Po(C(0, T],R™ ™)),

where H is the Kullback—Leibler divergence defined® for any two probability measures

Q1 and Q4 as

dQa .
H(Q2|Q1) == {fi;[log(dcgl)] ZSCS_Q < Qq,

If one additionally assumes

(B2") [g(@)| < Ly, | fe(x,y, 2)| < Lp(L+ |yl + |2]), and |be(z,y)] < Ly(1 4 [yl) for all
t? :r’ y’ Z’

then (4.26) holds for every T > 0.

Proof. This lemma follows from a combination of results in [20]. First notice that
the continuity of the paths of (X,Y") is clear. In addition, there is a deterministic
L,-Lipschitz continuous, v : [0,7] x R™ — R™2 such that Y;>* = v(t, X;"") P-a.s.,
where (X*7% Y*®% Z%%) ig the solution of (4.25) with X% = x. We justify below that
v is L,-Lipschitz continuous and the constant L, does not depend on (m1, mso, d). But
see already that as a consequence, the process X satisfies the SDE

t
X7 =t [ B X3 dut oW - W),

where the drift b(t,x) := b(t,z,v(t,x)) is Lf(1 4+ L,)-Lipschitz continuous with
respect to the second variable. Thus it follows by [43, Theorem 5] (which ex-
tends the original work [20]) that the law £(X) of X satisfies T5(C1) with constant

3We use the convention E[X] := 400 whenever E[X1] = +oco.
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Cy = 4|oPTe*TEF LT+ - Therefore, by [20, Lemma 2.1], we can now deduce that
the law L(X,Y) satisfies T5(Cy ) with

(4.27) Cry=C1(1+ L,)%

In particular, C, , does not depend on m;,mg, and d.

To conclude the proof, it remains to justify that L, does not depend on the
dimension. If T' < ¢(Ly) is sufficiently small, then this follows by [17, Corollary
1.4]. If T is arbitrary and the condition (B2”) is satisfied, then this follows from
[13, Theorem 4.12] or (the proof of) [34, Theorem 2.5]. In the latter reference, it is

actually shown that L, = K5 := , /QL?c + LyTeliT. 0

Proof of Theorem 4.6. By the triangular inequality, we have

P (W(L(X0, Y2), IV (X, X)) 2 €) € P (WE(L(X0, Vo), LY (X, 1)) 2 2/2)
N
1 - 4 - .
(4.28) +P(NZ|X§ — XN VYN > 5/2).
i=1
The first term on the right-hand side is estimated as

P (W(L(Xe, Vi) LN (X, ¥4)) 2 6/2) < Claw,s1(e<zy + k).

This follows by [23, Theorem 2] since, by Lemma 4.3, the processes Y and X have
moments of order k£ > 4. On the other hand, by Markov’s inequality, we have

N
1 - ; iy ;
P~ D K= X Y £/2)
N
21 i yiNg, i yiNe o C
<Z_N EIXi-x} E|Y) - Y <7< )
SN Z | X{ ¢ T+ Bl A < - TN.g+6k T TNk

where the second inequality follows by Theorem 4.2. Combine this with (4.28) to get
(4.23).

Let us now turn to the proof of the concentration estimate (4.24). Recall that
the i.i.d. copies (X1, Y1, ZY),... (XN, YN, ZN) of (X,Y, Z) solve the FBSDE (4.3)
with W replaced by W®. Thus, they satisfy (4.25) with W replaced by W* with the
L ;-Lipschitz continuous functions b, f;, and g being defined respectively as g(z) :=
G(l‘, ‘C(XT))v ft(xa Y, Z) = Ft(xa Y,z E(Xta l/t))7 and bt(xa y) = Bt(za Y, ‘C(Xtv }/t))
Therefore, it follows by Lemma 4.7 that the law £(X",Y") = £(X,Y) satisfies T>(C).
Thus, by [28, Theorem 1.3] we obtain (4.24). O

5. Approximation of the mean field game. This section of the paper is
dedicated to the proofs of Theorems 2.1 and 2.4 stated in section 2. We start by the
proof of the convergence of Nash equilibria.

5.1. Proofs of Theorems 2.1 and 2.2. In this section we provide the proof
of the convergence of the Nash equilibrium of the N-player game with interaction
through state and control to the extended mean field game. The proof relies on the
Pontryagin maximum principles derived in section 3, along with the propagation of
chaos-type results of the previous section.

Recall notation of sections 2 and 3 and the solution (Y4, Z43k), .1y of the
adjoint equation of the game given in (3.2). We will consider the off-diagonal processes
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Y% i # j, and then the diagonal terms Y**. The next two auxiliary results show
that the off-diagonal elements of Y*J converge to zero.

LEMMA 5.1. Assume that the conditions (A1)—(A5) are satisfied. If ei-
ther T is small enough for (M) holds with K, large enough, then the solution
(Yi’j,Zi’j>k)i7j7k:17,,.7N of the adjoint equation (3.2) along with the processes X%
satisfy

N
1 i,& 1,1 1,8,
E[N§ |Xt’|2]§0t and E|[Y)"']* + sup. |X |2+§ / |Zy k|2dt}<C
i=1 telo,T

for two constants Cy, C > 0 which do not depend on i,j, N.

Proof. This follows from the fact that the functions b, 0, f, and 0 f are of linear
growth, and the functions 0,b and 9,,b, are bounded (see conditions (A1) and (A4)).
In fact, recalling that the adjoint equation is given by (3.3)—(3.4), these properties

imply

. A . T . A ..
E| sup |X;¢ 2} < CE[|:E62 +/ (1+ | X522 4 |Y.5)2
0

t€[0,T]
2) du]

1 N
+ 5 2 X Y
k=1

(5.1) +Elol* sup [W2];
t€[0,T]
notice that we also used the representation of aN o as d;N =

At X0 Y LN (XS, ¢Y) given in (5.9), and the estimation (5.16) of (*V.
Subsequently taking the average over ¢ above, taking the expectation, and then
applying Gronwall’s inequality leads to

(5.2)
[ ;p(’“" ]<O<1+E[m0| }+E[ Z/ Y“|du}+|a|2 [|W| ])

Let us now turn to the bound of Y%/ and Z%7F. By Itd’s formula applied to
|Y%%2, linear growth of 9, f and 8,,f, and boundedness of 9,b and 9,,b we have
N

N T

. . 1 .

) 0,12 < 4,82 - k,a)2
(5.3) E{m | +§j/t ]_C(HE[XT }+N E[|XT |]>

k=1 k=1
T 1 N

E Xi,é? - Xk’QQ

+c[[|u|+N2yu|w}

T 1 N
E Yi7i 2 - Yk:,k 2 dul.
rom| [ S

Averaging out and using (5.2), it follows that when T is small enough we have
=1 2] dt] < oo. Therefore, plugging this b@ck into (53) and (5.1)
yields the result. We thus arrive at the claimed bound for Y%7 and Z%3F.

The case where (M) is satisfied for K, large enough follows exactly as in the proof
of Lemma 4.3. We omit the proof to avoid repetition. 0
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LEMMA 5.2. If the conditions (A1)—(Ab) are satisfied, then for every i,j such
that i # j, and every t € [0,T], we have

E[\Yt” 2} <CON~! for every N > 1 and some C > 0.

Proof. Let i be fixed. For every j such that i # j, the process Y/ satisfies the
equation

dvi — ( O f (t Xpe d;,LN(X%,Qt)) (Xf’&)) dt

LA . N . .
. z Naub( DY (X8,00) (XY ) i+ Y 2
k=1
with

ig 1 i, & i
(5.4) Yr? = 5:0u9 (XTiLN (Xf)) (X79).

We assume for simplicity that ¢ = 1, and in an effort to write the equations in a more
compact form, we define the vectors

YT (YY), A= (0 (X0 EL LY (a)) (7))
as well as

B, = (6Mb (t, xhea d;},LN(X%Qt)) (ng))j:?,mﬂ’

and the matrices

Cri= (0 (1. X7, a7 1Y (X, &) (X79)

m,j=2,...,N

and

D, := diag ((%b (t,X]’a af, LN(X%’ Qt))) . :
j=2,....N

With this new set of notation, the vector Y ~! satisfies the multidimensional BSDE
ay; b= — ( (A + B YY) + cty + Dy, ) dt—s—ZZl_ldet
k=1
with terminal condition (5.4) and with Zbh—bF = (ZL2k  ZLNE)  Thus, by

square integrability of Z1~1F it follows that

Y, l=E

T
1 1
YT‘1+/ (N<AS+BSYS1’1)+NO.@1;1+DSY31> ds | ftN} :
t
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Denoting by | - | the Euclidean norm on (R*)N~! we obtain
12 12 T 2 21y,1,1(2
Vo< AT 0B | B [ (A BB
t
1 N
+ N2|Y 31Cs |2+L Y 3ds | Y,

where we used the definition of D and the fact that d,b is bounded by L¢. Therefore,
it follows by Gronwall’s inequality that

(5.5 [ 'B<cCE

T
_ 1
Yo l3 +/t vz (Al + [ B3IV, ?) ds | ftN]

for a constant C' depending only on 7" and the bound Ly of d,b and 9,,b, but not on V.
In fact, since 9,,b is bounded by Ly, it follows that |Cy|3 < NL?. Moreover, since J,, f
is of linear growth (see assumption (A4)), and &' is bounded in H?(R™), it follows
by Lemma 5.1 that the process (A;) is bounded in H?(R) uniformly in N. That is,

it satisfies supy E[ fOT | A4 dt] < 00. Since 9,b is bounded by L; and by Lemma 5.1
v;"! is bounded in L2, it follows by Fubini’s theorem that E[fOT |Bs|3| Y2t ds] < NC
for some constant C' > 0. In addition, it follows again by Lemma 5.1 that

N

B[V B) < g B[ D0 10u0(X 52, LN (X5)) (x3)P
Jj=2
N
scleEDX;ﬂujvkz_;lm;zﬂu }+—E[Z|X§’ <<

where the last inequality follows by Lemma 5.1. Combine this with (5.5) to obtain
By, 3| <o/N

for some constant C' depending only on T', the bounds of A, B, and the second moment
of Y'!' (which is bounded uniformly in ). Therefore, we have

; 1
B[P < B[] < o5

for some constant C' > 0 and for all j =2,...  N. ]
Let us give a representation of the minimizer of the Hamiltonian.

LEMMA 5.3. Assume that condition (A2) holds. Let A : [0, T] xR xR™ x Py (R¥) x
R™ — R™ be such that

(56) aafl (tv €, A(tv T, Y, 1, X)a ;U’) + 8abl (tv z, A(t, Z,Y, [, X)v :U/)y =X

Then A minimizes the Hamiltonian H, is Lipschitz continuous in (x,y, u,x) with
Lipschitz constant Ly = %, and satisfies the linear growth property

(5.7 Ay 00! < C(1+ el + Iyl + I+ ( / o)),
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Proof. This lemma is probably well known but since we could not find a suitable
reference, we provide the proof here for the sake of completeness. By convexity and
differentiability of the Hamiltonian (see (A3)), a vector o = A(t,z,y,p,x) € R™
satisfying (5.6) minimizes the function H, (t,z,a, u,y) := fi1(t,x,a, p)+b1 (¢, z, a, p)y—
xa in a.

Let us show that A is Lipschitz continuous. Let (z,y, u, x), (z', 4, ', X") be fixed,
put o = A(t,2', ¢y, 1/, X'), and assume without loss of generality that o # o’. By
the condition (A3) (letting u, p' be the first marginals of € and &', respectively) we
have

Yo — > < H(t,z,y,0,€) — H(t,z,y, 0, &) — (o — )0, H (L, z,y, o, €)

= ‘gl(twrayaamu) - ﬁl(t7xay7a/au) - (Oé - a')@aﬁl(t,x,y,mu)
and
"}/|O£ - O/‘z § gl(tax/aylva/; ,LL/) - ﬁl(t,x/7y/a OL,‘U,/) - (O/ - a)aagl(tvxlay/7a/7ul)'

Summing up these two inequalities yields
1 ~
2yl — o2 < / OuHr(t, 2, y,ua + (1 —u)a/, ) du(a — ')
0

1
b [ ut(ta o cua+ (1= wa ) dufa - o)
0
- (Ol - a/) (&zﬁfl(t»x»% avu) - BaI-:Tl(Lm/,y/,a/, ;u‘l)>
< Lyla—a|(Jz = 2| + ly = y'| + Wa(u, 1))

for some constant C' > 0 where we used Lipschitz continuity of 9, Hy, = 8, H assumed
in (A3). Therefore, we get

la—a/| <C(lz—a'| + |y — /| + [x — X[+ Walu, 1)),

which shows that A is Lipschitz continuous, therefore measurable.
It remains to show the growth property. Assume without loss of generality that
a # 0. Using again (A3), we have

Yal? < H(t,z,y,0,€) — H(t,z,y,,€) + ad. H (¢, 2,y,0,£)
1/2
< Lyla] + Clal (14 Jol + ly] + ( [ [oP(ae))"?)

< Claf (1+ Ja| + [y| + (/ o () ?)

for some constant C' where we used the linear growth condition on d,H. Therefore,
we have (5.7). O

We now come to the proof of the main result of the paper.

Proof of Theorem 2.1. Let & be a Nash equilibrium for the N-player game. By
Theorem 3.1, the process & satisfies 0, HY''(¢, X, 4,,Y}) = 0foreveryi =1,...,N.
Unpacking this condition gives
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Oufr (1 X1, 61, LN (XE) ) + Babr (X[, 61, LN (X3)Y,
(5.8)

N
1 i & & i\G i
Nayfg(t,xgaLN(z;, &,)) Za bo(t, X7, LN (XS, &,))(aF) v * = 0.

This is due to the decompositions b = by + by and f = fi; + fo and the fact that
the functions b, and fy do not depend on 4. By Lemma 5.3, there is a Lipschitz
continuous function A such that

(5.9) & :A(t XPA yhi [N(x& )

whereby
. 1 . . 1 X - A ,
G = O a1 X2 I (X5,00))(60) — 0 D Bubalt, X2, IV (X2, ) (@h)y;
k=1

and A not depending on N and 4, j but only depending on 9, f1 and 0,b;. This shows
that when & is a Nash equilibrium, then the optimal state X* = X% along with the
processes (Y7, Z43%) satisfy the fully coupled system of FBSDEs (recall (3.2))

dX;S = b(t, X, 6, LN (XT, &) dt + o dW,
av; ' = {0, F(8 X046 V(X 60)) + 0,01 XP2, 6 LY (XF, 6,))Y + e e
+ 30l 20w,
Xp® @, 6 = A (6 X7 YL LN (XE), GV ), Vi = 0ug(X7E, LY (X5) 4+ 4
with

i\ N 1 ,& Aq & A 4,4
Ei = 76Mf(taXt 77ataLN(Xt7’gt))(Xt 7)
= Za b(t, X7, 6, LN (XF, @) (X )Y,
and

; 1 i,& a Lé
AN = Naug(XTﬂLN(K?))(XTf)'

Unfortunately, we cannot directly apply the propagation of chaos results for FBSDE
developed in the previous section to the above equation. For this reason, we introduce
the auxiliary equation

(5.10)

dXz N _ b(t Xz N ab N,LN(Xtaat)) dt + O’thi,
dYZ’N _ —{8 f (t )(z N NZ N LN(X )) + (%b(t?)??]vaai’NaLN(XtDﬁi}dt
N Zk Nth’f,
R4 O, T = 0 (R 1Y (), 7 = A (1 T V(). 0)
and further define the function ¢ : [0, T] x Pa(R® x Rf) — Py(R x R™) given by

Sﬁ(t,f) g (Zdia ( ’ a';,ufvo))ila
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where id; is the projection on R and p is the first marginal of the probability measure
¢, so that (idg, A(t,-,-, 1,0)) maps R x R to R x R™. Then, (5.10) can be rewritten
as

XN = (6 XN VPN IN(X, ) ) dt+ o dW,
(511) di}tz,N = _F(t’ )FZ?N’ i;ti,Na LN(Xtvzt)> dt + Zf:;l FZVZ;JC’N thkv
Xg™ @, VN = a(XN, LY (X))

with
B(t7 "'E7 y7 f) :: b(t7 x7 A’(t7 x’ y? M? 0)7 (lp(t7 é‘))7

F(ta z,Y, 5) = awf(ta Z, A(t7 T, Y, 1, 0)7 So(t g)) + awb(t7 Zz, A(ta Z,Y, K, 0)7 L)O(tag))ya

where p is the first marginal of £ and

Gz, p) = Oz9(x, ).

Let us now justify that the functions B, F, and G satisfy the conditions of
Theorem 4.2. By assumptions (A1) and (A3) and Lipschitz continuity of A, in
order to prove Lipschitz continuity of B, F,G it suffices to show that for every
£,& € Po(RY x RY) it holds that

Wa (‘p(t7§)7 @(7515/)) < C(W2(§7§/) + W2(M7NI))7

where p, p' are the first marginals of £ and £, respectively. In fact, using the Kan-
torovich duality theorem (see [46, Theorem 5.10]) that

W3 ((t,€), (t,€))
= sup <\/]Rl><Rm hl(I7y)@(t7§)(dz7dy) - /]Rlx]Rm hQ(I Y )(p(t,f )(dl‘ ady ))

s ([ Ay e dy) = [ o Ay )€ )

£ RE
with the supremum over the set of bounded continuous functions hq, he : R xR™ — R
such that hi(z,y) — ha(z',y') < |z — 2'|> + |y — y'|? for every (z,y), (2',y') € R x
R™ ., which, by Lipschitz continuity of A implies that we have the following bound:
hy (.%‘, A(t7 L, Y, M)) - h2<xl’ A(t’ xlv y/7 M/)) < |$ - x/‘Z + |A(t7 T, Y, M) - A(t’ xlv ylv M/)|2 <
C(lz —2'*+ |y — y'|* + W3(u, /). This shows that

WH((t.8),6(t.¢)) <sup ( [

R xR!

(e p(dody) ~ [ Bl )€ A dy)

R xR!

with the supremum over functions hy, ho such that hy (2, y) — ho (2, y') < C’(|x -2+
ly —y/|> + W3(u,1t')). Hence, applying Kantorovich duality once again yields

WH(o(t,8),9(t.¢)) < Cint [ [ fo =2’ 41y =y + Walue ) dn
with the infimum over probability measures m with first and second marginals 71 = &

and mo = £'. This yields the result by definition of W5(§,&’). Therefore, B, F', and G
are Lipschitz continuous.
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That B, F, and G are of linear growth follows by (A3) and Lemma 5.3. Therefore,
the functions B, F', and G satisfy (B1)-(B2) with a constant L; which does not
depend on N. As a consequence, it follows from [13, Theorem 4.2] that (5.11) admits
a unique solution if T is small enough.

Similarly, by [13, Theorem 4.24] the following McKean—Vlasov FBSDE admits a
unique solution (X,Y, Z) € S?(R) x S2(RY) x H2(R**4) when T is small enough:

dX; = B(t,Xt,Y},E(Xt,Y})) dt + Uthi,
(5.12) dY, = —F(t, X, Yo, £(X,, Y,)) dt + Ze dW,
Xo ~ po, Yr =0.9(Xr, pix,)-

Thus, it follows from Theorem 4.2 that there is a constant § > 0 such that if T < §,
then for all N € N we have

E{ sup |Xy — )N(ZN|2} + E[|Yt — ii’Nﬂ < C(rnmsek +rner)
te[0,7]

for some constant C' > 0 which does not depend on N, and where 7y ¢ is defined
n (2.5). On the other hand, using Lipschitz continuity (and definitions) of B, F'; and
G, it can be checked using standard FBSDE estimates that if T" is small enough, we
have

13 B| sw X% RPVR| B[ - TV < oBlRY
te[0,T]
with
. . T . N . N
(5.14) K s e [ i P

for a constant C' that does not depend on N. Therefore, we obtain by the triangular
inequality that

(5.15) E{ sup, X8~ Xt|2] + ||V} = Yil2] < C(BIK™) 4+ rnmien + k).
te[0,T

Let us check that KN converges to zero in expectation at the rate N~!. By definition
of eV, linear growth of 0.f, and boundedness of J,,b, we have

T
EU 5£V|2dt}
0
T 1 & 1 &
<CE 7(1 Xb&2 4 | X0E2 4 — Xj’QQ) — ST dul.
- Uo N +|u|+\u|+N;\u| +N;|u| u

Thus, by Lemma 5.1 and Proposition 5.2 it holds that

T

C
E N2at| < =.
{/0 8t|dt}_N
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Similarly, using linear growth of 0, f and boundedness of d,b we also obtain

TN c g ia LNy
EUO o dt]<N2EUO 1+\X{*|+N;|Xt’*| dt]
+ZE[/ |Y”|2dt}

(5.16) < C/N.

Since 0,9 is of linear growth (see assumption (A4)) we have
]‘ Z (X
BN < 5 B[10ug(X72, LV (X5 >><XJ>| ?|

C i o k.6
< B[ IR 4 xR 4 - T IXEAP] < o/N?,

where the last inequality follows from Lemma 5.1. These estimates allow us to con-
clude that

(5.17) E[K"N] < CN™!,

Now, put & := A(t, Xy, Yy, L(X¢),0). For ease of notation, we will omit the zero
in the last component and simply write

(5.18) &y = A(t, Xy, Ve, £(X))).

By Lipschitz continuity of A, it follows that
B} — &) = B[|Aw X072, Y LN (XE), )~ A, X Ve, £00)| ]
< OE[lXZ’Q = Xo? Y = VP + W (LY (XF), £(Xy) + ICtNﬂ
(5.19) < C(TN7m+Z,k + TNk T E[KN])-
Therefore, since E[KN] < CN~!, we have

E[|a; — 64)?] < C(rymtek + TN k)-

It remains to justify that & is indeed the mean field equilibrium. We apply
again Proposition 3.2 to justify that & is the mean field equilibrium; thus we first
show that the mapping ¢t — L£(X¢, dy) is bounded and Borel measurable. The Borel
measurability follows by Lipschitz continuity of A since by definition of the Wasserstein
distance it holds that

Wi (L(Xy, 61), L(Xs, bs)) < E[| Xy — Xo|® + |G — G)?]
< CE[|X; — X > + |[V; — Y]

for all s,¢ € [0,7]. The boundedness of the second moment follows by Lemma 5.3
and square integrability of solutions of the McKean—Vlasov equation (recall Lemma
4.3). In fact, we have

sup E[Xi[* + 6] <C(1+ sup EIXJ2+[¥]) <,
te[0,T] te[0,T]
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which proves the claim. Now, notice that, written in terms of b, f and g, the McKean—
Vlasov system (5.12) reads
(5.20)

dXy = b(t, X¢, &, L(Xy, 64)) + 0 dW],
4y, — —{&Cf(t, Xy, 6, L(Xy, ) + Oub(t, Xy, G, L(X, dt))Yt} dt + Z, dW},
Xo ~ po, Yr =0,9(Xr, L(X7)), & = A, Xy, Y, L(X4)).

This is the adjoint equation (3.6) associated to the mean field game. Since the func-
tions x — g(x,p) and (x,a) — H(t, X, a, L(Xe,é4),Ys) = f(t,z,a, L(Xy, 6e)) +
b(t,z,a, L(X,d4))y are P ®dt-a.s. convex, and by Lemma 5.3 the process &; satisfies

H(t7Xt7 th;ﬁ ‘C(Xt7 OA‘t)) = cilIEIKH(tXt’ a,}/t,E(Xt, dt))

Thus, it follows from Pontryagin’s stochastic maximum principle (see Proposition 3.2)
that & is a mean field equilibrium. This concludes the proof. 0

We conclude this subsection with the proof of the convergence to mean field
equilibria in the case where monotonicity properties are assumed.

Proof of Theorem 2.2. The proof of Theorem 2.2 is similar to that of Theorem
2.1, except for two points.

First, to get well-posedness of (5.11) and (5.12), we use [44] and [5], respectively.
(This is where the condition (2.7) in (M) is needed.)

Next, in the present case we rely on the abstract propagation of chaos result
Theorem 4.5 rather than Theorem 4.2. Notice, however, that in the arguments of
the proof of Theorem 2.1, in addition to the application of Theorem 4.2, having a
short enough time horizon 7" was also needed to get the estimate (5.13). Thus, if we
prove an analogous estimate, the rest of the proof remains the same, with Theorem
4.5 applied instead of Theorem 4.2.

Here, we will show that

T s oA ~ . .. ~ .
(5.21) EU 1X;% = XN v - NP dt| < O)N.
0

This is the analogue of (5.13) in the previous proof. The proof of this inequality
follows the strategy of the proof of Theorem 4.5. To avoid repetition we give only
the main steps of the argument. Recall the notation Ly ,, Ly, Lp ¢ of the Lipschitz
constant of b in its arguments x, a, and £, respectively. Since A is Ly-Lipschitz with
L = Ly/2v, a quick inspection shows that

|b(t’xaA(t7x7yaﬂ7C)7€) - b(t7I/7A(tax,7y/7ulv§/)55/)| S LBJ“T - l‘l| + LB7§W2(555/)
+Lpy(ly =y +1¢ =)

with LB)QJ = Lb,w + Lb@LA; LB,§ = Lb7£ + Lb,aLAa and LB,y = 2Lb,aLA~

We will use the shorthand notation AX* := X% — XN AY® = yii - YiN,
and AZ% = 744 — ZzH6N [ Applying 1to’s formula to |AX?|?, it follows by the
monotonicity property (2.6) and Lipschitz continuity of b and A that for every e > 0,
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t N
; L L 2L L , 1 .
AX(? < 2/ ( B*J;; BS 4 B’f; B2 ) [AXLP + Lper D IAX)[Fdu
0 ;
J=1

(5.22)

¢ . 1 & ] , 1K
+/0 eLp,|AY? + elpcy STIAYIP + Lpy I + Lpey > GNP du.

j=1 j=1

Thus, this implies

N t N
1 ; 1 . )
523) > laxiP < 265(5)T/ e(Lpy+Lpg)y DAY + (60N ) du
j=1 0 j=1
with
L + L 2L + L
(5(5) = By B.g + B¢ By + LB,& — K.

2e 2

On the other hand, for the backward processes we have

N T

|AY;'|2+E[Z/ |AZi’j’N|2du|F£V]

j=1""
1 & :
< B2r3 (1AXEE + = D IAXER) + NP | FY]
j=1
+LfEU 6AY;[? + [AXE[2 4 GV + [N P

t

TN

N
1 4 . . 4
(5.24) SOIAYZPR 4+ JAXIP + GV + [N ) du | ffV].
j=1

This implies that

N N
1 ; 1 : i
N DAY < T O ST IAXEE 4 1| 7]
j=1 j=1
T q N ‘ ‘ .
2L 7LD AXIP (GNP + P b | 7.
t =

Therefore, integrating on both sides and using (5.23) yields
1 N T ] 1 N T .
2 2
N E E{/ |AYY | dt] SFE’TN E E[/ |AY/ | dt}
j:l 0 j:l 0
L 1 o N Tl N N
T.r+eliTT(1 2L)E— 192/* JN|2 4 (0N 2) g
+ (Ter+e™TT(1+2Ly) NP G

with

Teq = 16T 71357
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Choosing € small enough and then Kj large enough, that is, such that

> Lpy+Lpe n 2Lpe+ Lpy

K
B % 2

+Lpg

with e < (16Te7LfTL?c)_1, we thus have

1Y T 1 Y T X
<Y E AY/Pdt| <CE|= > [y"N)? /—§ PN 4 el N2 g
szl |:/0 | tl :|— |:Nj:1|’y |+ 0 N]=1|<u |+|€u | u

1

<% > EKIN] < C/N

j=1

for a constant C' > 0, and where the latter inequality follows by (5.17). With this
bound at hand, we proceed as in the proof of Theorem 4.5 to show (5.21). In partic-
ular, we plug this back into (5.22) and (5.24). ad

5.2. Proof of Theorem 2.4. The proof is based on the representation (5.9)
and the concentration inequalities proved in section 4.3.

To show the moment bound, we consider the solution of the auxiliary FBSDE
(5.11) introduced in the proof of Theorem 2.1 and denote as usual (X,Y,Z) =
()Z*LN’}N/Z',N’Zi,i,N)i:Lm,N' Put

GV A (1, XV TV IN(R,)).

Then by the representation (5.18) of the mean field equilibrium, we have L(oy) =
U(t, L(X:,Y:)), where 9 is the function given by

w(ta f) = 5 © A(t7 7y 51)_1
for all £ € Pa(R? x RY) with & the first marginal of ¢. Similarly, we have LY (&,) =
¥(t, LN (X,,Y,)). As argued in the proof of Theorem 2.1, the function v is Lipschitz

continuous for the 2-Wasserstein metric, as a consequence of Lipschitz continuity of
A. Therefore, we have

BWs (LY (@), £(a) | < B[Wa(LN(a,), LY @) | + B Wa (LY (@), £(@))

IN

1 & i N2 iiN N2 N2\ /2
Bl (5 So1X5% = PV 4 N - TN 4 (g 2)
i=1

+ B[Wa (it 1Y (X, 1)), (t £(X0, )|

< CEIKN + |GV P12 + CE W, (LN (X, ¥,), £(X0, YD)

It was shown in the proof of Theorem 2.1 that E[KN + |¢/"V|2] < CN~!, and since
the coefficients B, F', and G of the FBSDE (5.11) are Lipschitz continuous, it follows
from Theorem 4.2 that E[Wg (LN(Xt,Xt),E(Xt,Yt))] < C(rnoer + e x)for all
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(t,N) € [0,T] x N. Therefore, we get

(5.25) EWa (LN (&), L(&))] S O(N"  +rno0k +7N0k)s

which yields the claimed moment bound.
We now turn to the proof of the deviation inequality. Let h : R™Y — R be a
1-Lipschitz function and put

Consider again the solution (X, z, Z) (XZ N YZ N Zz NY,_1 N of the auxiliary
FBSDE (5.11) introduced in the proof of Theorem 2.1. Then we have by (5.9),
Lipschitz continuity of A, and Chebyshev’s inequality that

P(h(@,) - Elh(a >]>a)
)= XY 2 af3) + P(EIREX,.Y,) - ha) 2 a/3)

) —
(h

< P(h(a,)

+P(h Eh(X,,Y,)] = a/3)

gi [‘X“Q*X“NPHW“ TN 4 1]
=1

+P(H(X,.¥) - BN, ¥))] = a/3)

C’

NE[KYN + (¢GNP + P(R(X,. Y,) - BlW(X,,Y,)] = /3).

We showed in the proof of Theorem 2.1 that E[KY + |¢}V|?] < CN~L. It now remains
to estimate the last term on the right-hand side above. This is done using arguments
similar to those put forth in the proof of [39, Theorem 7]. In fact, on the probability
space (N, FN PN), consider the following compact form of the FBSDE (5.11):

Xt =z + f(; E(“’X'uﬂzu) du + Zwta
Y, =G Xp)+ [ Fu,X,,Y,)du— [ Z,dW,,

where we put

B(t,z,y) = (B(t, 2", y", LN (z,9)))i=1,..N

and similarly define F' and G, and we put ¥ := diag(c) and Z := diag(Z",...,2Z"").
Then, by Lemma 4.7, if T is small enough, then the law £(X,Y) of (X,Y) satisfies
Talagrand’s T5(C5,,) inequality with constant Cy ,, depending on Ly, T, and |o| given
in the proof of Lemma 4.7; see (4.27). Note in passing that the Lipschitz constant L
of B, F',G does not depend on N. Therefore, it follows from [28, Theorem 1.3] that
there is a constant K depending on C, , and the Lipschitz constant of A such that

P(MX,¥,) - BIH(X, V)] > o/3) < e .

The bound P(|a;" |~ E[|a"N]] > a) < 2¢=Ka” follows by taking h to be the absolute
value of the projection on the ith component and N > %eK a?,
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To get (2.9), first notice that the function z +— VNWy(LN(z), L(dy)) is 1-

Lipschitz for the norm ||z[|2,n := (vazl |2i[?)'/2. Thus, we have

P(Wa(LN (&), L(&)))
< P(VAWL(LY (&), £(@0) — VNEDWR(LY (&), £(6))] = VNa/2)
+ P(EWs(LN(4,), £(ér))] > a/2)

+e KN P(EIW(LN (&), £(é))] = a/2).

<
~ a2N?

By (5.25), choosing N large enough, the last term on the right-hand side vanishes.
This concludes the proof for T small enough.

Under the additional condition (2.10), the functions B, F, and G satisfy (B2");

thus the proof of the case T arbitrary is the same, in view of the second part of Lemma
4.7 and (5.21). Note that one needs to observe that if h is Lipschitz continuous, then

so is the function w fOT h(w(t)) dt.

Acknowledgments. The authors thank Julio Backhoff, Daniel Lacker, and Dy-

lan Possamai for fruitful discussions and helpful comments.

(1]

2]
3]
(4]

[5]

[7]

(8]

[10]
1]
[12]

(13]

(14]

(15]

(16]

REFERENCES

L. AMBROSIO, N. GIGLI, AND G. SAVARE, Gradient Flows in Metric Spaces and in the Space of
Probability Measures, 2nd ed., Lectures in Mathematics ETH Ziirich, Birkh&user Verlag, Basel,
2008.

M. BARDI AND F. S. PRIULI, Linear-quadratic n-person and mean-field games with ergodic cost,
SIAM J. Control Optim., 52 (2014), pp. 3022-3052.

D. BARTL AND L. TANGPI, Functional inequalities for forward and backward diffusions, Electron.
J. Probab., 25 (2020), pp. 1-22.

A. BENSOUSSAN AND J. FREHSE, Nonlinear elliptic systems in stochastic game theory, J. Reine
Angew. Math., 350 (1984), pp. 23-67.

A. BENSOUSSAN, S. C. P. YAM, AND Z. ZHANG, Well-posedness of mean-field type forward-
backward stochastic differential equations, Stochastic Process. Appl., 125 (2015), pp. 3327-3354.
C. BerrucCct, J.-M. LASrRy, AND P.-L. LIONS, Some remarks on mean field games, Comm.
Partial Differential Equations, 44 (2019), pp. 205-227.

F. J. BONNANS, S. HADIKHANLOO, AND L. PFEIFFER, Schauder estimates for a class of potential
mean field games of controls, Appl. Math. Optim., 83 (2021), pp. 1431-1464.

R. BuckDAHN, B. DJEHICHE, J. L1, AND S. PENG, Mean-field backward stochastic differential
equations: A limit approach, Ann. Probab., 37 (2009), pp. 1524-1565.

P. CARDALIAGUET, F. DELARUE, J. M. LASRy, AND P. L. LioNS, The Master Equation and
the Convergence Problem in Mean Field Games, Ann. Math. Stud. 201, Princeton University
Press, Princeton, NJ, 2019.

P. CARDALIAGUET, The convergence problem in mean field games with a local coupling, Appl.
Math. Optim, 76 (2017), pp. 177-215.

P. CARDALIAGUET AND C.-A. LEHALLE, Mean field game of controls and an application to trade
crowding, Math. Financ. Econ., 12 (2018), pp. 335-363.

P. CARDALIAGUET, F. DELARUE, J.-M. LASRY, AND P.-L. L1ONS, The Master Equation and the
Convergence Problem in Mean-Field Game, Princeton University Press, Princeton, NJ, 2019.
R. CARMONA AND F. DELARUE, Probabilistic Theory of Mean Field Games with Applications, 1,
Mean Field FBSDEs, Control, and Games, Probab. Theory Stoch. Model. 83, Springer, Cham,
2018.

R. CARMONA AND F. DELARUE, Probabilistic Theory of Mean Field Games with Applications, 11,
Mean Field Games with Common Noise and Master Equations, Probab. Theory Stoch. Model.
84, Springer, Cham, 2018.

R. CARMONA AND DANIEL LACKER, A probabilistic weak formulation of mean field games and
applications, Ann. Appl. Probab., 25 (2015), pp. 1189-1231.

P. CHAN AND R. SIRCAR, Bertrand and Cournot mean field games, Appl. Math. Optim., 71
(2015), pp. 533-569.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/31/23 to 140.180.240.126 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

3574 MATHIEU LAURIERE AND LUDOVIC TANGPI

(17]
(18]
(19]
20]
(21]
(22]
23]
[24]
[25]
[26]
27]
(28]
29]
(30]
(31]
(32]
(33]
(34]
(35]
(36]
(37]
38]
39]
(40]
[41]
42]
[43]
[44]
[45]

[46]

F. DELARUE, On the existence and uniqueness of solutions to FBSDEs in a non-degenerate
case, Stochastic Process. Appl., 99 (2002), pp. 209-286.

F. DELARUE, D. LACKER, AND K. RAMANAN, From the master equation to mean field game
limit theory: A central limit theorem, Electron. J. Probab., 24 (2019), pp. 1-54.

F. DELARUE, D. LACKER, AND K. RAMANAN, From the master equation to mean field game limit
theory: Large deviations and concentration of measure, Ann. Probab., 48 (2020), pp. 211-263.
H. DJeELLOUT, A. GUILLIN, AND L. Wu, Transportation cost-information inequalities and appli-
cations to random dynamical systems and diffusions, Ann. Probab., 32 (2004), pp. 2702-2732.
E. FELEQI, The deriwation of ergodic mean field game equations for several populations of
players, Dyn. Games Appl., 3 (2013), pp. 523-536.

M. FISCHER, On the connection between symmetric n-player games and mean field games, Ann.
Appl. Probab., 27 (2017), pp. 757-810.

N. FOURNIER AND A. GUILLIN, On the rate of convergence in Wasserstein distance of the
empirical measure, Probab. Theory Relat. Fields, 162 (2015), pp. 707-738.

D. A. GoMmEs, J. MoHR, AND R. R. Souza, Continuous time finite state mean field games,
Appl. Math. Optim., 68 (2013), pp. 99-143.

D. A. GOMES AND J. SAUDE, Mean field games models—a brief survey, Dyn. Games Appl., 4
(2014), pp. 110-154.

D. A. GoMmEs AND V. K. VOSKANYAN, Eztended deterministic mean-field games, SIAM J. Con-
trol Optim., 54 (2016), pp. 1030-1055.

D. A. GoMES, S. PATRIZI, AND V. VOSKANYAN, On the existence of classical solutions for
stationary extended mean field games, Nonlinear Anal., 99 (2014), pp. 49-79.

N. GOzZLAN, A characterization of dimension free concentration in terms of transporation in-
equalities, Ann. Probab., 37 (2009), pp. 2480-2498.

P. J. GRABER AND A. BENSOUSSAN, Ezistence and uniqueness of solutions for Bertrand and
Cournot mean field games, Appl. Math. Optim., 77 (2018), pp. 47-71.

S. HAMADENE, Backward-forward SDE’s and stochastic differential games, Stochastic Process.
Appl., 77 (1998), pp. 1-15.

K. Hu, Z. REN, AND J. YANG, Principal-Agent Problem with Multiple Principals, preprint, 2019.
M. HuaNG, R. P. MALHAME, AND P. E. CAINES, Large population stochastic dynamic games:
Closed-loop McKean-Vlasov systems and the Nash certainty equivalence principle, Commun.
Inf. Syst., 6 (2006), pp. 221-251.

Z. KOBEISsI, On classical solutions to the mean field game system of controls, Comm. Partial
Differential Equations, 47 (2022), pp. 453-488.

M. KUPPER, P. Luo, AND L. TANGPI, Multidimensional Markovian FBSDEs with superquadratic
growth, Stochastic Process. Appl., 129 (2019), pp. 902-923.

D. LACKER, A general characterization of the mean field limit for stochastic differential games,
Probab. Theory Related Fields, 165 (2016), pp. 581-648.

D. LACKER, On the convergence of closed-loop Nash equilibria to the mean field limit, Ann.
Appl. Probab., 30 (2020), pp. 1693-1761.

J.-M. LASrRY AND P.-L. LIONS, Jeuz a champ moyen. 1. Le cas stationnaire, C. R. Math. Acad.
Sci. Paris, 343 (2006), pp. 619-625.

J.-M. LAsry AND P.-L. LIONS, Mean field games, Jpn. J. Math., 2 (2007), pp. 229-260.

M. LAURIERE AND L. TANGPI, Backward propagation of chaos, Electron. J. Probab., to appear.
M. LAURIERE AND L. TANGPI, Convergence of Large Population Games to Mean Field Games
with Interaction Through the Controls, https://arxiv.org/abs/2004.08351v2, 2021.

P.-L. LioNs, Cours du Collége de France, http://www.college-de-france.fr/default/EN/all/
equ$_-$der/, 2007-2012.

J. MA, P. PROTTER, AND J. YONG, Solving forward-backward stochastic differential equations
explicitely—a four step scheme, Probab. Theory Related Field, 98 (1994), pp. 339-359.

S. PaL, Concentration of multidimensional diffusions and their boundary local times, Probab.
Theory Related Fields, 154 (2012), pp. 225-254.

S. PENG AND Z. WU, Fully coupled forward-backward stochastic differential equations and ap-
plications to optimal control, SIAM J. Control Optim., 37 (1999), pp. 825-843.

A.-S. SZNITMAN, Topics in propagation of chaos, in Ecole d’Eté de Probabilités de Saint-Flour
XIX—1989, Lecture Notes in Math. 1464, Springer, Berlin, 1991, pp. 165-251.

C. VILLANI, Optimal Transport: Old and New, Grundlehren Math. Wiss. 338, Springer-Verlag,
Berlin, 2009.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



	Introduction
	Main results: Informal statements and method
	Literature review
	Organization of the paper

	Main results: Formal statements
	The N-player game
	The mean field game

	Pontryagin's maximum principle
	Pontryagin's maximum principle for N-agent games
	Pontryagin's maximum principle for mean field games of controls

	Quantitative propagation of chaos for coupled FBSDE systems
	Proof of Theorem 4.2
	Propagation of chaos under monotonicity conditions
	Concentration estimates

	Approximation of the mean field game
	Proofs of Theorems 2.1 and 2.2
	Proof of Theorem 2.4


